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using the identities

0,=0+0, P=P+P, (5.18)
Qu=0T7, P,=-PG7, (5.19)
0,=T'(r7, P,=GPG’. (5.20

Substituting (3.10), (3.11), (3.12) and (5.18)~(5.20) into (5.12)-(5.16)
and using (5.12) + GTI(5.13)G - (5.13)G — (5.13G)T and
GTI(5.13)G — (5.13)G — (5.13G)T yields (3.13) and (3.14). Using
I'7G(5.15I0 — (5.15T — (5.15T)7 yields (3.15). Finally, I'(5.13)-
(5.14) or G(5.15)-(5.16) yields (3.9). 0

Remark 5.1. Equations (4.5)-(4.11) are derived in a similar manner
with A replaced by A in (5.1),

REFERENCES

[1] D.S. Bemsteinand C. D. Hyland, **The optimal projection equations for reduced-
order state estimation,”” JEEE Trans. Automat. Contr., vol. AC-30, pp. 583-
585, 1985.

[2] H. Kwakernaak and R. Sivan, Linear Optimal Control Systems.
Wiley, 1972.

[31 A.E.Brysonand D. E. Johansen, ‘*Linear filtering for time varying systems using
measurements containing colored noise,”” IEEE Trans. Automat. Contr., vol.
AC-10, pp. 4-10, 1965.

[4] E. Fogel and Y. F. Huang, ‘‘Reduced order optimal state estimator for linear
systems with partially noise-corrupted measurements,’” IEEE Trans, Automat.
Contr., vol. AC-25, pp. $94-996, 1980.

[5] Y. T.Juand V. B. Haas, “*A duality principle for state estimation with partiaily
noise-corrupted measurements,’” fnt. J. Contr., vol. 37, pp. 1039-1056, 1983.

[6] U. Shaked, “‘Optimal nearly singular estimation of continuous linear stationary
uniform rank systems,”” Int. J. Conir.,, vol. 38, pp. 275-317, 1983.

[71 V. B. Haas, ‘‘Reduced order state estimation for a linear system with exact
measurements,”’ Aufomatica, vol. 20, pp. 225-229, 1984.

{8] U. Shaked, ‘‘Explicit solution to the singular discrete-time stationary linear
filtering problem,”’ IEEE Trans. Automat. Contr., vol. AC-30, pp. 34-47,
1985.

[9] V. B. Haas, ‘"Minimal order Wiener filter for a system with exact measure-
ments,”* JEEE Trans. Automat. Contr., vol. AC-30, pp. 773-776, 1985.

[10] J. M. Schumacher, ‘*A geometric approach to the singular filtering problem,”’
{EEFE Trans. Automat. Contr., vol, AC-30, pp. 1075-1082, 1985.

{11] F.W. Fairman and L. Luk, **On reducing the order of Kalman filters for discrete-
time stochastic systems having singular measurement noise,”” IEEE Trans.
Automat. Contr., vol. AC-30, pp. 1150-1152, 1985.

[12] Y. Haleviand Z. J. Palmor, ““Extended limiting forms of optimum observers and
LQG regulators,’” Int. J. Contr., vol. 43, pp. 193-212, 1986.

[13] U. Shaked and B. Priel, ‘‘Explicit solutions to the singular discrete finite-time
linear estimation problem,”” Int. J. Contr., vol. 43, pp. 285-303, 1986.

[14) W. M. Haddad and D. S. Bernstein, ““The optimal projection equations for
reduced-order, discrete-time state estimation for linear systems with multiplicative
white noise,”” Sysi. Contr. Lett., vol. 8, pp. 381-388, 1987.

[15] 1. O’Reilly, Observers for Linear Systems. New York: Academic, 1983.

[16] P.J. McLane, “*Optimal linear filtering for linear systems with state-dependent
noise,”” Int. J. Contr., vol. 10, pp. 42-51, 1969.

[17] R. B. Asher and C. §. Sims, “‘Reduced-order filtering with state dependent
noise,”” in Proc. Joint Amer, Contr. Conf., 1978.

