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THE SPATIAL SHADOW: LIGHT AND DARK—WHOLE AND PART

“Life's but a walking shadow”
Shakespeatre, Machetl.
Sandra L. Arlinghaus, David Barr, John D). Nystuen

Introduction

Sunlight and shadow, day and night, solstice and equincor, lunar and solar echpze-all
are astronomieal events that transform the suriace of the earth into an event focused on
the contrast between light and dark. The diurnal dynamics of the sweeping edge of the
darkness are a foundation critical to the well-being of life on earth. Artistic expressions
are numerous, ranging from Amish quilt patterns (“sunlight and shadow") to Indonesian
shadow puppets. From a spatial standpoint, the mantle of night serves as a continuum
linking disparate elements of the earth’s surface; 1t 15 & whole composed of unseen parts.

WHOLE AND PART:
A Sculptural Unification of Unseen Parts.

The Four Commers Project

“The Four Corners Project,” conceived in 1976 and completed in 1983, consists of an
invisible tetrahedron spanning the inside of the earth with the four separate corners. made
of marble, protruding from the crust of the earth (Figure 1). [1} These mdmidual marble
corner-markers {each about four inches high) were positioned in Easter Island, South Afnca,
Greenland, and New Guinea, with imaginary planes extending through the earth from each
corner to the other three. The length of the imaginary line planned to lhink each paic of
terrestrial markers 15 approxmately 6465 miles. [2] One must know wlhat a tetrahedron
looks like and expand the scale of this knowledge to the scale of the entire earth to view this
sculpture. In this respect, the art follows the pattern of the natural astromomucal, global
patterns of light and dark that require some sort of global perspective to envision a whole
greated from disparate unsesn paris

This tetrabedron iz larger than proximate space. It ie an abstraction that can be apprea-
ated, as a whole, only in the mind; images of it created visually through wrtten, printed, and
verbal records encompass & broader view of it than does anv collection of images taken from
arbitrary physical vantage points in the universe, It is a shared perception, transcending lan-
guage. that spans the minds of those who participate. (3] It requires abstract wisuahzation,
rather than physical vision, to "ses" the entire sculpture.

This sculpture creates a conceptual unit from discrete parts that coalesces the evolution-
ary sequence of constructivistic, siructunst art as well as the philosophical concerns of Zen
gardens. In the siructurist vocabulary, the art work draws the physical eye from one discrete
component to another, and the unity of the work is revealed through the relationships of the
components rather than through singular objects. In an early effort (1834), Henry Moore
(“Four-Piece Composition”) nsed the negative space of the sculpture to draw the physical
eve, in proxamate space, from one discrete component to another m order (o suggest & single
reclining figure [4]. The Zen garden at Rycan-ji has stomes arranged deliberately so that
the whole can never be totally seen from a single perspective. Thus, the viewer. ae in the
Four Corners Projecl, must always be in a less than “divine” physical, perceptual position.
Structurist reliefs emphasize the relationships among parts rather than the characterization
of the parts themselves: [5] in this regard, “Four Corners” is a struciunst concept at & global
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Figure 1. The Four Corners Project. Four marhle tetrahedra, each 4 inches hagh, mark
the corners of a suggested, imvsible, tetrahedron inscribed i the earth, Side length of the
suggested large tetrahedron i about 6465 miles. Marker locations are in Easter Island, South
Africe, Greenland, and New Guinea.

scale, Tn all of these cases, the unity of the entire piece unfolds naturally only when a leap of
the imagination gives wholeness to the sculpture-whether that leap 15 1n proamate or global
space.
Geographical Background of the Four Corners

Barr fixed the general positions for the four corners on landmasses, using 2 globe and
dividers; Nystuen pin-pointed each. using rotation matrices to align the North-South pole-
based graticule with one using Easter [sland and ite antipodal point in the Thar Desert as

poles. (6] Easter Island was chosen as the initial corner on account of its numerons cultural
connections to the history of seulpture.




Embedding this tetrahedron in the earth-sphere (using the Clarke ellipsoid
circumference of 24 873 335 miles [7]) required theoretical assumptions but also
reflected the empirical facts of landfwater distribution on earth--no corner was 1o be
submerged in a lake or ocean The environment and local surface materials
surrounding  the chosen corners are api--from the igneous rock below a voleanic
1sland, to the gramtbic sand mm a desert, to the crystalline forms moan ce cap, 1w the
organc material of 2 mangrove swamp. Indeed, the cholce of the tetrahedron within the
earth-sphere  intentionally reflects the structure of the carbon  atom as a fundamental
component of life,

In 1980, Barr began to place the vertices of the tetrahedron; Table |
shows the tinerary,  The process that led to the completed product in 1985 involved the
participation, from initial struggle to eventoal respect and acceptance, ol people from
backgrounds not usually linked to the world of art: African veldt farmers, Eskimos,
Irian Jayan missionaries, soldiers, police, politicians, and diplomats (for example,
Table 1 shows the npames of most of the airplane pilots who participated 1 the
placement of these cormners--they suggest the nch diversity of peoples associated with
various aspects of this project)

TABLE 1
Log of travels associated with placement of the four corners
Listing compiled by Heather and Gillian Barr,

DESTINATIONS NAME OF AIRPLANE CAPTAIN

DECEMBER AND JANUARY, 19080-81

MACHU PICCHU, EASTER ISLAND, AND SOUTH AFRICA

Detroit to Miami lohn Bosh
Miami to Lima Dick Rudman
Lima to Cuzco Hugo Bisso
Curco to Lima Eduardo Camino
Lima to Santiago Javier Mesa

Santiago to Easter Island
Easter Island to Santiago
Santiago to Buenos Aires
Buenos Aires to Cape Town
Cape Town to Johannesburg
Tohannesburg 1o New York
MNew York 1o Detroit

