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D}, €, = (€iD)” (A.19)
~ N 1 1
DD, = N:WwliB,D},(I-DiD;,) "D (A20)
D},D., = (D] D)7 (A21)

These equations lead to (A.15). The state-space computations of W7,

W, Vee, Ved, Vaa, My, M2, N, and M based on three exponentials

(A.1), (A.2) and (A.3) can be verified by the same technique as in

[1]. 0
Remark A.2:

1) We need three exponentiations of sizes n + ms2, 2n, and
2(n + m2), where n and mo are the dimensions of the state
x(t) and the control input u(t), respectively.

2) If we consider a problem J(A') < + instead of J(L') < 1,

only C; and D, should be replaced by C;/~ and D13/~ in
the above formulas. Hence, recalculation is required only for
I in the ~-iteration for the optimization, since & and ¥ are
independent of ~.
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Robust Strong Stabilization via
Modified Popov Controller Synthesis

Y. William Wang, Wassim M. Haddad, and Dennis S. Bernstein

Abstract—In this paper we merge the par ter-d dent Ly v
function framework used to construct robust Popov controllers with
the a priori and a postermrz approaches given in [4], [S), [7], [8]
for obtaining stable p s. Specifically, we derive constructive
sufficient conditions that yield robust Lyapunov and asymptotically stable
stabilizing Popov dynamic compensators.

I. INTRODUCTION

Many practical applications of robust feedback control involves
constant real parameter uncertainty, whereas Ho. theory guarantees
robust stability against arbitrary time-varying uncertainty, thus en-
tailing undue conservatism. In a recent series of papers [1}-[3] a
parameter-dependent Lyapunov function framework was developed
to address the problem of real parameter uncertainty. Since the
uncertain parameters appear explicitly in the parameter-dependent
Lyapunov functions, the ability of such a framework to guarantee
robust stability with respect to arbitrary time-varying parameter
variations is curtailed, thus reducing conservatism with respect to
constant real parameter uncertainty. As an immediate application
of the parameterized Lyapunov function framework, the authors
in [1], [2] provide a generalization of the classical multivariable
Popov criterion to the case of fully coupled linear uncertainty.
These results were then used in conjunction with fixed-order op-
timization techniques to obtain Riccati characterizations of robust
controllers.

In certain applications, the use of robust stable compensators
greatly simplifies controller testing and implementation. The problem
of synthesizing stable stabilizing controllers has been of interest for
many years [10] and a variety of techniques have been proposed
based on modification of existing synthesis methods to ensure stable
compensation [4], {51, [7]-[9]. In particular, in [4], [5], [7]-[9],
the authors guarantee suboptimal strong stabilization by modifying
standard H, and H./H .. theory. Specifically, two approaches are
proposed that guarantee strong stabilization, an a priori modification
to H, theory (that is, prior to optimization) and an a posteriori
modification to the standard H» design equations.

In this paper we merge the parameter-dependent Lyapunov function
framework for designing robust Popov controllers with both the
a priori and a posteriori approaches for strong stabilization to
obtain robust strong stabilizing controllers. The results presented
herein provide constructive sufficient conditions for robust stable
compensators with robust H2 performance bounds.

It is important to note that the conditions given in this paper for
robust, strong stabilization are constructive and thus are sufficient but
not necessary. The relative conservatism of the various proposed con-
structions is therefore problem dependent. Numerical techniques for
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implementing these conditions can be developed using the techniques
applied in {4], [5] to the problem of (nominal) strong stabilization.

II. ROBUST STRONG STABILIZATION

In this section we introduce the robust strong stabilization dynamic
output feedback control problem. Specifically, we generalize the
a posteriori approach for stable compensation [4], [5] to design
robust stable full- and reduced-order Popov controllers. This problem
involves a set i/ C R™*™ of uncertain perturbations A4 of the
nominal system matrix A.

Robust Strong Stabilization: Given the nth-order stabilizable and
detectable plant

() = (A + ANxr(t)+ Bu(t)+ Dyw(t). t>0. (1)

y(t) = Ce(t) + Dau(t) (2)

where u(t) € R"™*", w(t) € R is standard white noise, and
y(t) € R‘, determine an n th-order dynamic compensator

To(t) = Acxo(t) + Bey(t). 3)

u(t) = Coac(t) “4)

that satisfies the following design criteria:
i) the closed-loop system (1)—(4) is asymptotically stable for all
Al e U
ii) the compensator dynamics matrix 4. is asymptotically stable;
and
iii) the performance functional

J(A. Be. Co)

t
= sup limsupl“:{/ [.z'T(s)Rl.r(s)+ llT(S)RQU(S')](]R}(S)
AAEU (—oc T i
is minimized.
Next, we assign explicit structure to the set I{. Specifically, the
uncertainty set I{ is defined by

U2 {A4€R™": Ad = BoFCy. F € F} (6)
where F satisfies
FCF2AFeR™ ™: 0< F< M} ©)

and Bo € R"*™°, Co € R™**™ are fixed matrices denoting
the structure of the uncertainty, F € R™°*™° is an uncertain
symmetric matrix, and M € R™°*™0 is a given positive definite
matrix. We restrict our attention to symmetric uncertainties F for
convenience only. More general uncertainty sets as in [1], [2] can
also be considered.

