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CHAPTER 1 

INTKODUCTION AND SUMMARY 

1.1 MODELING STUDY 

As originally conceived in  the pro jec t  goals ,  a modeling exe rc i se  was 

to  be conducted on a vehicle  component to  provide background informat io~l  f o r  

compar ing  computer  s imulat ion with c r a s h  test ing.  As  noted in Volume I of 

th is  r e p o r t ,  i t  s e rved  th i s  purpose.  During the course  of the investigation, 

however,  the  modeling study took a n  added significance. The s ta te  -of - the - a r t  
1 

study concluded that only Level  3 s imulat ion capability i s  cu r ren t ly  avai lable.  

It became evident that the  feasibi l i ty  of advanced. s imulat ions i s  dependent upon 

the development of self-contained modules which accura te ly  but efficiently model  

vehicle  components.  Thus the goal of the modeling study was  espancled to  the 

p r e l i m i n a r y  development of a m a j o r  simulation nlodille suitable f o r  a Level  4 

simulation. 

A Level  4 s imulat ion capability r equ i re s  modeling th ree  dimensional  

d isp lacements  and rotat ions under a var ie ty  of loading co12ditions. It m u s t  

compute absorbed energy,  re la t ive  d isp lacements  of m a j o r  components and 

the acce le ra t ion  environment of the passenger  compar tment  with a n  accuracy  

comparable  to test ing.  Th i s  i s  to be accomplished with l c s s  than three  

hundred degrees  of f r eedom.  It i s  c l ea r  that a gene ra l  t h r e e  diinensional 

f r a m e  module would be e s sen t i a l  to such a simulatiorl p rogram.  Thus a f r a m e  

module was choosen a s  the goal of the modeling study. 

T o  develop a genera l  t h ree  dimensional ,  l a r g e  plast-ic deiormation f s a m e  

p r o g r a m  with the s ize  r e s t r i c t ion  impased by Level  4 s imulat ion i s  a m a j o r  

challenge. Froi l l  the s tate-of  - the -a r t  study it i s  c l ea r  that  a f ini te  e lement  

approach based  on continuum mechanics  i s  unrea l i s t ic  f o r  Level  4 simulation. 

It i s  a l s o  c l e a r  that  the concept of general ized r e s i s t a n c e s  successful ly used 

in Level  3 s imulat ion i s  l imited to  essent ia l ly  one dimensional  motion. The 

1 
A simulat ion spec t rum i s  defined in  Volume I of th is  repor t .  Level  3 

s i m u l a t i o ~ ~  l-noclels overa l l  response  and ave rage  rigid body accelera t ions  under 

l imited loading conciitions. 



m o s t  promising approach thus appeared to be the extension of the plast ic  

hinge concept to  th ree  dimensional. response ,  In ca r ry ing  out this extension 

i t  i s  n e c e s s a r y  to  formulate  the problem in  a maniier suitable for  use  a s  a 

module in  a n  overa l l  vehicle simulation. The required  flexibility was 

accomplished h e r e  by formulat ing the problem in  a f o r m  a n a l o g o ~ s  to  a 

finite element formulat ion but in  which the governing element equations a r e  

derived f r o m  the concept of a n  ideal  th ree  dimensional  plast ic  hinge. 

The bas ic  theory and derivation of equations i s  given in Chapter 2. 

A number  of exper iments  designed to ve r i fy  the bas ic  concept a r c  d iscussed 

in  Chapter 3. The computer  s imulat ion developed was t h e n u s e d  to predict  

the  force-deformat ion curve  for  a s ta t ic  c r u s h  t e s t  conducted by CALSPAN 

on a n  ac tual  vehicle f r a m e .  A d iscuss ion of our modeling of the f r a m e  and 

the compar ison of computed with exper imenta l  r e su l t s  i s  given in Chapter 4. 

A brief u s e r ' s  guide f o r  the computer  p r o g r a m  i s  given in Appendix A and a 

complete listing of the c u r r e n t  ve r s ion  of the p r o g r a m  i s  given in Appendix B. 

Although sve do not  consider the cur ren t  ve r s ion  of the  p rogram a final 

product f o r  use  a s  a component module,  i t  i s  a n  operating p r o g r a m  with mos t  

of the essen t i a l  f ea tu res .  Moreover the I- lodel ling cycle was ins t ruct ive  in 

identifying problem a r e a s .  In the remaining sect ions of this  Chapter we 

s u m m a r i z e  tfle conclusions and recommendations result ing f r o m  the study. 

1 . 2  COKCLUSIOES AND RECOMMENDATIONS 
~ - - ~ -  --- - 

The major  conclusiorls result ing frcjnl the modeling study a r e :  

1. The ideal  plast ic  hinge i s  a valjd concept f o r  th ree  dimensional  

plast ic  d e f o r m a i i o ~  of beam.  

To our knowledge t h e r e  did not exis t  a t  the beginning of the 

study a genera l  theory of bean1 deformation based on the plast ic  

hinge concept, e a r l i j r  work in  l a r g e  deformation being confined 



to planar f r a m e s .  The theory dcrived h e r e  i s  sclf-consistent 

once the basic assumptions associated with a n  ideal  hinge a r c  
2 

postulated. Moreover the validation exper i~r ients  verified that the 

theory adequately models the essent ia l  f ea tu res  of actual  physical 

behavior over a large  deformation range.  

2. The development of vehicle conlponent modules suitable for  advanced 

simulations i s  technically feasible. 

F o r  use  a s  a vehicle module, a c o m p ~ n e n t  simulation p rogram 

m u s t  adequately moclel the conipol~ent behavior, mus t  be internally 

genera l ,  and mus t  be in  a f o r m  co-mpatible with interact ion with 

other modules. The two la t ter  conditions a r e  satisfied by f0~17iu.- 

lating the p r o g r a m  in t e r m s  of a r b i t r a r i l y  specified nodal variables.  

The qualification study demonstrated that the computer s imul a t '  lon 

could adequately predict  the behavior of a n  actual  vehicle f rame .  

Although the study indicated a number oi a r e a s  that dese rve  further  

attention, the bas ic  feasibi l i ty of the approach was c lear ly  demonstrated. 

In addition to these  conclusions which direct ly bea r  on the overal l  project  

goals ,  the study brought out a number of points relevant  to cornponelit modeling. 

They a r e :  

I, Tors ional  and axial fo rces  can have significant effects on thc responses  

and should be included in the analysis .  

2. The plast ic  hinge concept has  inherent l imitat ions.  Due to i t s  "off- 

on" charac te r ,  i t  cannot mod31 in detai l  elast ic-plast ic  behavior 

of a c r o s s  sectioji. This  h a s  only liniited effect  on the overa l l  

response  if the yield function i s  chosen to give a "good" piecewise 

2 
The validation exper iments  repor ted  in Chapter 3 indic.ated that under 

ce r t a in  loading conditions plast ic  extension of the beam which had originally 

been neglected in the theory was important .  This has  subsequently been 

correc ted .  The theory and conipclter progran-1 given h e r e  include this effect. 



l inear  approximation to the actual  elastic-p1.astic behavior. 

F o r  planer bending this  i s  easi ly accompl.ishcd by choosing 

a n  equivalent yield s t r e s s  to give a yield rnolnent in termedia te  

between initial yield and the ul-timate collapse molment. In 

the genera l  c a s e ,  however,  w e  need to choose a n  equivalent 

yield function. Since the  difference b e h e e n  initial yield and 

fully plast ic  c r o s s  sect ion i s  different for clifferent modzs of 

deformation,  this  cannot be accolnpl is l~ed by simple scaling. 

The functional f o r m  of the initial yield function i s  sufliciently 

genera l  to pe rmi t  different scalings for  different deformation 

modes .  At the p resen t  t ime,  however,  our knowledge of the 

actual  e las t ic-plas t ic  behavior under genera l  conc'litions i s  too 

l imited to  p r e s c r i b e  this  var iable  scaling in  a ra.tiona1 rnan2er. 

There fo re  in the p resen t  study a single yield s t r e s s  was chosen 

somewhat a rb i t r a r i ly .  In both the verif icat ion and qualification 

s tudies ,  the computed r e s u l t s  were  in genera l  agreement  with 

exper iments .  It was c l e a r ,  however,  that the choice was not 

optimurrl and this  topic deserves fur ther  attention. 

3. The theory  developed h e r e  can adequately account for the effect 

on the f o r c e - d e f o ~ ~ m a t i o n  charact .er is t ics  of the s t ruc tu re  cluc to 

changes in  geometry.  It cannot account fo r  softt:ning due to 

joint inefficiency or  local  deforination of the c r o s s  section. The 

verif icat ion study demo-tlstrated that such effects could be sign- 

ificant.  It was a l so  shown in the study, h o ~ v e v e r ,  that joint 

behavjor s imi l i a r  to that observed could be obtained by changing 

p a r a m e t e r s  in the yielcl function. Although a t  the presen: t ime  

t h e r e  i s  no rat ional  bas i s  for  our choice, the resul t  strongly 

suggests  the possibility of defining a " fa i lu re  function" by r e -  

lating tlzc p a r a m e t e r s  i n  the yield functio~l  to actual  joint behavior. 

4. It i s  a l s o  worth noting that our modeling of the vehicle frarllc in  

the clualification study required  considerable judgment and 

experience. The choice of the number and locat in~l  oi the plast ic  



hinges ancl the choice of s t ruc tu ra l  pa ra lne te r s  a r e  not obvious. 

Thus simulation a t  this  level of approximation requ i res  a 

background of expe r in~en t a l  evidence. 

Finally in closing this section we note a number of recommendations 

f o r  both immediate  and long range inlprovement of the cornpuler sixnulation 

p r o g r a m  developed here .  These a r e  t w o  improvements  which can be effected 

without ma jo r  effort .  They a r e :  

1. Extend the formulation to include dynamic effects  by adding 

m a s s  ma t r i x ,  

The f r a m e  simulation p rogram developed h e r e  i s  not intended 

to  include the major  ine r t i a l  m a s s e s  of the vehicle. In the 

envisaged modular development, such m a s s e s  will be handled 

by a rigid body module that can in teract  with other s t ruc tu ra l  

modules a t  a r b i t r a r y  nodes. Never theless  i t  i s  des i rable  to 

extend the capability of the p rogram to include the f r a m e  iner t ia  

s ince  i t  could be significant for  advanced sinlulations. In any 

ca se  this  capability \voul.d be useful in quantifying the importance 

of f r a m e  inert ia .  Since the p resen t  pr  ograln r eyuires  incremental  

solution, the inclusjon of ine r t i a l  effects does  not complicate the 

solution procedure.  The only effort  required i s  to develop ancl 

p rog ram a m a s s  m a t r i x  consistent  with the present  formul.ation. 

2. Develop automatic selection of var iable  s tep  s ize  based on 

nunierical. e r r o r  control.  

The cu r r en t  vers ion of the program obtains thc increment  s tep  

f r o m  a n  input subroutine \vhich p r e sc r i be s  the external  fo rces  and 

displacement const ra ints  fo r  a par t icular  problem. As presently 

p rogrammed a constallt s tep s ize  i s  specified in the input s u b - ,  

routine. It i s  des i rable  to develop a n  automatic selection of step 

s ize  based on a re la t ive  e r r o r  measure .  At the present  t ime,  

we have not had sufficient experience with the p rog ram to 

co r r e l a t e  re la t ive  e r r o r  with total e r r o r .  In the. in te res t  of 

econorrly the actual  q~:alification resu l t  repor t  ecl h e r e  w a s  run 



a t  a relat ively l a rge  constant step. The relat ive e r r o r  in the 

yield function a t  some hinges was a s  high a s  ten perccnt  for  

some steps.  Never theless  the overal l  force  deformation curve  

corre la ted  well with experiment.  On the other hand,  this s tep  

s i ze  was too l a rge  f o r  accura te  comp:~tat ion of the incremental  

dissipat ion and continuous loading was assumed.  Thus a t  the 

p resen t  t ime  i t  i s  not c l ea r  tvhat e r r o r  m e a s u r e  i s  tEic most  

des i rab le  o r  what i s  the effect of s tep  size on various variables 

of in teres t .  A sys temat ic  numerical err017 analysis  i s  des i rable  

t o  optimize exerc is ing  the program.  

Final ly  we note the need f o r  a r e s e a r c h  ef for t  in the simulation of joint 

behavior .  A s  d iscussed above both the verification and qualiiication studies 

indicated that  joint inefficiency and local  deformation have a measureable  

effect on the overal l  force-deformat ion  charac ter is t ics .  W e  believe our 

pre l iminary  "analytical experiments" a r e  strongly suggestisre that  these  

e f fec t s  can be  incorporatecl into a yield function expressed in  t e r m s  of 

s t ruc tu ra l  var iables .  The development of such functions f o r  typical vehicle 

joints will r equ i re ,  however,  a substantial  r e s e a r c h  e f fo r t ,  both analytical 

and experimental ,  on the plast ic  deformation of joints under general  loads. 

1.3 COMPUTATION COSTS 

The qualification study was sufficiently l a rge  to  give a good assessnlcni  

of computation cos ts  for the p resen t  pxograril. Our experience with exercising 

the p r o g r a m  h a s  demonstrated that  the cost  i s  essent ia l ly  d i rec t ly  proportional 

to the number of e lements .  The majo r  p rogram opsrat ions a r e  the updating 

of the element s t i f fness  m a t r i x  a t  each s tep  and the monitoring of the yield 

hinge switches for  each element;  the ac tual  inversion of the  equations r equ i res  

a lmos t  ~ legl ig ib le  t ime in comparison.  Since these  nlajor  opesations m u s t  

be p re fo rmed  once each step f o r  each e lement ,  the run t ime va r i e s  l inearly 

with the numbcr of elements.  

Thus it  i s  convenient to e x p r e s s  comptltation cost  on a unit base.  The 

following cos t s  a r e  based on exerc is ing  the program on the University of 

Michigan IBM 3 6 0 - 6 7  computer using the Michigan Termina l  System. 



In our exycr iencc  the a v e r a g e  unit cos t  i s  eight cents  per  e l c l ~ ~ c n t  fo r  each 

integrat ion step. F o r  genera l  compar ison i t  i s  convenient to  a l s o  express  

the cos t  per  degrce  of f reedom.  F o r  typical  f r a m e  s t r u c t u r e s  the number of 

nodes i s  about 80% the number  of elelnents.  ( F o r  our qualification study 

w e  used  19 e lements  and 15 nodes. ) Each  node h a s  s ix  degrees  of f reedom.  

Thus in t e r m s  of degrees  of f r e e d o m  we have a cost  of 1 .67 cents  p e r  degree  

of f r ee3om fo r  each  integrat ion step. 

The to ta l  cost  data for  the qualification study i s :  

No. of Element-s - 19 

No. of Nodes - 15 

Tota l  Degrees  of F r e e d o m  - 9 0 

Integrat ion Steps - 6 6 

Tota l  inches  of Crush  - 5.1 

Tota l  Cost $ 100.00 

I t  should be  pointed out that  the p resen t  p r o g r a m  h a s  not been optimized 

f r o m  the vie'~xpoint of cost .  In par t icu lar  the p r o g r a m  does not m a k e  u s e  of 

f i le  s to rage  but retaj.ns all. computed data i n  c o r e  s torage .  The  Michigan 

T e r m i n a l  Sys tem changes a substant ial  p remium f o r  c o r e  s torage .  Since 

s to rage  cos t s  account f o r  over half  of total  run  c o s t s ,  the use  of f i le  s torage  

wil l  significantly reduce  cost .  In addition some reorganizat ion of the p r o g r a m  

va r i ab les  (sequential  u s e  of s a m e  s to rage  locat ions)  can be implemented.  In 

th is  way, v,le e s t ima te  that  run  c o s t s  can be reduced to  one cent pe r  degrce  

of f r eedom f o r  each  integrat ion step.  

With a unit cos t  de termined,  de termining the cost  of a given sixnulation 

r e q u i r e s  es t imat ing  the number of integrat ion s t eps  to  be employed. In genera l  

t h i s  r e q u i r e s  considerable exper ience  with the p r o g r a m  to gain a n  understanding 

of the s t ep  s i z e - e r r o r  relat ionship.  As  indicated above w e  used  6 6  s teps  to 

s imula te  f ive  inches  of c r u s h  in  the qualification study. Although reasonable  

r e s u l t s  w e r e  obtained f o r  the overa l l  force-defornlat ion cu rve ,  the computed 

r e s u l t s  f o r  dissipat ion indicated that  s t ep  s ize  was  too l a r g e  f o r  a c c u r a t e  

de terminat ion  of a l l  var iables .  We antici-pate that  f ive-ten tirnes a s  many 

s t eps  ma): be requi red .  



At one cent pe r  dcgrce  of f reedom f o r  each step thc qualification 

f r a m e  study v!oul.d cost  about $60. 00 fo r  five i n c l ~ e s  of crush.  With this 

an  overall  Level 4 simulation cost of $200. 00-$400. 00 appears  quite 

reasonable.  An inc rease  by a factor of ten,  however,  would put Level 4 

simulation cost  into the thousands of dol lars  range. There  a r e  two possibilities 

f o r  overcoming the need for a l a rge  number of steps.  The present  integration 

scheme i s  the sinlples t  pos sible method,  essential ly replacing derivatives by 

f i r  s t  o rder  d i f ferent ia ls .  It i s  likely that higher -o rder  integration routines 

which ultiliee data f r o m  scvera l  previous s teps  can he developed within the . 

presen t  formulation permitt ing a considerably l a rger  step s ize  f o r  the sat-11e 

re la t ive  e r r o r .  

The second possibility i s  m o r e  speculative. In the present  theory,  the 

plast ic  s t ruc tu ra l  constitutive equations a r e  essential ly expressed in the normal i ty  

condition. The consequence i s  that the plast ic  deformation increments  a r e  highly 

constrained in a manner  which may  not be compatible with kinematic constrai.nts. 

This requ i res  e las t ic  readjustment when a new hinge i s  fo rmed ,  and we have 

notecl that this  i s  the situation where l a rge  relat ive e r r o r  i s  introduced unless 

a very  smal l  s tep  s ize  i s  employed. It i s  possible that a.n a l ternate  formulation 

of the plast ic  constitutivc equations would rel ieve this  difficulty. Such a 

reexamination i s  inherent  in  any general  study of the plast ic  deformation of 

joints. 

Thus our conclusions with respec t  to  computer cos ts  a r e  somemlhat 

equivocal. The present  study has  obtained overall  fo rce  -deformation resu l t s  

compara.ble to  experiment a t  a cost which makes  Level  4 simulation economically 

feasible.  In detai l ,  however,  the p resen t  resu l t s  a r e  not completely sat isfactory 

f r o m  the viewpoint of accuracy  of a l l  var iables  of int-crest. The re  i s  reasonable 

expectation that improved integration techniques and better  understanding of 

general  s t ruc tu ra l  plast ici ty can improve this  accuracy  without significant 

i nc r ea se  of computation cost.  



2 . 1  BASIC ASSUBP?'IO?JS - 

In t h i s  chapter  me der ive  t h e  bas ic  equations f o r  a  general  

bean? of a r b i t r a r y  l eng th  which forms t h e  bas i c  element of t h e  

frame modu1.e. The de r iva t i on  i s  d i r ec t ed  towards obta ining an 

"element s t i f f n e s s  matrix".  V i t h  t h i s  t h e  g loba l  system of 

equat ions  f o r  an a r b i t r a r y  frame can r ead i ly  be assembled. 

The niajor s impl i fying assumption i n  t he  ana lys i s  i s  t h a t  

a l l  p l a s t i c  deformation occurs a t  i d e a l  hinges.  The loca t ion  

of p o t e n t i a l  hinges must be choosen a p r i o r i ,  and t h i s  choice d i c t a t e s  

t he  length  of t h e  beam element. Thus p l a s t i c  deformation occurs only 

a t  t h e  nodes of our element. \Ye f u r t h e r  assume t h a t  t he  hinge is 

ope ra t i ve  when t h e  appropia te  s t r e s s  r e s u l t a n t s  l i e  on a  y i e l d  sur face  

f o r  t h e  c ros s  s ec t i on  which remains constant  a s  t h e  d e f o r m t i o n  

proceecls . 
T h e  phys ica l  impl icat ions  of these  assumptions a r e :  

( i )  P l a s t i c  zones a r e  confined t o  l oca l i zed  reg ions ,  

( i i . )  Mater ia l  s t r a i n  hardening may be neglected,  

( i i i) Detai led  e l a s t i c - p l a s t i c  behavior of t h e  c ros s  s ec t i on  

between i n i t i a l  y i e l d  and a  f u l l y  p l a s t i c  s ec t i on  i s  

not c r i t i c a l  t o  t h e  ana lys i s .  