Alphonso Estay
Grustavo Vila
Sergio Kurth
Carlos Bustamante
Steev kKaup

Tony Laas

Hal Grenddin



JULY, 1981

GREENLAND

Windsor to Montreal Mr. Golze
Montreal o Frobisher Mr. Savage
Frobisher to Sonderstrom Fjord Patty Doyle
Sonderstrom Fjord to lce Cap Patty Doyle

lee Cap to Sonderstrom Patty Dovle
Sonderstrom to Godthab (Nuuk) Patty Dovle
Crodthab to Frobisher SVen Syversen
Frobisher to Montreal Carl Gitto
Montreal to Windsor Lowms Ghyrmothy

JANUARY, 1985

[RIAN JAY A

Digjpura to Danau Bira Poambang Kuncaro ak a "Bang
Bang Koon®

Danau Bira to Djajpura Bang Bang Koon

Djajpura o Biac Mr. Fujiono

Biac to Ujung Pandang Mr. Darynato

Ujung Pandang to Bali Angus Tiansyah

Bals to Dyakarta Mr. Sunarto

Djakarta to Singapore Mr. Tan

In December of 1980, Barr and his party (which included other fine artists
and a professional dancer) went to Machu Picchu, where the tetrahedral marble
pinnacles were washed at the ancient ceremonial site (al the sundial called "mi-
huatana™ ("hitching post of the sun"}), prior to placement in the ground,  From there
they went to Easter Island; surveying equipment of William Mulloy [8], a member of
Thor Heyerdahl's expedition to that island, was used to place the first vertex of
the tetrahedron on January 4, 1981 (Table 2), one minute of longitude from  the
caleulational center of 109% 25'30". This location has elevation just above sea level and
15 1n a former leper colony.
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TABLE 2
Geographic coordinates of the Four Uorners
Site Latitude Longitude =
Easter |sland 27°06'20" 5 108°24°307 W
Senth Africa 27230'387 8 024%06'007 E
Greenland 72738'24" N 0412557127 W
New Guines [actuzl| 02°20/50" § 138700'00" E
New Guinea [planned) 02°06°36 5 137°23°24™ E

imperfections are imperceptiblel It is only with our imagmations that we can appreciate the
difference between the 1deal and terresinal forms.

Mathematical Uniqueness of the Four Corners
—Extensions of the idea

When spherical trigomometry was applied to a map showing all landmasses whose an-
tipodal points are also land-based [Figure 2) [10] it was possible to prove that the choice of 2
tetrahedron as a shape for this scalpture is unigue within the set of regular polyhedra called
“Platonic” solids. [11] Plato linked the set of five tegular polyliedra (tetrahedron, cube,
octahedron-palyvhedron with eight toangular faces, dodecahedron-polyhedron with twelve
pentagonal faces, and icosahedron—polyhedron with twenty tnangular faces) with five basic
components from which he believed the earth to have been formed. [12] No Platenic sclid,
other than the tetrahedron, can be embedded in the earth with all commers on land, one of
which 1= on Baster Island, [13]

Tt also follows from the mathematics that, although the tetrahedron is unigue as a choice,
there are an infinite number of possible positions in which it mught have been oriented withm
the earth (Figure 3). The possibilities for the comners other than Easter Island are, however,
tichtly constrained within the arcs of the cirele of “latitude” (centered on C, the antipogal
point of Baster Island in the Thar Desert] shown in Figure 3. (An azimuthal equidistant
prajection was used because distances measured from the center are true] Once 2 point is
chosen within one of these arcs as a corner site, the choices for the other two corners are forced
(as the remaining vertices of an equilateral triangle inseribed in the circle of “latitude™). [14]
These three sites form the trzngular base of a tetrahedron with Easter Island (unseen i
Figire 3) at the apex of the sobid, on the other side of the earth from the center of the crele
' F1gnre 3.

The after-the-fact dizcovenes that the choice of the tetrahedron was unique within the set
of Platomic solids, and that the extent of infinite “play™ in site selection could be constrained
within specified bounded intervals, enhance the planned selection of Easter lsland as the
choice for the initial vertex of the tetrahedron. Indeed, other choices were considered as an
initial verter: however, the idea of using this tiny patch of land in the Pacific hemmsphere
as the anchor for this “titanie” tetrahedron of terrestnal sites, not only proved possible, but
rrresistible as well,

LIGHT AND DARK:
A problem of boundary.

Natural boundaries, such as those between water and land, are often crenulated and
complex. Many words are necessary to translate a natural boundary into a cadastral sur-

g
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CEC T

Terras  Antipodom
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Figure 2. Terrae Antipodum. Dark areas represent landmasses whose antipodal pomts
are on land. Fragmented antipodal landmasses (archipelagos} are encircled by dashed hnes.
Antipodal continental outlines are shown (where needed to understand the map) over the
ocean as dashed lines. The base map is a Peters projection, The equator bisects the vertical
neat line. This map was used to establish unigueness of the choice of a tetrahedron within
Barr's constraints,
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Figure 3. Shaded intesvals show all possible land-based locations for three corners of the
base of & fetrahedon with Easter Tsland as apex of the solid inscribed m the earth. Easter
[sland 1= antipodal to the center of the arele, ©. The base map 15 an ammuthal equidistant
projection. Any distanes measured from the center, C, 13 true

11
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vey description. At places where the abstract and natural boundanes intersect, nteresting
ATrAngeEments can arise.

SunSweep

SunSwesp is a sculpture in three separate locations along the 1.5, /Canadian border that
was designed to commemorate the peaceful interaction across this border. Its three parts
are located at places where natural and abstract boundanes mtersect. The western terminus
15 on & bit of 11.5. termtory which can only be reached, on land, by passing through Canada.
The eastern terminus 1s on & bit of Canadian territory which can only be reached, on land, by
passing through the United States. Thus, & nice symmetry i= created by the intersection of a
natural and an abstract boundary; this symmeiry 15 mtentionally refiected in the choices for
the locations and in the physical shapes of the elements of the SuaSwesp sculpiure (Figure
1). The sculpture represents the arch of the sun in the skv from east to west, Coincidentally,
pechaps, Barr noted a commeoen social outlook among the people inhabiling these anomalous
locations— they appeared to share a kind of independence coming from this blurred boundary,
suggesting a nmily in sodal perspective associated with this sculpturs
Geographical Background of SunSweep

The eastern-most picce, arching inland, is situated on Campebello Island in New Bruns-
wick; the western-most piece, also arching inland, is on Point Boberts m the State of Wash-
mgton; and, the keystone of the arch, composed of two separate stone elements; is on an
island in the Lake-of-the-Woods in Minnesota [Figure 5: a, b, ¢}, Each pece 15 about five
feet tall and is formed from selectively polished flame-finished black Canadian granite carved,
i Michigan, from one mass.