For each uncertain variation A4 € U4, the closed-loop system
(1)~(4) can be written as

Ht)y= (A + ADEt) + Dw(t). >0 (8)
where
LA [a(t) a4 BC.
T = L-F(n]' 4= [BCC A, }
Adiz

AAd Onxn.

On.xn Onoxn,
and where the closed-loop disturbance Du*(t) has
v 2 DDT, where

Sa[ D] a0
b= [BCD2:|' vE {0 BJ;BI}‘

Vi =D, Df. Vv, =D,Df

intensity
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and, for convenience, V12 = D, DI = 0. The closed-loop system
uncertainty A4 has the form

Ad = BoFCy ©
where

Boé[ Bo

Onxmo

:l- CU é [CO Omgxnc]-

Finally, if A + A4 is asymptotically stable for all AA € U for a
given compensator (A.. Be. C.), then it follows from Proposition
2.1 of [2] that the performance measure (5) is given by

J(Ac. Bo. Co) = sup wPy; V
Adeu

(10

where IE'A_;\ satisfies the 7 x n (n 2+ n.) Lyapunov equation
0=(A+AN) P i+ P s(A+ A+ R (1
where

E=[E E:C.]. E:E%:{B‘ 0 }

0 CTR,C.

and, for convenience, 12 = EITE‘Z =0.
Next, define the set of compatible Popov multipliers A" by

A2 (N eRm™, FN=NTF >0, Fe F}.

Now, as shown in [1] and [2], replacing the Lyapunov equation (11)
with
0=ATP+ PA+(Co+NCod+ B P) (M~ = NCoBo)
HAM P = NCoBo) ™M Co+ NCoA+B{PY+ R (12)
and minimizing an upper bound for the H cost given by
T(Ace B Co) = tw (P + Cq uCo)V (13)

where p satisfies FN' < g, we can obtain sufficient conditions
that characterize fixed-order dynamic output feedback controllers
guaranteeing robust stability and performance. For convenience in
stating this result, define

S20TV7C Ry 2 (M = NCoBo) 4 (M~ = NCoBo)T,
€2 Co4 NCoA. Rsa 2 Ro+ BTCINTR;'NC,B,

P, 2B"P+B"Cy NTR;'(C + B P).

4p 2 A4+ BoR;'C. Ap 2 Ap — QS + BoRy ' B P.

A5 = Ap+ BoR;'By P - (I + BoRy'NCy)BR;,' P..

Il

e He

Theorem 2.1 [2]: Let n. < n, assume Ro > 0 and let N € A"
Furthermore, suppose there exist n X n nonnegative-definite matrices
P. Q. P. @ satisfying

0=ALP+PAp+ R+ CYR;'C'+ PBoRy'BJ P

—PI'R;!P, + I PTR; P71 (14)
0=[Ap+ BoR; 'Bs (P + P)|Q
+Q[Ap + BoR3' By (P+ P)]T + 14
-~ QTQ+ rLQTQT]. (a5)
0=ALP+ PAp+ PBoR; "Bl P+ PR3, P,
— I PIR} P71 (16)
0=45Q+ Q45+ QSQ - 11 QTQT. a7
rank(:) = rank P = rank QP = N, (18)
QP =GTNIT. TG =1I,,. M e R"*", (19)
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r2G6'T. L2, - (20)
and let
1. =T(4, - QT)GT. @n
B.= rQC x;‘. (22)
C.=-R3}P.G". (23)

Then (E. A + AA) is detectable for all AA € U if and only if
A 4+ A is asymptotically stable for all A4 € U/. In this case the
performance of the closed-loop system satisfies the bound

J(Ac. Be. Co) < u[(P + P)Vi + PQTQ + CJ uCoVi].  (24)

Next, we use the a posteriori approach developed in [4] to modify
the synthesis equations given in Theorem 2.1 to construct stable
Popov controllers.

