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1.
WEB FRACTALS: AN OVERVI EW
Sandra Lach Arlinghaus
The University of M chigan
Docunents witten in HTM. (Hyper-Text Markup Language) for
WebSites not only offer the capability to place Hone Pages on the Wrld
Wde Web, but al so extend the dinmension in which typesetting takes place.
Broadly viewed, froma typesetting standpoint, HTM. appears to be
equi valent to a subset of commands of Plain TeX  One notabl e exception
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ari ses, however, in the conmands in HTML that enable the user to specify
links to other docunents, graphical or textual. A Hone Page, or any other
page or set of pages (paper or electronic), mght be viewed as a one

di mensional string of letters broken into words. G aphics offer an
opportunity to extend the text into other dinensions. So too do the |inks
fromone web page to another. They offer an extraordinary capability to
reach out within the text itself: an opportunity to "fill" a text-shed
beyond the linear text-stream O course, one can mx and match |i nks,
graphics, text, and whatever is available on the web. Wthout |oss of
generality, interest mght be confined to text because it is with text
that the extension into extra di mensi ons appears straightforward.

Thus, it becomes of interest to ask how much of a text-shed is
filled by the activity of creating |inks and how one m ght nmeasure such
filling of text-space. Concepts fromfractal geonmetry and from chaos
t heory m ght be enpl oyed to consider these issues.

GLOBAL VEB VI EW

The gl obal perspective enployed in nuch of nodern mat hematics
focuses not on the individual objects being studied but on the sets of
transformations that enable one to nove from one object, or type of
object, to another. Thus, one learns group theory by studying the various
nor phi sns that |ink groups, rather than by focusing on the tables that
descri be individual groups. Linkages expose structure.

Thus, one view of the Web would be to shrink to nodes all hone
pages and focus only on the |links that exist between sites. The set of
nodes is finite, but it is unbounded--one can inmgi ne goi ng beyond any
upper bound on the nunber of sites, sinply by adding one nore. The set of
links, too, is finite and unbounded. The norass of |inks defies good
graphi cal description. Search engines try to make sense of the Wb
t hrough vari ous organi zati onal schenes. One view of the pattern is as a
cat al oguer As nightnmare; another is as a chance to introduce order into
seeni ng abstract chaos.

Yet another m ght be to engage in graphical analysis based on sone
sort of ordering schene that permts the assessnment of extent of space
filled. The concept of attractors and repellers seens an inportant one to
search engines. One such ordering schene m ght be such as suggested
below. O course there are nany others, too.

y equals x neans link...both to and fromne to you

y greater than x neans link...nme to you

y less than x neans link...nme fromyou

The al gebraic, geonetric, and topol ogical structure of the web are
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i nportant to analyze: the space-filling ideas represented in fracta
geonetry suggest one style of approach. Any deep, careful mathenatica
anal ysi s should, however, offer a systematic neans to evaluate the current
status of web content, and nore inportant, provide a continuing franmework
in which to guide and understand web devel opment. These comments offer
nere hints at directions substantive work m ght take; hopefully, they
of fer encouragenent to consider the web itself as a source of various
styles of research opportunity.
Ann Arbor, M
May, 1996
2.
PART 1. ELEMENTS OF SPATI AL PLANNI NG  THECRY.
MERG NG MAPS: NODE LABELI NG STRATEG ES
Sandra Lach Arlinghaus
The University of M chigan

Different inventories of roads produce different maps; two
di fferent maps can represent one set of actual roads. Howis a planner to
rectify this situation? To consider the problemabstractly, it is useful
to characterize the road network as a graph, conposed of nodes and edges
j oi ni ng nodes. Such style of consideration, as a graphical puzzle, dates
from 1736 and the Koni gsberg Bridge puzzle and fromHam [ton's "Around the
Worl d" puzzle of 1859 (Harary, pp. 1, 4); as a planner's dilemma it has no
doubt al ways been with us; and, as a cartographer's delight, it manifests
itself over and over again in projection selection, a result of the
one- poi nt conpactification theorem (visualized as stereographic
projection) forcing us to recogni ze that the sphere can never be fl attened
out into the plane.

