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Semilinear Duhem Model for Rate-Independent and
Rate-Dependent Hysteresis

JinHyoung Oh, Student Member, IEEE, and Dennis S. Bernstein, Fellow, IEEE

Abstract—The classical Duhem model provides a finite-di-
mensional differential model of hysteresis. In this paper, we
consider rate-independent and rate-dependent semilinear Duhem
models with provable properties. The vector field is given by the
product of a function of the input rate and linear dynamics. If the
input rate function is positively homogeneous, then the resulting
input-output map of the model is rate independent, yielding
persistent nontrivial input—-output closed curve (that is, hysteresis)
at arbitrarily low input frequency. If the input rate function is
not positively homogeneous, the input—output map is rate depen-
dent and can be approximated by a rate-independent model for
low frequency inputs. Sufficient conditions for convergence to a
limiting input—output map are developed for rate-independent
and rate-dependent models. Finally, the reversal behavior and
orientation of the rate-independent model are discussed.

Index Terms—Duhem, hysteresis, rate dependence.

1. INTRODUCTION

YSTERESIS arises in diverse applications, such as struc-

tural mechanics, aerodynamics, and electromagnetics.
The word “hysteresis” connotes lag, and hysteretic systems
are generally described as having memory. Although there is
no precise definition of hysteresis, we adopt the notion that
hysteresis is effectively nontrivial quasi-dc input—output closed
curve, that is, a nontrivial closed curve in the input—output map
that persists for an periodic input as the frequency content of
the input signal approaches dc. With dynamic, that is, non-dc
excitation, both linear and nonlinear systems exhibit nontrivial
input—output closed curve, which is generally frequency de-
pendent and a natural consequence of the system’s dynamics.
However, the input—output map a linear system can approach
only a single-valued linear map as the input frequency ap-
proaches zero. Consequently no linear system is hysteretic, and
thus hysteresis is an inherently nonlinear phenomenon.

To illustrate this point of view, consider the mechanism [1]
shown in Fig. 1, where the system input r(¢) is the position of the
right end of the spring and the system output ¢(t) is the position
of the mass. The equation of motion is given by

m(t) + cq(t) + kd,(q(t) —r(t)) =0 1.1
where d,,(z) is a deadzone function with width w due to the gap
where the spring attaches to the mass. The presence of hysteresis
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Fig. 1. Mass-dashpot-spring system with gap.
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Fig. 2. Input—output map for the mass-dashpot-spring system with gap w = 1
whenm = 0.1,k = 10,¢ = 1, and r(t) = sinwt.

between r(t) and ¢(t) is not readily evident during dynamic
operation, since the nontrivial input—output closed curve is a
consequence of both the gap and the dynamics. However, Fig. 2
reveals that the nontrivial closed curve persists near dc, that is,
in the dc limit at asymptotically low frequency.

Alternatively, consider the relationship between the magnetic
field strength H (t) and the magnetic flux density B(t) of a fer-
romagnetically soft material of the isoperm type [2] given by

B(t) = a|H(¢t)|[bH(t) — B(t)] + cH(t) 1.2)
where a, b, c are positive constants. Fig. 3 shows the relationship
between the magnetic field strength H (¢) and the magnetic flux
density B(t). The presence of nontrivial input-output closed
curve for low frequency inputs indicates that this system is hys-
teretic.

Although the examples discussed above are both hysteretic,
they are distinct in several respects. First, the shapes of the
hysteresis maps are different, although their orientation is the
same, namely, counterclockwise. Next, the response of the
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Fig. 3. Input—output map for a ferromagnetically soft material of the isoperm

type when a = 0.02125,b = 0.100,¢ = 0.04361, and H(?) = 30sin wt.

mass-spring system depends on the input frequency, whereas
the ferromagnetic material model has the same input—output re-
sponse for all input frequencies.

In classical terminology [2]-[4], these systems have rate-
dependent hysteresis and rate-independent hysteresis, respec-
tively. We shall use this traditional terminology despite the fact
that it is inconsistent with our view that “hysteresis” per se refers
to the response in the dc limit. Since the dynamic response of
a system with rate-independent hysteresis is completely deter-
mined by its quasi-dc behavior, such a system is effectively kine-
matic.

Examples (1.1) and (1.2) are also different with respect
to their dependence on the shape of the input. Consider
the input—output maps corresponding to sinusoidal and tri-
angle-wave inputs. Fig. 4 shows that the mass-spring example
exhibits different input—output maps, while Fig. 5 shows that
the ferromagnetic material model exhibits the same maps. This
distinction suggests a relationship between the rate dependence
of the hysteresis and the dependence of the input—output map
on the shape of the periodic input.

Yet another distinction between these examples is their re-
versal behavior. As can be seen in Fig. 6(a), the mass-spring ex-
ample exhibits play-type reversal, while the ferromagnetic ma-
terial model response converges to a self-similar hysteresis as
seen in Fig. 6(b).

One of the most popular hysteresis models is the infinite-di-
mensional Preisach model [4]-[9], which is an integral model
whose kernel involves an infinite number of hysteretic opera-
tors. The Preisach model can capture a large class of hysteresis
maps with complex reversal behavior. However, simulating
Preisach models requires gridding of the plane and thus is
computationally demanding. Other integral models of hys-
teresis with different kernel functions include the energy-based
hysteresis model [10], the generalized Maxwell-slip hysteretic
friction model [11], [12], and the Prandtl-Ishilinskii model [13,
pp. 342-367].

In contrast to Preisach models, the examples discussed above
are finite dimensional. The mass-spring example is suggested
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Fig. 4. Input—output map for the mass-dashpot-spring system with deadzone

under (a) sinusoid input and (b) triangle-wave input when r = sin 5¢.
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Fig. 5. Input—output map for the model of a ferromagnetically soft material of

the isoperm type under both sinusoidal and triangle-wave inputs.

in [13, p. 90] as an approximation to a hysteron model, while
the ferromagnetic material model is a Duhem model, a class
of hysteresis models studied in [2] and [14]-[16]. Variations of



OH AND BERNSTEIN: SEMILINEAR DUHEM MODEL FOR RATE-INDEPENDENT AND RATE-DEPENDENT HYSTERESIS 633

1 T
08|
0.6
04
02
o ofF / /
02}
04
06
08f
4 1 1 L 1 .
1.5 1 0.5 0 0.5 1 15
r
(a)
2 T T T
15F
1k
05F
m 0f
05}
s
15F
2 | | . L | 1 .
40 30 20 10 0 10 20 30 40

Fig. 6. Reversal behavior for (a) the mass-dashpot-spring system with
deadzone and (b) the ferromagnetically soft material.

the Duhem model have been studied in different contexts under
various names. For example, the Bouc—Wen model [17], [18],
the Madelung model [13, p. 274], the Dahl friction model [19],
the LuGre friction model [20], and the presliding friction model
[21] are specialized Duhem models as shown in Examples 2.1
and 2.2. All of these models are rate independent. Rate-depen-
dent models are studied in [3] and [14].

The purpose of this paper is to extend the existing analysis
of the Duhem model to further elucidate its properties. In par-
ticular we are interested in the rate dependence of the response,
convergence, shape, and orientation of the hysteresis map, as
well as the reversal behavior.

The contents of the paper are as follows. In Section II, we in-
troduce the generalized Duhem model and define the hysteresis
map to be the dc-limiting input—output phase portrait. In Sec-
tion III, we discuss the rate-independent generalized Duhem
model using the concept of positive time-scale invariance. In
Sections IV and V we introduce the rate-independent and rate-

dependent semilinear Duhem models, respectively, and analyze
their properties. In Section VI, the reversal behavior of the rate-
independent generalized Duhem model is discussed. Finally,
the orientation of the limiting periodic input—output map of the
rate-independent generalized Duhem model is analyzed in Sec-
tion VII, followed by the Conclusion.

II. GENERALIZED DUHEM MODEL

Consider the single-input single-output generalized Duhem
model given by

(t) = f(x(t),
y(t) = h(x(t),

t>0 (2.1
(2.2)

g g
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where z : [0,00) — R" is absolutely continuous, u : [0,00) —
R is continuous and piecewise C1, f : R® x R — R"™*" is
continuous, g : R — R" is continuous and satisfies g(0) = 0,y :
[0,00) — R, and h : R™ x R — R is continuous. The value of
&(t) at a point ¢ at which 4(t) is discontinuous can be assigned
arbitrarily. We assume that the solution to (2.1) exists and is
unique on all finite intervals. Under these assumptions, = and y
are continuous and piecewise C'. The following definition will
be useful.

Definition 2.1: The nonempty set H C R2 is a closed curve
if there exists a continuous, piecewise C', and periodic map
7 : [0,00) — R? such that v([0, 00)) = H.

