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Finite Settling Time Control of the Double Integrator Using
a Virtual Trap-Door Absorber

Il. SYSTEM DESCRIPTION
Abstract—Finite settling time control of the double integrator is consid- . . .
ered. The approach taken is to design a compensator based on a virtual ~ Consider the double integrator described by
lossless absorber which is tuned so that, at some predetermined time, the e
virtual subsystem possesses all of the system’s energy. At this time the con- Mg = u 1)

troller is turned off, and the double integrator remains at rest at the origin. I o . . . .
This strategy gives the appearance of instantaneously removing all of the with initial COﬂdItIOI’]Sqll(O) = Qo gl(O) = Qo Ou.r goal IS to use
system’s energy as if a trap door had been sprung. A practically useful feedback control to bring the positigm(t) and velocityg: (t) to zero

feature of the virtual trap-door absorber is that only position measure- in finite time using only a measurement of the positigri¢). The
ment is required. Parameters for the virtual trap-door absorber controller  feedback controller we consider emulates the lossless system shown
are chosen, and_ t_he resulting controller is co_mpared_ to the classical min- in Fig. 1, where the springk” andk as well as the mass are vir-
imal-time and minimal-energy controllers, which require measurements of .
both position and velocity. tual elemen_ts whose effect on the madsis implemented by means

of a dynamic compensator and a force actuator. The dynamics of the

Index Terms—bPouble integrator, finite settling time control, min- closed-loop system are given by (1) and

imal-time and minimal-energy optimal control, virtual absorber.
mgs + kqx — kg =0 2

I. INTRODUCTION u=kgp — (K+k)q )

Exponential stabilization of rigid-body translational or rotationa\INhereq? is the position of the virtual mass. As shown in Fig. 2
rnoﬁon,Ak{q :bu'thﬁ dOUbII? mte(?raHtor proble_;n_, 1S (f)tbtalged_ bybfetttln&)_(:;) can be represented as the single-input/single-output (SISO)
u = —aq —bq, wherea, b > 0. Fowever, it IS oten desirable 10 oo 4pack interconnection of the double integrator plant with a

s.tablllze the motion in finite tme. Sevgral approaches ha.ve. bee'? cQdcond-order, proper dynamic compensator whose input is the position
sidered for this problem [1]-[6] including the classical m|n|mal-tlm%f the mass\/

and minimal-energy controllers [7], [8]. T

The purpose of this paper is to develop a continuous-time feedb"?’%nic oscillator. Suppose that the mass is attached to the ground by

controller that achieves finite settling time for the double integrat% ans of a stiffness with spring constdit. Then & can be sub-
using position measurement only. Position feedback may be practiggﬁned by the virtual spring constalitin the analysis given below.
when position information is obtained from sensors such as LVDT's, For notational convenience, we define the quantities

capacitive sensors, and encoders.

he virtual absorber shown in Fig. 1 can also be applied to the har-
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Fig. 1.
absorber subsystem.

U 1 Q1
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Double Integrator Plant

The double integrator without (above) and with (below) the virtual

7

which corresponds to an arbitrary initial positignn = (1/K )x1, and
an arbitrary initial velocityjio = (1/v K M )i, of the mass\Z, with
zero initial elongation of the virtual sprinfgand zero initial velocity
of the virtual massn.

Taking the Laplace transform of (7) gives

5(52 +w? 4+ K)

Xi(s) = x
1(5) st (14+r+w2)s? 4+ w2 c10
5% 4wl
= 11
+s4+(l+n+w3)sz+w§T10 (11)
which yields

x1(7T) = @10 [15(1 + c¢1)coswT + ;—(1 —¢1)cos QT]

1 1
+#10 |=— (14 co)sinwr 4+ — (1 — ¢2)sin Q7| (12)
2w 20
_ (K+k)yms®+Kk
ms2+k
where
Absorber Controller
2
A wy;— 145
Fig. 2. Feedback control of the double integrator using the absorber controller 1= -
with position feedback. \/(1 + 5+ w2)? — dw?
2 .
. . L . . N wy—1—r
where (") now represents differentiation with respect to normalized co = (13)

time 7. The closed-loop system (4)—(6) has the form

X1
kgl

= Ax,

r =
Ty

oo

o
—
o

@)

I
—
o
=
o o

The characteristic equation dfis given bys* +(1+r+w?) s +wz =
0, which can be factored ds* + w?)(s> + Q) = 0, where

w:\/%(1+n+¢u§)—%\/(1+r;—|—w?,)2—4w2

Q:\/5(1+n+w§)+g\/(1+n+w;2,)2—4w3 (8)
and the eigenvalues off are A1 > =
The closed-loop system (7)
I4+r4+wh)? —dw? = (148 —wd)? + drw?