For m i l d  s t e e l ,  t h i n  vialled c ros s  s e c t i o n s ,  and loading t y p i c a l l y  

experienced by vehicle frames, t he se  appear t o  be reasonable 



as sumpt ions .  The most; q u e s t i o n a b l e  is  t h e  t h i r d  approximat ion .  

For t h e  c a s e  of p u r e  bending t h i s  i s  e q u i v a l e n t  t o  r e p l a c i n g  

t h e  actu:~,l. moment-curvature r e l a t i o n  by an e l a s t i c  - p e r f e c t l y  

p l a s t i c  approximat ion  which h a s  been s u c c e s s f u l l . y  used i n  many 

s t r u c t u r a l  a p p l i c a t i . o n s .  I n  t h e  g e n e r a l  c a s e ,  however, t h e r e  

is  less ev idence  f o r  d e f i n i n g  a  y i e l d  s u r f a c e  f o r  an i d e a l  h inge  

which app rox ima tes  t h e  a c t u a l  e l a s t i c  - p l a s t i c  b e h a v i o r .  Here 

we choose  t h e  y i e l d  s u r f a c e  a s  t h a t  a s s o c i a t e d  w i t h  i n i t i a l  y i e l d .  

The s u r f a c e  can be  s c a l e d ,  howe-ircr, t o  b e t t e r  approxi lnate  t h e  

a c t u a l  behav io r  by choos ing  an " e q u i v a l e n t  y i e l d  s t r e s s "  r a t h e r  

t h a n  t h e  a c t u a l  m a t e r i a l  y i e l d  stress.  T h i s  p o i n t  is d i s c u s s e d  

f u r t h e r  i n  t h e  n e x t  c h a p t e r .  

I f  we were i n t e r e s t e d  o n l y  i n  o v e r a l l  de fo rma t ion ,  t h e  a s s ~ ~ m p t i o n s  

might  be ex tended  t o  n e g l e c t i n g  e l a s t i c  de fo rma t ion .  A s  2 component 

module, however ,  w e  need t o  de t e rmine  a s  a c c u r a t e l y  a s  p o s s i b l e  

t h e  f o r c e s  transmi.t tec1 by t h e  c,ornponent t o  o t h e r  modules of t h e  

v e h i c l e  a t  each  t i m e  s t e p .  P a r t i c u l a r l y  d u r i n g  t h e  ea- r ly  s t a g e  

o f  motion t h e s e  f o r c e s  a r e  p robab ly  s i g n i f i c a n t l y  a f f e c t e d  by t h e  

e l a s t i c  de fo rma t ion .  From a  numer ica l  v iewpoin t  i n c l u d i n g  e l a s t i c i t y  

is  a c t u a l l y  b e n e f i c i a l  s i n c e  it removes inde te rminancy  a s s o c i a t e d  

w i t h  r i g i - d  p l a s t i c  t h e o r y .  

2 .2  NOTATION 

To d e r i v e  t h e  e lement  s t i f f n e s s  m a t r i x  i t  is  neces sa ry  t o  

d e f i n e  t h e  c o n f i g u r z t i o n  of t h e  beam i n  a  g e n e r a l  o r i e n t a t i o n  i n  

s p a c e  and t o  r e l a t e  t h i s  o r i e n t a t i o n  t o  t h e  f o r c e s  a c t i n g  on t h e  beam. 

The motion of t h e  beam may c o n s i s t  of e l a s t i c  d e f o r m a t i o n ,  g e n e r a l  

r i g i d  body motion of i t s  end p o i n t s ,  and r i g i d  body motion of t h e  beam 

i t s e l f  due t o  p l a s t i c  de fo rma t ion  a t  t h e  h i n g e s .  



The n e c e s s e r y  r e f e r e n c e  f rames  f o r  a  bean1 element  b e - l ; \ l / ~ e ~ ~  

t h  
t h e  ith and j nodes a r e  sho~vo i n  F i g u r e  1 .  The nodes a r e  

r e p r e s e n t e d  by r i g i d  body masses  I!! and M . For c l a r i t y  t h e  beam i j 

and masses  a r e  shown s e p a r a t e d ,  b u t  t h e  beam end p o i n t s  i n i t i a l l y  

c o i n c i d e  w i t h  t h e  c e n t e r  of mass of t h e  nodes .  

L-% Ini t ia l  Configurat ion (t  = t  o ) 

Deformed Configurat ion At t  = t  
K 

BEAM R E F E R E N C E  FRAMES 

F i g u r c  1 



I n  F i g u r e  1 ,  G r e p r e s e n t s  t h e  f i x e d  g l o b a l  r e f e r e n c e  f rame,  Id 
i 

and M .  a r e  f rames  a t t a c h e d  t o  t h e  noda l  masses  a t  a  t ime  t 
J K 

( d e n o t i n g  t h e  bth forward  s t e p  i n  t h e  i n c r e m e n t a l  p r o c e s s ) ,  and F 
i 

and F .  a r e  f rames  a t t a c h e d  t o  t h e  beam end p o i n t s  a t  t ime  t 
3 K '  

The o r i g i n  of t h e  l a t t e r  f r ames  i s  a t  t h e  s h e a r  c e n t e r  of t h e  c r o s s  

s e c t i o n ,  t h e  xg a x i s  i s  t a n g e n t  t o  t h e  beam a x i s  and xl and x 
2 

a r e  a l o n g  t h e  p r i n c i p a l  a x i s  o f  t h e  c r o s s  s e c t i o n  The beam 

is of l e n g t h  R .  A s u b s c r i p t  "0" d e n o t e s  t h e  i n i t i a l  p o s i t i o n  

and o r i e n t a t i o n  of  t h e  r e s p e c t i v e  f r ames .  

t h  The p o s i t i o n  of t h e  ith and j beam f rames  w i t h  r e s p e c t  t o  

t h e  f i x e d  g l o b a l  sys tem is denoted  by - xi and - xJ r e s p e c t i v e l y .  

L ikewise  t h e  p o s i t i o n  of t h e  ith and j th  mass f rames  w i t h  r e s p e c t  

t o  t h e  g l o b a l  f rame i s  denoted  by - gi and y j  r e s p e c t i v e l y .  The - 
o r i e n t a t i o n  of t h e  f o u r  f rames  ~ v i t h  r e s p e c t  t o  t h e  g l o b a l  sys tem 

i s  s p e c i f i e d  by t h e  f o u r  d i r e c t i o n  c o s i n e  m a t r i c e s  

Mi 
M F 

i 
F 

L , L . J , L  , L J  

F i n  v ~ h i c h  t h e  componen-ts of  L a r e  

and t h e  f rame F r e s p e c t i v e l y .  

' ~ h i s  i m p l i e s  t h e  beam s h e a r  c e n t e r  and t h e  noda l  c e n t e r  of  

mass i n i t i a l l y  c o i n c i d e s .  For  a  p h y s i c a l  r i g i d  body mass t h i s ,  of 

c o u r s e ,  w i l l  n o t  be  g e n e r a l l y  t r u e .  I n  o u r  development ,  however, 

a;tual r i g i d  masses  w i l l  b e  handled  by a  s e p a r a t e  module which can  
i n t e r a c t  w i t h  t h e  frame module a t  a r b i t r a r y  " e x t e r n a l "  nodes.  The 

noda l  masses  h e r e  r e p r e s e n t  a d i s c r e t i z a t i o n  of t h e  f rame mass and'  

a mass m a t r i x  a p p r o p i a t e  t o  t h e  p o s t u l a t e d  r e f e r e n c e  frames can  b e  

d e r i v e d .  



I t  is  conven ien t  t o  choose  t h e  in i . t i a1 .  o r i e n t a t i o n  of t h e  Inass 

f r ames  t o  coincicle  w i t h  t h e  g l o b a l  f rame,  i . e .  

L Mio - Lhljo = I - 

where I is t h e  i d e n t i t y  m a t r i x .  Also vie have 
r I? 

I n  f a c t  me shou ld  n o t e  t h a t  s i n c e  F and F a r e  f i x e d  t o  t h e  i j 

beam, d i f f e r e n c e s  i n  t h e i r  o r i e n t a t i o n  r e s u l t  o n l y  from e l a s t i c  

de fo rma t ion .  

I n  c a r r y i n g  o u t  t h e  d e r i v a t i o n  we i n t r o d u c e  t h e  fol1ov;ing 

v e c t o r  q u a n t i t i e s :  

U - d i sp l acemen t  - 
F - r e s u l t a n t  f o r c e  v e c t o r  a c t i n g  &t t h e  beam - 

end p o i n t  

b1 - r e s u l t a n t  moment v e c t o r  a c t i n g  a t  t h e  beam -.. 
end p o i n t  

w - r o t a t i o n  r a t e  of  beam f o r c e  - 
0 -- r o t a t i o n  r a t e  of mass f rame 

We w i l l  u s e  t h e  n o t a t i o n  Fvi - where t h e  s u p e r s c r i p t  i d e n o t e s  t h e  

p o i n t  o r  f rame a s s o c i a t e d  w i t h  t h e  v e c t o r  a n d  t h e  s u p e r s c r i p t  F  

d e n o t e s  t h e  f rame i n  which t h e  v e c t o r  components a r e  e x p r e s s e d .  

I f  F i s  t h e  g l o b a l  f rame t h e  s u p e r s c r i p t  w i l l  be s u p p r e s s e d ,  i . e .  

vi i s  w i t h  r e s p e c t  t o  t h e  g l o b a l  f rame.  - 
The l o c a t i o n  of a c o o r d i n a t e  f rame F i s  s p e c i f i e d  by t h e  

F' 
p o s i t i o n  v e c t o r  - x and t h e  d i r e c t i o n  c o s i n e  m a t r i x  L" .  Sinc,e i n  

g e n e r a l  t h e  f rame F moves w i t h  r e s p e c t  t o  t h e  f i x e d  g l o b a l  sgstern,  

we need t o  d e f i n e  t h e i r  r a t e  of change w i t h  r e s p e c t  t o  t ime .  \Ye 

d e n o t e  t h e  r a t e  of change of t h e  p o s i t i o n  v e c t o r  a s  - 2 .  From r i g i d  

body dy nanlics tire have 
.F  A , 
L = WL 

A 
where \': is  t h e  3 x 3 m a t r i x  



Also me n o t e  t h e  v e c t o r  t r a n s f o r m a t i o n   elations 

where t h e  s u p e r s c r i p t  T d e n o t e s  t h e  t r a n s p o s e .  

F i n a l l y  we i n t r o d u c e  g e n e r a l i z e d  d isp lacement  r a t e  and f o r c e  

r a t e  v e c t o r s  a s soc i a t ec l  w i t h  t h e  p o i n t  i a s  

From t h i s  w e  i n t r o d u c e  t h e  g e n e r a l i z e d  d i sp l acemen t  r a t e  and f o r c e  

ra te  v e c t o r s  f o r  t h e  beam element  as 

0u.r immediate g o a l  is  t o  r e l a t e  - R t o  - D. 

I n  t h e  d e v i a t i o n  t h a t  f o l l o w s  i t  is convenient  t o  work w i t h  

t h e  r a t e  v a r i a b l e s  i n t r o d u c e d  above.  For numer ica l  c o r n p u t a t i o ~ ~ ,  

however, we w i l l  work w i t h  i nc remen t s  i n  t h e  v a r i a b l e s  between 

t h e  c o n f i g u r a t i o n  a t  t ime  t and t inie K t ~ + l  , We deno te  t h e  t ime  



increment a s  A t ,  i.. e .  

The corresponding increment i n  t h e  zene ra l i zed  displ-acement, 

f o r  example, is  

Since  a l l  our equa t ions  m i l l  be homogenous i n  t i n e ,  they may be 

conver ted t o  incremental  equa t ions  by mul t ip ly ing  through by A t .  

I n  e f f e c t  t h i s  means we may ob ta in  incremental  equa t ions  by r ep l ac ing  

r a t e  q u a n t i t i e s ,  ( D  - f o r  example) by incremental  q u a n t i t i e s  ( A D ) .  - 

To complete an incremental  formulat ion we must r e l a t e  t h e  frame 

o r i e n t a t i o n  a t  t ime tK+l t o  t h e  o r i e n t a t i o n  a t  tK.  Wie have 

A t  
F 

Solving f o r  L (tK+l) 2nd usiilg ( 4 )  g ives  

Thus 

wh. ere 

y , l =  

F F 
where dwi denotes w A t  and r e p r e s e n t s  t h e  increment i n  t h e  frame 

r o t a t i o n .  

2 . 3  KINEhlATICS OF DEFOI1I\I:ATION 

Re fe r r i ng  t o  F i g u r e  1 we can v i s u a l i z e  t h c  deformation from 

t h e  i n i t i a l  s t a t e  t o  t h e  con f igu rz t i on  a t  t ime t K a s  a r i g i d  body 



motion of t h e  beam frames F and F .  p l u s  an e l a s t i c  deformation. 
i .I 

The r i g i d  body motion of t h e  beam Iframes may be due t o  b o t h  

o v e r a l l  r i g i d  body motion of t h e  system and t o  p l a s t i c  r o t a t i o n  

and extension of t h e  hinges a t  node i and/or node j .  

I n  t h e  i n i t i a l  conf igura t ion  wc have 

A t  t ime t t h e  mass frames a r e  a t  yi and y j ;  t h e  beam frames a r e  a t  K - - 
i x and xJ where - - 

i n  which - ue r ep re sen t s  t h e  e l a s t i c  displacement vec tor  of t h e  

end j with r e spec t  t o  t h e  end i referenced t o  t h e  g loba l  system. 

The o r i g i n s  of t h e  beam and mass frames may d i f f e r  by 

p l a s t i c  displacements occur r ing  a t  t h e  hinges .  

Thus 

where - uip and - U'P denote t h e  p l a s t i c  displacements referenced 

t o  t h e  g loba l  system. With t h i s  (15)  becomes 
F i  T L ) I -  + u e  - + U  - i p  .+ - u j ~  

The displacements of t h e  mass frames a r e  introduced a s  

Expressing t h e  second equation of ( 1 4 )  i n  terms of and - 

yjo and s u b t r a c t i n g  from (18)  g ives  - 
F F 
i T ~j - ui = ((L ) - ( L  i o ) ~ ]  r t ue t u i~ + u j ~  - - - - - - - 

We ob ta in  a r a t e  equat ion by d i f f e r e n t i a t i n g  (19)  with respec t  

t o  time o b t a i n i n g  



The plastic displacements are due to p1asti.c extension of t h e  

beam. Thus the extension rate is always directed along the 

current x axis of the beam frame. Thus in the local beam frames we 3 
have 

- - . ip . jp 
where U and U are the scaler axial plastic extensions and - i is 
the vector 

Transforming to the globa,l system gives 

It can also be shown that 

where 

Introducing (22) and (23) into (20) gives 
.j .i i . ip F JP . 

j T i  F i T i  u + ( L  
e 

U - U  = H R W  + ( L  ) - - -. - - + 2 (25)  

A second vector equation is obtained by r e c o g n i z i n g  t h z t  



t h e  i and j beam frames d i f f e r  only due t o  e l a s t i c  deformation.  

Thus t h e  beam r o t a t i o n  r a t e s  a r e  r e l a t e d  by 

e i n  which - w denotes t h e  e l a s t i c  r o t a t i o n  r a t e  of t he  F .  frame 
3 

with  r e spec t  t o  t h e  Fi frame r e f e r r e d  t o  t h e  g loba l  freme. 

F i n a l l y  we wish t o  e l imina t e  t h e  beam frame r o t a t i o n  r a t e s  

from (25)  and. (27 ) .  The d i f f e r e n c e  i n  o r i e n t a t i o n  of t h e  mass 

and beam frames is  due t o  p l a s t i c  r o t a t i o n  a t  t h e  hinges .  

In t roducing t h e  p l a s t i c  r o t a t i o n  r a t e s  g ivcs  

where t h e  s u p e r s c r i p t  p  denotes t h e  hinge r o t a t i o n  r a t e .  Using 

(28 )  . i n  (25 )  and (27)  g ives  
. j  . i  . e . i p  Fi T 

F jp 
i u - u  - H  Q = M  w i p + u  +(L ) i u +(L j l T i  u - - - - - -  - (29)  

R- R- 

The l e f t  hand s i d e  of equat ions  (29)  a r e  expressed i n  terms 

of t h e  genera l ized  cl isplacernentrate - D ,  whereas t h e  r i g h t  s i d e s  

involve  t h e  e l a s t i c  deformation of t h e  beam and t h e  p l a s t i c  

deformation occurr ing a t  t h e  nodes. I t  remains t o  r e l a t e  t h e s e  

deformation q u a n t i t i e s  t o  t h e  genera l ized  f o r c e s  a c t i n g  on t h e  

beam a t  t h e  nodes. 

2 .4  DIFFERENTIAL EQUILIERIUIJ OF THE BEAk! ------ 
T h e  f o r c e s  and moments a c t i n g  on t h e  beam i n  t h e  cu r r en t  

s t a t e  a t  t ime tK a r e  shown i n  Figure  2 .  Neglecting e l a s t i c  

deformation t h e  F.i 

Figure 2 



equations of equil ibrium can be expressed  as 

where 

and A is t h e  6 x 6 constant  matrix 

We can now obta in  a r a t e  equation by d i f f e r e n t i a t i n g  (30) 

w i t h  respect  t o  time. In carrying out t h i s  cornputatj.on vie must 

account f o r  t h e  change i n  o r i en t a t i on  of t he  I?. frame. T h i s  i s  
1 

bes t  done by re fe renc ing  t h e  general ized fo rce  vector  t o  t h e  

f ixed  global  system. For t h i s  we have t h e  transforrriation 

r e l a t i o n s  

l" where T i s  the  6 x 6 matrix 

I t  a l s o  follows t h a t  





e l imina te  t h e  beam frame r o t a t i o n  through ( 2 8 ) .  After  rearranging,  

t h e  r e s u l t  is  

2 . 5  INCREZIENTAL Y IRLJD CONDITIOT -- 

We must r e l a t e  t h e  p l a s t i c  deformation r a t e s  i n  (29)  and. 

( 4 4 )  t o  t h e  general ized fo rce s  ac t i ng  on t he  beam. The appropia te  

r e l a t i o n s  a r e  derived from consider ing t h e  y i e ld  condi t ion f o r  

t h e  c ros s  s e c t i o n .  A hinge opera tes  a t  a  node permit t ing p l a s t i c  

deformation a t  t h e  node when t h e  cur ren t  s t r e s s  r e s u l t a n t s  l i e  on 

t h e  y i e l d  su r f ace  f o r  t he  s ec t i on .  \Ye assume t h a t  t h e  e f f e c t  of 

t r ansve r se  shear  on yiel-d can be neglected.  Thus t h e  y i e ld  condi t ion 

a t  node i ,  f o r  example, i s  a  s u r f s c e  i n  t h e  four  dimensionzl. space 

assoc ia ted  with t h e  reduced generalized fo rce  vector  
-c 

Thus we may denote t h e  y i e l d  sur face  a t  node i by t h e  s c a l e r  func t ion  

where C i s  a cons tan t .  
i 

Since t h e  y i e l d  funct ion must remain constant  during t he  

p l a s t i c  deformation process ,  me have 
F 

.i i i 

In ca r ry ing  out t h e  chain r u l e  d i f f e r e n t i a t i o n ,  i t  i s  convenient 

t o  express t h e  argunlent i n  terms of  t h e  nodal fo r ce s  a t  t h e  j 

node expressed i n  t h e  g l o b a l  system, i . e .  



where A i s  the 4 x 6 ma t r i x  formed from the l as t  four rows of the 
R 

m a t r i x  A. 

With this (47) can be expressed a s  

in which V represen t s  the vector gradient. Using (35)  and transforming - 
back to  the F. f r a m e  through ( 3 3 )  gives 

1 

A - Fi i 
The m a t r i x  W involves the beam f r ame  rotation ra te  w . 

F 
i  ip  

F 
i i 

As before  th is  can be expressed in t e r m s  of w and 8 , Equa.tion (50) - 
can be reduced to  an  equation for a single scaler  by relat ing the plastic 

deformation ra te  to the yield surface .  We assume that incremental  plastic 
2 

deformation vector i s  normal  to the yield surface .  We introduce the plast ic 

deformation r a t e  vector 

- 
2 
For a discussion of the norrnality condition in str11ctur;il theories 

SC'F: P. G. Hoclge, " Lil-r~it  .Analysis o f  Rotalic~nally Sy~r-irr~.ctric Shells" , 



Then the no rn~a l i t y  condition i s  

i 
where  A i s  a s ca l e r  mu]-tiple and a i s  the normalized gradient ,  i .  e. - 

l i  ip 
Using (53) to  el iminate the components of w f r o m  (50) gives after  some - 

- .  
algebr ic  manipulation 

where  



Solving (54) f o r  X and substituting into (52)  gives fo r  the plastic deformation 

r a t e  

where  

An analogous analys is  may be ca r r i ed  out a t  the node j. The resu l t  

f o r  the plast ic  deformation r a t e  a t  j i s  

. j Fj. i j Fj.j 
K = G  - j - R + G  8 

where  



in wh ic ]~  f j  = C ,  is thc yield function at  j and  
J 

2 . 6  ELEMENT STIFFNESS MATRIX -- 
Equations (29)  and (44) r ep r e sen t  twelve equations which will r e la te  

the e lements  of - D and - R i f  w e  can el iminate tile e las t ic  and plast ic deformation 

r a t e s .  F r o m  the previous  section we obtain 



- 
i n  which a subscr ip t  "U" on G or  G denotes the f i r s t  row of the correspoilding 

m a t r i x  and a subscr ip t  "R" denotes the bottom th r ee  rows.  