In Figure 1, two portions of road maps based | oosely on the
downt own Ann Arbor, M chigan, street map are shown superi nposed--a
conceptual view of a practical problemnoted by John Nystuen, and
i mpl emented at the | evel of mapping by Andrea Frank and Jyoth
Pal at hi nkara (University of Mchigan). As Nystuen et al. noted
(unpubl i shed conmuni cation), these nodes are, in sone sense at |east,
fairly "close"--one can recogni ze, visually, what the correspondence is to
be fromone map to the other. The viewpoint adopted here is that as
graph-theoretic trees they are honeonorphic (have the sane structure or
connection pattern).
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Figure 1. Two trees representing the sane actual street pattern

If the planners who use these maps rely on a node | abeling schene,

in which both maps are | abeled fromthe top down, beginning in the upper
proceedi ng horizontally and then in a serpentine pattern

fromtop to bottom the first node encountered is | abeled with the nuneral
1; the second node encountered is |labeled with the nuneral 2, and so forth
(Figure 2). However, the | abeling inposed on these two nmaps i s not
identical, as one would wish (to indicate their identity in topol ogica
form. Indeed, the label 3 on the red tree then corresponds to the | abel

| eft hand corner,

4 on the black tree and vice-versa, as do labels 5 and 6; a situation
on a nunber of occasi ons on

Nystuen et al. noted and were able to uncover
actual nmaps (Figure 2). Naturally, as they note, one would wish, in a
situation such as this one, to have the nunerals correspond in an

appropriate manner.

file:///C|/DeepBlue/sol stice/win96/sols296.html (5 of 16) [4/15/2008 2:23:49 PM]


http://www-personal.umich.edu/%7Ecopyrght/image/solstice/296fig1.jpg

SOLSTICE: AN ELECTRONIC JOURNAL OF GEOGRAPHY AND MATHEMATICS. Volume VII, Number 2. Winter, 1996.

I 1
9 o
\\: \\ll
3 \ 4 I
. __,_ﬁ a2 L ’4
e |
e T\ 5 |
\ \ * l
o\ 5 { \ |
\ \ ? f | |
\\II ‘.'. 6 |
1\\ H‘-\ '1 |'| 6 / || :
\ \ \ "l 1\ '/ | l1
SRR . S—"
e —— — J

Figure 2. The red route and the black route: nunbered nodes do not
correspond as desired. The nunbering schene is a common one in which
nodes are | abeled fromthe top dowmn in a left/right serpentine pattern

(after Nystuen et al.).

Nystuen's observation cane froma real-world exanple; it points,
once again, to the appropriateness of considering different |abeling
schenmes that will permt alignnment of maps based on topol ogy rather than
solely on distance fromthe top of the screen. One strategy, that takes
advant age of the structure of the underlying raster on which these naps

wer e produced, proceeds as follows.

CANTOR PI XEL- LABELI NG ALGORI THM
1. Designate as a fundanental screen unit the smallest dot size

to be used to represent a node; w thout |oss of generality it can be
assuned to be a "pixel."

2. In the manner that has cone to be conventional wi th cathode
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ray tubes, use the top of the screen as the positive x-axis and the |eft
side of the screen as the positive y-axis (with origin at the upper
| eft-hand corner of the screen).

3. Assign to each pixel on the CRT an ordered pair of Cartesian
coordinates: (1,2) is a pixel (an indivisible area) |ocated one unit to
the right of the left edge of the screen and two units down fromthe top.

4. Assign to each node in one map the pixel coordinates of the
node as follows. |If the pixel coordinates are (x,y), l|label the node with
the rational nunber y/x.

This sort of strategy differs fromwhat may be a conputer default
| abel i ng schene. Each possi bl e node |ocation has a unique |abel that is a
single rational nunber indicating pixel location referred both to raster
position and to location in relation to other pixels. The serpentine
| abeling schene is still preserved even though its formis different, and
per haps, not evident. Cantor's enuneration techni gue shows that there is
a one-to-one correspondence between the set of natural nunbers and the set
of ordered pairs of natural nunbers. These two sets have the sane
cardi nal nunber, aleph null (Hahn, pp. 1595-1596). Cantor's serpentine
pattern through a square lattice converts the two-dinensional array into a
one di mensional streamclearly equivalent to a nunber |line (Figure 3).
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Figure 3. Assignnent schene for illustrating the cardinality of the set
of rational nunbers (after Hahn, p. 1595).