[18] M. J. Grimble, ““Wiener and Kalman filters for systems with random parame-
ters,”” IEEE Trans. Automat. Contr., vol. AC-29, pp. 552-554, 1984.

[19] D. S. Bernstein and D. C. Hyland, ‘*The optimal projection/maximum entropy
approach to designing low-order, robust controllers for flexible structures,”” in
Proc. 24th IEEE Conf. Dec. Contr., Fort Lauderdale, FL, Dec. 1985, pp. 745-
752.

[20] D. S. Bemnstein and S. W. Greeley, ‘‘Robust controller synthesis using the
maximum entropy design equations,”” JEEE Trans. Automat. Contr., vol. AC-
31, pp. 362-364, 1986.

[21] D. S. Bernstein and S. W. Greeley, ‘‘Robust output-feedback stabilization:
Deterministic and stochastic perspectives,”” in Proc. American Contr. Conf.,
Seattle, WA, June 1986, pp. 1818-1826.

[22] D. S. Bernstein and D C. Hyland, **The optimal projection equations for reduced-
order modelling, estimation and control of linear systems with multiplicative white
noise,” J. Optimiz. Theory Appl., 1o be published. )

[23] D. C. Hyland and D. S. Bernstein, ‘“The optimal projection equations for model
reduction and the relationships among the methods of Wilson, Skelton and
Moore,”* IEEE Trans. Automar. Contr., vol. AC-30, pp. 1201-1211, 1985.

[24] S. Richter, **A homotopy algorithm for solving the optimal projection equations
for fixed-order dynamic compensation: Existence, convergence and global
optimality,”” in Proc. Amer. Contr. Conf., Minneapolis, MN, June 1987, pp.
1527-1531.

[25] 8. L. Campbell and C. D. Meyer, Jr., Generalized Inverses of Linear
Transformations. London: Pitman, 1979.

New York:

1139

[26] J. W. Brewer, ‘‘Kronecker products and matrix calculus in system theory,”’ IEEE
Trans, Circuits Syst., vol. CAS-25, pp. 772-781, 1978,

{271 C. R. Rao and 8. K. Mitra, Generalized Inverse of Matrices and Its
Applications. New York: Wiley, 1971.

[281 L. Amold, Stochastic Differential Equations: Theory and Applications.
New York: Wiley, 1974.

[29] J. W. Brewer, “‘The gradient with respect to a symmetric matrix,”” JEEFE Trans.
Automat. Contr., vol. AC-22, pp. 265-267, 1977.

The Optimal Projection Equations for Static and
Dynamic Output Feedback: The Singular Case

DENNIS S. BERNSTEIN

Dedicated to the memory of Professor Violet B. Haas
November 23, 1926-January 21, 1986

Abstract—Oblique projections have been shown to arise naturally in
both static and dynamic optimal design problems. For static controllers
an oblique projection was inherent in the early work of Levine and
Athans, while for dynamic controllers an oblique projection was
developed by Hyland and Bernstein. This note is motivated by the
following natural question: What is the relationship between the oblique
projection arising in optimal static output feedback and the oblique
projection arising in optimal fixed-order dynamic compensation? We
show that in nonstrictly proper optimal output feedback there are,
indeed, three distinct oblique projections corresponding to singular
measurement noise, singular control weighting, and reduced compensator
order. Moreover, we unify the Levine~-Athans and Hyland-Bernstein
approaches by rederiving the optimal projection equations for combined
static/dynamic (nonstrictly proper) output feedback in a form which
clearly illustrates the role of the three projections in characterizing the
optimal feedback gains. Even when the dynamic component of the
nonstrictly proper controller is of full order, the controller is character-
ized by four matrix equations which generalize the standard LQG result.