Theorem 2.2: Let n. < n, assume Ro > 0 and let N' € A", Let
Q(P. P) > 0 satisfy
ALP 4+ PAp +[(I4+ BoR;*NCo)BR;,'P]" P

+P(I + BoRy'NCo)BR;,'P, + QU(P. P) >0 (25)
for all nonnegative-definite P. P. Furthermore, suppose there exist
n x n nonnegative-definite matrices P. Q. P. Q satisfying

0=ALP+ PAp + R+ Q(P. PY+ CTR;'C
+ PBoR;'Bf P - PTR;!P,
+ 7 PTRa(l P,r.
0=[4p + BoRy'B{ (P + P)Q
+QlAp + BoRy "By (P+ P)]" + V1 - QTQ

(26)

+7.QTQr] @7

0=ALP+ PAp+ PBoRy'B{ P
+PIR;} P, — I PTR;!P.7y. (28)
0=46Q+ Q45+ QTQ - 7.QTQr1. 29)
rank Q = rank P = rank QP = n.. (30)
QP=¢G"ir. 167 = M e R™eXme, @31
r2G'r. 21, -1 (32)

and let

A =T(45 - Q)G (33)
B.=rQcTv; L, (34)
C.=—-R;) P.G". (35)

Then the following results hold.
) (E. A+ Ad) is detectable for all A4 € U if and only if
A+ A is asymptotically stable for all A4 € /.
ii) A is Lyapunov stable.
iii) If Ry > 0, then A. is asymptotically stable.
iv) The performance of the closed-loop system satisfies the bound
J(Ac. Be. Co) < u[(P+ P)Vi 4+ PQEQ + C§ pCoVi).
(36)
Proof: Note that the H> performance bound and the closed-loop
robust stability of A + A4 are direct consequences of theorem 8.1
of [2]. To prove ii), we note that adding (26) to (28) yields
0= ALP+PAs+PBoRy' Bl P+ ALP+PAp+ R +QU(P. P)
+CTR;'C + PBoRy'BTP.
Using the fact that

Ap =45 - QS+ (I + BoR;'NCo)BR;,' P

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 39, NO. 11, NOVEMBER 1994

and P, = GPGT > 0 (6], it follows that
A'P + P A. = —G[AEP+ PAp + R +CTR;'C
+ PBoR;'BI P+ PBoR;'B{ P
+[(I 4+ BoRy'NCo)BR;, P.)" P
+ P(I+ BoR;'NCo)BR;,'F,
+ QP PYGT <o.

Thus, A, is Lyapunov stable. If B; > 0, then ATP, + P4, <0
which implies that 4. is asymptotically stable. O

Note that by letting (P, P) = 0, we recover the standard Popov
controller where A, is not necessarily stable. Since the ordering
induced by the cone of nonnegative-definite matrices is only a partial
ordering, there does not exist a unique function (-, -) satisfying (25).
The next result gives four such functions. For convenience in stating
this result let & 2 (I + BoRy;'NCo)BR;, Pa.

Proposition 2.1: Given a. .3 > 0, the following nonnegative
definite functions (P, P) satisfy (25).

i) QP.P)=a’ 4PAP +a?P? + 372970 + 32 P2

ii) QP.P)=aALPAp+a™ P+ 37787 d+ 3°P°,

i) QP P) = 0_2 ALAp +a?P? + 38T PO + 371 P

iv) Q(P. P) = aALPAp +a™'P + 30T P% + 37 'P.

Proof: The proof follows from straightforward algebraic

manipulations. O

Finally, note that in the full-order case n. = n, it follows that

7 =G =T = I, and 7, = 0. Thus the last term in each of
(26)—(29) can be deleted, and (33)—(35) become
A= 45 - Q% (37
B. = QCTv,! (3%)
C.=—Ry P,. 39

Remark 2.1: Note that by letting (P. P) = 0 in the above
formulation, we recover the Popov controller synthesis equations
obtained in [1] and [2] for full-order dynamic compensation. It is
interesting to note that in contrast to the full-order case given in [1]
and 2], which involves three matrix equations for constructing Popov
controllers, the full-order design equations for characterizing stable
Popov controllers involve four matrix equations.

Remark 2.2: To consider uncertainties with upper and lower
bounds of the form M; < F < 3M,, where F, My, M, € R™oXme
are symmetric matrices we use the shifting technique discussed in
[2]. In this case, Theorem 2.2 holds with F', A, and M replaced by
F — M. A+ BoM,Co, and My — M, respectively. For further
details, see [2].