Thesze markers that trace the sweep of the sun across the celestial sphere were sited close
to the 11.5./Canadian border to commemeorate the spinl of cooperation between these two
countries. A hand print, suggesting “T was here,” has been lasered inte the polished stone-a
“Canadian” pnnt on one side pressing aganst its murror inage "United States” pont on the
other side. '

The choice of locations for the sculpture suggests the path of the sun; they were selected
with an eve to displaying the interplay of ideas between asironomicz|l sweep and political
boundary-ae geapraphic *boundary dwellers” in the world of art, [15] They were also selected
for their charactenstic of physically forcing (in terms of access) interdigitation between 1.5,
and Canadian boundanes.

Thus Campobello Island, maintained as an International Park, is the site for the castern
prece; the arch is sitwated on Rapgped Point [Table 3), & Canadian location accessible by
read only through the United States. The trail leading to the sculpture 15 the "SunSweep”
Trail, formerly known as the “Muskie Trail" and re-named at the suggestion of Senator
Edmund Muske of the State of Maine. The western-most piece of the arch 15 situaied in
Lighthouse Park on Point Koberts (Table 3}, a United States community at the southern tip
of a spit of land that is accessible (by land) enly through Canada. American Point (Penasse
Island), Minnesota, the northernmost 1.5, island (Table 3) in the Lake-of-the-Woods |Lake
sitnated on the U5 /Canadian border), 15 close to a T 5. peninsula which 15 accessible by
land only through Canada; it is the site of the keysione for the arch in the locale referred to
as “Northwest Angle®™ which, other than those in Alaska containg Lhe only 115 landmasses
north of the 49th parallel

jad
L=




SOLSTICE

Figure 4. SunSweep. The 5-foot high carth-markers set out on a lawn, prior to placement
along the .8, /Canada border.

Grooves lagered into the sides of one element of the keystone piece and the top edge of
the sculpture offer visitors the opportumity to tie location to selected astronomucal events.
The top edge it angled g0 that a sunbeam iz parallel to it on the summer sclstice; a groove
in one side iz angled to align with the sun on beth equinexes; and, & groove on the other

13
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Figure 5. a, b, c. Maps of the thres SunSweep sites (a, New Brunswick: b, Minnesota;
c. Washington) emphasizing interdigitation associated with anomalous locations along the

U.5./Canada boundary.

side is angled to align with the sun on the winter sclstice. The shadows cast by & sunbeam
al each astromomical event would suggest a tracing on the ground, with the succession of
the seasons, in the shape of an analemma [16], calling to mind the equation of time and
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TABLE 3
Geographic coordinates of SunSweep
Site "~ Latitude Longilude ;
Campobello Island, NB 44°50"10% N DBGE55/25" W
Point Roberts, WA 4575823 N 123°05°00™ W
Lake-of-the-Woods, MN 497°91'45" N 094°57'40" W

ultimately Kepler's Laws of planetary motion. [17]

The second element of the Minnesola piece is aligned to the North Star. These markers
were mstalled on the summer solstice of 1985, The alignments ta the sun on this date and to
the North Star appeared true. The pieces m New Brunswick and Washington were aligned
subtly to each solstice and equinox position nsing the beveling planes of the granite and the
onientation in the patiern of sited, smaller rocks surrounding the sculpture,

The markers at each site have a bronze plague set i the concrete base deseribing their
metaphor. At the installation of the sculpture in Washington, the arch arrived broken and
was cemented together as it was sel into concrete in the ground. [18] Future generations
who come across this irregular crack might wonder what 1t “means.” and whether or not it
represents an alignment to some pecoliar astronomical event. At best, it might be regarded
as & remnant of @ transportation system not geared to shipping heavy, brittle items with
great success! The local citizenty is reconciled Lo the erack and in fact take delight in this
sculpture as their “Liberty Bell”

Mathematical Extensions of the ideas behind SunSweep

These three locations, selected initially for unique boundary characteristics, closely ap-
procimate ideal geometrie placement aleng an arc of a great circle. 4 summary of how the
actual measurements differ from the “ideal” ones is shawn in Table 4, The keystone location
15, in fact, not halfway between the ends as one might hope for in a perfect arch. The greal
circle distance from the New Brunswick site to the Minnesota site is longer thay the distance
from the Minnesota site 1o the Washingion site.

TABLE 4
Greal Circle Distances between SunSweep Sites.

Sites § Distance in miles
Campobello Island to Lake-of-the- Woods 1347
Lake-al-the-Woods to Point RHoberte 1263

[SUM: 2610]
Campobells Island to Point Roberis 2605

\Mid-point of entire great circle sweep 13025

In addition, the three locations, as a set, do not lie along a single greal drcle; ideally, it
might have been desirable to have them do 5o in order Lo keep the arch within a single plane
pasamg through the earth’s center. This sort of ideal arrangement was nol possible, howevsr,
because of the requirement of mterdigitation of U.S. and Canadian boundaries. Still, the
actual placement of the markers is quite close to the ideal: the greal arcle distance from the
New Brunswick location 1o the Washington location is 2605 miles—only 5 miles shorter than

13
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the sum of the component distances. Indeed, the midpoint of the great cirele arc joining the
New Brunswick location to the Washington location is at about 49 degrees 5 minutes North
Latitude, 93 degrees &0 minutes West Longitude—a great crcle distance of about 60 miles to
a site east and shghtly south of the actoal location of the sculpted keyvetone. As was the case
with "Four Corners” the unity of the entire "SunSweep” unfolds naturally only when a leap
of the imagination gives wheleness Lo the seulpture; in this case thal wholeness is suggested
by a sequence of anomalous locations along a political boundary.