Definition 2.1 implies that every closed curve is a compact
and connected subset of R2. For closed curves H1, Ho, define
the Hausdorff metric [22, p. 104]

d(H1, Hs) émaX{ sup < inf |lm —772||>,
nm EH1 n2€Ho

sup (inf ||m—772||>} 23)
n2€H2 1 €HL

where || - || is a norm on R2. Since R? with the metric d(z, y) =
|z — y|| is complete, it follows from [23, p. 67] that the set of
closed curves with d(-, -) is a complete metric space.
Definition 2.2: Let u : [0,00) — [Umin,Umax| De contin-
uous, piecewise C*, periodic with period «, and have exactly
one local maximum uy,,x in [0, @) and exactly one local min-
imum 2, in [0, ). For all T > 0, define ur(t) £ u(at/T),
assume that there exists zr : [0,00) — R™ that is periodic
with period 7' and satisfies (2.1) with u = wup, and let yr :
[0,00) — R be given by (2.2) with z = xr and v = ur. For all
T > 0, the periodic input—output map Hr (ur, yr) is the closed
curve Hr(ur,yr) = {(ur(t),yr(t)) : t € [0,00)}, and the
limiting periodic input—output map H.(u) is the closed curve
Heoo(u) 2 limp_ oo Hr(ur, yr) if the limit exists. If there exist
(u,91), (u,y2) € Hoo(u) such that y; # yo, then Hoo(u) is a
hysteresis map, and the generalized Duhem model is hysteretic.
Example 2.1: Bouc’s hysteresis model [17] is given by

y(t) = pu(t) + ho(ﬂ(t)g t
+ /0 F( / |ﬂ(o)|do> Ad(u(r)) (2.4)
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where p > 0,hg : R — R and F' : R — R are continuous,
and ® : R — R is C'. Letting F(v) = e~7?, where v > 0, it
follows that (2.4) is equivalent to

#(t) = i) (1) + di%;*))a(t) @5)
y() = a(t) + pu(t) + hou(?)). 2.6)

Now, (2.5) and (2.6) can be rewritten in the form of (2.1) and
(2.2) as

10 = [ + 2552w+ 25562 700
Q2.7
y(t) = x(t) + pu(t) + ho(u(t)) (2.8)
where
iy (t) 2 max{0,a(t)} u_(t) = min{0,a(t)}.  (2.9)

The Bouc-Wen model [18] is the variation of (2.7) and (2.8)
given by (2.10) and (2.11), shown at the bottom of the page,
where (3, k, and d are system parameters, and y(¢) is the
restoring force of a hysteretic structural system due to a dis-
placement u(t). Setting 3 = —1,k = 1, and d = 0 yields the
Dahl friction model [19]

i(t) = [—yz(t) + 1 ~ax(t) +1] [%(tﬂ (2.12)

a_(t

where u(t) denotes rigid body displacement and z(t) is the
elastic strain in the frictional contact.
Example 2.2: LuGre friction model [20] is given by

r(t) =u— u(t) T
(1) = i = el (2.13)
y(t) = oox(t) + 018(t) + o20(t) (2.14)

where r : R — R is monotonically decreasing, u denotes the
relative position between the two surfaces, y denotes the friction
force, and 0y, 01,02 > 0 are stiffness, damping coefficient,
and viscous friction coefficient, respectively. The state equation
(2.13) can be rewritten as

(2.15)

#)=[1 () [_?(5%;)]

which is in the form of (2.1). Note that (2.14) depends on (%)
and thus cannot be written as (2.2). This model can be inter-
preted as an improper generalized Duhem model. Other im-
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proper generalized Duhem models include the presliding fric-
tion model [21]

o Fa(x(1)) Fa(z(t)) "

HO) = (1 -5t ) [t - )
(2.16)

y(t) = Fy, + Fa(z(t)) + o18(t) + o20(t) (2.17)

where Fy : R — R is the current transition curve, S : R — R
models the constant velocity behavior in sliding, F}, € R is an
offset constant, and k is a system parameter. The state equation
(2.16) can be written in the form of (2.1) as

#(t) =1 sgn(Fa(z(t))|Fa(e(t))["]
u(t)
a(t)

>< .
i(t)
‘Sgn(sm(t))—Fb) ‘S(ﬂ(m—Fb

k] . (2.18)

III. RATE-INDEPENDENT GENERALIZED DUHEM MODEL

In this section, we consider the rate-independent generalized
Duhem model. The following definition is needed.

Definition 3.1: The continuous and piecewise C'! function
7 : [0,00) — [0,00) is a positive time scale if 7(0) = 0,7 is
nondecreasing, and lim;_, ., 7(¢) = oo. The generalized Duhem
model (2.1), (2.2) is rate independent if, for every continuous
and piecewise C'! = and u satisfying (2.1) and for every posi-
tive time scale 7, it follows that z(t) = z(7(t)) and u,(t) 2
u(7(t)) also satisfy (2.1).

Note that there is a slight abuse of notation in defining z 7, ur
in Definition 2.2, and z,,u, in Definition 3.1. Letting 7(¢) =
at/T, it follows that z, and u, denote zr and ur, respectively.
The following definition is needed to characterize the rate-inde-
pendent generalized Duhem model.

Definition 3.2: The function g is positively homogeneous if
g(hv) = hg(v) forall h > 0 and v € R.

The following result generalizes [14, Prop. 9].

Proposition 3.1: Assume that g is positively homogeneous.
Then, the generalized Duhem model (2.1), (2.2) is rate indepen-
dent.

Proof: Let T be a positive time scale. Then 7(0) = 0 and,

thus, z-(0) = z(7(0)) = x(0) = z¢. Now, for all ¢ > 0,
consider

dz.(t) du,(t)

)~ aro. e (57

_ da(r(t)

i(t) = [—ya(®)a(@®)[*~ = Bla(t)]",
y(t) = (t) + du(t)

ra(O]a(t)F1 = Bla(t) ] [W)] 2.10)

w_(t)
@2.11)
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Since 7 is a positive time scale, 7(¢) > 0 for all ¢ > 0. Hence,
it follows from the positive homogeneity of g that

s (7% ) =i (M52

which implies that

e — a0 (57
= #(0) |57~ ftatn)utoa (47 )|
=0

for all ¢ > 0, as required. O

Let 7 be a positive time scale, assume that (2.1) and (2.2) are
rate independent, let u(¢) and u, (¢), where ¢ > 0, be inputs as in
Definition 3.1, and let :(t), y(¢), and z,(t), y-(t) satisfy (2.1),
(2.2) with u(t) and u,(t), respectively. Define the input—output
map

Flu,y) & {(u(t), y(t)) : ¢ € [0,00)}

and the scaled input—output map

Fr(tr,yr) £ {(ur(t), y- (1)) : t € [0,00)}.

Then
Fr(ur,yr) = {(ur(t), h(z+(t),ur(t))) : t € [0,00)}
= {(u(r (1)), h(z(7(t)),u(r(t)))) : t € [0,00)}
={(u(7(?)),y(r(t))) : t € [0,00)}
= {(u(t),y(t) : t € 0,00)}

Hence, F,(u,,y,) is independent of 7, and thus F; (u,,y,) =
F(u,y) for every positive time-scale 7.

This observation shows that the periodic input—output map
of the rate-independent generalized Duhem model is identical
to the limiting periodic input—output map. Specifically, since
7(t) = at/T is a positive time scale, the periodic input-output
map Hr(ur, yr) is invariant for all 7' > 0 and, thus, Hoo (u) =
limr, 00 Hr, (ury, y10) = Hr(Ur,y7), forall T > 0.

The rate-independent generalized Duhem model has several
alternative representations. The following lemma is needed for
further discussion.

Lemma 3.1: Assume g is positively homogeneous. Then,
there exist h4, h_ € R" such that

v >0,

v < 0. -1

vh,
g(v) = {’UhJ_r;

Proof: Letg=1[g1 - g,]T. Since g is positively homo-
geneous, g; is also positively homogeneous, ¢ = 1, ..., 7. Then,
forall v > 0, g;(v) = vgi(1) = vh;, , where h; £ 5:(1),i =
1,...,r. Similarly, for all v < 0, g;(v) = —vg;(—1) = vh;_,

where h; 2 —gi(=1),7 = 1,...,r. Finally, define hy £

[h1, ... hy )" and h_ £ [hy_ --- h,_]", which satisfies
(3.1) as required. O

Assume g is positively homogeneous. Then, (2.1) and (2.2)
can be written in the form of the Madelung model [13, p. 282]

[ (a0 u()i(r). () 20
(1) = {ff(w(t)w(t))ﬂ(t% |
(3.2)

2(0)=mzo, t >0  (3.3)
where [ (a(t),u(t)) £ f(a(t), u(t))hy and f—((t),u(t)) £
f(z(t),u(t))h—. Note that (3.2) can be viewed as a switching
system with respect to the sign of u(t). Furthermore, (3.1) can
be written as

gt)) = iy (1) + h_ie (1) = [y h_] [ngﬂ (3.4

and, thus, (3.2) can be written as (2.1) with » = 2 in the form

1) = [+ a0u(0) S Gelo.u)] |30 | 69
for (0) = zo, t > 0, which is the standard Duhem model
[15, p. 131]. Finally, it follows from (3.5) that

i (1) = s (1)
(1) = vec([f+(:v(t),u(t)) F((t), u(t))] L: <t>D
- ({TS” ®In> vec[fu(w(t), u(t))  f-(x(t),u(t))]

where vec is the column-stacking operator and ® denotes the
Kronecker product. Hence, the rate-independent generalized
Duhem model (2.1), (2.2) is equivalent to