F'rom e las t i c  beam theory we  have re la t ive  to  the cur ren t  configuration 

beam f r a m e  F 
i 



where 

in which E i s  the elastic modulus, G i s  the shear modulus, I and I a r e  the 
1 2 

principal moments of iner t ia ,  A i s  the c ross  section a r e a ,  J i s  the torsional 

rigidity, and I is  the beam length. In (63)  the vector on the left hand side 

represents  

e 
where Q represents  the elastic rotations. We a r e  assuming the elastic - 

e 
deformation is small  and hence C2 may be considered a vector a s  well a s  - 

e 
the elastic rotation ra te  w . We introduce the ra te  variable - 



In calculating this ra te  f r o m  differentiating ( 6 3 ) ,  we m u s t  again account 
i 

for  the rotation r a t e  of the beam f r ame  F . The procedure i s  exactly 

analogous to the differentiation of the equilibrium equation (30).  The final 

resu l t  expressed in the global f r a m e  i s  

in which 
*i T 

F 
i i p  

(KRT)  = (T  ) ( K R ) L  H 

'i T F ip  
(KRT)  = (T ) ( K R ) L  i ( ~ t ~  ) 

where (KR) i s  the 6 x 3 m a t r i x  

(KR) = 

+ 



- 1 
in  which K .  r ep r e sen t s  the nonzero e lements  of K and a r e  given by 

J e 

We now part i t ion equation (67) to  give 

. e J 
U = i (KRT) - u 

u -1 - - R + (m) u- ei 

where  the  subscr ip t s  u and P denote the upper t h r ee  rows and lower th ree  

rows respect ively  of the corresponding m a t r i c e s  in  (67). 

Final ly  we wr i t e  

where  f r o m  (61), (6 )  and (33)  w e  have 



W e  now use (61), (71) and ( 7 2 )  to eliminate the elastic 

deformation r a t e s  f rom (29)  and (44) .  The resulting system 

may be expressed in ma t r ix  form 

where the 12 x 12 ma t r i ce s  B and H a r e  

A .  

+ (KRT), 
- - -  c. --  

and plastic 

of equations 



in which G and G denote the f i r s t  three  and and second three  colunlns of 
1 2 

i G respectively.  
R 

Thus we have the des i red resu l t  

where the element stiffness ma t r i x  K i s  
- 1 

K = H  B 

2.7 TEST CONDITIONS F O R  PLASTIC DEFORMATIOX AND ELASTIC 

UNLOADING 

In the previous section we derived the stiffness ma t r i x  for an  elast ic  - 

plast ical ly deforming beam element. This  general  expression i s  valid, however, 

only if  the plastic hinges a t  the beam nodes a r e  operating. If the hinge i s  not 

operating, the plast ic  contribution to  (78) can be eliminated simply by setting 

the G and G r n a t r i c e s  associated with the node to ze ro ,  

This implies,  however,  that in addition to  the s t i f fness  ma t r i x  w e  mus t  

develop a procedure  for  monitoring the operation of the hinge, Implementing 

this procedure i s  basically a programming problem, but we briefly outline 

h e r e  the general  considerations involved. F o r  each node we introduce a hinge 

switch 
i 0 No Plas t ic  Deformation 
S = 

1 Plas t ic  Deformation 

i 
Initially S i s  zero .  At  the end of each forward integration s tep  the value 

i 
of the yield function f i s  computed. If it i s  l e s s  than C ,  , the computation 

A 

proceeds to the next step \vith the G and C m a t r i c e s  se t  to zero.  If i t  exceeds 

C , we introduce a scale factos h such that 
i . F. . . '9 

Since the generalized force  and generalized displacement vectors  a r e  l inearly 

re la ted ,  scaling the l as t  s tep  s ize  by X gives a deformation s ta te  which just 
i 

sat isf ies the yield condition. The switch S i s  then set  to unity for  the next 

s tep and the G and G mat r i c e s  a r c  included in the calculations. 

Final ly  we mus t  introduce a condition to  monitor elast ic  unloading. 

During plastic deforlnation the r a t e  of energy clis sipation mus t  be positive. 

At node i tlle clissipalicjli rate i s  



The dissipation increment  for  each t ime step i s  computecl f r o m  (81) whenever 
i 

S i s  equal to  unity. If 

the computation proceeds to the next step.  If 

i 
the switch S i s  se t  to  z e ro  which el iminates the G and G m a t r i c e s  f r o m  the 

i 
computation, Once S i s  ze ro ,  of course ,  i t  i s  checked for  reloading a s  

d iscussed above. 

2.8 GLORAL STIFFNESS MATRIX 

The global s t i f fness  ma t r i x  i s  obtained by considering the equilibrium 

of each node, The p rocess  of assembl ing the global ma t r i x  i s  s tandard and 

basically a bookeeping operation, Here  we briefly outline the bas i s  f o r  the 

assembly  proceedure .  F igure  2A shows the beam element LB which connects 

the nodes i and j. The generalized fo r ce s  shown a r e  now considered 

GLORAL EQUILIBRIUM 

F igu re  2A 



As vec to rs  i n  the global sys tem.  The ~ n i n u s  sign i s  required a t  the i end 
i 

of the beam s ince  the e lements  of - R were  defined using the usual  beam 

theory sign convention. Equi l ibr ium of the i and j nodes in r a t e  f o r m  gives 

. i . ei 
R (LB) = -R - - 

j . e j  
-R (LB) = -R - - 

e i 
where  R - denotes the external  fo rce  acting on the ith node. We part i t ion the 

e lement  s t i f fness  m a t r i x  

r 

where  the e lements  SK a r e  6 x 6 ma t r i c e s .  Thus we have 

ln t r  oducing into (8 2) gives 

Considering equil ibrium of a l l  nodes i = 1, 2 . .  . N gives a syste111 of 

equation . G . G 
T K D  = - R  - - 



The global s t i ffness m a t r i x  TK h a s  dimension 6 * N  x 6.N. It may  be considered 

a s  consist ing of N x N e lements ,  each element being a 6 x 6 matr ix .  In this 

sense  we introduce the N x N m a t r i x  element mat r ix  

i n  which a l l  other e lements  a r e  zero.  F r o m  (85) i t  i s  c l ea r  that TK(LB) 

r e p r e s e n t s  the contribution of the LB beam clement to the sys tem of equations 

(86). Thus we have 

when M i s  the total  number of elements.  

2. 9 BOUNDARY CONDITIONS 

Our problem h a s  been reduced to the solution of the sys tem of equations 

(86) where the r ight  hand side r e p r e s e n t s  the inc rements  in  external  force  

applied to the s t ructure .  In genera l  this  r epresen t s  the known loading. In 

addition, however, boundary conditions m a y  be specified on the displacements 

such a s  a t  supports  or  imposed displacements of ce r t a in  nodes. Boundary 

conditions a r e  handled in  the p resen t  analys is  by contraction of the K matr ix .  

We let  TK represen t  the e lements  of the TK matr ix .  Then a n  a l ternate  
i j 

f o r m  for  express ing (86) i s  

We consider a displacement condition 

, G 

The corresponding external  general ized fo rce  ra te  R is now a n  unknown 
K 

constraint ,  Introducint (91) into (90) we have 



Equations (92)  have  the f o r m  

- 
w h e r e  TK i s  the  m a t r i x  obtained by el iminat ing the Kth row and 

-;C . G 
Kth column f r o m  TK,  D i s  the vec tor  obtained by el iminat ing D - K 

f r o m  D and the  N-1 e l e m e n t s  of R a r e  - - 

When the  reduced  s y s t e m  (94) i s  so lved ,  the un!ino\~ln cons t ra in t  

. G  
f o r c e  can  then  be  computed f r o m  (93) .  With th i s  t he  v e c t o r s  rJ and - 
. G 
R a r e  comple te ly  kno\vn f r o m  which a l l  o ther  va r i ab l e s  in  the p rob lem - 
can  b e  computed.  ( F o r  example ,  the  gene ra l i zed  f o r c e  r a t e  act ing on a 

b e a m  e l emen t  can  b e  computed f r o m  (84)) .  

2.10 SOLUTION PROCEDURE 

T h e  above ana lys i s  h a s  been  fo rmula t ed  in  t e r m s  of r a t e  equat ions 

a n d  r e p r e s e n t  a complex  s e t  of d i f fe ren t ia l  equat ions.  T o  so lve  the s y s t e m  

n u m e r i c a l l y  we m u s t  introclucc approximat ions .  Our f inal  s e t  of equat ions 

h a s  the  f o r m .  

T U  = f - - 
when the  r igh t  hand s ide  i s  known and T i s  a complicated impl ic i t  

funct ion of - U . W e  now approximate  U (and s i l n i l a r ly  f ) b y  - - 



Thus 

I n t r o d u c i n g  i n t o  (96 )  now g i v e s  

Thus  t h e  f o r w a r d  i n t e g r a t i o n  i s  a c t u a l l y  accomplishecl  by s p e c i f y i n g  

t h e  n e x t  i n c r e m e n t  i n  t h e  p r e s c r i b e d  v e c t o r  - f .  The c o r r e s p o n d i n g  

i n c r e m e n t  i n  - U is t h e n  o b t a i n e d  by s o l v i n g  e q u a t i o n s  (99)  u s i n g  

t h e  c u r r e n t  v a l u e  o f  t h e  m a t r i x  TK. With  AU - known t h e  i n c r e m e n t  

i n  a l l  v a r i a b l e s  c a n  be computed,  t h e  v a r i a b l e s  u p d a t e d  t o  time t K t l ,  

and t h e  m a t r i x  T  u p d a t e d  a f t e r  c a r r y i n g  o u t  t h e  c h e c k  p r o c e d u r e s  K 

o u t l i n e d  i n  s e c t i o n  2 . 7 .  The d e t a i l s  o f  t h e  n u m e r i c a l  c o m p u t a t i o n  

and t h e  c o r r e s p o n d i n g  compute r  program a r e  d i s c u s s e d  i n  t h e  User's 

Guide  c o n t a i n e d  i n  t h e  Appendix .  



CIZAPTER 3 

VERIFICATION O F  BEAM- COLUMN ELERIENT 

3.1 INTRODUCTION 

The computer  mode l  fo r  the beam-column with hinge m u s t  be 

ver i f ied  by compar ison with exper iment .  The speci f ic  c a s e  chosen i s  the 

s t a t i c  deflection of a thin-walled, canti levered beam,  A plas t ic  hinge will  

f o r m  a t  the root of the beam when tip loads become l a r g e .  Both quali tat ive 

and quanti tat ive compar isons  a r e  to be  m a d e .  The behavior of the hinge 

a t  l a r g e  deformation i s  of g r e a t e s t  i n t e r e s t .  

3 . 2  EXPERIMENTAL GOALS 

The exper iment  i s  intended to provide information not only to verify 

the c u r r e n t  element model ,  but a l s o  to s e r v e  a s  a s tandard  for  fu ture  theor ie s .  

It i s  hoped to provide a well-defined and s imple  experinlent .  

A beam-column i s  to be  subjected to loads  act ing initially in  axial  and 

in l a t e r a l  d i rec t ions  ( F i g u r e s  3 and 4 ) .  

(Before)  

(Af ter  ) 

F i g u r e  3 .  L a t e r a l  Loading 

(Before)  lP 

(Hinge)% 

(After )  

F igure  4 . Axial 1,oading 



C r i t e r i a  for  planning the t e s t  include: 

1) The loads a r e  to be applied in a m a n n e r  easy  to in te rp re t  in a global 

coordiilate s y s t e m ,  i. e . , the ver t ica l i ty  of the load m u s t  be maintained 

a t  v e r y  l a r g e  deflect ions.  

2)  The geometry  of the c r o s s  sect ion m u s t  be  maintained in the regions 

where  ex te rna l  f o r c e s  a c t - - a t  the tip and root .  This  provides r e p r o -  

ducible boundary conditions. 

3)  The l a r g e  deflection, p las t ic  flow region i s  of m o r e  i n t e r e s t  than the 

e l a s t i c  region.  

4 )  Displacements  m u s t  be control led s o  that ca tas t rophic  collapse does 

not  o c c u r  in softening port ions of the load-deflection cycle.  

BEAM SPECIMENS 

The t e s t  specimens  w e r e  integral ly mi l l ed  in p a i r s  f r o m  cold-rol led 

1018 s t e e l  b a r  ( F i g u r e  5 ) .  

F i g u r e  5 .  Two-Element Beam Specimen 

Two such specimens  (a total  of 4 b e a m  e l e m e n t s )  w e r e  tes ted  a t  the s a m e  

t ime  in o r d e r  to mainta in  sy.mmetry and ver t ica l i ty  of loading in the t e s t  

mach ine .  This  s a m e  type of specimen can b e  used fo r  both the dominantly 



axia l  and dominantly l a t e r a l  loadings.  

The beam c ro s s  section was an  open channel with nominal dimensions 

of h = l " ,  b = 1-1/2" and t = 0.100". 

Figure  6 .  Cross  -Section 

Average cross-sect ional  proper t ies  fo r  the l a t e r a l  t e s t  we re  h -; 0.998", 

b = 1.498" and t = 0. 102". F o r  the axia l  test ,  h = l . O O l l ' ,  b = 1. 502", 

and t = 0.101".  The specimens we re  accurately machined; the integral  

machining p rocess  i s  viewed a s  a success .  Each two-element beam 

specimen required 1 - 1 / 2  man  days to machine.  

Mater ia l  proper t ies  for  the 1018 s tee l  we re  found by a standard 

tensi le t e s t .  A 0. 5" d iameter  cylinder was tested with the use of a 

mechanical  extensometer of two inch gage length. The important  portiorl 

of the s t r e s s - s t r a i n  curve  i s  shown in Figure  7. Modulus of elasticity E 

6 is found to be 30. 35 x 10 ps i  and yield s t r e s s  based on . 002 permanent se t  

is 75 ,  000 ps i .  The s t ress - s t ra in  law can be approximated a s  e las t ic-  

perfectly plast ic ,  with a yield s t r e s s  of 78, 700 psi ;  this  characterizat ion 

wil l  be used in l a t e r  comparisons.  

3 .4  LOADING CONFIGURATIONS 

The specimens can be a r ranged  s o  that the loading is ei ther 

dominantly l a te ra l  o r  dominantly axia l .  It has  been historical ly difficult 

to maintain a rigid boundary a t  the root of a canti lever.  This was accom-  

plished by nlilling the specimens in pa i r s  with the root a t  the center  so  that 

symmet r i c  loading yields a z e ro  slope condition a t  the root .  Another, m o r e  





special ized,  r equ i rement  fo r  the p resen t  t e s t  i s  that the direct ion of loading 

remain  unchanged even to l a r g e  rotat ions of the spec imen .  This  i s  m o r e  

diff icul t  than one might  imagine,  but  can b e  sa t i s f ied  by using two p a i r s  of 

spec imens  in a m i r r o r  image  type of loading. 

F o r  l a t e r a l  loading, l inks w e r e  used to join the tips of the beams  

( F i g u r e  8) .  F o u r  hinges fo rmed  a s  l a r g e  deformation proceded.  The l inks 

F igure  8. L a t e r a l  Loading Geometry 

w e r e  m a d e  a s  s h o r t  a s  possible s o  that the 4 hinges a r e  forced to maintain 

the s a m e  angle.  This  approach was  successful  over  m o s t  of the t e s t  range.  

F o r  ax ia l  loading (Fig.  9 ) ,  the specimens  w e r e  coilstrained a t  both the root  and 

t ip  locat ion.  The cover plates a t  the center  enforced equality of hinge angles 

dur ing  the en t i r e  t e s t .  Ln o r d e r  to prevent  a ca tas t rophic  buckling typical 

of perfec t  spec imens ,  a n  imperfrtction 6 was  introduced.  The s m a l l  
0 

value of imperfect ion provided, bo = 0. 039", allowed a. m o r e  gradual  

col lapse under load.  

In each type of loading, the b e a m  elements  a c t  in pa ra l l e l  a s  well  

as in s e r i e s  to oppose the load.  The notation h a s  been chosen to yield F, P, 8, 

and p a s  the appropr ia te  quanti t ies  fo r  a s ingle e lement .  

A Tinius Olsen 120, 000 lb tensi le  t e s t  machine  was  used .  For each 

type of loading, spec ia l  f ix tures  had to he m a d e  to mount the a s sembly  and to 

prevent  s l ippage.  These  end f ix tures  introduced s o m e  unwanted flexibility 

into the s y s t e m  in each casc ,  but this had l i t t le  effect 011 the l a r g e  displacement 



Figure  9 . Axial Loading Geometry 

readings des i red .  (See resu l t s ) .  Loads were  read on the l a rge  dial  of 

the Olsen machine,  cal ibrated to within 1%. Displacenients of the machine's 

loading sur faces  and of the l a t e r a l  deflection of the bezrns we re  read with 

mechanical  dial  gages with l e a s t  count of 0 .001" .  Angular rotations a t  the 

center of each beam element we re  measu red  with a p ro t rac to r  with l e a s t  

count of 1 1 ~ ~ .  Accuracy of these angular  readings was approx in~a te ly  

;t 112' with e r r o r  due to para l lax  and difficult alignment a t  t imes .  

The t es t s  we re  displacement -controlled.  The loading surfaces  

we re  moved in increments  of displacement,  and then load,  l a t e r a l  d is  - 
placement,  axial  displacement and specimen angles were  read .  In the 

softening region of loading, a relaxation phenomenon occur red  ( s e e  Section 

3. 7 ) .  In a l l  load-deflect ion curves  presented,  tile loads a r e  for  long 

i. e , ,  the "stat ic" case .  This often mcant waiting 5 minutes before reading 

the load value. The Olsen machine was rigid enough that displacements 

did not c reep  to any extent. 



TEST RESULTS FOR - LATERAL 1-iOAD 

The resu l t s  given he r e  will in a l l  c a se s  be presented i n  t e r m s  of 

loads and deflections for a single beam element.  This means that sy s t em 

charac te r i s t i c s  such a s  st iffnesses acting in pa ra l l e l  o r  s e r i e s ,  must  be 

appropr ia te ly  accounted fo r .  In the l a t e r a l  loading c a s e ,  the loads applied 

to the sy s t em a r e  actually 2 F ,  and the displacernents read a r e  actually 2 6 ,  

but r esu l t s  a r e  always given in t e r m s  of F and 6. 

A s  ini t ial  reduction and plotting of data p rogressed ,  i t  became c l ea r  

that ce r ta in  other sys tem proper t i es ,  such a s  support  flexibilities , might 

at t imes  be removed before presenting data for  the element.  These 

cor rec t ions  a r e  sma l l  and important  only in the e las t ic  range.  They will 

be  discussed when they a r i s e .  

Load-deflection resu l t s  for  the l a t e r a l  load case  a r e  given in F igures  

10-12. The beam was a t  f i r s t  loaded in increments  of 50 lb (Figure  10. The 

st iffness of the specimen was found to be  1 ,083 l b / i n ,  a s  compared to a 

theoret ica l  value for a n  Eule r  beam of 1 ,450  lb / in .  The dilference i s  

at tr ibuted to flexibility in the integrally milled center  section of the speci -  

m e n  ba r  and to flexibility of suppor ts .  Yielding of the c ro s s  section 

occur red  between 250 and 300 l b ,  whereas  the theoretical  value for yield 

a t  the outer  f iber is  321 lb. The l imi t  load for the beam was 500 lb. This 

provides a n  exper imenta l  shape factor of approximately 1 . 8  in excellent 

agreement  with the theoret ica l  value of 1 .8  1. 

After ul t imate load has  been reached ,  the beam unloads a s  seen  in 

F igure  il.  Disregarding the s t range r ipple in the curve  between 2 and 4 

inches  of t ip  d isplacement ,  one can see  that the beam softens to approxi-  

mate ly  1 /2  i t s  ul t imate load ca r ry ing  capacity. It then becomes tnore  

r igid a t  ve ry  l a rge  deflections because the load i s  c a r r i e d  in axial  tension. 