Political boundaries are abstract and often simply defined, an advantage in conflict resc-
luticn, The “Oregon Question” that agitated England and the United States for a generation
was tesolved during the James Polk admimistration {(1846) by the simple agreement to ex-
tend the northwestern boundary along the 49th parallel from the Lake-of-the-Woods to the
Pacific, [197 an arc of 1263 miles (greal circle distance 1256 miles). Vancouver lsland extends
south of this line but the continental boundary ends where the 49th parallel reaches Puget
Sennd,

The fact that the great circle distance between the western and middle sculpture sites
rounds off to the same length as the length of the 1.5,/ Canadian land border along the 459th
patallel was mnplanned i the sculpture, As was the case with the uniqueness of the choice
of the tetraliedron for the Four Corners Projecl, this too was an affer-the-fact discovery,

linking both geography and mathematics to sculpture,

THE SPATIAL SHADOW:
A theoretical framework.

The emergence of the afier-the-fact discoveries surrounding these sculptures suggests the
smiftahility of looking for theory to link the coneepts underlying these partienlar art projects,
much as poetry might be after-the-fact theory linking already- existing word-images. To do
s, we draw on the interdizcplinary ties inking mathematics to geography, and linking both
ko art.

Thus, we adopt a view in which mathematics includes the scence of abstract space:
m which geography ties this science of space to the real world, and, in which arl offers
absiract means to appreciate these ties. A set of postulates of the “science of space” were
created in the late mineteenth century by William Kingdon Clifford drawing only on common-
senge notions of continuity and discreteness, flatness, magnification and contraction, and
similarity, that formed part of the foundation of the non-Euclidean geometries at the base
of modern physics. [20] By considering a set of fundamental relations, simply expressed, it
became possible to analyze spatial relations in a fashion that did not rely solelv on Euclid’s
postulates, and particularly not neeessanly on Euchd’s parallel postulate. [21]

We consider a transformational approach to theory, -q:r_'iu_r:iug the emphasia of contempa-
rary “global® mathematics in seeking properties which remain invariant when carried via
transformation from one space to ancther, It might be tempting to consider sunlight as a
basic unit, because light coming through the sculpture iz what links the geometry of the
sculpture with the reality of the earth, With the sun at an “infinite” distance from earth, its
beams are parallel to each other (from our vantage point). Incoming solar radiation might
therefore be considered an “affine” transformation (in which sets of parallel lines are invari-
ant) that maps elements protruding from the earth’s surface as shadows onto the sarth’s
surface (as in a structurist relief), |22 There are a number of appealing elements ta this par-

16
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ticular transformational approach. The affine transformation ie the basis of mucl compuler
software for displaying graphics, suggesting a natural alignment of theory and computer map-
ping i order 1o merge the mathematics of seulptural structures with the spatial relations of
the earth. |23]

Becanse such an approach has the concept of affine transformation at its hearl, however,
it necessanly emphasizes the notion of parallelism. Our emphasis 15, rather, on separate
pieces whose relationship creates a single unit of art composed of separate parts intentionally
devoid of interest in order to focus on thatl relationship, as {quotation attrbuted to Einstein )

“History [Art| consists of relationships rather than events”
A, Einslein,
It seems therefore, inappropriale to forge a linkage with theary based on parallelism. Far
maore suitable is to follow the lesson leamed from Clifford and find basic elements that heiter
match that which we seek to charactenize. [24]

The concepi of shadow, rather than the affine transformation that creates the shadow.
seems a better choice as o fundamental anit with which to work. Single spatial shadows
[of physical objects) are discrete units of individual character; vet, they change in response
te dinrnal luctuations, eventually to become united in a gingle nighttime continuum under
the global spatial shadow of the eatth on itself. lndeed, the concept of chadew, itself, also
embaodies the notion of transformation—

"The shadows now =0 long do grow,
That brambles like tall cedars show,
Malehills s=em mountains, and the ant
Appears a monsirous elephant,”
Charles Cotton, Evening Quatrains

“Shadow” is dymamic mathematically, as a transformation, as well as geagraphically,
as the sweeping boundary separating light from dark that refreshes the earth on a daily
cycle. Shadow is tied directly to time through the diurnal motions of the Barth, and it
12 bed indirecily to time, at a personal level as well. Each individual casts a personal
time-shadow-a long trail of experiences representing accumulated wisdom over a period of
years (and growing longer all the time), together with a short extension into a “cone” of
opportunity, generated by a space-lime continunm, into the near future. [25] The analysis of
the manner in which these temporal shadows might become unified in some global manner
[24] is no doubt better left to philosopy and religion as

“Time watches from the shadow®.
W, 0 Auden, Birthday Poem

With spatial shadows and tempoeral shadows, one might recast Clifford’s postulates for
a Science of Space as Postulates for light and dark based on the concepl of shadow, The
contragt between light and dark, and sunlight and shadow, gives msight into the shape of
things; or, as Chfford put it,
"Chat of pictures, we imagine a world of solid things,”

a statement renumscent of Plato's "Den”. [27] That is, a shadow is a creature that exists as
a transformation of a three dimensional object onto a two-dimensional surface much as the
relief format 15 the transitional step from two-dimensional paintings to full three dimensional
arl. The shape and position of the shadow are a function of

17



Swmmer, 194371

1. the shape of the three-dimensional object,
2. the onentation of the three-dimensional object m relation to the light source, and
3. the curvature of the receiving surface

The concept of shadow links these elements and therefore represents & relationship that js
“structunist” in nature.

Clifford's statement of his postulates for a Science of Space follows. [28]

“1. Postulate of Contimuity. Space 15 a continuous aggregate of points, not a discrete agere-
Eate.