#(t) = [ig () i (£)]] [ﬁgggzgm (3.6)
y(t) = h(z(t), u(t)),

x(0) = zg, t > 0. 3.7
The following result is needed to analyze the rate-indepen-
dent generalized Duhem model (3.2), (3.3).
Proposition 3.2: Assume that g is positively homoge-
neous and given by (3.1), where hy,h_ € R", and let

T ¢ [Umin, Umax] — R™ and § : [Umin, Umax] — R satisfy

d(u) f+(#(u),u), when u increases
du - f-(&(u),u), whenu decreases  (3.8)
U 0, otherwise
§(u) = h{i(w), w) (3.9)

for u € [Umin, Umax| and with initial condition Z(ug) = o,
where f+($7u) 2 f($7u)h+a f_(x,u) 2 f(x7u)h—’ and
%0 € [Umin, Umax]- Furthermore, let u : [0,00) — [Umin, Ymax]
be piecewise monotonic, continuous, piecewise C', and
u(0) = ug. Then, z(t) = &(u(t)) and y(t) = §(u(t)) satisfy
(3.2) and (3.3).
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Proof: Fort > 0, note that

dz(t) _ dz(u(t))
dt dt
_ da(u(t)) du(t)
du(t) dt
fr(@(u(t)),u(t))u(t), when u(t)increases
=< f-(&(u(t)),u(t))d(t), when u(t) decreases
0, otherwise
_ {f+(i7(u(t))7u(t))ﬂ(t)7 i(t) > 0
f-(@(ut), w®))a(t), (t) <0
= f(x(t), u(t))g(i(t))
with the initial condition &(ug) = #(u(0)) = z(0) = xo.
Hence, z(t) satisfies (3.2). Therefore, for all t > 0,z(t) =
Z(u(t)) and, thus, y(t) = g(u(t)) from (3.3). d

Proposition 3.2 shows that the rate-independent generalized
Duhem model (3.2), (3.3) can be reparameterized with u as the
independent variable. Note that (3.8) and (3.9) can be viewed
as a time-varying dynamical system with nonmonotonic time
u. Hence, reparameterization of the rate-independent general-
ized Duhem model implies that the input—output map of w(¢)
and y(t) consists of a positive orbit arising from f (#,u) and a
negative orbit arising from f_(Z,w). We exclude pathological
inputs by assuming that u(t) is piecewise monotonic.

Assume that the forward-time and backward-time solutions
of (3.8) exist and are unique on all finite intervals. If f; = f_,
then the positive and negative orbits of (3.8) are identical and
thus the limiting periodic input—output map is not hysteretic.
Therefore, the existence of hysteresis requires that f (& (u), u)
and f_(&(u),u) be different.

Example 3.1: Let u(t) be the triangle wave

(t)é t—4q— 1, 4g<t<4q+2
YT —t+49+3, 4g+2<4g+14

forq = 0,1,2,..., and consider the positive time scales

a Sin(%t—%)—i—élq—i—l7 4g<t<4q+2
| -sin(5t—3) +49+3, 49+2<t<4q+4

2 4
7-4(t)é st+ 34, 4g<t<4q+3
20 —4qg—4, 4q+3<t<4q+14

forq =0,1,2,...,and ¢t > 0. Fig. 7 shows the triangle wave
u and the positive time-scaled triangle waves ., , %, , Ur,, and
ur,. Note that 71 and 7 change the period of u, while 73 and
74 change the shape of u. Now, consider the generalized Duhem
model

(3.10)
(3.11)

and let g(u) = |u|. Since g is positively homogeneous, Propo-
sition 3.1 implies that (3.10), (3.11) is rate independent. Fig. 8
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is a triangle wave with the same period as « but different slope.

06 4

04+ B

Fig. 8. Inpugoutp.ut maps of (u. y), (uj.1 sYr ) (Ury s Yy ), (1.“3. Yry ),vand
(%ry,Yr,) With g(&t) = |u|. All of the input—output maps are identical since
the model is rate independent.

shows that the input—output maps of (3.10) and (3.11) with dif-
ferent positive time scales are identical. Next, let g(i) = 72,
which is not positively homogeneous. Fig. 9 shows that the
input—output maps of (3.10) and (3.11) depend on the positive
time scales.

Example 3.2: Reconsider Example 3.1 with g(4) = |4].
Since the model is rate independent, we can reparameterize

(3.10) and (3.11) in terms of u to obtain

di(u) —&(u) +u, when u increases
=1 Z(u) —u,  whenudecreases (3.12)
du .
0, otherwise
g(u) = i(u),  #(0) = 0. (3.13)
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Fig. 9. Input-output maps of (u, y) (ury, Yr1 Vs (Urgs Yrg )s (Urg, Yrg ), apd
(ury,y-,) With g(&t) = 4. In this case, the input—output map changes with
different positive time scales.

0.8

06 1

0.4 b

(1x)

> o+ o— 4
(0,0
-0.2 4
(1)
—041} 4
-06f J
08 = Y 0 05 1
u
Fig. 10. Input—output map of Example 3.2 with g(¢) = |&| and u(t) = sin t.

Consider the piecewise monotonic sinusoidal input u(t) =
sint. When « increases from O to 1,#(u) is given by the
Sforward-time ramp response &(u) of

wel0,1] (3.14)

which yields the branch from (0, 0) to (1, ;1 ) of the input—output
map shown in Fig. 10. Now, when u decreases from 1 to
—1,&(u) is given by the backward-time ramp response &(u) of

diz(u)

¢V =z, wel-1,1] (3.15)

which yields the branch from (1,z;) to (—1,z2) of the
input—output map shown in Fig. 10.
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IV. RATE-INDEPENDENT SEMILINEAR DUHEM MODEL

As a specialization of (3.6) and (3.7), we now consider the
rate-independent semilinear Duhem model

#(t) = [ag (D) I 0 (t) 1]

([ o [ oo [£])
y(t) = Cx(t) + Du(t), z(0) =m0, t>0 (42)

where Ay € R"*" A_ e R"*", B, e R",B_ e R", F, €
R*,E_ € R*,C € R™™, and D € R. Note that (4.1) is
a rate-independent generalized Duhem model of the form
(3.6), (3.7) with fy(z(t),u(t)) = Ayz(t) + Byu(t) +
Ei, f_(z(t),u(t)) = A_z({t) + B_u(t) + E_, and
h(z(t),u(t)) = Cz(t) + Du(t). Reparameterizing (4.1)
and (4.2) in terms of u yields

Ay3(u)+ Byu+ E4, when u increases

di
& (u) =q A_#(u)+ B_u+ E_, when u decreases
du .

0, otherwise
4.3)
§(u) = Ci(u) + Du,  2(ug) = w0 4.4

where uo = u(0). Note that the forward and backward solutions
of (4.3) are each given by the sum of a ramp response and a step
response. For the following lemma, let AP denote the Drazin
generalized inverse of A and let ind A denote the index of A
[24, p. 122].

Lemma 4.1: Letr, = ind Ay and r_ 2 ind A_. Then the
solution of (4.3) for increasing w is given by

()
= eA+(umuo) AE (u[ — uget (“_"0)) B
— A%D (I - eA+<“—"0>) By — AP (I - eA+<“_"°)) B,
+ Xy (u,ug) + Yi(u — ug), u > ug 4.5)
and the solution of (4.3) for decreasing u is given by
()
= eA-(u—uo)p AD (uI — uoeA—(”ﬂ‘“)) B_
— A% (1= A=t ) B AP ([ = eA=(e))

+ X_(u,up) + Y_(u — ug), u < ug (4.6)
where
A Dy o= U+ kg k gk—1
X+(’U,,U,0) = (I - A+A+) Z m(u - U,O) A+ B+
k=1 ’
X_(u,u) 2 (I — A_AP) 2 LTS S
= (k+1)!
A D 1 k gk—1
y+(u) = (I— A+A+) EU, A+ E+
k=1
Vo(u) = (1= AA2) - ut AR
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Proof: First, we recall from [24, p. 176] that, for A €

Rnxn

. 1 k Ak—1

/ e dy = AP (e — I) + (I — AAD)
0 k=1

where r = ind A. Now, suppose u is increasing. Then, with the
initial condition Z(u) = wy, the solution &(u) of (4.3) is given
by

— 6A+(u7“0)x0 + / 6A+ (uiv)(B_i_U + E+) dv

Uo

= At (u—uo) gy AE (u[ — quA+(“_“°)> By
_ AP (I_ eA+(U—“0)) B, — AP (I_ eAJr(U—Uo)) B,
+ X4 (u, u0) + Vi (u — o)

which proves (4.5). Now suppose u is decreasing and let
#_(u) £ #(—u). Then, the solution 7(u) of (4.3) with u
decreasing from w is equivalent to &_(u) with u increasing
from —ug. For all u > —uy, it follows from (4.3) that

da(—w) |

m = A_QJ( U) +B_( u) + E_
that is

di_(u) .
- =A_z_ — B_ E_.
Tu Z_(u) u+

Therefore

d“;f“) = —A_é_(u)+B_u—E_.