+yw, Aza = 0.

> 0,itis

\/(1+K+w§)2—4w2

IIl. FINITE SETTLING TIME CONTROLLER SYNTHESIS

Theorem 3.1: Let » andp be nonnegative integers, and chodse
k, m > 0 such that

k m 4(2(p —n) +1)?

K M (4n+1)(4p+3) (14)

Then the solution of (1)—(3) with initial conditions (10) satisfies

qu(ts) =0, @(t)=0 (15)
where
t, = g\/(4n +1)(d4p + 3)M/K. (16)
Furthermore, the control foreg(t) given by (6) is bounded by
(O] < (K + 1) (Eady + M), t20. (D)

is thus Lyapunov stable. Since

Remark 3.1: If K, k, andm satisfy (14), themw; (¢) is given by

clear that expressions in (8) are well defined. Furthermore, note that

W = wa, w2+£’22:1+n+w§.

9)

Next, we derive an expression for the time history of the statdue

to an initial condition of the formeq = [#10 #10 0 0]7, or, equiva-
lently in the dimensional states
, _ dgr o .
71(0) = quo. 7 (0) = quo
da:
2(0) = g1, % 0)=0 (10)

1 K K
= — Qeosyf/ — wt+ w 4=
qi(t) Y {qlo |:2cos 7 t 4+ wcos i 2t:|
M K K
foy/ o [sin g/ S5 wt 4 sin ] 2 ¢ >
+ Gio % |:sm i t + sin 7 2t:| } , t>0 (18)

wherew = 1/Q = /4n + 1/4p + 3.

Remark 3.2: Note thatt, is independent of;, andgi,. Also, the
smallest value of, for whichq(¢s) = 0 and¢:(¢;) = 0 is obtained
with n = p = 0 in (16), which yieldst, = (x/2)/3M/K. This
value is achieved fot = 4K/3 andm = 4M /3. Furthermoret, can
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be made arbitrarily small by choosirlg sufficiently large, although ol
large ' increases the control amplitude as suggested by (17). — Trap-Door Absorber
The virtual trap-door absorber is based on Theorem 3.1. The con- ol T Minmal-mime tamaler
troller in Fig. 2 is implemented fdi < ¢ < ¢, so that, attime = ¢,, ’
(15) holds. At this time, the controller is shut off, and thus the nddss
remains at rest at the origin. For the double-integrator plant written in H
state-space form as
>
£ 05f
s
i=Ag+Bu, y=Cq (19) Tl
where _05}
Q 01 4l
1 = N A =
=[] 2=o)
B= { 0 } C=[1 0] (20) 35 4 05 0 05 i 1.5
1/Af ’ ' ' Position ' '

the resulting linear time-varying dynamic controller has the form Fig. 3. Trajectories for two initial conditions plotted in phase space.

and in linear time-varying feedback form by

Ze(t) = Acwe(t) + Bey(t) (21)
"l —1
u(t) = _B’l’eATtS </ A BT ATs ls) eAtSq(t)g
. t
u(t) = Co(t)x.(t) + D.(t)y(t) (22) t€0,t.] (26)
where which minimizes the cost functional = fo t)dt and yields
¢(ts) = 0. For the double integrator (20) the control laws (25), (26)
A. = 0 1 B, = 0 become, respectively
—k/m 0 k/m
, [k 0], te][0.ts) 12q10 |, 6410 6qi10 |, 4qio
o(t) = () = M - F— W R
C.(¢) {[0 0, >t w(t)=M 7 + m t— M 2 + © )
~K -k te[o.t) € [0, ] @27)
D.(t) =
( ) {0, t > ts. (23)
) . I —6M 4M
Remark 3.3:1f M is not known exactly, or if some damping is u(t) = T @(t) = —— @), tel0.t] (28)

present, or if some external disturbance is present, then the double in-
tegrator is not expected to reach the origin at timeln this case the

e X ) It can be shown that if the initial conditiop satisfiess?, + 43 < 1,
controller can be reseind restartegperiodically with period:.. on Tio + dio =