2. Property of Elementary Flatness. Any curved surface which 1= such that the more you
magnify it, the flatter it gels 15 said to possess elementary fiatness.

4. Postulate ol Superposition. A body can be moved about in space without allening its
size or shape

4. Postulate of Similanty. According 1o tlis postulate, any figure may be magnified or
dimimished in any degree without altering its shape.”

Both “space” and “darkness” are diffuse, rather than hnear; as concepts; ther “lateral”
character suggests that they, and other concepts possessing this characteristic, such as time,
eontinuity, or inclusion/exclusion, have the power to unify. Thus, we rethink Clifford’s
postulates wilthin lis stated context, to see if they can be reasonably recast as a different sel
of postulntes concerming light and dark.

Shadow Postulates

L. Postulale of Continuity. Total darkness 15 a continuous aggregate of shadow, and not a
discrete aggregate of individual shadows
Indeed, total darkness on the earth 15 continuous as it 15 formed from a single global shadow
of the earth on itself; all other shadows are lesser, This global shadow is a imiting position
that a sum of discrete agorepates of shadow might approach bul never reach; the whole is
greater than the sum of its parts.

2. Postulale of Equinox. On every suclace which has thizs property, all butl a finite number
of points are such that they are in darkness and light an equal amount of time.

Clifford notes that any surface thal possesses his properly of elementary flatness is one on
which "the amount of turning necessary to take a direction all round into its first position is
the same for all points on the surface” This 1s suggestive of what happens on earth at the
time of the equincxes in which all parallels of latitude are bisected by the edge of darkness
so that all but the poles spend half the diurnal evele in light and half in dark. Henee the

restatement of “Elementary Flatness" as “Equinox.”

3. Postulate of Unique Peosition. The length and angle of mdividual shadows impart infor-
mation, In a unique fashion, as Lo position on earth,

One consequence of Chifford’s Postulate of Superposition i1s that “all parts of space are exactly

alike.” A body can he moved about in space without altering its size or shape, but its shadow

changes al every different location on earth {at a given instant). Thus the Fostulate of Unigue

Position is parallel to that of Superposition.

4. Postulate of Solstice. On every surface which has this property, all but a finite number
of points are such that they are m darkness and Lhght an unequal amount of lime.
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Using the idea in Cliflord’s Postulate of Similarity, any shadow of a single object may became
magnified or diminished in any degree, through time. However, the shape of the object which
casts the shadew remains unchanged. The Earth's shadow alwavs covers exactly half of the
carth-sphere (in theory). The dark/light boundary elips over the Earth's surface covering
half of it in darkness, altering the extent to which shadows of unchanged objects become
magnified or dimimished. During this process, not all points experience the same amount
of darkness. Hence, “Similarity” is replaced with “Solstice.” The dynamics of this process
are bounded between two parallels (the Tropics), so that there is also implied parallelism
associated with Lhis Postulate, just as Lobatschewsky noted implied parallelism associated
with Clifford’s fourth postulate and rejected it in order to consider using his geometry to
understand astronomical space. [29)]

Now this set of postulates “fits” with the earth and its shadow (indeed, the earth mo-
tivated it), The reader wishing to determine where the dark/light boundary appears at a
given lime at a given location need only perform the following construction, 30| using a
globe on a sunny day, Point the north pole of the globe toward the earth’s north pole (make
compensating adjustments for southern hemisphere locations), where meridians of longitude
converge. Hotate the globe on this north/south axis until vour location appears on top of
the globe—where a plane "parallel” to the surface of the earth is tangent to the globe. The
shadow cast by the sun on the glabe will trace out accurately the position of the light /dark
boundary on the earth at that mement. This construction works becanse it amounts to
putting the globe in exactly the position that the earth is in relative to the sun-it is a good
example of Shadow Postulate I concerning Unique Position because the globe position re-
quired is umique for each point on earth, even though each unique position will generate the
same position for the shadow. (Fostulate 1 applies, and Postulate 2 applies on two days of
the year and Postulate 4 applies otherwise.)

A natural next step is then to tum these postulates back around on the style of sculptore
(that of discrete unite that suggest unity) that motivated them. Shadow is a sort of underly-
ing, continuons and rhythmical, [31] phrasing in a poetry of dark and light, The postulates
offer a strategy 1o see whal “poetic images” can be formed within this poetic phrasing.

SunSweep is & sculpture in three discrete parts. Thus, Shadow Postulates 1 2. and 4,
which are tied to continuity are net of particular interest, though they are significant in
explaining the sun-sighting from each position. Shadow Postulate 3, dealing with Unique
Position, 35 the natural, abstract “line” of logic joining the sites, as the “Sunsweep,” Light
coming through the keystone is whal merges its geometry with the reality of the earth, as
a geagonal analemma traced oul on the earth by pencils of sunlight, The concept of light
and dark, viewed within the eoncepl of Unique Position, is what abstractly links the three
SunSweep sites, and their sun-sighting capahbility, as 2 unit,

With the Four Corners Project, we have the possibility of considering the more global
postulates becaunse of the requirement of a global view from which to visualize the entire
sculpture. In this case, the interssting alignments of sculpture with theory appear to be in
the Equinox and Solstice Shadow Postulates. Four Corners may be referenced using standard
geographic latitude and longitude, but it is most easily referenced using a spherical coordinate
system of latitude and longitude based on a polar axis through one of the four corners and
1ts antipodal point, Rotation matrices, from linear algebra, may then be used 1o move from
one coordinate system to the other. Thus, if one views the Four Comers Project as having a
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“North” Pole at the Greenland corner, it seems natural to ask whether or not “Equinox® and
“Solstice” relative 1o this coordinate system coincide with astronomical equinox and solstice
positions of the earth. Indesd. the concepts apply, but the results are different.