Hence, with the initial condition & _ (—ug) = ¢, Z_(u) is given
by

b () = e Ay 4 [

—ug

= e~ A-(utuo)y 4 AD (uI + uoe_A—(“+“°)) B_

e A== (B_y — E,)dv

_ AQ_D (I— e—A+(u+Uo)) B_+ (I— A_A]E)
- u — kug k k—1
E _ 7 —A_ B_
szl (k+1)!(u+UO) ( )

— AP (I - e_A*(”'i'"O)) E_ —(I—A_AP)
rT_ 1 _

x> H(u—l— wp)¥(—A) TR
k=1

Since #(u) = &_(—u), we have, for u < ug
(u)

= eA-(u—uo)p gD (u[ - uoeA*(“fuo)) B_

_ A% (I - eA—(“”‘O)) B_ — AP (I - eA—<"*“0>) E_

+ X_(u,up) + Y—(u — up).
|

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 50, NO. 5, MAY 2005

Remark 4.1: 1t r, < 1, then A®? = A% and thus
Xy(u,ug) = (1/2)(v® — uwd)(I — A4A%)B; and
Vi(w) = (u — uo)(d — A+Aﬁ_)E+, where Aﬁ_ is the
group generalized inverse of Ay [24, p. 124]. If r; = 0,
that is, A, is nonsingular, then AE = A;l and, thus,
Xo(u,ug) = Vi(u) = 0. Similarly, if r_ = 1, AP = A%
and thus X (u,u0) = (1/2)(u? — w2)(I — A_A*) and
V_(u) = (u—wup)(I — A,Af#)E,. Furthermore, if r_ = 0,
then AP = A= and X_ (u,ug) = V_(u) = 0.

For the following result, let the limiting input—output
map Foo(u,y) be the set of points z € R? such that
there exists a divergent sequence {¢;} in [0,00) satisfying
lim; o || (u(t;), y(t;)) — 2|| = 0. Furthermore, let p(A) denote
the spectral radius of A € R"*™. We now state the main result
on the existence of the limiting periodic input—output map of a
rate-independent semilinear Duhem model.

Theorem 4.1: Consider the rate-independent semilinear
Duhem model (4.1), (4.2), where u : [0,00) — [Umin, Umax] 1S
continuous, piecewise C', and periodic with period o and has
exactly one local maximum u,,y in [0, ) and exactly one local
minimum ,;y, in [0, ). Furthermore, define 3 2 Umax — Umin
and assume that p(e#4+e=#4-) < 1. Then, forall T > 0, (4.1)
has a unique periodic solution zt : [0, 00) — R", the limiting
periodic input-output map Hoo(u) exists, and the limiting
input—output map F(u,y) is given by Foo(u,y) = Heo(u).
Specifically

Hoo(u) = {(u, 1-(u))} U {(u, §-(u))} (4.7)

i1 (u) £ Ciy(u)+ Du §_(u) £ Ci_(u)+Du  (4.8)

i“+(u) é 6A+(“_“'nlin)j:+ _ AE [UI _ umineAJr (u—um;n):| B+
_ AiD [I _ €A+(u7u’“i")i| B+
— AR (1= et ) By X (0, i)
+ y+ (u - umin) (49)

:fi_(’u) A A (u—tmax)p Alz [u[ _ umaxeA,(u—umax)} B
— A%P [1 - 6A7<u—u,,m>] B

0 (1)

+ X (U, Umax) + V- (1 — Umax) (4.10)
Gy A (I —e P ePA) T (e P2, 4 2) (4D
B & (I—ePAre P (P42 4 2)) (4.12)
Zi 2 —AY (umax] — umine™+) By

— AP(I = P4)By — AR(I — P44 B,

+ X4 (Umax, Umin) + V4 (5) (4.13)
Z_ & — AP (upin] — tmaxe™"4-)B_

— APP(I —ePA)B. — AP(T — e P4)E_

+ X (tmin; Umax) + V-(—03). (4.14)
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Proof: LetT > 0, define up(t) = u(at/T),t > 0, and
define

wT(t) 2 { i+(uT(t))7

when up(t) increases,

> 0.
when up(t) decreases, £20

& (ur(t)),

Since
§7+(“nla><)
= A ([ — e PA-PANT e PA-Z, 1 2 V4 2,
= - eﬂAJre*ﬁA—)*leﬂAJr(eiﬁA—Z_F +Z2)+ 24
=(I- eﬁAJre_ﬂA*)_l[e‘gA*e_‘@A*Z_,_ + el zZ_
+ (I — P+ e P2,
= (I — e A+e PA) "L PA 2o 4 2))
= f—(umaX)
and
% (Umin)

= P4~ (I - eﬂAJre_ﬂA*)_l(eﬁA*Z_ +Z2)+Z2_

= (I — e PA-efATLe=PA-(PAr Z_ L Z )4 Z_

=(I- e_ﬁA*e'gAJr)_l[e_'gA* ePArZ_ e PA-Z,
+ (I — e FA=ePAe)z ]

= (I —e PA=efAey L PA-2, 1 2 )

= 5%+(Umin)

and since w7 continuous, piecewise C'', and periodic with pe-
riod T, it follows that = is continuous, piecewise C 1 and peri-
odic with period T". Furthermore, Lemma 4.1 implies that & ; ()
is the solution of (4.3) with 4 = up;, and xg = 24 for in-
creasing u and Z_(u) is the solution of (4.3) with 4 = Umax
and g = Z_ for decreasing u. Hence zr is a periodic solution
of (4.1), (4.2) with © = up and, thus, the periodic input—output
map is given by Hy(ur, yr) 2 {(ur(t), Czp(t) + Dur(t)) :
t €10,00)} = Hoo(ur). Since (4.1), (4.2) is rate independent,
it follows that Hr(ur, yr) = Heo(u), forall T' > 0.

Now, to prove that 7 is the unique periodic solution of (4.1),
(4.2), let 7 (t),t > 0 satisfy (4.1) with u = ur. Let tyax 2
min{t > 0 : ur(t) = Umax} and tmin £ min{t > 0 : ur(t) =
Umin}, and for k = 0,1,2,..., define 2 £ T (tmin + £kT)
and 7, = Zr(tmax + kT). Without loss of generality, let
tmax < tmin. Analogous arguments hold for the case t,,ax >
tmin- Since ur(t) is periodic and has exactly one local max-
imum and exactly one local minimum in each period, Lemma
4.1 implies that z_ is given by (4.5) with © = up,x as

j'O_ — eAJr('“'max_'”O)

- AE (umaXI - quAJr (umax—'uo)) B+

Zo

— A (I = el u))
— AR (1= A limn))
+ X+(umaX7 UO) + y+(umax - U()>

and, for £ = 1,2,3,...,2,_ is given by (4.5) with
U = Umax, o = Umin, a0d Zo = Z(x_1), as

A BAL A
Ty =€ *x(k,1)++2+.

Similarly, for & = 1,2,3,..., 2, is given by (4.6) with u =
Umin, U0 = Umax> and Tro = ik, as

i, = e PAdy + Z_.

Since 7, is obtained by a sequence of forward and backward
solutions of (4.3) for k = 1,2,3,..., 2, is given by the affine
map
g, = e P (P M agyy, + 24) + 2
= (67ﬁA7 eﬁAJr )j}(k_l)+ -+ 67ﬁA72+ + Z_.
Similarly, for k = 1,2,3,.. ., since Z_ is also obtained by a

sequence of backward and forward solutions of (4.3), Zj_ is
given by the affine map

g = e (e PAduy) +20) + 24
= (eﬁA*‘e*ﬁA—)i:(k_l)i +ePArzZ_ 4 2.

Since p(e?4+e P4-) < 1 and hence p(e P4-eP4+) < 1, it
follows that

Jim i = (= e o) N2 ) =

and
kh—fgoiﬂk* = (I —ePAee PAy" (Pl Z_ 4 2) = a0,

Therefore, Lemma 4.1 implies that, as ¢ — oo and, thus, k —
00, Zr(t) converges to the forward solution of (4.3) with u =
Umax, W0 = Umin, and o = T4, and the backward solution of
(4.3) with 4 = Uin, U0 = Umax, and zo = Z_, which is z7(t).
Therefore, 1 is the unique periodic solution of (4.1) and (4.2)
with u = ur.