then
IV. PERFORMANCEANALYSIS lu(t)] < 2M /9 + 4t2/t2, t € [0,t,]. (29)
We first consider the full-state classical minimal-time controller 1, design the trap-door controller, we choase: p = 0 in (14), so
given by [7] and [8] thatk = 4K /3 andm = 4M /3. K will be chosen to satisfy a control
amplitude constraint.
. : ol (1] Ymax To compare these controllers, I&f = 1 and impose the control
~tmax sgu | 41 () + sgu(qi(t))y /2] (1)] i constraintju(#)| < 1, > 0. To satisfy this constraint for the min-
Bl (6 [aman /3T imal-time controller, we set..x = 1, while for the minimal-energy
¥ = + 9 max A 0 Ima . . el ' g . .’ . .
u(t) a(t) + sgn(an(t |2 ()| ttmax/M # controller with initial conditions inside the unit circle, we sgt =
—Umax sg1(q1 (1)), 3v/2 = 4.24. For the trap-door controller it follows that = 4/3, and
d1 () + sgn(qr (1) /2] () [ttmax /M = 0 we letK = 3/7, so thatt = 4/7. With these values, (17) is equivalent

(24) tolu(t)] < 1, whilet, = /71 /2 = 4.16.
In Figs. 3 and 4, we choose initial conditions = +v/2/2, ¢10 =
\/2/2. The motion ofM is shown in Fig. 3, while the control is plotted
which is characterized by a discontinuous control fotde) that in Fig. 4. Fig. 4 shows that the minimal-time control is piecewise

switches betweet v max. constant with three discontinuities: switching ontat 0, switching
Next, for a specified settling time , we consider the full-state min- sign, and switching off whed/ reaches the origin. The minimal-en-
imal-energy controller given in open-loop form by [7] and [8] ergy and trap-door controllers each have two discontinuities: switching

on att = 0 and switching off when/ reaches the origin.
. 1 Fig. 5 shows the tradeoff of control magnitude versus settling time,
u(t) = — BT AT (=t </ A BBT AT (]s) e q(0), v_vhile Fig. 6 _shows thg_ tradeoff of control energy versus settling
0 time for the initial conditiongio = +/2/2 andgie = /2/2. For
t €10,t,] (25) the minimal-time controller, values af..x were chosen and the
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1 it 1 settling time than the minimal-energy controller, and a better tradeoff
| of control energy versus settling time than the minimal-time controller.
| For each controller, finite settling time performance is predicated on
———————————— knowledge ofM . Simulations indicate that for a 10% perturbation of

M , the minimal-time controller chatters near the origin. Furthermore,

Force
o

—— Trap-Door Absorber

0.5 a - L -
i | ~ - Minimal-Energy Controller the feedback form of the minimal-energy controller (28) exhibits con-
- — — Minimal-Time Controller . e s . . .
o ‘ : : J : trol forces that approach infinity as time approaches the design settling
0 0.5 1 1.5 2 25 3 35 4 45 timet,.
Time To implement the virtual trap-door absorber, we reset the states of the
) . L N - controller everyt, seconds, rather than disconnecting the controller at
Fig. 4. Comparison of control histories with initial conditi =12/2, ; NEARR ’ S
df = 2/2. P sones Wi intl tiogs = v/2/ time ¢,; that is, as in [11], the states of the controller are periodically

reassigned the values(t) = ¢1(t), ¢=(¢) = 0 with periodt..
For 10% perturbation id/, the resetting virtual trap-door absorber

5 T . . . . .
| : control signal tends to decrease in amplitude with each resetting ac-
45 v . tivity, while the states approach the origin. Due to the periodic reset-
. ! —— Trap-Door Absorber ting, the control signal exhibits regularly spaced discontinuities.
4r v —- - Minimal-Energy Controller 1
} \ o . T
a5l R Minimal-Time Controller APPENDIX

PROOF OFTHEOREM 3.1
Lemma 1:Leta,D, f1, f2 €R, definet, = w(4n+1)/2f1, and let

w
T

Maximum of u(t)|
n
o
T

y(t) = a(sin fit + sin fat) 4+ b(f2 cos fit + fi cos fot),

P
t>0. (30)
15-
1k If there existintegers, p > O suchthatf1/fo = (4n+1)/(4p + 3),
theny(t,) = y(ts) = 0.
051 Proof: Sincesin fits = 1, cos fits = 0, sin fot, = —1,
o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ cos fots = 0, it follows that
0 1 2 3 4 5 6 7 8 9 10
Settling Time in seconds . .
y(ts) = a(sin f1ts + sin fots)
Fig. 5. Maximum control magnitude versus settling time for the initial ~+ b(f2 cos fits + ficos fots) =0
conditiongyo = v'2/2, 410 = V2/2. )
y(ts) = a(fi cos fits + fo cos fot,)
5 - — bfi fo(sin fits + sin fots) = 0. O
1
! 1
457 R 7 Proof of Theorem 3.1:Equation (14) yields
4+ \‘ \\ — Trap-Door Absorber 1 Py
i ~ - Minimal-Energy Controller - 42(p—n)+1) oo =1 (31)
350 W - - Minimal-Time Controller ] (4n + 1)(4p+3)’ “ '