The r ipple occurr ing in the softening portion of the curve  ha s  a 

ra t ional  explanation. It i s  kinematically poss ible ,  because of the way the 

beams a r e  linked together ,  to have one pair  of hinges operating a t  a  

different angle f rom the other pai r .  In a softening si tuation,  one pair  of 

hinges will f r eeze  while the other pair  opera tes .  This can bes t  be 









discussed in  t e r m s  of angular rotations in the next paragraphs .  One 

can propose ,  however,  that the dashed line in Figure  11 represen t s  the 

t r u e  curve  for a single beam.  The energy absorption should be approxi-  

mate ly  the s ame  regard less  of the order  of hinge rotat ion,  and so  the 

a r e a  under the solid and dashed lines should be equal. Also,  the slope 

of the dashed line should be  one half of that of the experimental  value 

when only half of the hinges were  operating in the experiment.  

Rotation of each beam was measured  a t  the center  of the span of 

the beam. In the e las t ic  region,  this  angle i s  not of much in te res t ,  but in  

the plast ic  region i t  i s  approximately the hinge angle,  This i s  part icularly 

t r ue  a t  low values of load where  the outboard portion of the beam became 

essential ly straight .  F igure  12 has the s a m e  general  character  a s  the plot 

of t ip  deflection except f o r  the softening range.  

It was found that the onset  of plastic hinge f 1 . o ~  was a t  7' of beam 

rotat ion.  The upper two hinges operated f i r s t ,  until their  rotations were  

27'. At this t ime ,  the sys tem was mildly distorted a s  in  Figure 13 a This 

apparently increased the load needed to operate  the upper hinges because 

of the favorable eccentrici ty shown in  Figure  14. At this point, the lower 

Figure  13. Upper Hinges Leading 

Figure  1 4 .  Ex t reme Position with Upper Hinges Leading 



two hinges s ta r t ed  to f l o ~ r  ancl the upper hinges f roze .  The lower beams  

rotated f rom 7' to 27' and a l l  was well again! The loads required to 

operate the lower hinges were  reduced somewhat, apparently due to 

adverse  eccentr ic i ty ,  a s  in Figure  15. 

Figure  15 ,  Lower Hinges "Catching Up" 

Details of the locus of the loading cycle a r e  shown in Figure  16. 

The mean  value shown i s  the suggested t r u e  curve for a single beam. 

The effect of this unusual loading cycle seemed confined to the region of 

7' to 27'. At higher ro ta t ions ,  a l l  four hinges acted a t  the same angles.  

I t  i s  fel t ,  the re fore ,  that the resul ts  a r e  ra the r  accura te  in  spite of this 

phenomenon. 

The flexibility of the integrally milled center  section can be 

accounted for in the data reduction. This flexibility in  the experiment 

causes  an apparent  reduction of l a te ra l  s t iffness of the beam specimen in  

the e las t ic  range.  Accounting for displacements and rotations a t  the root  

of the canti lever specimen,  one has  

6 
- 6 - 6 = 6 - ( 2 . 9 6 ~  10 t 6 8 . 0 5 ~  1 0  cos  0 )F  

t rue  exp 

This  correct ion yields a l a te ra l  stiffness for  the beam in  the e las t ic  region 

of 1 , 1 7 9  lb / in ,  a n  inc rease  of 10%. This s t i l l  fal ls  shor t  of the theoret ica l  

value of 1450 lb / in  and the remaining difference i s  due to support flexibility. 

These extraneous sources  of flexibility will not be  removed f rom the data 

because they a r e  not important  in the l a rge  deflection region. 





The hinge, which fori-11s approxinlately 3 / 4 "  f r o m  the roo t  of the b e a m ,  

i s  c h a r a c t e r i z e d  by l a r g e  d i s to r t i on  of the c r o s s  scc t ion .  The spec i inens  

have  been  a r r a n g e d  s o  tha t  the f r e e  edge of the channel  i s  in  c o m p r e s s i o n .  

At  the hinge, t hese  f r e e  edges  buckle outward a s  p l a s t i c  flow p r o g r e s s e s  

(F ig .  1 7 ) .  Detailed da t a  of the progr:?ssing c r o s s - s e c t i o n a l  d i s to r t i on  were  

not taken.  T h i s  g e o m e t r i c a l  effect  s e v e r e l y  weakens  the beam and i s  r e s p o n -  

s ib le  f o r  the m a r k e d  softening of the bean)  at l a r g e  def lec t ions .  

F ig .  17. P l a s t i c  Hinge i n  Thin-  Walled Channel 

3 . 6  T E S T  RESULTS FOR AXIAL LOAD -- 
The expe r imen ta l  quant i t ies  m e a s u r e d  i n  the ax ia l  loading c a s e  (F ig -  

u r e  9 )  w e r e  appl ied load P, l a t e r a l  d i sp l acemen t  8, axia l  d i sp l acemen t  13 

and b e a m  ro ta t ion  0 .  Again, no de ta i led  m e a s u r e m e n t s  of c r o s s - s e c t i o n a l  

changes  a t  thct hinge w e r e  m a d e .  

The  in i t ia l  ' b o w "  in  the spec imens ,  
60 J 

w a s  0. 039 ". T h i s  p e r m a ~ l c n t  

s e t  r e su l t ed  f r o m  the machin ing  p r o c e s s .  I t  w a s  s m a l l e r  than  d e s i r e d  but 

did prove  suff ic ient  to  r educe  the buckling load subs tan t ia l ly  f r o m  the p r e -  

dicted E u l e r  va lue  and m a d e  the buckling phenomena a  m o r e  g radua l  p r o c e s s .  

The  t e s t  w a s  c a r r i e d  out without incident .  F i g u r e s  1 8  and 1 9  show, a t  

d i f fe ren t  s c a l e s ,  the l oad -ax ia l  d i sp l acemen t  re la t ion .  The  a s s e m b l y  had 

s o m e  s l a c k  ini t ia l ly  unt i l  a l l  bol ts  w e r e  wel l  s ea t ed ,  and  then behaved e l a s -  

t i ca l ly  up to  9,  000 l b s .  The u l t imate  load of 9,  4 4 0  l b .  wil l  be r e f e r r e d  to a s  

the buckling load.  As  this load w a s  r eached ,  i nc reas ing ly  l a r g e  l a t e r a l  



d i sp l acemen t s  r e su l t ed ,  with s imul taneous  forn la t ion  of p l a s t i c  h inges .  It i s  

not possib1.e to t e l l  f r o m  the e x p e r i m e n t  alone what  p ropor t ion  of the softening 

exhibi ted by the s y s t e n l  n e a r  the buckling load  i s  due to  g e o m e t r i c a l  effects  

and what  p a r t  i s  due t o  m a t e r i a l  sof tening.  Both appa ren t ly  play a  ro l e .  The 

s y s t e m  shows softening c h a r a c t e r  a t  a l l  loads  above the buckling load .  

The  a x i a l  s t i f fness  of the sys te rn  i n  t h i s  l i n e a r l y  e l a s t i c  r ange  (bes t  

s e e n  in  F i g u r e  18)  w a s  387, 000 l b .  / in .  A sin;ple ca lcu la t ion  (neglect ing the 

s m a l l  e f fec t  of the bow on ax ia l  s t i f fnes s )  shows a n  expected spec in len t  s t i f f -  

n e s s  of833,,  000 lb.  / in.  Th i s  m e a n s  tha t  the end f ix tu re s ,  bo l t s ,  e t c . ,  w e r e  

r e spons ib l e  f o r  5 3  p e r c e n t  of the e l a s t i c  ax i a l  f lexibi l i ty ,  and ind ica tes  how 

diff icul t  i t  i s  t o  obtain a pe r f ec t ly  r ig id  ax i a l  suppor t .  If d e s i r e d ,  th i s  sup -  

p o r t  f lexibi l i ty  c a n  be r emoved  f r o m  the O m e a s u r e m e n t  by:  

6 = 6 
t r u e  m e a s u r e d  

- 1.382 x ~ O - ~ P  

w h e r e  8 i s  i n  inches  and P i s  i n  pounds. This  c o r r e c t i o n  wil l  be m a d e  l a t e r  

i n  compar ing  theo ry  and experimerl t  in  the e l a s t i c  r ange .  The c o r r e c t i o n  i s  

v e r y  s m a l l  and neve r  exceeds  0.013". 

L a t e r a l  d i sp l acemen t  i s  given i n  F i g u r e s  20 and 21. These  f i g u r e s  con-  

f i r m  the ax ia l  d i sp l acemen t  obse rva t ions  and indica te  the softening c h a r a c t e r  

of the s t r u c t u r e .  

The angle  of ro ta t ion  of the s p e c i m e n s  i s  s tud ied  i n  F i g u r e  2 2. Because  

of the cons t ra in ing  ef fec t  of the cove r  p l a t e s ,  a l l  f o u r  hinges ope ra t ed  a t  the 
0 

s a m e  angle,  - + 112'. The experi l r ient  w a s  t e rmina ted  a t  78 because  of 

m e c h a n i c a l  i n t e r f e rence .  Up to  this  angle  no hardening  of the s y s t e m  had 
0 

o c c u r r e d ;  however ,  t h i s  woulcl be expected n e a r  90 a s  the b e a m  coltunn 

f l a t t ens  aga ins t  loading s u r f a c e s .  

T h e  p r e s e n t  ax i a l  loading t e s t  c a n  be compared  wi th  the previous  l a t e r a l  
0 loading t e s t  a t  one point. When the hinge angle 0 i s  45 , the two c a s e s  hasre 

the s a m e  bending m o m e n t  a t  the roo t  and differ  only i n  the ax ia l  fo rce .  If the 

ax i a l  f o r c e  i s  s m a l l ,  then the loads  P requ i r ed  to  ro t a t e  the hinge should be 













Axial  T e s t  

F ig .  23. 

L a t e r a l  Test  

about  the s a m e .  F i g u r e  24 shows tha t  the loads  P and F a r e  equal  at a n  angle 
0 

of t+6' and the d i f fe rence  i n  P aizd F a t  115 i s  only 10 lb .  This  fu rn i shes  a  

r e m a r k a b l e  check  on the cons i s t ency  of load and angle m e a s u r e m e n t .  

3 . 7  LOAD RELAXATION DATA 

A l oad - re l axa t ion  pheiiomena w a s  found in  the softening r eg ion  of hinge 

ro ta t ion .  T h i s  w a s  noted in  both t e s t s ,  but da ta  w c r e  taken only f o r  the ax ia l  

l oad  c a s e  where  i t  s e e m e d  m o r e  s e v e r e .  As  a n  i n c r e m e n t  iil c o m p r e s s i v e  

ax ia l  d i sp l acemen t  was  m a d e ,  the load incrernentcd  to  a  nev: value.  F o r  sev-  

e r a l  m i n u t e s  t h e r e a f t e r ,  however ,  the load would c r e e p  do1sr11 to eve11 lo\ver 

va lues .  Th i s  r e l axa t ion  o c c u r r e d  wi th  no additions! axia l  d i sp lacenlen t  

(demonst ra t ing  the r igidi ty  of the t e s t  m a c h i n e )  and with z e r o  o r  'very  s l ight  

l a t e r a l  d i sp lacenien ts .  

F i g u r e  25 shows s e v e r a l  obse rva t ions .  A s t r a igh t - l i ne  re la t ionship  on 

s e m i - l o g  p a p e r  was  found fo r  a l l  e ight  c a s e s  m e a s u r e d .  Readings w e r e  tnken 

up  to  eight  m i n u t e s  a f t e r  the d i sp l acemen t  increment. The da t a  preser l ted 

r e p r e s e n t s  behavior  a t  m o d e r a t e  t i m e s  a f t e r  the inc re tnen t  in  a-uial d i sp l ace -  

m e n t  was m a d e .  V e r y  s h o r t  t i m e  da t a  w e r e  imposs ib l e  to r e c o r d  f r o m  dial  

gages  and would tend to  follow solne o ther  law.  Long t ime  da t a  would s u r e l y  

show the load level ing off because  of fixed end  d i sp l acemen t  (the p r o c e s s  can -  

not extend indefini te ly o r  negative loads  r e s u l t ) .  



The s lopes  of the l i nes  i n  F i g u r e  2 5  r e p r e s e n t  thc rap id i ty  of the relax- 

a t ion .  '1 h i s  >ioye depends  on the in i t ia l  l oad  on the colurl-III a t  the t i r  , the 

i n c r e m e n t  i n  ax i a l  d i sp lacer r~e i l t  w a s  m a d e .  A t  h igher  s t r e s s e s ,  the r e l a x a -  

t ion p r o c e e d s  m o r e  quickly.  F i g u r e  2 6  shon7s the dependence of the re1axa.- 

t ion on in i t ia l  load I-' F o r  loads  up t o  5, 500 l b . ,  t h i s  i s  of a s t r a igh t - l i ne  
0' 

c h a r a c t e r .  Combining r e s u l t s  of F i g u r e s  2 4  and  26 ,  one obtains  a n  e m p i r i -  

ca l ly  de r ived  equat ion  

P - Po = cons t .  - 0 . 0 1 7 2  P l o g ( t - t  ) 0 0 

~ v h e r e  P and t  a r e  the condit ions a t  the s t a r t  of the obse rva t ion ,  and w e r e  
0 0 

r e a d  a s  quickly a s  poss ib le  a f t e r  the d i sp l acemen t  i n c r e m e n t .  The cons tan t  

changes  f r o m  c a s e  to c a s e  and  i t s  dependence on P and t  a r e  not knowr?. 
0 0 

The ful l  s ign i f icance  of the load r e l axa t ion  i s  not appa ren t  a t  th i s  t i m e .  

I t  o c c u r s  a t  a  s low enoagh t ime s c a l e  to  affect  m e a s u r e m e n t s  v;hich a r e  n o r -  

m a l l y  co i l s idered  s t a t i c .  I t  i s  bel ieved tha t  the e x p e r i n ~ e n t a l i s t  n-just be  a w a r e  

of t h i s  phenomena  and ca re fu l ly  r e c o r d  the r a t e s  of loading when p las t ic  hinge 

f o r m a t i o n  i s  i n  p r o g r e s s .  Th i s  wil l  allow l a t e r  i n l e r p r e t a t i o r ~  of the p r o c e d u r e .  

3.8 COMPARISON OF BEAh4-COLUT\/iIu' - ELEMENT ThTITH EXPERIMENT - 

The  compute r  m o d e l  of the bea~r l -co lurnn  e l e m e n t  wil l  now be c o ~ n p a r e d  

wi th  the r e s u l t s  f r c n l  the l a t e r a l  and ax ia l  t e s t s .  In g e n e r a l ,  the r e s u l t s  

d e m o n s t r a t e  the val idi ty  of the p l a s t i c  hinge concept ,  but  sugges t  a  number  

of r e f i n e r n e ~ l t s  to  i n c o r p o r a t e  i n  a  second g r n e r a t i o n  s imula t ion .  

F i g u r e  2 7  shows a  c o m p a r i s o n  of computed r e s u l t s  with the l a t e r a l  t e s t .  

The lowes t  computed c u r v e  i s  based  on a yield s t r e s s  of 7 6 , 7 0 0  ps i ,  which 

w a s  de t e rmined  i n  the uniaxial  m a t e r i a l  t e s t .  The  nlodel  p red ic t s  e l a s t i c  

behavior  up  t o  381 l b s .  a t  which t i m e  a  hinge f o r n l s .  A s  d e f o r n ~ a t i o n  p r o c e e d s ,  

a g r a d u a l  hardening  o c c u r s  due t o  geoir ic tr ic  cllangcs in  configurat ion.  F o r  

l a r g e  de fo rma t ion  th i s  hardening  becomefi m a r k e d .  

Given  the l imi t a t ions  of the p l a s t i c  hinge concept ,  tlie a g r e e m e n t  i s  r e a -  

sonable .  There  a r e  tkvo consicle r a t i ons  i n  mak ing  the c o m p a r i s o n .  The f i r  s t  

i s  a n  inherel-it f ea tu re  of p l a s t i c  hinge tl leory; the hinge i s  e i t h e r  3pera t ive  

and fully p l a s t i c  o r  no p l a s t i c  deforrnat i . . r i  o c c u r s .  Thus ,  a p las t ic  hinge 









canrlot model  e l a s t i c - . p l a s t i c  behavior  at  a c ~ o s s  - s ec t ion .  In the 1-1lodc1, the 

conditioll f o r  hinge ope ra t ion  i s  based  on in i t ia l  yield.  Actual ly,  a g r e e -  

r l ~ e n t  with the e x p e r i m e n t  i s  exce l len t .  Thc hinge fo r ln s  at. the load f o r  which 

the  e x p e r i m e n t a l  r e s u l t  begins to  devia te  i ron !  l i nea r i t y .  The i n c r e a s e  in  

l oad  f r o m  2 7 5  l b s .  to  500 l b s .  i n  the t e s t  i s  due to e l a s t i c -p l a s  t ic  behavior  

of the c r o s s - s e c t i o n .  ( F o r  this  s ec t ion  the r a t i o  of u l t imate  m o m e n t  to  

m o m e n t  a t  in i t ia l  yield in pu re  be~ ld ing  c a n  be ca lcu la ted  a s  1. 81 and w a s  

m e a s u r e d  a s  1 .8 .  ) 

T o  account  f o r  th i s  e l a s t i c - p l a s t i c  effect ,  a n  inf lated yield s t r e s s  m a y  

be  employed  i n  the y ie ld  function. Th i s  i s  d e m o n s t r a t e d  by the second c o m -  

puted c u r v e  which  used  a  yield s t r e s s  of 90 ,  000  ps i .  This  de l ays  the f o r m a -  

t ion  of the hinge unt i l  a n  i n t e r m e d i a t e  load va lue  be tween ac tua l  in i t ia l  yield 

and ful l  p l a s t i c i t y  of the c r o s s - s e c t i o n .  

The  second cons ide ra t ion  i s  the m a r k e d  softening of the s t r u c t u r e  a f t e r  

t he  u l t ima te  load i s  r e a c h e d .  Th i s  softening i s  not p red ic t ed  by the moc'el. 

Th i s  r e s u l t  d e m o n s t r a t e s  the importance of l oca l  defor1natio:l of the c r o s s -  

s ec t ion  f o r  r e a l  s t r u c t u r e s .  In the e x p e r i m e n t ,  changes  in  c r o s s  - sec t ion  

shape  w e r e  v isua l ly  obse rvab le  a round the u l t imate  load .  Th i s  l oca l  d e f o r -  

m a t i o n  b e c a m e  inc reas ing ly  m a r k e d  a s  de fo rma t ion  procceclcd. I t  i s  c l e a r  

tha t  if e x a c t  de t a i l  of the f o r c e - d e f o r m a t i o n  c u r v e  i s  r equ i r ed  ove r  a b road  

r a n g e  of deformat ion ,  l oca l  deforn la t ion  ll lust  be taken  into account .  

Within p l a s t i c  hinge theo ry  t h e r e  i s  no r i g o r o u s  ana ly t ica l  rrlcthod to  

i n c o r p o r a t e  t h i s  effect .  I t  i s  w o r t h  noting, however ,  tha t  the theore t ica l  

yield s u r f a c e  c a n  be ~ n o d i f i c d  to  give a  v a r i e t y  of e f f ec t s .  Th i s  i s  i l l u s t r a t e d  

i n  F i g u r e  28  which aga in  shows the e x p c r i ~ n e f i t z l  c.urvc ancl t-cvo computed 

c u r v e s .  The  r e s u l t s  a r e  r a t h e r  d r a m a t i c ,  the nlodel rlow s h o ~ ~ ~ i n g  a  softening 

e f f ec t  v e r y  s i n ~ i l a r  to the t e s t .  Th i s  w a s  achieved by using, a  yield s t r e s s  t o  

in i t ia te  the hinge a t  the u l t imate  load and changing by a n  o r d e r  of 111agnitud.e 

one of the parar r le te rs  i n  the theo re t i ca l  yield function. The  hardening  i n  the 

second computed r e s u l t  w a s  achj.evec1 by r e tu rn ing  th i s  p a r a n l e t e r  to i t s  o r ig ina l  

value a t  an a r b i t r a r y  point  in  the computa t ion .  It m u s t  bc e ~ n p h a s i z e d  tha t  

t h e r e  i s  no r a t iona l  b a s i s  f o r  th i s  p r o c e d u r e .  Nevertl-ieless,  i t  i s  i n t e r e s t ing  



to  specu la t e  tha t  i t  nright be  poss ib le  t o  define a  "faill-ire func t ion"  which 

~ ~ l o ~ l d  i n c o r p o r a t e  i n  an  approx ima te  way both p l a s t i c  and l o c a l  cleformation 

e f fec ts .  This  poss ib i l i ty  m e r i t s  f u r t h e r  s tudy .  