Finally, to prove Foo (u, y) = Heo (1), let (24, 2y) € Hoo(uw)
and let z, = y4(z,) without loss of generality. Analogous ar-
guments hold for the case z, = y_(z,). Let ¢, £ min{t >
0 : up(t) = 2.}, and define {3} = {tmin + t. + KT'}. Then,
limg oo [[(ur(tr), CEx(tr) + Dur(t)) — (2u; 2y)|| = 0, and

thus Foo(ur,yr) = Hoo(uw). Since the model is rate inde-
pendent, Foo (ur,, Y1) = Fooltr,,yr,) = Hoo(u) for all
T1,T5 > 0, as required. O

As aspecial case of (4.1), (4.2), consider the rate-independent
semilinear Duhem model

#(t) = [ (DT, i ()] <[Z+ﬁ] o(t) + [Zﬁ} u(t))
(4.15)

y(t) = Ca(t), (4.16)

where A € R"*" B € R",h,,h_ € R,and C € R'*™, Then,
(4.15) and (4.16) can be rewritten as

i(t) = (Az(t) + Bu(t))g(u(t))
y(t) = Cx(t),  2(0) = zo,

where ¢ is given by (3.1). The following result is the specializa-
tion of Theorem 4.1 to (4.15) and (4.16).

Corollary 4.1: Consider the rate-independent semilinear
Duhem model (4.15), (4.16), where u : [0,00) = [Umin, Umax]
is continuous, piecewise C*, and periodic with period o and

z(0) = zo, t>0

4.17)

t>0  (4.18)



640
o) [ (i) ‘ (@) ‘ ) ‘
i /‘ i /" i Ik i
(a) (b) (©) (d
Fig. 11. Illustration of positively homogeneous functions ¢ for asymptotically

stable A. (a) Not hysteretic. (b) May not converge to H . since h_ > h. (c),
(d) Will converge to H o .

has exactly one local maximum w,,,x in [0, «) and exactly one
local minimum i, in [0, «). Furthermore, suppose that A
is asymptotically stable and h_ < h. Then, for all T > 0,
(4.15) has a unique periodic solution z7 : [0,00) — R™, the
limiting periodic input-output map H..(u) exists, and the
limiting input—output map F..(u,y) of (4.1) and (4.2) is given
by Foo(u,y) = Heo(u). Specifically

Hoo(u) = {(u, 5+ (uw)} U {(w, §-(u))} (4.19)
where
J4(u) = Cel+Amumin)g — C AT
X |:UI - uminethA(uiumin)} B
~Chi'A™? [I - e’L+A<“*“m‘“>} B
oAt ( I ethA(U—Umin)) E+ Du (4.20)
i (u) = e ACTmdg oA
X ['U,I - unlaxeh_A(u_umax)} B
— ChZ AT [1 - At
_ oAt ( I_ ehJ(u—um)) E + Du (4.21)
and
. A ’3h—h)A_1 —Bh_A
iy = (I _ 6*( +—n— ) (e [ Z+ + Z_) (422)
-1
P (I _ eﬁ(th—h,)A) (eﬂthAZ_ + Z4) (4.23)
Z+ é _A_l(umaxl - umineﬂh+A)B (424)

—h AT - PP+ NB — AT - M+ E
Z_ é _Ail(uminl - umaxeiﬂh_A)B (425)
—hZTPATA (T — e PPN B — AT (T — e - E.

Proof: First note that

oBhiA,—BhoA _ ,—Bh_A BhyA _ B(hy—h_)A

Since h_ < hy and A is asymptotically stable, it follows that
p(ePh+=h-)A) < 1. The result is now a consequence of The-
orem 4.1. ]

Consider the rate-independent semilinear Duhem model
(4.17), (4.18) and assume that A is asymptotically stable. Then
Corollary 4.1 implies that the convergence of the input—output
map to the limiting input—output map depends on the left-
and right-hand slopes of g at the origin. Fig. 11 illustrates
several positively homogeneous functions g. If hy = h_ asin
Fig. 11(a), then the positive orbit and the negative orbit of the
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reparameterized model are identical and thus the model is not
hysteretic. If h_ < h, it follows from Corollary 4.1 that for
the functions g shown in Fig. 11(c) and (d) the rate-independent
semilinear Duhem model has a limiting periodic input—output
map.

Example 4.1: The ferromagnetic material model (1.2) can be
rewritten as

B(t) = [Hy(t) H-(1)]
X [_(Za]B(t)—}—[jsb}H(t)—k[ﬂ) (4.26)

where . (t) £ max{0, H(t)} and H_(t) £ min{0, H()}.
Note that (4.26) is a rate-independent semilinear Duhem model
of the form (4.1). Consider the parameters from [2]

a=0.02125 b=0.100 ¢=0.04361

and let H(t) = 30sint. Since p(e~0%¢=6%) = 0.0781 < 1,
it follows from Theorem 4.1 that the limiting periodic
input-output map exists and (H(t), B(t)) converges to the
limiting input—output map as £ — oo, as shown in Fig. 3.

Example 4.2: Consider the rate-independent semilinear
Duhem model (4.15) and (4.16) with

A:[j _41} B:m c=[ 1]
zo=1[0.15 0.15]".

Suppose u(t) = sint,t > Oandlet hy = 1and h = —1.
Then since A is asymptotically stable and A_ < h., Corollary
4.1 implies that the limiting periodic input—output map exists
and the input—output map converges to the limiting input—output
map as t — oo, as shown in Fig. 12(a). Now, let Ay = 1 and
h_ = 1.1. Then h_ > h and the input-output map of ()
and y(t) does not converge, as shown in Fig. 12(b). In this case,
p(e2h+Ae=2h-4) = 12214 > 1.

V. RATE-DEPENDENT SEMILINEAR DUHEM MODEL

As an alternative specialization of (2.1) and (2.2), we consider
the rate-dependent semilinear Duhem model

#(t) = [g+(a(t)In  g-(a(t))1n]

X ({ﬁﬂ z(t) + [gﬂ u(t) + [gﬂ) 5.1
y(t) = Ca(t) + Du(t) z(0)=z0, t>0 (5.2)

where Ay € R"*® A_ e R"*" B, e R",B_ e R",E, €
R",E_ € R*,C € R**",and D € R, and where g, : R —
Rand g : R — R are continuous and satisfy g (u) = 0
foru < 0, and g_(u) = 0 for u > 0. Note that (5.1), (5.2)
is a rate-independent semilinear Duhem model (4.1), (4.2) if
g+ (4(t)) = 44 (t) and g_(4(t)) = a—(t). Furthermore, note
that (5.1), (5.2) is a generalized Duhem model of the form (2.1),
(2.2) with f(z(t),u(t)) = [Ayx(t) + Byu(t)+ EF4 A_=z(t) +
B_u(t)+E_]and g(1u(t)) = [g+ (u(t)) I g—((t))I,]". Since
g is not necessarily positively homogeneous, (5.1) and (5.2) are
generally rate dependent.
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Fig. 12. Input-output maps of Example 4.2 under sinusoidal input with
(@ahy =landh_ =—-1land(b)hy =1landh_ =1.1.

For the following result, we assume that ¢/.(0) =

lima o(g-(@))/(a) and g (0) £ limgqo(g(a))/(a) exist
where lim, 1o and lim, | denote the left- and right-hand limits
at 0, respectively.

Proposition 5.1: Consider the rate-dependent semilinear
Duhem model (4.1) and (4.2), where u : [0,00) — [Umin, Umax]
is C1, periodic with period «, and has exactly one local max-
imum wpay in [0, «) and exactly one local minimum i,
in [0, ). Furthermore, define 3 £ Upax — Umin and assume
that p(e?9+ D4+ =B (DA < 1 Then, the unique lim-
iting periodic input-output map H..(u) exists and is given

by (4.7)-(4.14) with A, A_,B,,B_,F, and E_ replaced
with gq—(O)A-l-/ gl— (O)A— ’ gf{—(o)B-i-? gl— (O)B— ’ 951. (O)E-i-’ and
g~ (0)E_, respectively.

Proof: LetT > 0,letur(t) = u(at/T), and consider the
rate-independent semilinear Duhem model

A (t)
— gain(t)) ([jﬂ Awr(t) + [?] wr(t) + [?D
(5.3)

Ayr(t)
= CAzr(t) + Dur(t) Azr(0) = xo, t>0 (54

where

galir () = [gy (0)ia, (N In g (0)ir_(t)1]

ar, (1) = max{0,%r(t)}, and up (t) = min{0,dr(t)}.
Since (5.3), (54) is rate independent and since
p(ef9: (O A+ e=BgZ(0A-) < 1 Theorem 4.1 implies

that the limiting periodic input—output map H..(u) for (5.3),
(5.4) exists, Az is periodic, and the limiting input—output
map Foo(ur, Ayr) is given by Heo(u). Our goal is to show
that Hoo(u) is the limiting input—output map for (5.1), (5.2).
To do this we need to show that ||lyr(t) — Ayr(t)|] — O
as T' — oo uniformly for all ¢ > 0, so that the periodic
input-output map of (5.1) and (5.2) converges to Hoo (u) with
respect to the Hausdorff metric (2.3).