Because the only parts of this earth-scale sculpture lonched by sunlight are the corners:
“equinox” oceurs when exactly two of the corners are illuminated and two are in the earth's
shadow; “solstice” occurs otherwise. “Equinox” is clearly a more frequent occurrence with
the Four Corners than it is with the Earth. In this view, the natural concept drawing the Four
Corners together as a unit s that of spatial relations between Earth and the Solar System
as Equinox and Solstice, and st the same time, this human construct of “Four Corners”
enlightens the natural occurence of equincx and solstice.

In both cases, the postulates of light and dark serve as a natural abstract line 1o suggest
unity, much as the physical positioning of proximate discrete pleces suggests natural lines
along which to sight in a wide vange of artistic effarts. This is an alignment of fundamental
ideas. It is reasonable to consider therefore where this might lead, both i terms of art and
m terms of formal theary,

Further directions appear two-fold: first, in the world of art, it may be useful Lo consider
other existing art in this after-the-fact mode and then to employ these postulates as part of
a plan in developing discrete seulpture 1o suggest unity; and second, in the world of formal
theory, it seems appropriate to extend abstract theory from the postulates with an eye Lo
possibly tumning it back around on art. One dipection that is currently being investigated
by Kenneth Snelson is in the arena of mathematics applied to spheres, particulady to those
applications developed in analogy with the earth’s position in the solar system. Pauli's
Exclusion Principle of quantum mechanics, which tests on likening the spin of an electron
to the diurnal spinning of the carth on its Axis, serves as a sort of spatial starting point for
his alignments of modern physics and sculpture, [32] (According to Panli’s principle, no two
electrons can be in the same orbit of the nuclegs. [33]) In a related, but different, direction.
the use of Clifford’s postulates suggests that a suitable extension of ideas might arise in the
warld of various non-Euclidean geometries and particularly in those whose Euclidean models
are often cast m terms of a sphere,
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Construction Zone
Simple analysis of the logistic function

A derivation supplied by 5. Arlinghaus in response to questions from William D. Deake,
School of Natural Resources, University of Michigan, concerning aspects of his interest in
transition theory. Discussed Tuesday, May 6, 1991, Colloguium in Mathematical Geography,
IMaGe. Present: Sandy Arlinghaus, Bill Drake, John Nystuen (this commentary is included
in Solstice at the request of the latter),

1. The exponential funetion-unbounded population growtls

Assumption: The rate of population growth or decay at any lime { 15 proportional to
the size of the population at ¢.

Let Yy represent the size of a population at time ¢. The rate of growth of Y5 is propor-
tional {e ¥y
d}.-:flll:ﬂ- = k}.-:

where & is a constant of proparbionality,

To solve this differential equation for ¥, separate the variables,
dnf&-}:kds;fwmr _ fm.

Therelore,
In{¥yl =kt + e

Consider only the positive part, so that

. TR . a
¥y = ektteo _ gtopkt

Let Yy = e Therefore,
¥, = Vet

exponential growth is unbounded as ¢ — oc!

Suppose £ = 1. Therefore,
Yi=Yye =¥

Thus, ¥Yip 15 the size of the population at { = 0, under conditions of growth where & = 0
(Figure 1).

2. The logistic function-bounded population growth

Assumption appended to assumption for exponential growth. In reality, when the pop-
ulation gets large, envirnomental factars dampen growth.

The growth rate decreases— dVy/dt decreases. So, assume the population size is limited
te some maximum, g, where 0 < ¥, < g. As ¥V, — ¢ it follows that dY,/dt — 0 so that
population size tends to be stable as ¢t — oo, The madel is exponential in shape initially
and includes effects of enviconmental resistance in larger populations One such algebraic
expression of Lthis 1dea is

LS
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(0%)

Figure 1

becnuse in the factor L:") when ¥ 1&g small, T‘q—r" 15 close to 1 (and the growth therefore

close to the exponential}) and when Y 15 close to g, !_Th is close to 0, and the growth rate
d¥;/dt tapers ofl. This faclor acts as a damper to exponential growth.

Replace k/g by K so that
d )Yy fdt = I{-}-tl:_l.';l' — ]rr}
and the rate of growth 1s proportional to the producl of the population size and the difference

between the maximum size and the population size,

Solve this latter equation for ¥y: (separate the variables)

d} f d¥y /
———=Kdt; | ——= [ Kd
Yilg — Y3 Yolg—13)

Use a Table of Integrals on the rational form in the lefi-hand integral;

1

¥y
- In|——| =Kt +C
q lfr—l*fl

Tr

I
Inf— =gkt 4 ol
q_“l gkt + g

Becanse ¥y > 0 and g — ¥ = 0,

-

¥y
In = gl + g,
'? -‘_I-'-: ql ':FC-

Therefore,
i —— etFtral _ poRiaC
g—Ye
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Replace €% by A Thercfore,
l';——il_J = .-'irz'?xt;
Yi= g = Y;)detXt,
¥y = gAdet™t _ y 40051,
e tHE 1) = gAetHL.
o Aeokt
FT AetEi
now divide top and bottom by Ae?™*, cquivalent ta multiplying the fraction by 1, so that
q i3 q N
1+ F}zﬂ'f 5 I = P s

:l‘": -

Replace 1/4 by o and —gK by & producing a common form for the logistic function (Figure
2},

Foem HL
1 + ﬂE.-Elf
with & < 0 because b = —gK  and g, K = 0.
3. Facts about the graph of the logistic equation,
a. The line ¥3 =g iz a horzontal asymptote for the graph.
This is 0 becanse, for b < 0,

Lim 4 — ] =1
= ] 4 ogebd | =+ a{0)

Can the curve cross this asymptote! Or, can it be that

- }.‘f o
}4 = —_ﬁ:
1+ ae™t
O,
1 =1+ ae™?
Or,
I'I.E'M =

O, that & = (17 No, because a = 1jA. Or, that " = B-ne,

Thus, the logistic growth curve deseribed above cannot cross the honizontal asymptote
so that it approaches it entirely from one side, in this case, from below,

b. Find the coordinates of the inflection point of the logistic curve.
Vertical component:

The eguation d¥y/di = KYylg —Y;) = fg¥, - KYE ie a measure of population growth.
Find the maximum rate of growth-derivative of previous equation:

d*Vydi® = Ky — 2Ry,
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To find a maximuin (min), set this last equation equal to zero.
Kg—2KY, =10

Therefore, ¥y = ¢/2. This is the vertical coordinate of the inflection pomt of the curve for
¥, the logistic curve—dYy/dt is increasing to the left of ¢/2 (dV,/dt = 0) and Y,/ dt =
decreasing to the right of g/2 (d°Vy/dt < (1). So, the maximum rate of growth occurs at
Yy = gf2. [The rate at which the rate of growth is changing is a constant since the first
differential equation is & gquadratic (parabaola)].