The c o m p a r i s o n  f o r  the ax i a l  t e s t  i s  coinpl icated by the f ac t  tha t  the 

c u r r e n t  compu te r  model i s  l imi t ed  t o  s lope  imper fec t ions  8 g r e a t e r  than 
0 

. 02 r a d i a n s ,  The  expe r imen ta l  imper fec t ion  nras  . 003 r a d i a n s ,  vvrhicli i s  a:-! 

o r d e r  of :-nagnltnde l e s s  than  the s i n ~ u l a t e d  r e s u l t s .  The ap2roach used  rvill 

be t o  vie~s;  0 a s  a  p a r a m e t e r  and shosv f a m i l i e s  of c u r v e s .  
0 

R e s u l t s  f o r  ax i a l  load v s .  l a t e r a l  def lec t ion  a r e  shown i n  F i g u r e  29 .  

In the in i t i a l  e l a s t i c  r ange  the s lope  of the c u r v e  i s  t heo re t i ca l ly  i n v e r s e l y  

propor t io i la l  to  the in i t ia l  imper fec t ion .  Th i s  i s  ev ident  i n  the f igu re .  The 

e x p e r i m e n t a l  d a t a  have  not been  c o r r e c t e d  f o r  s u p p o r t  flexibility- because  

th i s  c o r r e c t i o n  i s  s m a l l  and i m p o r t a n t  only in  the e l a s t i c  r a n g e .  Behavior  

of expe r in l en t  and m o d e l  i n  the p l a s t i c  r ange  i s  v e r y  s i m i l a r  i n  c h a r a c t e r .  

The  mode l ,  of c o u r s e ,  d e m o n s t r a t e s  a  discont inui ty a s s o c i a t e d  with the off- 

on n a t u r e  of a p l a s t i c  hinge, w h e r e a s  the csper i lner l t  h a s  a g r a d u a l  t r ans i t i on  

due t o  e l a s t i c - p l a s t i c  ac t ion  of the c r o s s  - s ec t ion .  N e v e r t h e l e s s ,  the m o d e l  

a p p e a r s  to  adequate ly  p r e d i c t  the softening c h a r a c t e r  of the c o l u r n ~ l  i n  the 

p l a s t i c  rs.ngc. 

In F i g u r e  33 the r e s i l l t s  for ax i a l  load v s .  ax ia l  de.flec.tion a re  g iven ,  

F o r  a  pe r f ec t ly  s t r a i g h t  co lumn  the e l a s t i c  s lope of t h i s  c u r v e  sliould bc  the 

ax i a l  s t i f fnes s  of the rod .  Th i s  sl.ope, however ,  i s  a l s o  a f fec ted  by ini t ia l  

imper fec t ions  s ince  a x i a l  displacement i s  induced by bending a s  wel l  a s  con -  

t r a c t i o n  of the co lumn.  A s  the in i t ia l  in-lpcrfection tends  to z e r o ,  the s lope  

should a p p r o a c h  the ax ia l  s t i f f n e s s  of 832, 000 lb .  / in .  The e x p e r i m e n t a l  re--  

s u l t s  i n  t h i s  c a s e  have  been  c o r r e c t e d  to  th i s  va lue  of 832, 000 lb .  / i n . ,  

e l imina t ing  the f lex ib i l i ty  of suppor t s  (as vvcll a s  the v e r y  s ~ r l a l l  imper fec t ion )  

e n t i r e l y .  

In o the r  r e s p e c t s ,  F igusc  36 c o n f i r m s  ou r  conclus ions  f r o m  the p rev ious  

f igu re .  There  i s  a  marltcd r e  s e m b l a n c e  be t\veen the e x p e r i n ~ e n t a l  and  conlpu-  

ted na tu re  of the softening i n  the f o r c e - d e f o r m a t i o n  c u r v e .  Thus ,  we conclude 

tha t  the b a s i c  t heo ry  on which the mode l  i s  based  i s  adequate  f o r  r e p r e s e n t i n g  

f o r c e - d e f ~ r r ~ i a t i o r l  c u r v e s  in  the l a r g e  defol-matioil  pl.astic r a n g e .  











3 . 9  SUMMARY - 

The e x p e r i m e n t  provides  useful  da t a  fo r  cotl-iparing with the p l a s t i c  

hinge mode l .  The  s p e c i m e n s  w e r e  ca re fu l ly  m a d e  and t e s t ed  and excellent 

cons i s t ency  found a t  one coincident.al da t a  point. Support  f lexibi l i ty  e n t e r s  

into the r e s u l t s  in  a  s m a l l  way,  but i s  unders tood  ancl can  be comple te ly  

r emoved  if d e s i r e d .  F u t u r e ,  m o r e  advanced theo r i e s  can  a l s o  be c o m p a r e d  

wi th  thesf: t e s t s .  

The c u r r e n t  compu te r  niodel  f o r  the b e a m - c o l u m n  e len len t  checks  oilt 

w e l l  aga ins t  the expe r imen t .  S e v e r a l  a r e a s  of poss ib le  i n ~ p r o v e r n e n t  have 

been  noted f o r  fu tu re  deve lopment ,  



CE1APTL;:R 4 

QUALIFICATION STUDY 

4 . 1  INTRODUCTION 

The s p e c i f i c  component s e l e c t e d  f o r  t e s t i n g  t h e  t h r e e -  

d i m e n s i o n e l  l a r g e  deformat  i o n  e l a s t i c - p l s s t i c  f rame node1 was 

an autorr.ol)i le f rame deve loped  by CALSPAN CoTyoraZ;i.on, The  

r e s u l t s  of  a  P o l e  B a r r i e r  S t a t i c  Crush T'est using . t h i s  frame 

have been r e p o r t e d  by CALSPAK*. T h i s  c h a p t e r  c o n t a i n s  t h e  

f o l l o w i n g  i t e m s :  

1) A r e c o r d  of  t h e  e x p e r i e n c e  and c o n s i d e r a t i o n s  whicli 

a r o s e  i n  model ing t h e  t e s t  franje.  . ( S e c t i o n s  1 and 

2 ) .  For  t h i s  p u r p o s e ,  t h i s  e n t i y e  f rame was modeled.  

2 )  ?:urnerical s i m u l a t i o n  of t h e  c r u s h  t e s t  ( S e c t i o n  3 ) .  

Because of  t h e  n a t u r e  o f  t h e  c r u s h  test  and f o r  com- 

p u t a t  i o n a l  economy, a reducc;id v e r s i o n  of t i l e  f ra~;le 

model was used .  

3 )  Comparison of t h e  s i ~ u l a t e d  f o r c e - d e f l e c t i o n  c u r v e  

w i t h  t h e  e x p e r i m e n t a l  f o r c e - d e f l e c t i o n  c u r v e  ( S e c t i o n  

4 )  

4 .2  ---- SELECTION OF BIOIIEL FRAbIE IJAYOUT ---- --.-- 

D e t a i l s  r e g a r d i n g  t h e  a u t o m o b i l e  f rame were p r o v i d e d  by 

t h e  Con't.rac't Techi l ica l  L1a.nager i n  t h e  form of  b l u e p r i n t s ,  

c l e a r e r  c o p i e s  of  t h e  pho tog raphs  of  t h e  c r u s h  test t h a n  which 

appea red  in t h e  above-mentioned CALSPAN r e p o r t ,  and scme i n f o r -  

ma t ion  abou t  m a t e r i a l .  p r o p e r t i e s  o f  t h e  au tomob i l e  fi-ame r~~ember s .  

F i g u r e  31 shows a  r educed  copy of  one  s e t  of b l u e p r i n t s  

of t h e  p o r t i o n  of  t h e  f rame forll;ard of t h e  r e a r  torclue box.  

A second set  of  b l u e p r i n t s  v;as p r o v i d e d  which contai .ncd 

* P r o d u c t i o n  Feas ib i l i t y -Cra sh~vo r th ine s s  S t r u c t u r e ,  
F u l l  S i z e  Ca r s  (Phase I ) ,  Seven th  P r o g r e s s  Repor t  
C o n t r a c t  YO. DOT-IIS- 053-2-487 
P r o j e c t  h'o . Z1J-5177-V 
CALSPAE C o r p o r a t i o n  



Figure 3 1  

Reducctl copy of blueyr . i .n t s  of fraine t e s t ed  by CrILSPAN. 



more d e - t a i l s  regarcl.ing di .mensions,  c r o s s - s e c , t i o n a l  p r o p e r t i c s  

and rnater.i.al p r o p e r t i e s .  

F i g u r e  l a  of r e f e r e n c e  ( * )  shows how t h e  frltnle v~ss sup-  

p o r t e d  d u r i n g  t h e  s t a t i c  c r u s h  t e s t .  A c r o s s  bearn was welded 

t o  t h e  t e s t  fralile on i t s  s i d e  r a i l  j u s t  fo rward  of t h e  r e a r  

t o r q u e  box.  The c r o s s  beam, which i s  r i g i d l y  a t ta -ched  t o  -the 

l o a d i n g  f r ame ,  p r e v e n t e d  n o t i o n  o f  t h e  frc?nie a t  i t s  p o i n t s  of 

a t t a c l m e n t  . Consequen t ly ,  t h e  p o r t i o n  of t h e  f smie bphind 

t h i s  s u p p o r t  was never l oaded  and p l z y s  no p a r t  i n  the  ciode1.- 

i n g  d i scussec l  h e r e .  C o n s t r a i n t s  which cou ld  be  removed d u r i n g  

t h e  t e s t  were a l s o  a t t a c h e d  t o  t h e  f rame a t  t h e  f r o n t  wheel 

s u p p o r t s .  ~ i g u r e 3 2 o f  t h i s  d i s c u s s i o n  shows t h e  l o c a t i o n  of 

these  c o n s t r a i n t s  on t h e  b l u e p r i n t s  and a l s o  t h e  p o i n t  a t  which 

l o a d  was a p p l i e d  t o  t h e  t e s t  f rame by t h e  p o l e  b a r r i e r .  

The s i d e  view of t h e  t e s t  f rame i n  F i g u r e  31 shov;s a 

c h a n n e l  s e c t i o n  which i s  s e p a r a t e d  from t h e  f i r s t  c r o s s  member. 

I n  t h e  t e s t  f r ame ,  t h i s  s e p a r a t i o n  i s  p r o v i d e d  by a  p i e c e  of 

c r u s h a b l e  foam. The a p p a r e n t  p u r p o s e  of t h i s  foam-channel 

s e c t i o n  assembly i s  t o  model t h e  r e s p o n s e  o f  a  shock absorb--  

i n g  bumper i n  low speed  i m p a c t s .  T h i s  a s s e n ~ b l y  i s  ignored  i n  

t h e  model ing of  t h e  t e s t  f rame.  

S e l e c t i o n  of  t h e  riodal p o i n t s  v~as based  on an undcr-  

s t a n d i n g  of  t h e  d e f o ~ n i a t i o n  mechanism of  t h e  t e s t  f rame by a 

d e t a i l e d  s t u d y  of i t s  i n i t i a l  c o n f i g u r a t i o n  and pho tog raphs  

of  t h e  c r u s h  t e s t .  Nodal pc)j.nl;s were s e l e c t e d  f o r  orke o r  more 

of  t h e  f o l l o w i n g  r e a s o n s :  

1 )  A noda l  p o i n t  shou ld  be  p l a c e d  a t  t h e  i n t e r s e c t i o n  

of  s e v e ~ ~ a l  f  ~ a m e  neriibers . 
2 )  Nodal p o i n t s  axe  p l a c e d  a t  a  s u p p o r t  o r  l o a d i n g  

c o n s t r a i n t s ,  o r  p o i n t  of  f rame s y n n e t r y .  

3)  Nodes were p l a c e d  a t  p o i n t s  where i n t u i t i o n  and  

e v i d e n c e  p r o v i d e d  by pho tog raphs  s u g g e s t s  h i n g e s  

f ornl. 



Figure 3 2  

Location of constraints due to loading, synmstry and sup2ort. 



4 )  Cer ta in  p o r t i o n s  of t h e  t e s t  framc: have a  comp1i.- 

ca ted  shape which could only be approxiniated by 

a n  equ iva len t  beam s t r u c t u r e .  Nodal p o i n t s  were 

s e l e c t e d  with t h e  approximation i n  mind. 

The frame model c o n s i s t s  of 26 nodes and 34 beams. Figure  33 

shows t h e  l o c a t i o n  of t h e  nodes and t h e i r  numbers. Figure 34 

con ta ins  sn i somet r ic  view shoviing t h e  nodes artd '~.>cBL~\s o:f t h e  

i d e a l i z e d  frame. U11l.ess s p e c i f i e d  d i f  f e::en.tly . in  t k e  i'ollov!-. 

i n g  d i s cus s ion ,  a l l  nodes a r e  loca ted  on beam c e n t e r l i n e s .  

The reasons  f o r  s e l e c t i n g  each node is  a s  fo l lows :  

Hode Number Bases For Se l ec t i on  - 

1 This  i s  placed where t h e  a x i s  of syflmetry 

i n t e r s e c t s  t h e  f i r s t  c ro s s  nembe:r. 

These a r e  placed where t h e  f i r s t  c ro s s  mem- 

ber  i s  connected t o  frame ~aerilbcrs. Tlie f :irst 

c r o s s  rxember i s  tapered ,  being 6" deep a t  t h e  

c e n t e r l i n e  and 4" deep a t  t h e  o n t s i d e  r a i l .  

Nodes were placed 011 t h e  i n s i d e  s1ant:ed edge 

because i t  was f e l t  t h a t  t h e  response of t h e  

f r o n t  s t r u c t u r e  of t h e  frame iTb;ould bc s ens i -  

t i v e  t o  v a r i a t i o n s  i n  t h e  r e l a t i v e  o r i e n t a t i o n  

of frame members. 

Photographs incliczte t h e  formation of a plas--  

t i c  hinge a t  t h e  bend i n  t h e  frame nnember. 

The member begins t o  curve a t  t h i s  p o i n t .  

Photographs i n d i c a t e  a h i n g e  develops a t  t h i s  

l o c z t  i on .  

The frame member changes d i r e c t i o n .  Photographs 

i n d i c a t e  t h e  formation of a  h i n g e  a t  t h i s  

loca-t ion .  

Tv;o frame members i n t e r s e c t  a t  t h i s  l o c a t i o n .  



F i g u r e  3 3  

Locat ion of nodes and t:.hcil: nodal nuabers ,  





Node Number Bases  For  S e l c c  t i on  - 

8 T h r e e  f rame members i n t e r s e c t  a t  t h i s  1 -oca t ion .  

9 T h i s  i s  p l a c e d  where t h e  a x i s  o f  synmctry in-.  

t e r s e c t s  t h e  s econd  c r o s s  member. 

1 0 , 1 1 ) 1 2 ) 1 3  T h i s  p a r t  o f  t h e  frame i s  a  l a r g e  1ne.ta1 dorne 

w i t h  o p e n i n g s  i n  t h e  botton!. 11:s pu rpose  ap- 

pe81-s t o  b e  t o  s u p p o r t  t h e  f r o n t  s u s y ~ ~ ~ s i o n  

sys t em.  I t  h a s  no o b v i o u s  i d e a l i z a t i o n  a s  :>,n 

assembly  o f  beam e l e m e n t s .  Node 1 0  i s  p l a c e d  

a t  i t s  a p p a r e n t  c e n t e r  a s  i n d i c a t e d  by t h e  b l u e -  

p r i n t s .  T h i s  d e f i n e s  a  beam c o n n e c t i n g  nodes 

6 and 1 0  on t h e  o u t s i d e  p a r t  of t h e  f rame.  

Nodes 11 and 13 i n d i c a t e  where beam-l ike f r a ~ c e  

members a r e  a t t a c h e d  t o  t h e  ~ i ~ h e e l  s u p p o r t .  

Pho tog raphs  s u g g e s t  t h a t  t h i s  wheel s u p p o r t  

behaves  a s  i f  i t  were composed of  t r i a n g u l a r  

segments  10-11-12 and 10-12-13 s h a r i n g  a  b a s e  

c o n n e c t i n g  nodes 1 0  and 1 2 .  Dur ing  t h e  c r u s h  

t e s t ,  t h e s e  segments  r o t a t e  abou t  t h e  a x i s  

c o n n e c t i n g  nodes  10-1.2 s o t h n t  nodes  1 0  and 1 3  

approach  e a c h  o t h e r ,  Node 1 2  is  on t h e  l i n e  

c o n n e c t i n g  nodes 11 and 13. 

T h i s  node r e p r e s e n t s  t h e  p o i n t  of s u p p o r t  of 

t h e  f r o n t  p w t  o f  t h e  f rame d u r i n g  t h e  f i r s t  

p a r t  of  t h e  c r u s h  t e s t .  I t  is  p l a c e d  on t h e  

l i n e  c o n n e c t i n g  no?.es 1 0  and 13  a t  t h e  s2me 

h e i g h t  as  t h e  c e n t e r  l i n e  of  t h e  f i r s t  c r o s s  

member. 

15,16,1.7  Pho tog raphs  i n d i e s a t e  t h e  l a r g e  p o r t i o n  of t h e  

f r ame  i s  a l m o s t  r i g i d  and  t h a t  h i n g e s  form a t  

l o c a t i o r i  1 5  and 17 .  Node 16  i s  p l a c e d  where 

t h e  s h o r t  c r o s s  member is a t t a c h e d .  

Frame members i n t e r s e c t  a t  t h e s e  l o c a t i o n s .  



Node Number Bases  f o r  -. S e l e c t  i o n  - 

2 0 , 2 1 , 2 2  The pho tog raphs  i n d i c a t e  t h a t  h i n g e s  form a t  

t h e  e x t . r e n l i t i e s  of  t h e  f a i r e d  r e g i o n ,  a l le re  

nodes 20 and 21 a r e  l o c a t e d .  T h i s  r e g i o n  

appea red  t o  r o t a t e  r i g i d l y  which s u z g e s t e d  

p l a c i n g  node 22 on t h e  c r o s s  men:bcr a t  t h e  

end of  t h e  f a i r e d  region. 

The c r o s s  riieix'uer c h a r g e s  d i12cc t  :ioi!s a t  t h e s e  

p o i n t s .  

The a x i s  of  symmetry i n t e r s e c t s  t h e  c r o s s  mem- 

b e r  a t  t h i s  l o c a t i o n .  

T h i s  node v;as p l a c e d  a t  t h e  p o i n t  of s u p p o r t  

on t h i s  r e a r  p a r t  of  t h e  f r a m s .  

4 . 3  PREPARATION OF INPUT DATA 

a .  C o o r d i n a t e  -.- Sys tem 

The o r i g i n  is  l o c a t e d  d i r e c t l y  below node I on t h e  

l i n e  c les igna ted  on t h e  b l u e p r i n t s  a s  "Level  F l o o r  

Area . "  The o r i e n t a t i o n  of  t h c  c o o r d i n a t e  system can  

be s e e n  i n  F i g u r e  3 3 .  

b.  Nodal C o o r d i n a t e s  

The noda l  c o o r d i n a t e s  Tvere measured d i r e c t l y  from 

t h e  b l - u e p r i n t s  u s i n g  a  s c a l e  of 1 / 4 "  e q u a l s  I t '  . The 

c o o r d i n a t e s  a r e  g i v e n  i n  T a b l e  I .  

Beam Numbering ----- 

The beam numbers a r e  shown e n c i r c l e c l  i n  t h e  i s o r c e t r i c  

view of t h e  i d e a l i z e d  f rame i n  F i g u r e  3.1. The members 

of t h e  t e s t  f rame a l l  have r e c t a n g u l a r  t u b u l a r  c r o s s  

s e c t i o n s .  Only t h e  y i e l d  f u n c t i o n  and g r a d i e n t  f o r  

t h i - s  c r o s s  s e c t i o n  a r i s e s  i n  t h i s  model.  

Thus f o r  each  p a i r  o f  node numbers I and J, J > I ,  t h e  

beam i d e n t i f i c a t i o n  m a t r i x  I R L ? I ( I J )  ha s  e i t h e r  the 

value 0  if no beam colirlects t h e s e  nodes ,  o r  1. i f  a 

bexrn does connec t  t h e  noc!es. Table  XI shoms t h e  

elernen-Ls of t h i s  r:!at;r.j.:.; . 





BEAM-NODE RELATION MATRIX IELM (I, J) 

I = I,.. . ,NUMP-1; J = I ,  . . , , NUI.lP 

All entries for J = 1 + 6  to J = NUMP are zero. 



d .  Di rec t ion  Cosines --- of Beam Coordinste -- Frsnies 

For each beam, t h e  i and j ends coincide  wi th  t h e  

lower and higher nodal nienibers, respec-t ively . A t  

t = O  t h e  bean! f r a m e s  a t  t h e  i and j ends a r e  para l le l . .  