I. INTRODUCTION

The optimal static output-feedback problem [1], [2] and the optimal
fixed-order dynamic-compensation problem [3]., [4] have been exten-
sively investigated. A salient feature of the necessary conditions for each
of these problems is the presence of an oblique projection (idempotent
matrix) which arises as a direct consequence of optimality. For the static
problem with noise-free measurements (i.e.. singular measurement noise)
the necessary conditions involve the projection [2]

71=QCT(CQCH~!C

where Q is the steady-state closed-loop state covariance. The dual
Pprojection
7,=B(BTPB)~'BTP

arises analogously in the corresponding problem involving singular
control weighting. Furthermore, for fixed-order dynamic compensation
with noisy measurements, it has recently been shown {4] that the
necessary conditions give rise to the projection

73=QAP(QA13)b

where ()# denotes group generalized inverse and O and P are rank-
deficient nonnegative-definite matrices analogous to the controllability
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and observability Gramians of the compensator. To understand the
relationships among 7y, 72, and 73, the contribution of the present note
is a unified treatment of the necessary conditions for optimal static/
dynamic feedback compensation which clearly illustrates the role of
the three projections in characterizing the optimal feedback gains.
Even in the full-order case in which 7; is the identity, the result provides
a peneralization of the standard LQG result to nonstrictly proper
controllers in which case the separation principle does not hold.

To clarify the ramifications of noise and weighting singularities in
optimal output feedback, consider the problem of minimizing

J=1lim B[x7Rox+u’R u] (1.1)
{=rco
with plant dynamics
X=Ax+ Bu+ wy, (1.2)
y=Cx+w, (1.3)

and nonstrictly proper feedback compensator
X.=Ax.+B.y, 1.4
u=Cx.+D.y. (1.5)
As pointed out in [3], J is finite only if

0=tr [DTR,D.V,] & 0=R,D.V, (1.6)

where ¥, denotes the intensity of w,. Clearly, when R, and V, are
nonsingular (1.6) implies D=0, and hence direct feedthrough is not
permitted, i.e., the compensator must be strictly proper. Conversely, to
utilize a static gain D, either R, or V) must be singular. By writing
singular R; and V; without loss of generality as

R.=[’f; g] V.=[g' 8] oK)

it follows that the static transmission between noisy measurements and
weighted controls must be zero (see Fig. 1).
The reader will observe that three feedback paths which are not ruled
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out by (1.6) do not appear in Fig. 1. Specifically: 1) nonnoisy
measurements can be fed back to unweighted controls; 2) dynamic-
compensator outputs can be fed back to unweighted controls; and 3)
nonnoisy measurements can serve as inputs to the dynamic compensator.
The reason for considering the more limited configuration shown in Fig. 1
is that only these paths are explicitly characterized by the necessary
conditions. Hence, for simplicity we first consider only the scheme of
Fig. 1, and later introduce the remaining permissible paths. Interestingly,
while these additional gains are not completely determined by the
necessary conditions, they appear to play an important role in governing
geometric interrelationships among the three projections.

Two final comments are in order. First, since our results are carried out
in a multiplicative noise setting, we generalize previous results on state
feedback [15]-[18] and dynamic compensation [9]-[11]. The motivation
for using a multiplicative white noise model is to represent plant
parameter uncertainties and thereby obtain robust controllers [12]. Also,
the derivations of the necessary conditions are straightforward extensions
of the Lagrange multiplier technique used in [4] and hence have been
omitted.

II. NOTATION AND DEFINITIONS

}}’ E?}I'XS’ E I" E

real numbers, » X s real matrices, R7*?, expectation

r X ridentity, transpose, group generalized inverse [13, p. 124]
Kronecker sum, Kronecker product

L, (), ()
@, ®
T, I, — 7,7 € Rx"

asymptotically stable matrix
nonnegative-semisimple matrix
n, mp, my, 11: 121 A, D

X, Uy, Uzy V1 Vs xc

A’ Ai; Bl, Bli; Cl, C”

BZa CZ

AC’ Bt" CC’ DC’ EC

vi(f)

wo(#), wi{f)

V09 VI

Vor

RO! Rl

Ry _

A, A;

matrix with eigenvalues in open left-half plane

semisimple (nondefective) matrix with nonnegative eigenvalues
positive integers

n, my, M, h, L, n~dimensional vectors

n X n matrices, » X m; matrices, /y X n matrices, i = 1, -+, p
n X m, matrix, /; X 7 matrix