For T > 0, let zp(t) € R™, ¢ > 0, satisfy (5.1),
(52) with u = wp and y = yr, define g(ur(t)) =
[9+(ur ()T, g (47 (t))],], and define

pr(t) £ (g(ar(t)) — galur(t))

([ 8]0+ 1)

Furthermore, define ey (t) = zp(t) — Axp(t),t > 0, which
satisfies

ér(t) = () — Adr(t)

= (i) | 4 | extt) + 20

(5.5)
with e (0) = 0. Let t7 max £ min{t > 0 : ur(t) = Umax}
and t7 min £ min{¢ > 0 : ur(t) = Umin}. For convenience,
assume t7 max < t7,min. Then, for ¢ = 0,1,..., (5.6) implies
that ez (t) is given by (5.6), as shown at the bottom of the page,
where Ur, (t,7) 2 expl [’ g(ar(0))As do] and U (t,7) 2
expl [’ g(ar(o))A_ do). Since u is C'* and thus % is bounded,
it follows that imyp_, o 4 (t) = limr_o0o(a/T)u(at/T) = 0
uniformly for all £ > 0. Furthermore, since g is continuous at

[y o, (¢, 7)pr(T)dr,

0 S t S tT,max

\I/T_ (t7 qT + tT,max)eT(qT + tT,max)

eT(t) =

t
sy Ur (t7)pr(r) dr,

qT + tT,max <t S qT + tT,min (56)

\IIT+ (tv (]T + tT,min)eT(qT + tT,min)

t
+ qu+tT,nlin quJr (t7 T)pT(T)dT7

qT + tT,min <t S ((] + l)T + tT,max
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Fig. 13. Illustration of nonpositively homogeneous functions g for

asymptotically stable A. (a) Not hysteretic. (b) May not converge to H ., since
g~ (0) > ¢/.(0). (c), (d) Will converge to Ho.

0,limp_, oo g(0p(t)) = lim,, o g(dr) = 0 uniformly for all
t > 0. Therefore

Jim v (7)< Jim x|
uniformly for all ¢ > 0 and 7 € [0,¢]. Likewise,

limy oo Ug_(¢t,7) = I, uniformly for all ¢ > 0 and 7 € [0, t].
Furthermore, since ¢, (0) and g’ (0) exist

t

glir(0)) Ay da} 1

giTrflO(.q(ﬂT) —galir)) = giTr%lO(g(ﬂT) —ga(ur)) =0

it follows that limr_.o(g(ar(t)) — ga(uar(t))) =
limy..—o(g(ir) — ga(dr)) = O uniformly for all ¢ > 0.
Therefore, since Azt and ur are bounded, it follows that
limr— . pr(t) = 0 uniformly for all ¢ > 0 and, thus,
limy_ o e (t) = 0 uniformly for all ¢ > 0. Finally

Jim Jlyr(t) = Ayr(8)]| = Jim [|Car(t) - CAar (1)
<lief Jim fler@ =0. O

As a special case of (5.1), (5.2), consider the rate-dependent
semilinear Duhem model

i(t) = (Ax(t) + Bu(t)g(a(t)), 2(0) =z, £ >0

5.7

y(t) = Cx(t) (5.8)

where A € R™*" B € R", and C € R'*", and where g is
given by

v>0
v < 0.

_ J9+(w),
av) = {gi(v),

The following result is the specialization of Proposition 5.1 to
(5.7) and (5.8).

Corollary 5.1: Consider the rate-dependent semilinear
Duhem model (5.1), (5.2) where w : [0,00) — [Umin, Umax]
is C1, and periodic with period o and has exactly one local
maximum %,y in [0, @) and exactly one local minimum ,y;;,
in [0, ). Suppose that A is asymptotically stable and assume
h_ < hy, where hy £ ¢/, (0) and h_ £ g’ (0). Then, the
unique limiting periodic input—output map H..(u) exists and
is given by (4.19)-(4.25).

Assuming that A is asymptotically stable, Corollary 5.1 im-
plies that the existence of a limiting periodic input—output map
for the rate-dependent semilinear Duhem model (5.7) and (5.8)
depends on the slopes of g at the origin. Fig. 13 illustrates sev-
eral nonpositively homogeneous functions g. If ¢/, (0) = ¢’ (0)
as in Fig. 13(a), then the linearized rate-independent semilinear
Duhem model is not hysteretic and, thus, (5.7) and (5.8) are
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not hysteretic. If ¢/, (0) # ¢’ (0), it follows from Corollary
5.1 that for the functions g shown in Fig. 13(c) and (d) the
rate-dependent semilinear Duhem model has a limiting periodic
input—output map.

VI. REVERSAL BEHAVIOR OF THE RATE-INDEPENDENT
SEMILINEAR DUHEM MODEL

In this section, we discuss the reversal behavior of the rate-in-
dependent semilinear Duhem model, that is, the change of the
input—output map when the range of the input changes. Specifi-
cally, consider the rate-independent semilinear Duhem model
(4.1), (4.2), where u(t) is piecewise monotonic. Let ¢; > 0
and suppose that, for 0 < ¢ < 1, u(t) is periodic with period
T and has exactly one local maximum .y in [0,7) and ex-
actly one local minimum w,,;;, in [0, T'). Let 8 2 s — Umin
and suppose p(e’4+e=F4-) < 1. Then, it follows from The-
orem 4.1 that, for sufficiently large ¢;, the input—output map
of u(t) and y(t) converges to a limiting input—output map for
u € [umirnumax]' NOW, let Umin S Umin; < Umax, S Umax
and suppose that for ¢ > t1, u(¢) is periodic with period 77 and
has exactly one local maximum tumay, in [0,77) and exactly
one local minimum iy, in [0,77). Let £; £ Umax, — Umin, -
If p(efrA+e=f14-) < 1, then the input—output map of u(t)
and y(t) converges to another limiting input—-output map for
U € [Uming>Umax,] 8 t — o00. The limiting input—output
map for 4 € [Umin, Umax] 1S the major loop and the limiting
input—output map for u € [Umin, ; Umax, | 1S @ minor loop [2].

Note that if A € R"*™ is asymptotically stable, B €
R*h_ < hy,andif Ay = hyAJA_ =h_A, By = hyB,
and B_ = h_ B, the existence of the minor loop is guaranteed
for all B3 > 0 from Corollary 4.1.

Example 6.1: Reconsider Example 4.2 with hy = 1 and
h_ = —1.Let u(t) = sint for 0 < ¢ < 10m, and u(t) =
0.25sint for ¢ > 10mx. Since the range of the input changes
from [—1,1] to [—0.25,0.25], we can determine the major and
minor loops from (4.20) and (4.21). As shown in Fig. 14(a), the
input—output map changes from the major loop to a minor loop
after a transient response, as shown Fig. 14(b).

VII. ORIENTATION OF THE INPUT-OUTPUT MAP OF THE
RATE-INDEPENDENT GENERALIZED DUHEM MODEL

In this section, we analyze the orientation of the input—output
map of the rate-independent generalized Duhem model (3.2)
and (3.3). For the following discussion, we adopt standard ter-
minology from complex analysis [25]. Let H be a closed curve,
and let v : [0,00) — RZ, where v(s) = (7u(5),74(s)) be
the periodic map with period « associated with H as defined
in Definition 2.1. Then, H is simple if v(s) # ~(8) for all dis-
tinct s, § € [0, ). Furthermore, letting 4(s) = v, (s) + iy, (s),
where i 2 \/—1, then the winding number n (v, z) of ~ about
z = (2u,2y) € R? is defined as

_ 1 d¢
n2) = 5 f o

Assume that H is a simple closed curve. Then it follows from the
Jordan curve theorem [25, p. 111] that R2 \ H consists of two

(7.1)
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Fig. 14. (a) Major and minor loop of Example 6.1 from (4.20) and (4.21).

(b) Transient response of Example 6.1 from the major loop to the minor loop.

disjoint connected open sets. The inside of the simple closed
curve H is the bounded open set of these disjoint sets. Note
that not every hysteretic limiting periodic input—output map H
is a simple closed curve, since H can cross itself as shown in
Fig. 12(a). The following definition is needed.

Definition 7.1: Let u : [0,00) — [Umin,Umax| De contin-
uous, piecewise C', and periodic with period o« and have ex-
actly one local maximum u,.y in [0, @) and exactly one local
minimum w;,, in [0, ). Let y : [0,00) — R be periodic with
period o and suppose that u(t) and y(t) satisfy the rate-inde-
pendent generalized Duhem model (2.1), (2.2). Furthermore,
define ¢(t) = (u(t),y(t)) and assume that the limiting peri-
odic input—output map Hoo(u) = (([0,00))(u) exists, and is
hysteretic and simple. Then Ho. (u) is clockwise (respectively,
counterclockwise) if n(¢,z) = 1 (respectively, n({,z) = —1)
for every z € R? in the inside of Hoo (u).