This strategy was the basis for Georg Cantor's (perhaps
counter-intuitive) proof that the cardinal nunber of the set of rational
nunbers is aleph null. The set of ordered pairs contains the set of
rational s--for, when ordered pairs are converted to rationals, as in the
al gorithm above, sonme are equivalent in value although not in visual
form-1/2 and 2/4 are equivalent in value but do not |ook the sane.
However, the rational nunbers contain the natural nunbers as a subset.
Thus, the cardinal nunber of the rationals is sandw ched between two sets
each of whose cardinal nunber is aleph null--consequently, the set of
rational nunbers nust al so have cardi nal nunber aleph null. Thus, the set
of nunbers y/x exactly covers the screen.

REPETI TI ON OF THE CANTOR ALGORI THM

Suppose that the Cantor Al gorithm has been applied once to a map
tothe red tree in Figure 2, for exanple. Each node of the red tree will
have a distinct, unique rational nunber |abel based on its position
relative to the top and the side of the screen and in relation to other

nodes. 1In a different layer, |abel the black street map in the sane
manner. |t appears that at nbst one node on these two maps will have the
sanme | abel; indeed, using rational nunber |abeling, two nodes have the

sane |abel if and only if they are represented by the sane pixel |ocation
in both maps. What is desired is to identify (match up or glue together)

a node fromone map with a node fromthe other nmap both of which represent
t he sanme physical |ocation.

MERG NG ALGORI THM

The followng algorithmoffers a strategy for making such an
identification. 1t can be executed by buffering nodes, in an iterative
fashion, and identifying two nodes at the first instance a node from one
map falls into a node-buffer in another nap.

1. Draw a buffer of one pixel wdth around each node in the red
map. Assign identical |abels to any pair of nodes on red and bl ack maps
both of which lie within or on the buffer.

2. Draw a buffer of one pixel width around each buffered node
created in step 1. Assign identical |abels to any pair of nodes on the
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red and bl ack maps both of which lie within or on this newy drawn ring
buf fer region.

3. Repeat the process until one pair of buffer zones cones into
contact with each other. Then stop the process.

If this Merging Al gorithm provides a conplete identification of nodes
(wth no extra nodes lying in the region outside the buffered zone), with
i dentical connection patterns in both, then the two maps are said to be
pairwi se "well-matched.” There is no difficulty in merging the two maps
fromdifferent sources.

TRANSLATI ON OF THE MERG NG ALGORI THM

Maps may fail to be pairwise well-matched for a variety of
reasons. The following |list suggests sone reasons for such failure, but
it may not be exhaustive.

1. The nunbers of nodes in the red and bl ack naps are different from each
ot her.

2. The nunber of nodes in the two maps is the same, but the nunber of
edges is different.

3. The nunber of nodes and edges is the sane in both maps but the

t opol ogy, the pattern of connection, is different.

4. Sonme or all of the three factors above nmay hold, in whole or in part,
but the offset of pattern is so large that it falls outside the woul d-be
buffer zone and gets visually confused with other pattern

Nystuen notes in sone of his exanples that sone parts of each map in the
pair are shifted; the structure is recognizable fromone to the other, but
of fset sone significant amount. One way to deal with situations of these
sorts is to permt translation, locally, of parts of the graph in one map.
The Merging Algorithmw Il run in a satisfactory manner, up to a point.
Beyond this point, nodes fall outside buffer zones. |In such situations,
use the dianeter of the buffer zone (nunber of maxi num nunber of pixels
that canme about in the use of the Merging Algorithnm) as a translation
scal i ng nunber. Add this nunber to each coordinate (in the |ocal region)
in one map. Now run the Merging Algorithm Repeat the procedure as
needed.
DI RECTI ONS FOR FURTHER WORK
This issue of nerging maps appears rich froman abstract
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vi ewpoi nt. Sonme of the other directions one m ght consider involve use of
Hasse's Al gorithm applied to graphs, devel opnent of error detection and
correction criteria, use of sumgraphs or a simlar strategy in which the
t opol ogy of the graph guides the | abeling pattern, and any of a host of
theorens related to these topics.