Horizontal component:

To find £, put ¥y =4/2 in the logistie equation and solve:

g

i A
q' F_ 1'I'||.E'M

solving,
| +ae = E;Eh =lja:e ™ =q: bt =In a,

_ina
=
Thus, the coordinates of the mflection point of the logistic curve are:

(Inaf(—b).q/2).

[n order to track changes in transitions, such as demographic transitions, monitormg the
position of the inflection point might be of use. To consider feedback i such syatems,
graphical analysis (Figure 2) of curves representing transitions might be of use.

x;T
ik
ga=g

[*-‘i,'"ﬂ

(o L_]

it

—t

'rﬂl'-l"-'}
Figure 2. The intersection points of the line y = = with the legistic curve are, using
terms from chaos theory, atiractors on either end, and a repelling fixed point in the middle,
possibly near the mflection point of the curve.
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Educational Feature
Topies in Spatial Theory
Based on lectures given by 5. Arlinghaus
as a guest speaker in John Nystuen's
Urban Planning, 507, University of Michigan
Feh. 21, 28, 1990; four hours
The people along the sand
All turn and look one way.
They tum their back on the land.
They look at the sea all day,

They cannot look out far.
They cannot lock in deep.
But when was that ever a bar
To any watch they keep?

Robert Frost Neither Out Far Nor In Deep

L. Introduction

Theory guides the direction technology takes; mathematics is the theorelical foundation
of technology. To become more than a mere user of various software packages and program-
ming languages, which change rapidly (what is trendy in today’s job market may be obsolete
tomortow ), il s therefors crtical to understand what sorts of decisions can be made at the
theoretical level. Underlying theory is “spatial” in characier, rather than “lemporal” when
the objects and proeesses it deals with are ordersd 1 space rather than in time [most can
be done m both-decide which iz of greater interest). The focus with GIS is spatial; hence,
the theory underlying il is “spatial.”

This 15 not a new idea; [VArcy Thompson, a biologist, saw (as early as 1917) a need
for finding a systematic, theoretical organization of biclogical species that went bevond the
classification of Linnaeus. What he found to be fundamental, to characterization along
structural (spatial, morphological) lines (rather than alomg temporal, evolutionary Lines)
was the "Theory of Transformations”—in Thempson’s words:

“In a very large part of morphology, our essential task lies in the comparison of related
forms rather than in the prease defimbion of each; and the deformation of a complicated
figure may be a phenomenon easy of comprehension, though the figure itsell have fo be
left unanalysed and undefined. This process of companson, of recogmising in one form a
defimte permutation or deformation of another, apart altagether from a precise and adequate
understanding of the criginal 'type’ or standard of companson, lies within the immediate
province of mathematics, and finds its solution in the elementary use of certain method of the
mathematician, This method s the Methed of Co-ordinales, on which is based the Theory
of Transformations.® [*The mathematical Theory of Transformations 15 part of the Theory
of Groups, of greal 1mpertance m modern mathematics. A distinction 15 drawn between
Substitution-groups and Transformation-groups, the former being discontinuous, the latter
continuous—in such a way thal within one and the same group each transformaiion is infinftely
little different from another. The distinction among biologiste beiwesn a mutation and a
vanahion 15 curously analogous. |
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[ imagine that when Descartes conceived the method of co-ordinates, as a generalisation
from the proportional diagrams of the artist and the architect, and long before the immense
possibilities of this analysis cowld be foreseen, he had in mind a very simple purpose; i1 was
perhaps no more than to find & way of translating the form of a curve {as well as the position
of & point} into numbers and inio words. This is precisely what we do, by the methad of
coordinates, every time we study a stalistical curve; and conversely transiate numbers into
form whenever we ‘plot a curve’| to dlustrate a fable or mortality; a rate of growth, or the
daily variation of temperature or barometric pressure. In precisely the same way if iz possible
to mseribe in a net of rectangular co-ordinates the cuiline, for instance, of a fish, and so lo
translate 1t into a table of numbers, from which again we may at pleasure reconstruct the
curve.

But 1t 15 the next step in the emplovment of co-ordinates which is of special inierest
and use o the morpheologist; and 1his step consists in the alterstion, or deformation, of our
system of co-ordinates, and in the study of the corresponding transformation of the curve or
fisure inscribed in the co-ordinate network,

Let us mscribe in a system of Cartesian co-ordinates the outline of an orgamsm, however
cemphcated, or a part thereof such as a fish, a crab, or a mammalian skull. We may now
treat this complicated flgure, in general terms, as a function of z, yv. If we submil our
rectangular system to deformation on simple and recognised lines, altering, for instance, the
direction of the axes, the ratto of oy, or substtuting for © and y some more complicated
expressions, the we obtain a new system of co-ordinates, whose deformation from the original
type the inscribed figure will precisely follow. In other words, we obiain a new figure which
represents to old figure under a more or less homogeneous strain, and is a function of the
new co-ordinates in precisely the same way as the old figure was of the original co-ordinates
x and y ;

The problem is closely akin to that of the cartographer who transfers identical dats to
one projection or ancther [reference below(; and whose object 18 to secure {if it be possible)
a complete correspondence, in each small unit of area, between the one representation and
the other. The morphologist will not seek to draw his orgaine forms in a new and artifical
profection; butl, m the canverse aspect of the problem, he will enquire whether two different
but more or less obviously related forms can be so analvsed and interpreted that each may be
shown to be a transformed representation of the other. This once demonstrated, it will be a
comparatively easy task {in all probability) to postulate the direction and magnitude of the
force capable of effecting {he required (ransformation. Again, if such a simple alteration of
the system of forces can be proved adequate to meet the case, we may find ourselves able fo
dispense with many widely current and more complicated hypotheses of biological causation.
For 1t 15 a maxim in physics that an effect ought not to be aseribed to the joint speration of
many causes if few are adequate to the production of it

Reference: Tissot, Memoire sur la representation des surfaces, et les projections des
cartes géographiques (Pans, 1881L"
air IVArcy Wentworth Thompsoen, pp. 271-272, in On Growth and Form.