Let u(t) € [Umin,Umax] be piecewise monotonic and
consider the reparameterized rate-independent generalized
Duhem model (3.8), (3.9). Assume that the limiting periodic

A A
YA YA
v Py A
u u
20 2{)
a>0,%<0 u<o,g—;’2>o
A A
y YA
cor Ats P\
u u
2} 2{)
>0, 5% >0  i<0,$ <0

Fig. 15. Relationship between clockwise orientation (CW) and
counterclockwise orientation (CCW) of the input—output map and the sign of

(d2g(u))/(du?).

input—output map H.,(u) exists, and is hysteretic and simple.
Now, suppose the positive orbit of (3.8), (3.9) is concave and
the negative orbit of (3.8), (3.9) is convex or, equivalently

d*j(u) [ <0,
du? >0,

when u increases,
when u decreases,

u € [umin7 umax]

(7.2)

which implies H. (u) is clockwise. Similarly, suppose the pos-
itive orbit of (3.8), (3.9) is convex and the negative orbit of (3.8),
(3.9) is concave, or equivalently

d*j(u) [ >0,
du? <0,

when u increases, U € [Umin, Umax)

when v decreases,

(7.3)

which implies that H (u) is counterclockwise. Fig. 15 shows
the relationship between the orientation of the trajectory and the
signs of (d?§(u))/(du?). This observation shows that the orien-
tation of the limiting periodic input—output map of the rate-in-
dependent generalized Duhem model can be determined by the
concavity and convexity of §(u), or by the sign of the second
derivative of (1) with respect to u. We thus obtain the fol-
lowing result for the input—output map of the rate-independent
generalized Duhem model.

Proposition 7.1: Let u : [0,00) = [Umin, Umax]| be contin-
uous, piecewise C'!, and periodic with period «v and have exactly
one local maximum y,,x in [0, @) and exactly one local min-
imum iy, in [0, ). Consider the rate-independent generalized
Duhem model (3.2), (3.3). Assume that h is C2 with respect to
2 and u. Also assume that the limiting periodic input—output
map Hoo(u) exists, and is hysteretic and simple. Furthermore,
for u € [Umin, Umax|, define

f+u T (w y U +hux(£(u)7u>f+(£(u>7u)



O_(u)
2 2 (u), w) o (E(u), w) f- (2 (u), u)
+ hy z(u),u

If O (u) < 0and O_(u) > 0 for all u € [Umin, Umax], then
Hoo(u) is clockwise. Similarly, if Oy (u) > 0and O_(u) < 0
for all w € [Umin, Umax], then Hoo (u) is counterclockwise.

Proof: For w €  [Umin, Umax]), it suffices to show
that (d?j(u))/(du®) = O4(u) when u increases, and
(d?9(u))/(du?) = O_(u) when u decreases. Suppose u is
increasing. Then

a0 = 31 (a0
4

+hzu(§:(u)7u)f+(A(u)7u)
+ ha(2(u), u) fy, (E(w), u) f+(2(), u)
+ ho(2(u), u) fy, (2(u), u)

Sy (a(

The proof is similar for decreasing u. ]
Remark 7.1: For the semilinear Duhem model (4.1), (4.2),
O, and O_ are given by

O (u)=CA%i(u)+ CA B u+CB_+CA_E (1.5)

Example 7.1: Consider the generalized Duhem model

&(t) = (~a(t) + bu(t) Ju(®)|
y(t) = a(t).

z(0)=0, t>0 (7.6)

(1.7)

Let u(t) = sin¢,¢ > 0. Then Corollary 4.1 implies that the lim-
iting periodic input—output map H..(u) exists for all b € R.
First, let b = 1. Then, it can be seen that Oy (u) > 0 and
O_(u) < 0forall u € [—1, 1]. Hence, it follows from Proposi-
tion 7.1 that H. (u) is counterclockwise, as shown in Fig. 16(a).
Now, let b = —1. Then, it can be seen that O4(u) < 0 and
O_(u) > 0 forall u € [—1, 1]. Hence, it follows from Proposi-
tion 7.1 that Ho.(u) is clockwise, as shown in Fig. 16(b).

VIII. CONCLUSION

In this paper, we introduced the rate-independent and rate-de-
pendent semilinear Duhem model. The analysis of the rate-inde-
pendent model was facilitated by a reparameterization in terms
of the control input. By analyzing the iterated ramp response,
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Fig. 16.Input—output map of Example 7.1 with (a) b = 1 and (b) b = —1.

The orientation of the input—output map is counterclockwise when b = 1, and
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we obtained sufficient conditions for convergence to a limiting
input—output map. We then approximated the rate-dependent
model with low frequency inputs by a rate-independent semi-
linear Duhem model and developed a sufficient condition for
convergence. We then analyzed the orientation of the rate-in-
dependent hysteresis map in terms of its clockwise or counter-
clockwise evolution. The reversal behavior of the rate-indepen-
dent semilinear Duhem model was characterized by applying
these results to a restricted input range. Future research possi-
bilities include developing conditions for the existence of hys-
teresis for the generalized Duhem model.

REFERENCES

[1] S. L. Lacy, D. S. Bernstein, and S. P. Bhat, “Hysteretic systems and
step-convergent semistability,” in Proc. Amer. Control Conf., Chicago,
IL, Jun. 2000, pp. 4139-4143.



OH AND BERNSTEIN: SEMILINEAR DUHEM MODEL FOR RATE-INDEPENDENT AND RATE-DEPENDENT HYSTERESIS 645

(2]

(3]
[4]
[5]
(6]
(71
(8]

91

[10]

[11]

[12]

[13]
[14]
[15]

[16]

[17]
(18]
[19]

[20]

B. D. Coleman and M. L. Hodgdon, “A constitutive relation for rate-
independent hysteresis in ferromagnetically soft materials,” Int. J. Eng.
Sci., vol. 24, pp. 897-919, 1986.

M. L. Hodgdon, “Applications of a theory of ferromagnetic hysteresis,”
IEEE Trans. Magn., vol. 24, no. 1, pp. 218-221, Jan. 1988.

J. W. Macki, P. Nistri, and P. Zecca, “Mathematical models for hys-
teresis,” SIAM Rev., vol. 35, no. 1, pp. 94-123, 1993.

1. D. Mayergoyz, “Dynamic Preisach models of hysteresis,” IEEE Trans.
Magn., vol. 24, no. 6, pp. 2925-2927, Jun. 1988.

M. Brokate and A. Visintin, “Properties of the Preisach model for hys-
teresis,” J. Reineund Angewandte Mathematik, vol. 402, pp. 1-40, 1989.
I. D. Mayergoyz, Mathematical Models of Hysteresis. New York:
Springer-Verlag, 1991.

R. B. Gorbet, K. A. Morris, and D. W. L. Wang, “Control of hysteretic
systems: A state space approach,” in Learning, Control and Hybrid Sys-
tems. New York, 1998, pp. 432-451.

W. Haddad, V. Chellaboina, and J. Oh, “Linear controller analysis and
design for systems with input hystereses nonlinearites,” J. Franklin Inst.,
vol. 340, pp. 371-390, 2003.

F. T. Calkins, R. C. Smith, and A. B. Flatau, “Energy-based hysteresis
model for magnetostrictive transducers,” IEEE Trans. Magn., vol. 36,
no. 2, pp. 429-439, Mar. 2000.

V. Lampaert and J. Swevers, “On-line identification of hysteresis func-
tions with nonlocal memory,” in IEEE/ASME Int. Conf. Advanced Intel-
ligent Mechatronics, Como, Italy, 2001, pp. 833-837.

D. D. Rizos and S. D. Fassois, “Presliding friction identification based
upon the Maxwell slip model structure,” Chaos, vol. 14, no. 2, pp.
431-445, 2004. . 5

M. A. Krasnosel’skii and A. V. Pokrovskii, Systems with Hys-
teresis. New York: Springer-Verlag, 1980.

L. O. Chua and S. C. Bass, “A generalized hysteresis model,” IEEE
Trans. Circuit Theory, vol. 19, no. 1, pp. 36-48, Jan. 1972.

A. Visintin, Differential Models of Hysteresis. New York: Springer-
Verlag, 1994.

R. Banning, W. L. Koning, H. J. Adriaens, and R. K. Koops, “State-space
analysis and identification for a class of hysteretic systems,” Automatica,
vol. 37, pp. 1883-1892, 2001.

R. Bouc, “Modele mathématique d’hystérésis,” Acustica, vol. 24, pp.
16-25, 1971.

Y. K. Wen, “Method for random vibration of hysteretic systems,” in J.
Eng. Mech. Division, Proc. ASCE, vol. 102, 1976, pp. 249-263.

P. Dahl, “Solid friction damping of mechanical vibrations,” in AIAA J.,
vol. 14, 1976, pp. 1675-82.

C. C. de Wit, H. Olsson, K. J. Astrom, and P. Lischinsky, “A new model
for control of systems with friction,” IEEE Trans. Autom. Control, vol.
40, no. 3, pp. 419425, Mar. 1995.