III. AN ALTERNATIVE APPROACH TO ROBUST STRONG
STABILIZATION BASED UpON H; COST MODIFICATION
In this section we present an alternative approach for designing
stable Popov controllers. This approach involves an a priori modifi-
cation to the Popov controller synthesis framework presented in [1]
and [2] (that is, prior to optimization) in the vein of [4], [5], [7], and
[8]. This approach addresses the minimization problem

T(Ae. Be. Co) = tr(P + CL pCo)V (40)

subject to
0=ATP+PA+(Co+ NCod+ BIP)T[(M™' = NCoBo)
+ (M7= NCoBo)]™
(Co+ NCoA+BIP)+ R+ Q(P) (41)

where €2(-) is a matrix function that satisfies {2(P) > 0 for all
P > 0. As shown in [1] and [2], minimizing (40) subject to (41) with
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(P) = 0 guarantees robust stability and robust H, performance.
This result follows from the fact that (40) is a bound for (5), that is,
J(Ac. Be. Co) < J(Ac. B.. C.). To also guarantee stability of the
compensator dynamics A., we set Q(P) to

0
0 PLBR;!BTP+ PIR;P,
P Py
PL, P
approach outlined in [1] and [2] to minimize (40) subject to (41) with
Q(P) given by (42) yields the following theorem.

Theorem 3.1: Let n. = n, assume Ry > 0, and let N € A"
Suppose there exists n x n positive definite matrix Pand n x n
nonnegative-definite matrices P, @, and Q satisfying

0=ALP+PAp+ R —CTR;'C - PBoR;'Bl P

QP) = [ (42)

where P = ] Now using the fixed-structure optimization

+ PBR;, BT P. (43)
0=[Ap 4+ BoR;'BJ (P + P)]Q + Q[Ap + BoRy ' B

AP+ P+ -Q=Q

+ BR;,!B"PQ + QPBR;!B". (44)
0=ALP+ PAp+ PBoR;'By P— PBR;, BTP.  (45)
0=(4p+QE)Q+ Q(Ap + Q%)

+QTQ - BR;,'BTPQ - QPBR;!'B" (46)

and let
Ac=44-QS-BRy,B'P-P'P/R;/P. (4]

and B.. C. be given by (38) and (39). Then the following results
hold.
i) (E. 4+ Ad) is detectable for all A4 € U if and only if
A 4+ A4 is asymptotically stable for all A4 € /.
ii) A. is Lyapunov stable.
iii) The performance of the closed-loop system satisfies the mod-
ified cost (40).

Proof: Since Q(P) > 0, it is shown in [1]} and [2] that if there
exist P and P satisfying (43) and (45), or, equivalently, (41) with
P, = P+P, P> = —P,and P, = P, then A+A A is asymptotically
stable for all A4 € I/. Now applying the Lagrange multiplier method
to minimize (40) subject to (41) yields

ATP+PA. =—[(B"P-P)' R;}(B'P - P,
+ P/ Ry, R2R},' P,
+(Bf P~ NCoBR;'P.) Ry}
-(Bg P = NCoBR;,'P.)] <0

which implies that A. is stable in the sense of Lyapunov. Equations
(43)—(46) follow from algebraic manipulations. ]

Remark 3.1: Note that if the uncertainty in the plant dynamics is
deleted, that is, Bo = 0 and Cy = 0, then Theorem 3.1 specializes
to Theorem 3.2 of [S] in which n. = n and ~» — x.

IV. CONCLUSION

In this paper we extended the Popov controller synthesis tech-
nique proposed in [1], [2] to obtain H>-suboptimal robust stable
compensators. Two approaches were developed for obtaining robust
strong compensators. The first approach involves modifying the
Popov design equations given in [1], [2] to guarantee stability of the
compensator, while the second approach is based upon the addition
of a new term in the Popov Riccati equation given by (12).
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Preconditioning of Transfer Matrices: Bounding the
Frequency Dependent Structured Singular Value

Héctor Rotstein

Abstract—The precondition of matrices by diagonal scaling is a useful
tool for bounding the structured singular value. Although the constant
matrix case has been well studied, comparatively little is known about
the behavior of the scaling matrices as a function of frequency. In this
paper this problem is addressed by considering the optimal Frobenius-
norm scaling. It is shown that, under mild assumptions, there exist
stable and minimum-phase diagonal transfer matrices which minimize
the Frobenius-norm of a scaled transfer matrix.

I. INTRODUCTION

During the past decade, H has emerged as a powerful synthesis
method for linear time-invariant systems. It is not hard to see, though,
that capturing all desirable specifications into a single norm objective
is not possible in all but a small number of problems, without
introducing potentially large degrees of conservatism. Consider, for
instance, the problem illustrated in Fig. 1, where P is a generalized
real rational plant, A" is a controller, and A is an uncertainty transfer
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