Be X Ry Be X Iy, my X ne., my X b, my X [; matrices

unit variance white noise, i = 1, -+, p

n-dimensional, /,-dimensional white noise

intensities of wy, wy; Vo = 0, V; > 0

n X I cross intensity of wy, w;

state and control weightings; Ry = 0, R; > 0

n X m, cross weighting: Ry — Ry R 'R, = 0

A+ BD.C + BE.Cy\, A; + B;;D.C, + BzECC”, i=1---,p

In T VIJ VOI In In T RO RDl
(B:E)T Ve W (BE)T | * | D.C, Ry R
A B A;  BuC.
B‘-Cl Ac ! Bccll 0

1,
D, Cz
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5 14 Vo BT+ B,E,V,BT
BV +B.Vi(BE)T B.V\BT

F R Ry Cet (D.C)RIC.
CTRT +CTRD.C; CTR,C,

For arbitrary # X n Q, P, @, P, 7y, 1, define:

>

D
Vi & Vi+ Y, CLOCT,

i=1

D
R, 2 R+, BTPB,,
i=1

P P
Q 2 QCT+Vu+Y, AQCT, ®, & BTP+R}+Y, BIPA;,
i=1 i=1

p D
Ri, & R+, BI(P+P)By, Vi, & Vi+ Y, C(Q+O)CT,

i=1 i=1

4
Q, £ QCT+ Vo + 3, A(Q+0)CT,

i=1

b
®; & BTP+RL+ Y, BI(P+P)A,,
i=1

A & A-B,R (6,4 BTP)r,— @+ GCTIV})C,,

A, & A-BuR [ (B.+ BTPYr - ,(@+ OCTYV [ Cy,
Ag 2A—(1,_@,~1,0CTV 'Ci,Ap & A-BR [ (®:r . —BTPr),

Ry & Ry—RoyR ' (®,+BTP)r,—11(®;+ BTP)TR,'RT

+77(®,+ BTPYTR 'R \R ' (®,+ BT P)r,

Vo= Vo V1 Qo+ OCH 7 T— 1, (§,+ GCD P VT

S
lic>

+7(@,+0CT) 171_51 V, 17;'(@'54. gcn)Trl.
III. STATIC OUTPUT FEEDBACK
Static Output Feedback Problem
Given the controlled system

P
x()= <A +3 v,»(t)A,) x(1)

i=1

p
+ (B1+2 vi(t)Bli> u () +Baup () + wo(8), (3.1)

n(n= <C. +y v,-(z)C.,) x(0) +w (), 32)

i=1

Y ()= Cyx(1) (3.3)

where ¢ € [0, o), determine D, and £, such that the static output
feedback law

(1) = Dcya(1), 3.4
{8y =E.yi (1) 3.5)

minimizes the performance criterion
J & 11112 Elx () TRox(t) + 2x(1) TRo 1, () + 1, () TR w4, (1)]- (3.6)

To develop necessary conditions for this problem, D, and £, must be
restricted to the set of second-moment-stabilizing gains

13
s & {(Dc, E):A® A+ E A; ® A, is asymptotically stable} .
i=1

The requirement (D, E.) € 8 implies the existence of the steady-state
closed-loop state covariance Q £ lim,-.,, E[x(¥)x(#)7]. Furthermore, Q
and its nonnegative-definite dual P are the unique solutions of the
modified Lyapunov equations

0=A0+ QAT+§p; A QAT+ 7V, 3.7

i=1

P
0=ATP+PA+Y, ATPA;+R. (3.8)
i=1

An additional technical assumption is that (D,, E.) be confined to the set
§+ & {(D.,,E)E $: C2QCZT>O and BZTPBZ>0}.

In order to obtain closed-form expressions for the feedback gains we
make the additional assumption here and in Section IV that

[B;#0=Cy;=0], i=1, -, p, 3.9

i.e., for each i, By; and C); are not both nonzero. By optimizing (3.6) with
respect to D, and E, and manipulating (3.7) and (3.8), we obtain the
following result.