Hence, i t  i s  only necessary t o  spec i fy  t h e  b e ~ m  frame 

a t  t h e  i end. The beam franle x  z x i s  l i e s  along the  3 
l eng th  of the bexni direc.tec1 from the  l~:vc;;: - L O  th.9 

higher node ncr;lkei-. The beam f ~ ~ r n e  x a ~ r l  x 1 2 
u e s  

l i e  along t h e  p r i n c i p a l  d i r e c t i o n s  of t h e  cyoss  

s e c t i o n .  Since  a l l  beams have r e c t a n g u l a ~  tubu la r  

c ro s s  s e c t i o n s ,  t h e  bean1 f rmex l  and x2 axes a r e  easy 

t o  i den t i i ' g .  

From t h e  nod2.l coo rd ina t e s ,  t h e  beax leng th  and t h e  

u n i t  vec tor  d i r e c t e d  from t h e  l.ov;er t o  t h e  higher 

nodes number were computed. The conlponents of t h e  

u n i t  vec tor  represen t  t h e  d i r e c t i o n  c,osines of t h e  

bearn frame x a x i s  w i t h  respec t  t o  t h e  g loba l  sgsteii1. 3 
In o rder  t o  d e t c ~ n i n e  t h e  remaining d i r e c t i o n  cos ines ,  

t h e  beams iT;ere placed i n t o  t h r e e  c:j,tegories: 

1. t h e  bea,m frame axes a r e  p a r a l l e l  t o  t h e  glob21 

axes .  In  . th i s  ca se ,  d i r e c t i o n  cos ines  a r e  c?e'l;er-- 

mined by observa t ion .  

2. The team frame xg a x i s  l i e s  i n  one of t h e  coor- 

d i n a t e  p l anes .  I n  t h i s  cese ,  t h ?  beam frame axes 

a r e  obta ined by a  rota-ti.on about  one of t h e  g loba l  

axes .  A l l  of t h e  di rect . ion cos ines  a r e  knoivn from 

t h e  components of t h e  u n i t  vec tor  along t h e  beam 

frame x a x i s .  For exampl-e, f o r  beari 1 t h i s  u n i t  3 
vec tor  has component (0 ,99773 ,  -0.OGjS03, 0)  . The 

l o c a l  axes a r e  o r i en t ed  w i t h  respec t  t o  t h e  g loba l  

axes a s  shown i n  F i g u r e  35a.  The cl irect ion cos ine  

matr ix  f o r  beam 1 is 



F F F  
Figure 35.  a. Orientation of beam frane ax-.s (X1 fX2 , X 3  ) 

for beam 1 with res2ect to global axes 

b. Orientation of beam frame axes (xl F F F  ,X3 ) 

for a genera l  beam with res2ect to global asas 



3 .  The beam frame x axi .s  h a s  a  g e n e r a l  o r i e n t a t i o n  3 
w i t h  r e s p e c t  t o  t h e  g l o b a l  c o o r d i n a t e s .  Bec;iuse 

of  t h e  t e s t  f rame l a y o u t  and t h e  f a c t  t h a t  t h e  

frarne members a l l  have r e c t a n g u l a r  tubula r  c r o s s -  

s e c t i o n s ,  one p r i n c i p a l  d i r e c t i o n  of  t h e  c,ross- 

s e c t i o n  always l i e s  i n  t h e  g l o b a l  x -x p l a n e .  1 2  
T h i s  was s e l e c t e d  on t h e  beam fra-r,;e x a x i s .  The  2 
beam frame -. z.xi.s the?; l i e s  i n  t h e  pl.?,ne P o s ~ ? ~ e d  -' 1 
by t h e  globe].  and  beam frar ,~e x3 a x i s .  ( S e e  F i g u r e  

35b.) 

The components of t h e  u n i t  v e c t o r  i n  t h e  bean frame 

g i v e  t h e  d e s i r e d  d i r e c t i o n  c o s i n e s .  L e t t i n g  t h e  com- 

p o n e n t s  of  t h e  u n i t  v e c t o r  a long  t h e  x x2, xg a x e s  1 ' 
be,  r e s p e c t i v e l y  ( x  11' x 129 X13)' ( x ~ ~ ~ x ~ ~  '0)'  ( ~ 3 ~  

x x ) ,  t h e y  s a t i s f y  t h e  f o l l o w i n g  sys tem of 32' 33 
e q u a t i o n s  where ( x  x ) a r e  c o n s i d e r e d  g i v e n :  31' "32' 33 

The s o l u t i o n  of t h i s  system is 

These e q u a t i o n s  a r e  e a s i l y  programmed and t h e  res~~. l t s  

a re  ~;:ii,eii i l l  T a b l e  111. 



TABLE 111 

D I R E C T I O N  C O S I N E S  OF BEAN FRAMES 

WITH RESPECT TO TIIE GLOSAL E'RATbIE 

DCIK 



TABLE 111, c o n t i n u e d  



e .  Beam Sec t iona l  P r o p e r t i e s  --- 

The s e c t i o n a l  p r o p e r t i e s  which must be provided a r e  

t h e  base ,  h e i g h t ,  wa l l  t h i cknes s ,  a r e a ,  second 

moments of i n e r t i a ,  and po l a r  moment of i n e r t i a  of 

each r ec t angu la r  t u b u l a r  c ro s s - sec t i on .  The base ,  

he igh t  and wal l  t h i cknes s  could be read d i r e c t l y  o f f  

t h e  second s e t  of b l u e p r i n t s .  Sectiona, l  p r o p e r t j  e s  

were computed a s i n g  t h e  f oll.ov;ing express ions  f o r  

t h i s  wa.lled c ross -sec t  ion : 

The re la t i ion between t h e  p r i n c i p a l  axes of t h e  cross-  

s e c t i o n  and b and h i s  shorun i n  F igure  3 6 .  I n  pre2ar-  

ing  t h i s  inpu t  d a t a ,  i t  was necessary t o  o r i e n t  t h e  

p r i n c i p a l  axes  be fo re  l a b e l i n g  one of t h e  c ross -sec t ion  

dimensions a s  t h e  base .  Table IV shovs t h e  complete 

s e t  of s e c t  i o m l  p rope r t  i.es. 

b!any of t h e  t e s t  frame members have x e l l  def ined c ross -  

s e c t i o n s  which do not vary along t h e i r  l eng th .  I n  

accordance wi th  t h e  beam numbering i n  Figure  3.2 t h e s e  

a r e  beams 3 ,  4 ,  6 ,  9 ,  10 ,  11, 20, 2 4 ,  25, 26 ,  27, 28 ,  

32, 33,  34 .  Beams 1 and 2 form t h e  f i r s t  c r o s s  member. 

Since  t h i s  mcniber i s  tapered  i n  t h e  t e s t  frame, t h e  

r epo r t ed  depth  of t h e  c r o s s  s e c t i o n  is  t h e  mean be-. 

tween t h e  end va lues .  The same is  t r u e  f o r  bearns 5 

and 7 .  One end of beam 8 s t a r t s  from t h e  dome shaped 

wheel suppor t ,  whi le  t h e  o t h e r  ha l f  has a l eng th  of 

un i fo rm c ros s - sec t i on  s e c t i o n .  Sec t iona l  p r o p e r t i e s  

were chosen f o r  t h i s  uniform p o r t  ion .  



Ill = second area moment about X 1 axis 

= second area moment about xZF axis 

F i g u r e  36 ,  Definition of area second moments 



TABLE I V  

MATERIAL AND SECTIONAL PROPERTIES 



C O W  C J w w C V C J  C J C O C O  
~ ~ O O O r l d r i r l d O a O r i d d  4 

w w w w  
n n n a  



The p r o p e r t i e s  of  t h e  b a r s  forming  a s t r u c t u r e  t o  

approximate  t h e  b e h a v i o r  of t h e  wheel  s u p p o r t  were 

chosen  i n  acco rdance  w i t h  t h e  d i s c u s s i o n  i n  S e c t i o n  4 . 2 .  

Beams 13-14-18 form a  r i g i d  backbone abou t  which t h e  

t r i a n g l e s  formed by nodes 10-11-12 (beams 12-16-13) 

and nodes 10-12-13 (beams 17-18-19) c o u l d  f o l d .  

B a r s  1 4  and 18  were made r i g i d  s o  a s  t o  ho ld  f i x e d  

node 1 4 ,  where s t r o n g  e x t e r n a l  c o n s t r a i n t  i s  a p p l i e d .  

Beams 1 2  and 16  were  d e s i g n e d  t o  h ~ v e  h i g h  a x i a l  s t i f f -  

n e s s  b u t  lower  bending  r e s i s t a n c e  a s  compared t o  

beam 11. These beams were g i v e n  e q u a l  second a r e a  

moments whose v a l u e  i s  0.8 t h a t  o f  beam 11. S i m i l a r  

comments a p p l y  t o  beams 1 7  and 1 9 ,  whose second  a r e a  

moments were . 8  t h a t  o f  beam 20. 

Beams 21 ,  22 ,  23 and  29 ,  30 ,  31 model segments  of t h e  

t e s t  f rame which appea red  t o  b e  q u i t e  r i g i d .  T h e i r  

s e c t i o n a l  p r o p e r t i e s  were accorc l ing ly  chosen q u i t e  

l a r g e .  

f .  h l a t e r i a l  P r o p e r t i e s  

Except  f o r  beams 1 3 ,  14  and 18 a l l  b a r s  were a s s i g n e d  

t h e  same t e n s i l e  and s h e a r  modul i .  B a r s  1 3 ,  14 and 1 8  

were g i v e n  l a r g e r  modul i  i n  o r d e r  t o  i n c r e a s e  t h e i r  

s t i f f n e s s .  The f i r s t  c r o s s  member was s p e c i f i e d  a s  

Hot R o l l e d  4130 which h a s  a  y i e l d  stress of  a t  l e a s t  

50 ,000  p s i .  Beams 3  th rough  1 2 ,  1 5 ,  1 6 ,  1 7 ,  1 9 ,  20 ,  

28-28, and 32-34 a r e  made of  SAE 1020 s t e e l  vi i th  a  

y i e l d  s t r e s s  of a t  l e a s t  35 ,000  p s i .  The a c t u a l  y i e l d  

stress s p e c i f i e d  i n  t h e  i n p u t  d a t a  was h i g h e r  f o r  two 

r e a s o n s :  ( a )  t h e  y i e l d  stress was r e p o r t e d  t o  va ry  i n  

magni tude  th roughou t  t h e  t e s t  f rame ( b )  t h e  r a t i o  of 

t h e  f u l l y  p l a s t i c  moment t o  t h e  maximum e l a s t i c  

moment is  abou t  1 . 7 .  A s  i n d i c a t e d  i n  F i g u r e  3 7 ,  

h i g h e r  y i e l d  s t r e s s  r e s u l t s  i n  a  more r e a s o n a b l e  



Bending 

Moment 

CURVATURE 

Me . . . elastic limit moment 
Mp . . . fully plastic moment 
Mo . . . moment in elastic-perfectly 

plastic idealization 

Figure 37. Moment curvature relation for a rectangular 

cross-section, showing elastic--perfectly 

plastic idealization. 



e l a s t i c - p l a s t i c  moment-curvature r e l a t i o n .  Beams 13 ,  

1 4 ,  18 ,  2 1 ,  2 2 ,  23 and 29 ,  30,  31 were g iven h igher  

y i e l d  s t r e s s e s  i n  accordance w i t h  t h e i r  s p e c i a l  

f u n c t i o n s .  The m a t e r i a l  p r o p e r t i e s  a r e  l i s t e d  i n  

Table  I V .  

4.4 FORCE AND DISPLACEhlENT CONDITIONS 

I n  o r d e r  t o  c a r r y  ou t  t h e  numerical  s imu la t i on  of t h e  c rush  

t e s t ,  a number of r e a sons  l e d  t o  t h e  d e c i s i o n  t o  u se  a reduced 

frame.  I n  t h e  f i r s t  p a r t  of t h e  c rush  t e s t ,  t h e  frame was con- 

s t r a i n e d  a t  node 14 a s  \ire11 a s  node 26. Engineer ing i n t u i t i o n  

s u g g e s t s  t h a t  t h e  r e a r  p a r t  of t h e  frame c a r r i e s  r e l a t i v e l y  l i t t l e  

l oad  because of t h e  c o n s t r a i n t  a t  node 14.  Also ,  because of t h e  

s i z e  of t h e  problem and t h e  number of ma t r i x  assembly and p l a s t i c  

h inge  t e s t  and d e c i s i o n  o p e r a t i o n s ,  it was f e l t  t h a t  computer 

r u n s  would be f a i r l y  expensive .  Consequently,  i t  was decided 

t h a t  on ly  t h e  f i r s t  p a r t  of  t h e  c ru sh  t e s t  vould be modeled u s ing  

t h e  p o r t i o n  of t h e  frame model c o n s i s t i n g  of t h e  f i r s t  15  nodes 

and 19  beams. 

The fo l lowing  increments  i n  nodal displacement Aui, nodal  

r o t a t i o n  A B i  and nodal  f o r c e  AFi and nod.al moment A M i  were 

p r e s c r i b e d .  

Node 1 Aul = Aug = 0 , Au2 = A, t o  be p r e s c r i b e d  

A = 0 ,  A e ,  = As3 = 0  1 

Node 9 Aul = 0 AF1 = AF2 = 0  

AM1 = 0 A e 2  = A e 3  = 0 

Node 14 Aul = Au2 = Au3 = 0 

For a l l  o t h e r  nodes, AF = Ahl i  = 0 ,  i = 1 ,  2,  3 .  
i 



4.5 DISCUSSION OF COlIPUTED RESULTS 

A simulated force deflection curve was com2uted 

using the following displacement increments: 

for K = 1,2,3, Au2 = 0.002 

For these computations KMAX = 66. The above increments 

were non-dimensionalized by reference length ALR = 10.0. 

During the computation, all beams were assumed to undergo 

continuous loading. 

Figure 38 shows the force deflectioil curve for a crush 

of 4.64 inches. The curve consists of an initial loading range 

up to 2.634 inches, where a maximurn load of 32,453 pounds was 

reached, followed by a general softening range. 

Within the loading range, all the plastic hinges except 

one formed within the first 1.334 inches of crush. In this 

region of formation of plastic hinges, the force-deflection 

curve oscillates about a general loading trend. For deflections 

greater than 1.334 inches, when hinges have stopped forming, 

the curve shows a much smoother monotonic increase. The 

oscillatory behavior may be due to numerical inzccuracy due to 

the large step size, or it may be due to temporary softening 

caused by the forn~ation of various plastic hinges. That 

softening does occur in cer-tain structures undergoing large 

deformation elastic-plastic behavior was discussed in the 11th 

monthly report. In the absence of a detailed numerical error 

analysis, it is not clear how much of the oscillation of the 

curve can be attributed to numerical and how much to physical 

explanation. However, since the force-def lection curve is much 

smoother when no hinges form, it is reasonable to assume that 

some of the oscillation is due to softening caused by hinge 



DEFLECTION (Inches) 

Fig .  38 F o r c e  Vs .  Deflect ion of Node 1 
Along X Di rec t ion  

2 



formation. This explanation is further supported by the experi- 

mental results quoted in the 11th monthly report, which showed 

a hardening and softening oscillation which arose because 

plastic hinges did not occur simultaneously. 

In support of this 1att.er conclusion, note that during 

the first oscillation, from a deflection of 0.0322 inches to 

0.264 inches, beam 6 has formed hinges at both ends, that istat 

nodes 5 and 7. The location of this beam in the forestructure, 

as seen in Figure 391suggests that its weakening could lead to 

some softening. The second oscillation, from ,804 inches to 

. 8 1 4  inches, corresponds to formation of hinges in beams 4 and 

5 at node 4, and beam 1 at node 1. Again as seen in Figure 3 9 1  

this suggests local weakening. The last dip, from 1.202 inches 

to 1.334 inches, corresponds to hinges forming in beam 3 at 

node 5 and beams 2 and 3 at node 2. 

In the softening range, following the peak value at 

2.634 inches, the only hinge to form occurs at 3.139 inches 

when the force is 30,995 lbs. The force drops to 23,940 lbs. 

and then stays reasonably constant until it rises quickly and 

drops to 23,704 lbs. This last peak is probably due more to 

accumulated numerical error associated with large increment 

size than any stiffening of the structure. 

Figure 39  shows the distribution of plastic hinges after 

4.64 inches of crush. Only the forward part of the structure, 

which was involved in the computation, is shown. 

Figure 40 shows the computed force-deflection curve 

plotted on the same scale as the pole barrier static crush 

test data presented in the CALSPAN report. Photos of their 

test show the front bumper covered with foam and a channel 

section, which was not included in the model. Because of 

uncertainty as to how much force was required to crush the foam 

and channel, it was not clear how to choose the origin for 

plotting data. Projecting back on the steep part of the curve 

suggested choosing 2.5 inches as the origin. 



Figure 3 9 .  F i n a l  P l a s t i c  Hinge D i s t r i b u t . i o n  





The computed results agree reasonably well with the 

experimental results. There is a rapid rise in force, a 

peak value of force and subsequent softening. The slope of 

the initial rise is comparable with that of the test data. 

The peal: values have comparable magnitude (87,000 lbs. vs 

64,906), and occur at about the same deflection. The 

softening range in the computed results has about the same 

slope as in the test results, except for the oscillation, 

whose cause, as discussed above, is uncertain. 



A P P E N D I X  A 

USERS GUIDE 

A. 1 INPUT 11JFOFC.L?iTIOM 

The following discussion on the prepara.tion of input 

data is divided into ssveral subsections: 

A. Discussion of Preparation of Input Data 

B. List of Program Input Variables 

C. Layout and Format of Input Data 

D. An Example of Input Data 

E. Layout and Sample of Output 

The discussion in sectioil A defines many of the input 

variables which are listed in section B. The order of data 

discussed follows that in the table of input card contents 

in section C. 



A ---- Prepar:>.t  i o n  o f  - .  Inv11-t Dat,a .- 

Node 8u:nbering ---- (See  F i g u r e  

A f t e r  s e l e c t i n g  node $1, t h e  n e a r e s t  node i s  a s s i g n e d  

#2. The number of  a node i n c r e a s e s  w i t h  i t s  d i s t a n c e  f rom 

node # l ,  a s  shown i.n F i g u r e  43 .  The t o t a l  number of  nodes  

(mass p o i n t s )  i s  d e n o t e d  by K U J P .  

Beam Tunbe r ing  

Cons ide r  nodes  I and J ,  where J = I-tl ,  . . ., NUBIP. I f  

a beam c o n n e c t s  I  and J ,  i t  i s  a s s i g n e d  t h e  n e x t  beam 

number i n  s e q u e n c e .  I f  no beam c o n n e c t s  nodes  I and J ,  no 

beam number i s  a s s i g n e d .  I n  F i g u r e  43 , t h e  beam numbers 

a r e  c i r c l e d .  The t o t a l  number of beams i s  d e n o t e d  by NUB.  

B a s i c  I n p u t  P a r a m e t e r s  

The f i r s t  d a t a  c a r d  l is ts  t h e  number of nodes  o r  mass 

p o i n t s  N U b P ,  t h e  number o f  b e a m  NUB,  t h e  number of  time 

s t e p s  KI lAX,  p r i n t  o u t  s w i t c h  c o n t r o l  IPS and d i s s i p a t i o n  

s w i t c h  c o n t r o l  IDS. These  s w i t c h  c o n t r o l s  a r e  d e f i n e d  i n  

s e c t i o n  B .  

S p e c i f y i n g  t h e  Type of  Beam C r o s s - S e c t i o n  

The t y p e  o f  beam c r o s s - s e c t i o n  is  s p e c i f i e d  by a s s i g n i n g  

t o  e a c h  p a i r  o f  nodes  I and J an i n t e g e r ,  deno ted  by IELh l ( I , J ) ,  

as f o l lovrs  : 

IELlyl(I, J )  = 0 I f  no beam c o n n e c t s  nodes  I and J 

= 1 I f  t h e  beam c o n n e c t i n g  nodes  I 

and J h a s  c r o s s - s e c t i o n  t y p e  1 

= 2 I f  t h e  beam c o n n e c t i n g  nodes  I 

and J h a s  c r o s s - s e c t i o n  t y p e  2 

e t c .  

The program,  a s  c u r r e n t l y  w r i t t e n ,  a l l o w s  f o r  up t o  f o u r  

d i f f e r e n t  k i n d s  o f  c r o s s - s e c t i o n s .  Fo r  e a c h  t y p e  of c r o s s -  

s e c t i o n  t h e r e  a r e  s u b r o u ' t i n e s  f o r  c a l c u l a t i n g  t h e  c o r r e s p o n d i n g  



y i e l d  f u n c t i o n  and t h e  g r a d i e n t  of  t ,he  y i e l d  f u n c t i o n .  