Ann Arbor, M

April, 1996.
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postul ates of the science of space of WIliam Kingdon Cifford (reprinted
in Solstice, Vol. I, No. 1.).

Sandra L. Arlinghaus: Construction Zone--The Logistic Curve.
Educational feature--Lectures on Spatial Theory.
Volume |, No. 2, Wnter, 1990.

John D. Nystuen: A City of Strangers: Spatial Aspects of Alienation
in the Detroit Metropolitan Region.

Thi s paper exam nes the urban shift from "peopl e space” to "machine
space" (see R Horvath, Geographical Review, April, 1974) in the Detroit
netropolitan regions of 1974. As with Cifford s Postul ates, reprinted
in the last issue of Solstice, note the tinely quality of many of the
observati ons.

Sandra Lach Arlinghaus: Scale and Di nension: Their Logical Harnony.

Li nkage between scal e and dinension is made using the Fall acy of
Division and the Fallacy of Conposition in a fractal setting.

Sandra Lach Arlinghaus: Parallels Between Parallels.

The earth's sun introduces a symretry in the perception of its
trajectory in the sky that naturally partitions the earth's surface into
zones of affine and hyperbolic geonetry. The affine zones, with single
geonetric parallels, are located north and south of the geographic
parallels. The hyperbolic zone, with nultiple geonetric parallels, is
| ocat ed between the geographic tropical parallels. Evidence of this
geonetric partition is suggested in the geographic environnent--in the
desi gn of houses and of ganeboards.

Sandra L. Arlinghaus, WIlliam C Arlinghaus, and John D. Nystuen: The
Hedetniem Matrix Sum A Real -world Application.

In a recent paper, we presented an algorithmfor finding the
shortest di stance between any two nodes in a network of n nodes when
gi ven only di stances between adjacent nodes (Arlinghaus, Arlinghaus,

Nyst uen, Geographical Analysis, 1990). |In that previous research, we

applied the algorithmto the generalized road network graph surrounding

San Francisco Bay. Here, we exam ne consequent changes in matrix entries

when the underlying adjacency pattern of the road network was altered by

t he 1989 earthquake that closed the San Franci sco--0Oakl and Bay Bri dge.
Sandra Lach Arlinghaus: Fractal Geonetry of Infinite Pixel

Sequences: "Super-definition" Resolution?
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Conpari son of space-filling qualities of square and hexagonal pixels.

Sandra Lach Arlinghaus: Construction Zone--Fei genbaum s nunber; a
triangul ar coordinatiztion of the Euclidean plane; A three-axis
coordi nati zati on of the plane.
Vol ume |, No. 1, Sumrer, 1990.

Reprint of WIlliamKingdon Cifford: Postulates of the Science of
Space.

This reprint of a portion of Cifford' s lectures to the Royal
Institution in the 1870s suggests nmany geographic topics of concern in
the last half of the twentieth century. Look for connections to boundary
i ssues, to scale problens, to self-simlarity and fractals, and to
non- Eucl i dean geonetries (fromthose based on denial of Euclid s parallel
postul ate to those based on a sort of mechanical "polishing' ). Wat else
did, or mght, this classic essay foreshadow?

Sandra Lach Arlinghaus: Beyond the Fractal.

The fractal notion of self-simlarity is useful for characterizing
change in scale; the reason fractals are effective in the geonetry of
central place theory is because that geonetry is hierarchical in nature.
Thus, a natural place to | ook for other connections of this sort is to
ot her geographi cal concepts that are also hierarchical. Wthin this
fractal context, this article exam nes the case of spatial diffusion.

When the idea of diffusion is extended to see "adopters” of an
i nnovation as "attractors" of new adopters, a Julia set is introduced as
a possi bl e axis agai nst which to neasure one class of geographic
phenonmena. Beyond the fractal context, fractal concepts, such as
"conpression" and "space-filling" are considered in a broader
graph-theoretic setting.

Wlliam C Arlinghaus: Goups, Gaphs, and God.

Sandra L. Arlinghaus: Theorem Miuseum -Desargues's Two Tri angl e
Theorem from projective geonetry.

Construction Zone--centrally symretric hexagons.
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