Theorem 3.1: Suppose (D, E;) € 8+ solves the static output feedback
problem. Then there exist n X n nonnegative-definite Q, P such that

D.= -R;'®,0CI(C,QCD, (3.10)
E.= - (BIPB,)"'BIPQ,V, @3.11)
and such that Q and P satisfy
0=(A-B,R'®n)Q+Q(A—-BR, @) + Vs
£ -1 -1
+Y, (A= BuR [ '®.1)Q(A;— BuR || ®m)7
i=1
-V Ql+n, Qv QT , (3.12)
0=(A-n,QV, CYTP+P(A-1,Q,V ' C)+R,
P2 -1 -1
+ 3 (A= Q. V [ C)TP(A4— QY 1, Ciy)
f=1
—@IR ' ®+7T ®TR ' ®r,, (3.13)
where
7 2 QCNC,0CTH Gy, (3.14)
7, & B,(BIPB,)'BIP. (3.15)

Remark 3.1: Several special cases can be recovered formally from
Theorem 3.1. For example, when the control weighting is nonsingular
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and the measurement noise is zero, i.e., when 2, and y, are absent, delete
(3.11) and set 7,=0. Deleting also the multiplicative noise terms yields
the usual static output feedback resuit [11, {2].

IV. DYNAMIC OUTPUT FEEDBACK

We now expand the formulation of the static problem to include a
purely dynamic (strictly proper) dynamic compensator.

Dynamic Output Feedback Problem

Given (3.1)-(3.3), determine A,, B,, C,, D., E, such that the static and
dynamic output feedback law

X =Ax )+ By (2), “.n
u (1) =Cx: (1) + Doy2 (1), “4.2)
() =En (@) “4.3)

minimizes the performance criterion (3.6).
We restrict our attention to second-moment-stabilizing controllers

-~

‘ {(Ac, B.,Coy Do ESA®A+Y A4, ® A, is

e

B
I

i=1

asymptotically stable and (A,, B, C,) is minjmal} ,

which implies the existence of g 2 lim,. E[FNO#)T], where X2
(7, x()7. Furthermore, @ and its dual P are the unique solutions
of the modified Lyapunov equations

(4.4

@.5)

Partitioning

5 O On 5 P, Py
= ,P:
o-[& 2] -5 %]

where Q;, and Py, are n X n., we also require

1>

Dt & {(Ac, B., C, D, E2) € D : G(G1—007'QT)HCT>0
and BI(P,— P,P;'PT)B,>0}.
Optimizing (3.6) over D*, introducing new variables

(4.6)

Q2 0-0:0;'0%, P & P -P,P;'PT,

0 2 0n0;'QL, P & PyP;'PL, *.7)
and manipulating (4.4) and (4.5), we obtain the dynamic extension of
Theorem 3.1. The following lemma is required for the statement of the
result. . .

Lemma 4.1: Suppose n X n Q, P are nonnegative definite. Then OP
is nonnegative semisimple. If, in addition, rank QP = #,, then there exist
n. X n G, I'and n. X n, invertible M such that

OP=G'MT,I'G"=1,_. (4.8a,b)

Proof: The result follows from [14, Theorem 6.2.5].

Since QP is semisimple it has a group inverse (OP)* = GTM ~'T and
7 & OP(QP) =GT @.9)
is an oblique projection.

Theorem 4.1: Suppose (4., B., C., D, E) € D~ solves the dynamic
output feedback problem. Then there exist # X » nonnegative-definite Q,
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P, O, P such that

A.=T(A-BR '®-47, c)G7, (4.10)
B.=T(r,.Q,-n,0CNHV ], (4.11)
C.= —R (&, ~BTPr)GT, 4.12)
D.=-R . (®+BTP)QCT(C,QCT) !, (4.13)
E.= —(BIPB,)"'BIP(@,+0CcHV . 4.14)

where 7, and 7, are given by (3.14) and (3.15), G, T satisfy (4.8a),
(4.8b), and such that, with 75 given by (4.9), Q, P, O, and P satisfy

D
0=AQ+QAT+Vo+ Y, [AQAT+(A;- BR[| |®;r. — BTPr))
i=1

+ (A= B,R ' [®ry, ~BTPr) - (1. -, 6CTHV

{72y Q.v“TzQACDH‘ 73;(7'2‘Q.s—TzQACIT)VI;I(TZ-Q;—TZQAC;T)TT;T_. s
(4.15)
- -~ ~ £ -~ ~ ~ ~
0=ATP+PA+ B+ Y, [ATPA+ (A~ [r. Q- OCTIP [T
i=1