A t  p r e s e n t ,  s u b r o u t i n e s  have been w r i t t e n  o n l y  f o r  

r e c t a n g u l a r  t u b u l a r  ( t y p e  1 )  and open c h a n n e l  ( t y p e  2 )  

c r o s s - s e c t i o n s .  

Re fe rence  Values  

The n e x t  c a r d  s p e c i f i e s  t h e  r e f e r e n c e  beam l e n g t h  ALR, 

r e f e r e n c e  beam d e p t h  D R ,  r e f e r e n c e  e l a s t i c  modulus E R ,  

r e f e r e n c e  second a r e a  moment A I R  and a l l o w a b l e  e r r o r  f o r  

l o g i c  t e s t  EPS. 

Beam S e c t i o n a l  and M a t e r i a l  P r o ~ e r t i e s  

For  e a c h  beam, t h e  f o l l o w i n g  m a t e r i a l  p r o p e r t i e s  a r e  

t o  b e  s p e c i f i e d :  e l a s t i c  t e n s i l e  modulus E ,  e l a s t i c  s h e a r  

modulus G ,  y i e l d  stress YF. 

1n a d d i t i o n  t o  t h e  beam l e n g t h  AL, t h e  r e q u i r e d  c r o s s -  

s e c t i o n a l  p r o p e r t i e s  a r e :  b a s e  B ,  h e i g h t  H ,  w a l l  t h i c k n e s s  T ,  

a r e a  A, p r i n c i p a l  second  a r e a  noments A 1 1  and AI2,  a r e a  

p o l a r  moment AJ, d i s t a n c e  from b a s e  o f  c r o s s - s e c t i o n  t o  

c e n t r o i d  Y l ,  d i s t a n c e  from c e n t r o i d  t o  t o p  of  c r o s s -  

s e c t i o n  Y2, and s t r e s s  c o n c e n t r a t i o n  f a c t o r  a t  b a s e  of  

f i l l e t  i n  c l o s e d  t u b u l a r  s e c t i o n  CF. 

The i n p u t  d a t a  assumes t h a t  t h e  beam h a s  e i t h e r  a  

r e c t a n g u l a r  o r  open c h a n n e l  s e c t i o n .  The d e f i n i t i o n  of  t h e  

B,  H ,  A 1 1  and A12 w i t h  r e s p e c t  t o  t h e  p r i n c i p a l  a x e s  of 

t h e s e  c r o s s - s e c t i o n s  i s  shown i n  F i g u r e  4 1  . I n  p a r t  C ,  

t h i s  data i s  designated s e t  A. 

D i r e c t i o n  Cos ines  

The d i r e c t i o n  c o s i n e s  w i t h  r e s p e c t  t o  a  g l o b a l  r e f e r e n c e  

sys t em o f  a  c o o r d i n a t e  f rame a t t a c h e d  t o  a  beam i n  i t s  

o r i g i n a l  o r i e n t a t i o n  must b e  s p e c i f i e d .  The Xg a x i s  o f  t h e  

a t t a c h e d  f rame i s  d i r e c t e d  a l o n g  t h e  beam from t h e  e n d  w i t h  

t h e  l o w e s t  number node t o  t h e  end  w i t h  t h e  h i g h e s t  number 

node.  The X and X2 a x e s  of  t h e  a t t a c h e d  f rame c o i n c i d e  1 
w i t h  t h e  p r i n c i p a l  a x e s  of t h e  beam c r o s s - s e c t i o n  (shown i n  



F 
I11 

second area moment about X 1 axis 

I22 second area moment about S 2 ' axis 

F i g u r e  41. Relation of beam frame axes to cross- 

sectional dimensions for rectangular 

tubular and open channel cross-sections 



i end 

i end 

Figure 4 2 .  Beain frame axzs r e l a t e d  t o  c ross -sec t ion  

p r i n c i p a l  d i r e c t i o n s  



F i g u r e  4 2  s o  a s  t o  form a r i g h t  handed c o o r d i n a t e  systern.  

The d i r e c t i o n  c o s i n e s  a r e  d e n o t e d  by DClK(LB,I , J )  which 

g i v e s  t h e  a n g l e  between t h e  I a x i s  o f  t h e  l o c a l  a t t a c h e d  

c o o r d i n a t e  f rame and t h e  J a x i s  of  t h e  g l o b a l  f rame f o r  

beam number LB. 

I n  p a r t  C ,  t h i s  s e t  of  d a t a  is  d e s i g n a t e d  se t  B .  

I n i t i a l  C o o r d i n a t e s  of Nodes 

The i n i t i a l  c o o r d i n a t e s  and a n g l e s  of  t h e  n a s s  f r a m e s ,  

which a r e  a t t a c h e d  t o  t h e  n o d e s , w i t h  r e s p e c t  t o  t h e  g l o b a l  

r e f e r e n c e  sys t em must b e  s p e c i f i e d .  These  a r e  deno ted  by 

DISK(LhP, I ) ,  where  LXP is  t h e  mass p o i n t  number. 

where B I  i s  t h e  i n i t i a l  a n g l e  of  t h e  l o c a l  f r ame  a x e s  w i t h  

r e s p e c t  t o  t h e  g l o b a l  f rame axes .  

I n  p a r t  C ,  t h i s  set of  d a t a  is d e s i g n a t e d  se t  C .  

Nod-a1 Displacement  and F o r c e  Inc remen t s  

The i n c r e m e n t s  i n  t h e  g e n e r a l i z e d  d i s p l a c e m e n t s  of  t h e  

nodes  form t h e  components of t h e  v e c t o r  deno ted  by DU(I), 

I = l , . . . ,  G*NUhlP. The LbPth group  of s i x  components 

c o r r e s p o n d  t o  mass p o i n t  1,IIP. I n  e a c h  group  of s i x ,  t h e  

f i r s t  t h r e e  components r e p r e s e n t  t h e  components of  t h e  

d i s p l a c e m e n t  i nc remen t  v e c t o r  of mass p o i n t  LRIP. The second 

t h r e e  components r e p r e s e n t  t h e  components of  t h e  r o t a t i o n  

inc remen t  v e c t o r  of mass p o i n t  LIIP. 

The i n c r e m e n t s  i n  t h e  g e n e r a l i z e d  f o r c e s  o f  t h e  nodes  

form t h e  components of  t h e  v e c t o r  deno ted  by D R ( I ) , I  = 1, ..., 
6*NUkIP. The LblPth g roup  of s i x  components c o r r e s p o n d  t o  

mass p o i n t  LhfP. I n  e a c h  group of  s i x ,  t h e  f i r s t  three  

components r e p r e s e n t  t h e  components o f  t h e  f o r c e  inc remen t  

v e c t o r  o f  mass p o i n t  LhIP. The second t h r e e  components 

r e p r e s e n t  t h e  components of  t h e  moment i nc remen t  v e c t o r  of  

mass p o i n t  LKP. 



A t ,  e a c h  mass p o i n t ,  e i t h e r  a d i s p l a c e m e n t  i nc remen t  

component o r  t h e  c o r r e s p o n d i n g  f o r c e  inc remen t  component 

is  known. A l so ,  e i t h e r  a r o t a t i o n  inc remen t  component o r  

a  mori!ent i nc remen t  component i s  known. However, i n p u t  d a t a  

r e q u i r e s  a va lue  f o r  e a c h  d i s p l a c e m e n t  and  r o t a t i o n  i n c r e -  

ment.  I f  a  d i s p l a c e m e n t  o r  r o t a t i o n  inc remen t  is  unknoivn, 

i t s  v a l u e  is  s p e c i f i e d  a s  100 .  I f  a  f o r c e  o r  moment 

increment  is  unknov~n, i t s  v a l u e  can  b e  s p e c i f i e d  a r b i t r a y i l y .  

R o t a t i o n  i n c r e m e n t s  a r e  s p e c i f i e d  i n  r a d i a n s ,  d i s p l a c e -  

ment i n c r e m e n t s  a r e  non-d imens iona l i zed  by t h e  r e f e r e n c e  

l e n g t h  ALR, f o r c e s  a r e  non-d imens iona l i zed  by t h e  e x p r e s s i o n  
2 (ER)(AIR)/(ALR) and  moments a r e  non-d imens iona l i zed  b y  

t h e  e x p r e s s i o n  (ER)(AIR)/ALR, 

Nodal f o r c e  and d i s p l a c e m e n t  i n c r e m e n t s  a r e  n o t  

s p e c i f i e d  by p r e p a r i n g  i n p u t  d a t a  c a r d s  as  is t h e  above 

d a t a .  Because of  t h e  l a r g e  number of i n c r e m e n t s  and 

n o d a l  c o n d i t i o n s ,  i t  is u s u a l l y  e a s i e r  and more e f f i c i e n t  

t o  s p e c i f y  t h e s e  by means of an inc remen t  program. A 

d i f f e r e n t  program is neces saxy  f o r  e a c h  problem and set  

of  i nc remen t  c o n d i t i o n s .  A sample inc remen t  program i s  

p r e s e n t e d  i n  S e c t i o n  D .  



B. LIST OF PROGRAh! INPUT - VARIABLES 

A . . . . . . . . . . . . . . .  beam a rea  

A I R  . . . . . . . . . . . .  re fe rence  moment of i n e r t i a  

ALR . . . . . . . . . . . .  re fe rence  beam length  

. . . . . . . . . . . . .  A J  beam po la r  moment of  i n e r t i a  

A11 . . . . . . . . . . . .  beam moment of i n e r t i a  about 1st princip2.1 a x i s  

A12 . . . . . . . . . . . .  beam moment of i n e r t i a  about 2nd p r i n c i p a l  a x i s  

AL . . . . . . . . . . . . .  beam leng th  

B . . . . . . . . . . . . . .  beam cross -sec t ion  width dimension 

CF . . . . . . . . . . . . .  beam cross -sec t ion  t o r s i o n a l  s t r e s s  concentra-  

t i o n  f a c t o r  

. . .  DClK(LB,I,J) d i r e c t i o n  cos ine  matr ix  f o r  t h e  i n i t i a l  configu- 

r a t i o n  of bearn member LR 

(LB = 1 , . . . , N U B ;  I = 1 , 2 , 3 ;  J = 1 , 2 , 3 )  



DISK(L?IIP, I )  . . . .  I n i t i a l  c o o r d i n a t e s  of mass p o i n t  LUG 

'1 . . i n i t i a l  a n g l e  of mass frame axes  w i t h  

g l o b a l  frame axes  

. . . . . . . . . . . . .  DR r e f e r e n c e  beam deptii  

.... DR(1) . . . . . . . . . .  nodal  g e n e r a l i z e d  f o r c e  increment  v e c t o r  ( I  = 1, 

G*F?UhIP) The LXIPth group of s i x  components 

correspond t o  mass p o i n t  LhP.  I n  each group of 

s i x ,  t h e  f i r s t  t h r e e  components a r e  t h o s e  of 

t h e  f o r c e  increment  v e c t o r  of mass p o i n t  LMP. 

The second t h r e e  components a r e  t h o s e  of t h e  

moment increment  v e c t o r  of mass p o i n t  LIJP. 

. . . . . . . . . . .  DU(I) Nodal g e n e r a l i z e d  d isplacement  increment  

v e c t o r  ( I  = 1, . . .  , 6*NU!,lP). The LMPth group 

of s i x  components correspond t o  mass p o i n t  LXP. 

In  each group of s i x ,  t h e  f i r s t  t h r e e  components 

a r e  t h o s e  of t h e  d isplacement  increment  v e c t o r  

of mass p o i n t  LNP. The second t h r e e  comporlents 

are t h o s e  of t h e  r o t a t i o n  increment  v e c t o r  

of mass p o i n t  LXIP. 

E . . . . . . . . . . . . . .  beam m a t e r i a l  e l a s t i c  modulus 

EPS . . . . . . . . . . . .  a l l o w a b l e  e r r o r  f o r  l o g i c  t e s t  

ER . . . . . . . . . . . . .  r e f e l h e n c e  e l a s t i c  modulus 

G . . . . . . . . . . . . . .  beam m a t e r i a l  s h e a r  modulus 

H . . . . . . . . . . . . . .  beam c r o s s - s e c t i o n  h e i g h t  dimension 



IDS dissipation switch control 

IDS = 0 no unloading at a negative 
dissipation increment 

IDS = 1 if the dissipation increment is 
negative, the progran allows 
unloading 

IELM(I,J) ....... type of beam relation betveen nods I and node J 
(I = 1,. .. , N U ? I P - l ;  J = I-t-1,. .. ,NU:IP) 

IELM(1,J) = 0 if no bean connects I Ei J 

= L if beam connzzting I & J has 
cross-section type L 

IPS . . . . . . . . . . . . . . p  rint out switch control 

IPS = 0 standard print out 

1 print out yield function at each beam end 

2 full. optional output 

K I U X  ............ maximum number of time steps 
NUB ............ number of Seams 
PJUTilP ........... number of mass points 
T .............. beam b r a 1 1  thickness 

Y1 ............. distance from bottom of beam cross-section 
to centroid 

Y2 ............. distance fron top of beam cross-section to 
centroid 

YF ............. yield stress for beam material 







D. EXAMPLE OF INPUT DATA 

A sirnple example has been selected to illustrate the prepara- 

tion of input data. 

The initial configuration of a structure is defined as shown 

in Figure 43. 

Figure 43. Four bar example frame 

The structure is planar and consists of four node points, 

numbered as shown, connected by four beams, whose numbers are 

encircled. Node point 4 is fixed for all time. The prescribed 

conditions at node point 1 are: 

a. displacement increments in the X2 direction are known 

b. there is no external force in the X1 and X 3  directions 

c. there is no external moment 



At nodes 2 and 3 there are no external forces or moments. At 

node 4, the mass point is fixed. 

All four beams have the same dimensions. These are: 2" 

square cross-section tube with wall thickness of 0.25 inches, 

lengths are 12 inches. Beams 1 and 2 have the same material, 

with proper ties 

6 E = 30x10 psi 

6 G = 12x10 psi 

YF = 60,OOOpsi 

Beams 3 and 4 have the same material, with properties 

6 E = 20x10 psi 

Y~ = 45,OOOpsi 

The input data is given in the order shown in section C. 

The displacement incremants have been non-dimensionalized 
r1' using reference 1ength.ALR = 12 inch2s. lile increnent program 

for this example is given at the end of the input data. 



NUDIP= 4  NUB=$ K L A X =  2  0  

IELPI ( 1 , 2 )  =1 IELM ( 1 , 3 )  =1 IELM ( 1 , 4 )  =0 

I E L T 4 ( 2 , 3 )  -0 IELM ( 2 , 4 )  =1 

L E L M ( 3 , 4 ) = 1  

E = 3 0 X 1 0  G=12X10  
6 AJ=l A I 1 = 1  A I 2 = 1  A = l  AL=12 

B=2 i BEAM 

H=2 T = 0 . 2 5  Y l = l  Y 2 = 1  C F = 1  Y F = 6 0 , 0 0 0  1 

E = 3 0 X 1 0  G=12X10  A J = 1  A I 1 = 1  A I 2 = 1  A = l  AL=12 BEAM 6 

H=2 T = 0 . 2 5  Y l = l  Y 2 = 1  C F = 1  Y F = 6 0 , 0 0 0  B=2 1 2  

E = 2 0 X 1 0  G=12XlO A J = 1  AII=~ A I 2 = 1  A = l  AL=12 B = 2 I  BEAM 6 

E - 2 0 x 1 0  G=12X10 AJ=1  A 1 1 2 1  A I 2 = 1  A = l  AL=12 BEAM 

H = 2  T=C. 2 5  Y l = 1  Y2-1 C P = 1  Y F = 4 5 , 0 0 0  



DU (I) , DU ( J )  ARE THE SMIE FOR EACH TIME STEP. 



a C -  V, 
u, V l v c t z  C 
t z i ' v v u  z 

c c - -  w 
z? - - C - t V .  I: 
C C C < < e  LL. 
c e h r ~ ~ ~ c t - a ~ o ~ ~ r ~ . * r a  G ~ C C  c - 0 C O P C C F C C . e - + d r . - C C W W M  4 
x C O C C C O C C O O C C C C C C Q  4 C M  C 
U O O C G C O C C C C 0 0 ~ O C  UJ V? 



E. LAYOU'T AND SAMPLE OF OUTPUT -- - 

The program o u t p u t  c o n s i s t s  of a  s t a n d a r d  o u t p u t  and two 

o p t i o n a l  o u t p u t s ,  The s tand-ard  o u t p u t  l i s t s  f o r c e s ,  n o x e n t s  

and d i s p l a c e m e n t s  f o r  beams and masses  ~ r i t h  r e s p e c t  t o  t h e  

g l o b a l  r e f e r e n c e  sys tem.  The f i r s t  o p t i o n a l  o u t p u t  l i s t s  t h e  

y i e l d  f u n c t i o n  v a l u e s  a t  t h e  bean  ends .  The second  o p t i o n a l  

o u t p u t  a l s o  l i s t s  t h e  f o r c e s  and mornents a t  t h e  beam ends 

r e l a t i v e  t o  t h e  l o c a l  bean  r e f e r e n c e  f r ames .  

The c h o i c e  of  o u t p u t  i s  s e l e c t e d  a t  i n p u t  by t h e  p r i n t  o u t  

s w i t c h  c o n t r o l :  

I P S  = 0 s t a n d a r d  p r i n t  o u t  

1 s t a n d a r d  p r i n t  o u t  p l u s  y i e l d  
f u n c t i o n  v a l u e s  a t  beam ends  

2 s t a n d a r d  p r i n t  o u t ,  y i e l d  
f u n c t i o n  v a l u e s  and l o c a l  
f o r c e s  and moments 

Samples o f  t h e s e  o u t 2 u t s  a r e  shown a t  t h e  end of t h e  

f o l l o w i n g  d i s c u s s i o n .  

S t a n d a r d  Ou tpu t  

The f i r s t  l i n e  g i v e s  t h e  s t e p  number K and t h e  minimum 

v a l u e  SCFA o f  a l l  l o a d i n g  s c a l e  f a c t o r s  i n  t h i s  s t e p ,  

The o u t p u t  c o n s i s t s  o f  two s u b s e t s ,  t h e  f i r s t  p r o v i d i n g  

i n f o r m a t i o n  a b o u t  t h e  masses  and t h e  second  p r o v i d i n g  in forma-  

t i o n  a b o u t  t h e  beams. I11 t h e  f i r s t  l i n e  of t h e  f i r s t  o u t p u t  

s u b s e t ,  l a b e l l e d  FORCE, columns 1-3 c o n t a i n  g l o b a l  f o r c e  

components F F and columns 4-6 c o n t a i n  g l o b a l  moment 1' F2' 3 
components M M2, M j .  I n  t h e  second  l i n e ,  l a b e l - l e d  COORD, 

1' 
c o l u n n s  1-3 g i v e  t h e  new c o o r d i n a t e s  and columns 4-6 g i v e  

t h e  accumula ted  r o t a t i o n .  

I n  t h e  second  se t  o f  o u t p u t ,  columns 1-3 g i v e  t h e  g l o b a l  

f o r c e  conponen t s  F F2. F 3 a n d  columns 4-6 g i v e  t h e  g l o b a l  1' 
moment components PT1, 112 , M3 o f  t h e  beam a t  t h e  mass number 



stated on that line. Each line also contains the switch 

setting 517, the loading scale factor SCFP anc! thn accuinulated 

dissipatioil. 

First Optional Output (IPS = 1) 

Lines are labelled YE' I J. The first number gives the 

yield function value at thz mass I end of the beam connecting 

masses I an2 J and the second nurnbcr gives the yisld function 

value at the mass J end. 

Second Optional Output ( I P S  = 2) 

The explanation for lines labelled YP I J was given above. 