[21] J. Swevers, F. Al-Bender, C. G. Ganseman, and T. Prajogo, “An inte-
grated friction model structure with improved presliding behavior for
accurate friction compensation,” IEEE Trans. Autom. Control, vol. 45,
no. 4, pp. 675-686, Apr. 2000.

[22] C. D. Aliprantis and K. C. Border, Infinite Dimensional Analysis: A
Hitchhiker’s Guide, 2nd ed.  Berlin, Germany: Springer-Verlag, 1999.

[23] G. A. Edgar, Measure, Topology, and Fractal Geometry. New York:
Springer-Verlag, 1990.

[24] S.L.Campbell and J. C. D. Meyer, Generalized Inverse of Linear Trans-
formations. London, U.K.: Pitman, 1979.

[25] B. P. Palka, An Introduction to Complex Function Theory. New York:
Springer-Verlag, 1990.

JinHyoung Oh (S5°02) was born in Taegu, South
Korea, in 1971. He received the B.S. degree in
control and instrumentation engineering from Korea
University, Chochiwon, Korea, in 1993, and the M..S.
degrees in aerospace engineering and applied math-
ematics from the Georgia Institute of Technology,
Atlanta, in 1999 and 2001, respectively. He will
receive the Ph.D. degree in aerospace engineering
from the University of Michigan, Ann Arbor, in
April 2005. His Ph.D. thesis focuses on modeling,
identification, and control of hysteresis.

He is currently a Research Fellow with the University of Michigan.

Dennis S. Bernstein (M’82-SM’99-F’01) received
the Sc.B. degree in applied mathematics from Brown
University, Providence, RI, in 1977, and the Ph.D.
degree in control engineering from the University of
Michigan, Ann Arbor, in 1982.

He is currently a Professor in the Aerospace En-
gineering Department at the University of Michigan.
His interests encompass all aspects of control for
aerospace applications, with emphasis on identifi-
cation and adaptive control for vibration and flow
control. He is the author of Matrix Mathematics:
Theory, Facts, and Formulas with Application to Linear Systems Theory
(Princeton, NJ: Princeton Univ. Press, 2004).



	toc
	Semilinear Duhem Model for Rate-Independent and Rate-Dependent H
	JinHyoung Oh, Student Member, IEEE, and Dennis S. Bernstein, Fel
	I. I NTRODUCTION

	Fig.€1. Mass-dashpot-spring system with gap.
	Fig.€2. Input output map for the mass-dashpot-spring system with
	Fig.€3. Input output map for a ferromagnetically soft material o
	Fig.€4. Input output map for the mass-dashpot-spring system with
	Fig.€5. Input output map for the model of a ferromagnetically so

	Fig.€6. Reversal behavior for (a) the mass-dashpot-spring system
	II. G ENERALIZED D UHEM M ODEL
	Definition 2.1: The nonempty set ${\cal H} \subset {\BBR}^2$ is 
	Definition 2.2: Let $u:[0,\infty) \to [u_{\min}, u_{\max}]$ be c
	Example 2.1: Bouc's hysteresis model [ 17 ] is given by $$\displ
	Example 2.2: LuGre friction model [ 20 ] is given by $$\eqalignn

	III. R ATE -I NDEPENDENT G ENERALIZED D UHEM M ODEL
	Definition 3.1: The continuous and piecewise ${C}^1$ function $\
	Definition 3.2: The function $g$ is positively homogeneous if $g
	Proposition 3.1: Assume that $g$ is positively homogeneous. Then
	Proof: Let $\tau$ be a positive time scale. Then $\tau(0) = 0$ a

	Lemma 3.1: Assume $g$ is positively homogeneous. Then, there exi
	Proof: Let $g = [g_1\ \,\cdots\ \,g_r]^{\rm T}$ . Since $g$ is p

	Proposition 3.2: Assume that $g$ is positively homogeneous and g
	Proof: For $t \geq 0$, note that $$\eqalignno{ {{\rm d} x(t)\ove

	Example 3.1: Let $u(t)$ be the triangle wave $$ u(t) \triangleq 


	Fig. 7. Time histories of $u, u_{\tau_1}, u_{\tau_2}, u_{\tau_3}
	Fig. 8. Input output maps of $(u,y), (u_{\tau_1},y_{\tau_1}), (u
	Example 3.2: Reconsider Example 3.1 with $g(\mathdot{u})=\vert\m

	Fig. 9. Input output maps of $(u,y), (u_{\tau_1},y_{\tau_1}), (u
	Fig. 10. Input output map of Example 3.2 with $g(\mathdot{u})=\v
	IV. R ATE -I NDEPENDENT S EMILINEAR D UHEM M ODEL
	Lemma 4.1: Let $r_+ \triangleq {\rm ind}\, A_+$ and $r_- \triang
	Proof: First, we recall from [ 24, p. 176 ] that, for $A \in {\B

	Remark 4.1: If $r_+ \leq 1$, then $A_+^{\rm D} = A_+^{\hbox{\#}}
	Theorem 4.1: Consider the rate-independent semilinear Duhem mode
	Proof: Let $T>0$, define $u_T(t) = u(\alpha t/T), t \geq 0$, and

	Corollary 4.1: Consider the rate-independent semilinear Duhem mo


	Fig.€11. Illustration of positively homogeneous functions $g$ fo
	Proof: First note that $$ e^{\beta h_+ A} e^{-\beta h_- A} = e^{
	Example 4.1: The ferromagnetic material model (1.2) can be rewri
	Example 4.2: Consider the rate-independent semilinear Duhem mode
	V. R ATE -D EPENDENT S EMILINEAR D UHEM M ODEL
	Fig.€12. Input output maps of Example 4.2 under sinusoidal input
	Proposition 5.1: Consider the rate-dependent semilinear Duhem mo
	Proof: Let $T > 0$, let $u_T(t) \triangleq u(\alpha t/T)$, and c




	Fig.€13. Illustration of nonpositively homogeneous functions $g$
	Corollary 5.1: Consider the rate-dependent semilinear Duhem mode
	VI. R EVERSAL B EHAVIOR OF THE R ATE -I NDEPENDENT S EMILINEAR D
	Example 6.1: Reconsider Example 4.2 with $h_+ = 1$ and $h_- = -1

	VII. O RIENTATION OF THE I NPUT O UTPUT M AP OF THE R ATE -I NDE

	Fig.€14. (a) Major and minor loop of Example 6.1 from (4.20) and
	Definition 7.1: Let $u:[0,\infty) \to [u_{\min}, u_{\max}]$ be c

	Fig.€15. Relationship between clockwise orientation (CW) and cou
	Proposition 7.1: Let $u:[0,\infty) \to [u_{\min}, u_{\max}]$ be 
	Proof: For $u \in [u_{\min}, u_{\max}]$, it suffices to show tha

	Remark 7.1: For the semilinear Duhem model (4.1), (4.2), ${\cal 
	Example 7.1: Consider the generalized Duhem model $$\eqalignno{ 
	VIII. C ONCLUSION

	Fig.€16.Input output map of Example 7.1 with (a) $b = 1$ and (b)
	S. L. Lacy, D. S. Bernstein, and S. P. Bhat, Hysteretic systems 
	B. D. Coleman and M. L. Hodgdon, A constitutive relation for rat
	M. L. Hodgdon, Applications of a theory of ferromagnetic hystere
	J. W. Macki, P. Nistri, and P. Zecca, Mathematical models for hy
	I. D. Mayergoyz, Dynamic Preisach models of hysteresis, IEEE Tra
	M. Brokate and A. Visintin, Properties of the Preisach model for
	I. D. Mayergoyz, Mathematical Models of Hysteresis . New York: S
	R. B. Gorbet, K. A. Morris, and D. W. L. Wang, Control of hyster
	W. Haddad, V. Chellaboina, and J. Oh, Linear controller analysis
	F. T. Calkins, R. C. Smith, and A. B. Flatau, Energy-based hyste
	V. Lampaert and J. Swevers, On-line identification of hysteresis
	D. D. Rizos and S. D. Fassois, Presliding friction identificatio
	M. A. Krasnosel'ski and A. V. Pokrovski, Systems with Hysteresis
	L. O. Chua and S. C. Bass, A generalized hysteresis model, IEEE 
	A. Visintin, Differential Models of Hysteresis . New York: Sprin
	R. Banning, W. L. Koning, H. J. Adriaens, and R. K. Koops, State
	R. Bouc, Modèle mathématique d'hystérésis, Acustica, vol. 24, p
	Y. K. Wen, Method for random vibration of hysteretic systems, in
	P. Dahl, Solid friction damping of mechanical vibrations, in AIA
	C. C. de Wit, H. Olsson, K. J. Astrom, and P. Lischinsky, A new 
	J. Swevers, F. Al-Bender, C. G. Ganseman, and T. Prajogo, An int
	C. D. Aliprantis and K. C. Border, Infinite Dimensional Analysis
	G. A. Edgar, Measure, Topology, and Fractal Geometry . New York:
	S. L. Campbell and J. C. D. Meyer, Generalized Inverse of Linear
	B. P. Palka, An Introduction to Complex Function Theory . New Yo