- BlA;= 72, &-n0CTIV ' C) = (&7, . — BTPr) R

. (@sTu —BlrpTl)+7'3TL (@:Tu —B{ﬁfl)rﬁgl(@sﬁ; —B,TﬁTl)Tau
(4.16)
0=ApQ0+0AL+(1. &-n0CNHV (. &~ 0CT)T
~ 73, (120 Q= 0CD Y (12 &=, 0CDTH],,  (4.17)
0=ALP+PAy+ (@11, —BIPr)R | (®er, — BTPr)
—71 (@1, —BTPr)TR . (®yri_—BTPr)r,, (4.18)
rank Q=rank P=rank QP =n,. 4.19)
Remark 4.1: Setting 7, = 7, =0, D.=0, E,=0 yields the results of
141, {111.
Remark 4.2: Suppose n.=n so that 7;=1,. Then the resulting full-
order nonstrictly proper controller is characterized by four matrix

equations which generalize the standard LQG result. In this case the
separation principle is no longer valid.

V. ADDITIONAL FEEDBACK PATHS

We now introduce the feedback paths not shown in Fig. 1. For the static
problem replace (3.5) by

(Y= E y; (1) + K, 32 (0). (5.1)
Optimizing with respect to K, yields the additional condition
0=C,QPB, (5.2)
which implies
0=771. (5.3)

This geometric condition holds when X is optimally chosen. Although X
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is not given explicitly, it does play a role in the necessary conditions since
A is replaced by 4 + B,KC,.
For the dynamic problem replace (4.1) and (4.3) by

XD =Ax (1) + By (1) + K3 3,(1), 5.4
(1) = E 1 (1) + Kox.(2) + K, 32 (). (5.5)
Optimizing with respect to K, K5, Kj; yields
0=Cy(QP+OP+QP)B,, (5.6a)
0=0PB,, (5.6b)
0=C0P, (5.6¢)
which imply
0=mn7, (5.7a)
O0=773, (5.7b)
0=1374. (5.7¢)
Note that (5.7b) and (5.7¢) imply
O0=7m7. (5.8)

Using (5.7b), (5.7¢), @ = n:,0, P = Pr; (see [4]). (4.10)-(4.18) become

A=T(A-BR'®,-Q,V, C+BK GC)G"+TB,K,~ K;C,GT,

(5.9
B.=TnQ, V., _ (5.10)
C.=-R'®xn .G, (5.11)
D.=-R ' ®.0CH(C,QCDH, (5.12)
E.= —(BIPB,)"'BIPQ,V ., (5.13)
~ - P 2 » - ~ PN
0=A;0+ QAT+ Vo+ D, [A,QAT+ (A= BuR [ ®s11))
i=1
: Q(/‘L‘Bu]é ;l@sTu.)T]'“TuQsV;I ﬁSTTZTl
+r.n QP QT T, (5.14)
~ -~ ~ 2 ~ -~ ~ -~ . |
0=ATP+PA,+Ro+ Y, [ATPA + (A + 1@,V [ )T
i=1
cBA~RQ VN1 OTR @
+17 1T ®TR @i, (5.15)
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0=ApQ0+0AL +7,_ @V Q1]
~7 &V QI 7T, - GTK G0~ 0K GG, (5.16)
0=AGP+PAg+r], ®IR '@\,

_TaTJ_T]T_@IE ;l@:)TuTsJ. _PTKZsz_P(Ksz)TF, (5.17)
where
As=A+BK G~ GTK, Gy, Ay=A+B,K,Cy+ B,K,T,

Ags

>

Ags+BK\C,—GTK,Cy, Ape & Apo+ ByK Co+ B KT,
VI. DIRECTIONS FOR FURTHER RESEARCH

More general solutions can be obtained by incorporating singular
estimation techniques [15] where noise-free measurements are repeatedly
differentiated to enlarge the class of available outputs.
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