In lines labelled LF @ IJ, the first six colunns correspond to 

the local beam frame at end I and the second six columns 

correspond to the local beam frame at end J. The first three 

columns of each set of six give the local force and the 

second three columns give the local monent. 
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The discussion concerning t h ~  program is divided ink0 

several subsections 

A. List of Major Progran Variables 

B. List of Subroutines and Switches 

C. Flov Diagrams 

(i) ?lain Flow Diagram 

(ii) Assembling Global Stiffness 1.latri.x 

(iii) Solving for Unknown Nodal Force and 
Displacenent Coxponents 



A .  L i s t  of Major Program V a r i a b l e s  

A l l  e q u a t i o n  numbers r e f e r  t o  Chap te r  2 ,  A n a l y s i s  

Program 
L i s t i n g  A n a l y s i s  
N o t a t i o n  N o t a t i o n  

- 

AJF ( I ,  J) 

DISK (1) 

DISKP1 ( I )  

DISSK (LB, I )  

D e s c r i p t i o n  

m a t r i x  i n  q u a t i o n  ( 4 2 )  
I = 1 , 2 , 3 ;  J = 1 , 2 , 3  

d i r e c t i o n  c o s i n e  m a t r i x  a t  end l ( i )  
of  beam LB a t  end of s t e p  K .  
LB = 1 ; - , N U B ;  I = 1 , 2 , 3 ;  J - 1 , 2 , 3  

d i r e c t i o n  c o s i n e  m a t r i x  a t  end 1 
of  beam LB a t  end o f  s t e p  K t l .  
LB = l , . . . , N U B ;  I = 1 , 2 , 3 ;  J = 1 , 2 , 3  

d i r e c t i o n  c o s i n e  m a t r i x  d t  end 2 ( j )  
of beam LB a t  end of s t e p  K .  
LB = l , . . , , N U B ;  I = 1 , 2 , 3 ;  J = 1 , 2 , 3  

d i r e c t i o n  c o s i n e  m a t r i x  a t  end 2 
o f  beam LB a t  end of s t e p  K t l .  
LB = 1 ,..., TJUB; I = 1 , 2 , 3 ,  J = 1 , 2 , 3  

accumula ted  p l a s t i c  ene rgy  d i s s i p a -  
t i o n  a t  beam LB, end I a t  end  o f  
s t e p  K .  
LB = 1, ..., NUB; I = 1 , 2  

l o c a t i o n  and o r i e n t a t i o n  o f  mass 
p o i n t  LlrlP i n  g l o b a l  sys tem a t  end  
o f  s t e p  K .  
I = 1, . . . ,6J;NU.P-IP 

l o c a t i o n  and o r i e n t a t i o n  of  mass 
p o i n t  LMP i n  g l o b a l  sys tem a t  end 
of s t e p  K t l .  
I = 1,..,,6*NU.nlP 

i n c r e n e n t  of  p l a s t i c  ene rgy  d i s s i p a -  
t i o n  a t  bean  LS, end I a t  end of  
s t e p  K+l. 
LB = 1, ..., N U B ;  I = 1 , 2 .  



Program 
Listing Analysis 
Notation Notation 

- - 

DR (I) 

DRN (LB,I) 

DRS (I) 

DU (1) 

DUP (I) 

DUS (I) 

EBI (I, J) 

EBJ(1,J) 

ZBHI (I , J) 
EBHJ (I, J) 

Description 

nodal generalized force increment 
vector in global system. (I = l,..,, 
6*NUM?). The LMPth group of six 
components corresponz to mass point LMP 
In each group of six, the first threz 
components are those of the force 
increnent vector at LIIP. The second 
three components are those of the 
moment increment vector at nass 
point LYP. 

matrix in which the elements of row LB 
are the components of the generalized 
force increment DRS acting on beam LB, 
LB = 1, ..., NUB; I = 1,...,12 

generalized force vector increment 
acting on a beam, I = 1,. . . ,12. (~q(8) ) 

nodal generalized displacement increnen 
vector in global system. (I = lr..., 
6*TJU!IP) The Lf4Pth group of six 
components correspond to mass point LMP 
In each group of six, the first three 
com~onents are those of the displace- 
ment increment vector of mass point 
LMP. The second three components 
are those of the rotation increment 
vector of mass point L?IP. 

plastic deformation rate vector 
I = 1,. . , 4  (Eq (51) ) 

generalized displacement increment 
acting on a beam, I = 1,. . . ,12. 
( E q  ( 8 )  

C matrices defined in Eq(67),I = 1,2,3; 
J = 1,...,6. 

matrices defined in Eq (67) , 
I,J = 1,2,3, 



Program 
L i s t i n g  A n a l y s i s  
N o t a t i o n  N o t a t i o n  

FK (LB, I) 

FKP1 ( I )  

FRK ( I )  

FRKL ( I )  

FRKP ( I )  

G l R J  ( I ,  J) 

G B I  (1,J)  

G B J  ( I ,  J )  

D e s c r i p t i o n  

m a t r i x  i n  which t h e  e l emen t s  o f  
row LB a r e  t h e  v a l u e s  of  t h e  y i e l d  
f u n c t i o n  a t  t h e  ends  of  beam LB a t  
s t e p  I(. 
LB = 1 ,...,NUB; I = 1 , 2 .  

y i e l d  f u n c t i o n  a t  t h e  two ends  
of a  beam, I = 1 , 2  

g e n e r a l i z e d  f o r c e  v e c t o r  on beam 
ends  i n  l o c a l  f rames  a t  end o f  
s t e p  K .  I = 1, ..., 1 2  

t emporary  s t o r a g e  f o r  f o r c e  v e c t o r s  
a t  beam ends  i n  l o c a l  f rames ,  
I = 1 , . * * , 1 2 .  

[i-j g e n e r a l i z e d  f o r c e  v e c t o r  on beam 
ends  i n  l o c a l  f rames  a t  end of  s t e p  

F K t l ,  I = 1, ..., 12 .  
J R  k+l 

Gi m a t r i c e s  f o r  i & j ends  of  a  beam, 

G j a p p e a r i n g  i n  Eq  (55)  - ( 5 8 ) .  
I = 1,. . . , 4 ;  J = 1 , , , , , 6 .  

? o F i  R p r o d u c t  of  m a t r i x  A J F  and t h e  lower  
t h r e e  rows o f  G I I  (see E q ( 6 9 ) )  
I = 1 , 2 , 3 ;  J = 1, ... ,6 

2 ( m a t r i c e s  G1 and G of  E q  (55)-(58) 
c o r r e s p o n d i n g  t o  bean  LB, LB = 1,. . . , 

= l I . . . , 4 ;  J - l I . . . , 6 .  

m a t r i c e s  f o r  i & j ends  of  a  beam 
a p p e a r i n g  i n  Eq(55-(58),  I = 1 , . . , , 4 ;  
J = 1 1 2 , 3 .  

m a t r i c e s  ci and 2' of  E q  (55 )  - ( 5 8 )  
co r r e sp rmding  t o  beam LB, LB = I,..., 
NUB; I = 1 , . . . , 4 ;  J = 1, ..., 3. 



Program 
Listing 
Notation 

GRF (I) 

HBIP (I, J) 

HBJP (I, J) 

HBIPT (LB, I, J) 

HBJPT(LB,I,J) 

I-IP1 (I, J) 

HP2 (I, J) 

HP1S (LB,I,J) 

HP2S (LB, I, J) 

IELM (I, J) 

KRT (I, J) 

KRTB (14, N) 

Analysis 
Notation Description 

Vf gradient of yield function (Eq (49)), 
I = 1,...,4. 

E ~ P  (-matrices for i and j ends of a bean 
appearing in Eqs ( G O )  and (61) . 
1,J = 1,2,3 

-ip matrices H , ijp of Eqs(60) and 
(61) corresponding to beam LB, 

LB = 1, ..., NUB; 1,J = 1,2,3. 

Hip matrices for i and j ends of a beam 
, j ~  appearing in E q s  (60) and (61) 

I = 1,2,3; J = 1, ..., 6. 
matrices 1-1 iP,~jp of Eqs (60) and (61) 
corresponding to beam LB, 
LB = 1, ..., NUB; I , J  = 1,2,3 

matrix defined by Eq (26) 
1,J = 1,2,3 

type of beam relation between 
node I and node J 
I = lI...,NUJIP-1; J = I+lI...INUMP. 

K RT matrices appearing in Eq(68) -- 
KRT I r J  = 1, . . . 1 6 ;  M = lr...r6; N = 112,3 

Fi T Fi 
(T ) A ( T  ) matrix appearing in Eq (44) , using 

. . 
Adefined by Eq(32),I,J = 1,.,.,6 

vector of force and moment components 
with respect to the global system 
at end of step K, I = l,..,,NUMP*6. 
The LMPth group of six components 
correspond to mass LMP. In each 
group of six, the first three 
components are those of the force 
vector on mass point LMP. The 
second three components are those of 
the moment vector on mass point LNP. 



Program 
Listin? Analysis 
Notation Notation 

RNK (LB, I) 

RNKP (I) 

RNKP1 (LB , I ) 

SCFA 

SCFD (LB, I) 

SCFP (LB, I) 

Description 
- 

vector of force and moment com2onents 
with respect to the global system 
at end of step‘ K-t-1, I = 1, ..., 6*NUMP. 
See definition of RR(1) for 
component definition. 

matrix in ~;~hicll Lhe elenenks of 
row L 3  are th2 global components 
of the generalized force vector on 
beam LB at step K, LB = 1, ... {NUB; 
I = l,...,K. 

global components of the generalized 
force vector on a b2an at step Ktl, 
I = 1,...,12 

matrix in which the elements of row LB 
are the global components of the 
generalized force vector acting on 
beam LB at step Ktl, LB = l,..,,NUS; 
I = 1{ ... ,12 

minimum value of set of scaling 
factors SCFP . 

scaling factor at end I of beam LR 
due to unloading, JAB = l,,..,NUB; 
I = 1,2. 

scaling factor at end I of beam LB 
due to loading from the elastic to 
the plastic state. LB = 1, ..., NUB; 
I = 1,2 

matrix IT'B defined by Eq(72) for 
beam LR; LB = 1, ..., NUB; 1,J = 1, ..., 1: 
matrix defined by Eq(65),IfJ = 1, ..., 6 



Program 
Listing 
Notation 

Analysis 
Notation 

SV7 (LB, I) 

Description 

matrix defined by Eq(72) 
1,J = 1, ..., 12. 
switch sctting for end I of beam LB, 
defined by E q  (73) ,LB = 1,. . . , N U B ,  
I = 1,2. 

global stiffness matrix; 
I,J = 1,. . . , G*NUJIP. 



B. List of Subroutines and Switches -- --- 

List of Subroutines - - 

Purpose: to compute the dissipation 

Input quantities: 

DR: nodal form increment vector 

DU: nodal displacement incremnt vector 

N: N = 1 is beam end i 
2 is beam end j 

AL: beam length 

DC: direction cosine 

Output quantity 

DUP: plastic displacemat vector 

Purpose: to dsterrnine the maximum component of a vector 

Input quantities: - 

A: input array 

NUB: numbar of beags 

Output quantity 

B : maximum element of A 

Purpose: to determine the minimum component of a vector 

Input quantities: - - 
A: input array 

NUB: number of beans 

O u t p u t  q u a n t i t y  

B: minimum element of A 



Purpose: to compute force and moment components with respect 
to local coordinates. 

Innxt auantities: 

RKP1: global components of generalized force 
vector on a bean 

DClKPl: dir-cction cosine matrix at i end (end 1) 

DC2KPl: direction cosine matrix at j end (end 2) 

Outnut auantitv - 

FRKP1: generalized force vector on a beam in local frame 

5. GHP ( DC ,AL, G, HP, FRK, GRF, N , HB , EBI-I , GB) 
Purpose: to find the G,HP,HB,EBE~,GE matrices at each node point 

Input quantities: 

AL: beam length 

DC: direction cosine 

FRK: local generalized force vector 

GRF: gradient of yield function 

N: N = l if beam end is i 
2 if beam end is j 

O u t p u t  quantities 

If N = 1: G1 
I1P1 
HBIP 
EBHI 
GBI 

If N =  2: G2 
HP 2 
HBJP 
EBIiJ  
GB J 



Purpose: matrix multipl.ication 

Input quantities: -- 

A: NXM matrix 

B: M X L  matrix 

Output quantity 

R: NXL matrix 

Purpose: to find gradient of the yield function 

for the rectangular tube section 

Input quantities : 

LB: beam number 

FRK: generalized force vsctor on h a m  ends in local f ran~c  

N: N = 1 if end I 
= 2 if end j 

Output quantity 

GRF: gradient vector at end N 

I Purpose: to find the matrix IZ = B for a beam 

Input quantities : 

matrices defined in List of Program Variables. 
I1R 

H1P 1 matrices FIPl,HP2 in List of Program Variables 
HJP ..I 

EBHI 
EBHJ 

GRBI 
DC 1 

matrices defined in List of Program Variables 

lower three rows of GBI matrix 
direction cosine matrix 



Output quantity - 

S T l F :  matrix IT 'B I local stiffness matrix 

Purpose: to read in the increment of displacement and force 

Input quantities: 

mass point number 

K: step number 

Output quantities 

DU: displacement increment vector 

DR: force increment vector 

L O .  INPUT (M,NEN, IELM) 

Purpose: to read in the initial position, forces and swi-tch 
setting and material properties of each beam 

Input quantities: 

1 :  mass point number 

NEN: beam number 

IELM: relation between mass points I and J 

11. INV(M,N,A,IM,L,B) 

(Library Subroutine, University of Michigan Computing Center) 

Purpose: matrix inversion -- 

I n ~ u t  auantities: 

A: matrix to he inverted 

M: size of matrix A 

N: maximum size of matrix A 

IM: 2:4 dimension vector 

Output quantity 

B :  matrix A-l 



12. SUBROUTINE KKI. ( D C ,  HIP, 1-IBlP, FL,  LU ,AL, K?IT, IZI7'2 E) 

-- 
Purpose :  t o  comput t h e  m a t r i c e s  KRT and KRTU i n  t h e  

H and I3 m a t r i c e s  

I n p u t  q u a n t i t i e s :  

DC: d i r e c t i o n  c o s i n e  

H I P  : 
-i p 

HBIP:  H - 

FC: f o r c e  a t  l o c a l  f rame ( 1 2  e l e m e n t s )  

LB: beam number 

AL: beam l e n g t h  

Ou tpu t  q u a n t i t y  

KRT: KRT 

KRTB: RRT 

Purpose :  t o  f i n d  t h e  e l a s t i c  s t i f f n e s s  m a t r i x  a n d  --- 
a s s o c i a t e d  m a t r i c e s  P and HI? 

I n p u t  a u a n t i t i e s :  

D C I :  d i r e c t i o n  c o s i n e  

G l R J :  m a t r i x  from l i s t  of  v a r i a b l e s  

LB: beam number 

AL: beam l e n g t h  

Ou tgu t  a u a n t i t i e s  

m a t r i c e s  d e f i n e d  i n  L i s t  of Program V a r i a b l e s  

14. NEWDC (HIP,HJP,DR,DD,DCI,DCJ,Dl,D21HBIP~H13JP) 

Purpose :  t o  compute new d i r e c t i o n  c o s i n e s  



Input quantities: 

HIP,HJP: matrices RPl,HP2 in List of Program Variables 

HSIP,lIBJP: matrices in List of Program Variables 

DC1,DCJ: direction cosine matrices at I and J ends 

DR: increment in generalized force vector 

DD: increment in generalized displacemsnt 

Output quantities 

I 

D2: new direction cosines at ends 
j 

15. OUTP (Kt IELII,  RK, DISK, RTiKP1, SW, SCF, SCF1, 

SCFA,IPStNUMP,NURtFR1,FRK1) 

purpose: to print out the final force components and coordinates 

Input quantities: 

RK : 

RNKP 1 : 

K: 

IELM: 

DISK: 

SW: 

NUMP : 

NUB : 

SCF : 

SCF1: 

SCFA: 

SCFB : 
13s : 

FKl : 

F R K 1 :  

total force at each mass 

total force at each beam end 

step number 

type of beam relation between mass points I and J 

location and orientation of mass points 

switch setting 

number of mass point 

beam number 

loading scale factor 

unloading scale factor 

minimum loading scale factor 

minimum unloading scale factor 

print ou'zswiitch cont::o2 

yield function values at bearn ends 

beam end force vector in local frame 



P u r p o s e :  t o  s c a l e  d i s p l a c e m e n t  i n c r e m e n t  s o  t h a t  r e s u l t i n g  

f o r c e  s t a y s  on t h e  y i e l d  s u r f a c e  

I n p u t  q u a n t i t i e s :  

FRKP1: l o c a l  f o r c e  v e c t o r  a t  s t e p  K + 1  

FR: l o c a l  f o r c e  v e c t o r  a t  s t e p  K 

N :  beam end i o r  j 

LB: beam number 

Ou tpu t  q u a n t i t y  

D: s c a l i n g  f a c t o r  

J: number o f  i t e r a t i o n s  

Pu rpose :  t o  c o r n p u b t h e  y i e l d  f u n c t i o n  f o r  t h e  

r e c t a n g u l a r  t u b e  s e c t i o n  

I n p u t  q u a n t i t i e s :  

LB: beam number 

FR: l o c a l  f o r c e  v e c t o r  

O u t p u t  q u a n t i t y  

FK: v a l u e  of  y i e l d  f u n c t i o n  



L i s t  of  C o n t r o l  Swi t ches  

1. IDS d i s s i p a t i o n  s w i t c h  c o n t r o l  

IPS 

Purpose :  c h o i c e  of l o a d i n g  o r  unloadi-nq a t  

a n e g a t i v e  d i s s i p a t i o n  inc remen t  

IDS = 0 a t  a n e g a t i v e  d i s s i p a t i o n  
i n c r e m e n t ,  srvi t c h  S\i  
s t a y s  = 1 

1 a t  a  n e g a t i v e  d i s s i p a t i o n  
i n c r e m e n t ,  s w i t c h  SIJ i s  s e t  = 0 
c a u s i n g  u n l o a d i n g  

p r i n t  o u t  s w i t c h  c o n t r o l  

Purpose :  t o  s e l e c t  amount o f  p r i n t  o u t  

IPS = 0 s t a n d a r d  p r i n t  o u t  

1 s t a n d a r d  p r i n t  o u t  p l u s  y i e l d  
f u n c t i o n  v a l u e s  a t  beam ends  

2 s tandard .  p r i n t  o u t ,  y i e l d  f u n c t i o n  
v a l u e s  and l o c a l  f o r c e s  and moments 



C. Flow Di-affraxs 

(i) Main Flow Diagram 

T I 

Read beam geometry and r n a t e r i a l  d a t a ,  

I frame i n i t i a l  

f S e t  K = K+ 
I 

Read n o d a l  force and d i s p l a c e m e n t  i n p u t  

d a t a  a t  c u r r e n t  s t e p  K 

Gene ra t e  local I s t i f f n e s s  m a t r i c e s  

Y 

--- 

I-- ---- 
GEI  = o GBJ = o call G H P ~  

I-IB3:I? = 0 HBJP = 0 
I IP l  = 0 EIP2 = 0 

CONTINUE 



I IIIRL.II-------------~--.I-- ---~-,---.----- 

Assemble global 

See subsec t ion  (ii) far. 

stiffness matrix 

more detailed flow diagram) 



I 

[ i s  DU ( I )  < l o 0  (kno;.n)I 
I 

S o l v e  f o r  unl;noiu.n n o d a l  f o r c e  

S22 s u b s e c t i o n  (iii) for 

YES ii. 

ancl d isplace~n:nt  components 

d s t a i l . e c?  flow diagrar? )  

I r e n o v i n q  Row I and Column I [ 

I 

S o h e  r ~ i i u c e i i V p r o b l e e  f o r  i 
I r educed  d i s p l a c e m e n t  I 
L - - -1- 

DU = [TK] D3 I 
[ C o n s t r u c t  DU from 1 

I 

I Compute DR = [Ti:] I)U I 
l-ll-IYYIII..--II--.I-LIll.II.llQ-LI -*I-----=-- ----IBI------=- 



CONTINUE 



SCFP (LE,I) = 1 

YES call SCFSl 
i SCF? u 

-LYES l 

set STJ(LB,I) = 1 

- 
--P---- ,- --- 

go to 
1 0 0  

SW(LB,I) = 1 for all LJ3,I w i t 1 1  



Do loop LB = 1, ..., NUB 

I 

DRS = SCFA*DRS S l  I DUS = SCFA*DUS I 

.). 1 compute DUFJ -{call IIIEZ~TJ 



Set 

Q 
r i n t  out I-- 

i 

T .  4 is K K P ~ - A ~  

S top 

--T-'--- 6fF-j 

Set DC2K = DC2KP 

DClK = DClI<P 

RNK = EINKP1 

1 
FK = FKP1 

J 
f 



(ii) Assertnblirlg Global S t i f f n e s s  ? i a t r i x  

----------.-- ).Q Do loop I = 1 ,NUP.IP??l I 

.-.FIIIII- 

1 Compute the local beam s t i f f n e s s  matrix, [STK], ,, 1 
f which connects mass I and mass J 1 

. 
( Set IS = (I-1)*6tl 1 

S e t  I K  = 0 

A-- -A Do loop I1 = I S , I Z l  

L - -  
DO loop  JJ = J S , ~  

.-<-..:..:-- P Y 
CONY IfJUI: C O N T I N U E  



CONTINUE CONTINYJE 

I--- *i Do loop ?I = JS ,JC I 

CONTINUE 



(iii) Solving for Urlknor:m ivTocla1. !?orce and Displac??.c;rt 

Componcrl-t s 

i 
%.-- --..- L.-+, I set y-zg 





A P P E N D I X  B 

B. 1 PROGRAM LISTING 
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