Substituting (31) into (9) and using (13) yields

"Control Energy’ Integral
n
0
T

4dn +1
L w=1 Q =
2 / 4p+3
Q—w
15F = = — %
a=Te Q4w
1k 1 Q
Z(14eq) =
05F 2 (1+en) Q+w
’ 1 w
—(l—c) = . 32
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 2 (1-c1) QO+ w (32)
0 1 2 3 4 5 6 7 8 9 10
Settling Time in Seconds
Hence (12) becomes
Fig. 6. fo’ u?(t)dt versus settling time for the initial conditian, = v/2/2, N
do = V2/2. (1) = %[Q cos wT + w cos §27]
T . A
corresponding settling times and energy integrals were computed. + w—+Q [sin w7+ sin 7] (33)

For the minimal-energy controller, values of the settling timevere

chosen and the resulting values®f.. and the energy integrdlwere and it follows from Lemma 1 that, (7,) = 0, &,(7s) = 0, where
computed. Similarly, for the trap-door controller, valuestgfwere
chosen, and the parametkr was chosen according to Remark 3.2.
The values ofu...~ and the energy integral were determined from
the time history of the control. The simulations indicate that the
trap-door controller has a better tradeoff of control magnitude versasd thusy () = 0, ¢1 (¢s) = 0, wheret, is given by (16).

77471,—1—1_/7
2 w2

Ts =

(dn+1)(4dp+3) (34)
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To derive (17), the total enerdy(x) of the closed-loop system is  Optimal Control of a Queueing System with Heterogeneous
Servers and Setup Costs
1 5 1

Vie)=spnit o

L B Rein D. Nobel and Henk C. Tijms

.2 L
Y 9K w2

N Abstract—This paper considers a queueing model with batch Poisson
SinceV = (9V/dz)Ax = 0, the total energy is constant; thus, withinput and two heterogeneous servers, where the service times are exponen-
the initial condition (15) tially distributed. The faster server is always on, but the slower server is

only used when the queue length exceeds a certain level. Activating the
slower server involves fixed set-up costs. Also there are linear operating
A1 5 1 ., costs and linear holding costs. The class of two-level hysteretic control rules
= Sk 7o + Sk Lig- (35) s considered. Rather than proving the overall average cost optimality of a
hysteretic rule, the purpose of this paper is to develop a tailor-made policy-
iteration algorithm for computing the optimal switch-on and switch-off
Hence levels for the slower server. An embedding method is used that is gener-
ally applicable to structured Markovian control problems with an infinitely
large state space.

Viz(r) =W

21(1T) 4 wap(r) = 2KVo — (1) — — @5(7) Index Terms—Controlled queueing system, heterogeneous servers,

B wz 7 Markov decision theory.
<2KVy, T >0. (36)

. INTRODUCTION

To bound the control force, Iét € R and form the Lagrangian . .
Queueing models with heterogeneous servers play a role of

increasing importance in many engineering areas, such as telecom-
Lz, 2., \) = ke, — 21 + ,\(;ﬁ + Kk — 2K Vo). (37) munication and computer systems. Often we are faced with control
problems in which servers (transmission lines) can be switched on
and off, and costs are associated with the operation of servers and
Setting the partial derivatives df to zero, yieldst. = —x1. Hence the presence of waiting jobs (messages). The motivation for studying
(36) yields(1 + )xi < 2KVp, and thuga: | < /2KVo/(1+ %). 1t such control problems comes from problems of dynamic routing in
follows from (6) thatju| = (1 4 «)]a1] < /2K Vo(1 + %), or, using computer systems or communication networks. The basic control
(35), [u| < /(1 + r)(22, + &%,). This yields (17). O problem considered in this paper has batch Poisson input and two
heterogeneous servers who share a common buffer of infinite capacity.
The service times are exponentially distributed with different rates
for the two servers. Service is nonpreemptive. The faster server is
always activated, whereas the slower server can be both on and off.
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