Look at Thompson's comments concerning biological structure to see what parallels there
are, already, with GIS strocture and to see what they might suggest—compare to Tobler’s
map transformations.
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Figure I Sample of Thompson’s Transformations. Fig. L1 Argyropelecus olfersi. Fig.
1.2: Sternoptyx diaphana.

I. GIS {the digitizer] nses coordinates o translate forms {maps) into numbers.

2. ANl IS software translates nwmbers into maps, which may then be printed out,
patallel 1o inscobing a fish in & set of coordinates, translating it into a get of numbers, from
whach the fish may be reproduced al any time (Figure 11}

3. Thompson's deformations correspond to the ideas of scale shifts on maps, Transfor-
mations describe shifts in seale. Figure 1.2

4., Thompson's comments on the distinction between discontinuous and continnous e
flects partitioning of mathematics into discrele and continuous. Discrete need not be finil=-
look at two different types of garbage bag ties—twist ties and slip-through ties, and imagine
them to be of imfimte extent.

5. We see simple transformations in G1S-maps might he stretched or compressed in
the vertical direction. Imagine using a small digitizing table o encode a large map by
deliberately recording “wrong® positions—then use a transformation within the computer

to correct the “wrong" positions so thatl the map prints cul correctly on the plotter. Large
digitizing tebles become unnecessary.

6. We look, for future direction, to the Theery of Groups, For today, we confine ourselves
to A few simple transformations.

II. Transformations

Transformations can allow yon fo relate one form to another in a systematic manner
allowing retieval of all forms. To do this, you need to know how to define a transformation

s thet this is possible. Beyond tlus, one might consider a stripped-down transformation,
for even more efficient compression of electronic effort [Mac Lane).

A, Well-defined (single-valued),

Let “tau” be a transformation carrying a set X to aset Y@ i notation, v X — F.

a0
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Tau 1= said to be well-defined if each element of X corresponds to exactly one element of ¥
Visually, this might be thought of in terms of lists of street addresses: the set X comsists
of house addresses used as “return” addresses on letters. The set V' cansisie of other house
addreszes. The transformation is the postal transmission of a letter from locations in X to
locations in ¥ A single value of X maps to single value of V'

Figure IL1 This is a transformation—two distinet letters (z and z') can be posted to
the same address (y ). (Many-one map).

Figure IL2 This is NOT a transformation-one letter (] cannat, itself, ro lo two
different addresses (y and y') (new techuology of e-mail permits this—suggests for possible
need for change m fundamental definitions), (One-many map),

B. Reversibile
1. One-to-one correspondence.

A one-to-one correspondence is a transformation in which each = in X goes to a distinet y
¥ ; the sitnation depicted in Figure [1.] cannot hold. From the standpoint of reversibility,
this 12 important; if the situation in IL1 conld hold how would you deade, in reversing,
whether to “retum” y to = or to 277

1. Transformations of X onto ¥V

A transformation of X onto ¥ 15 such that everv element in ¥ comes from some element
of A'; there pre no addresses outside the postal system (Figure IL3).
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X b {
7’: :'1-'
::': e

Figure I1.3 This 15 2 transformation-it is ueither one-to-one, nor onto {y' is cutside the
system ).

. A transformation 7 from X to ¥ s reversible- it has an inverse ! from ¥ to X i

r 15 one-to-one and onto; it has an inverse from a subset of ¥ to X ff 7 15 one-to-one
(Figure 11.4).

=1 end ngt

————

()Y

.-E.—I

Figure IT.4 In the top part, (A ) =Y. In the bottom part +(X ) is properly contained
m ¥ this 15 like data compression-like ZI7 followed by UNZIP.
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C. Rubbersheeting

The use of transformations that have inverses is critical in rubbersheeting; associations
betwesn data sets must be made in a manner so that correct information can be gained from
the process.

1. Types of Translormalions

One mght consider moving objecie within a fixed coordinate system, or holding the ob-
jects fixed and moving the coordinate system Thompson did the latter; rubbersheeting does
the latter; NCGIA matenals (Lecture 28) comment thal the latter approach is particularly
well-suited to GIS purposes.

Two major types of transformations:

a. Affine transformations: these are transformations nunder which parallel lines are pre-
served as parallel lines, That is, both the conecepl of "straight line” and "parallel” reman;
angles may change, however.

There are four types of affine transformations as noled on smtable NCGIA handout
(Figure I11.1). Products of affine transformations are themselves affine transformations,

Current technology employs types 1 and 2, quite clearly, CRT allows for translation
of maps, and lor scale change in y-direction only. Copier also allows for the same, and in
addition, permits different shifts in scale along the two axes, allowing maps with different
scales along different axes to be brought 1o the same scale and pieced together. (See output
from Canon Color Copier.) On that ontput, the z-axis if fixed by the transformation and the
y-axis is streiched to 200% of the original, Thus, # circle transforms 4o an ellipse, a rectangle
with base parallel to the z-axis transforms to a larger rectangle, and a rectangle with base
not parallel to the z-axs transforms to a parallelogram with ne right angles {Figure [11.2).

B. Curvilinear transformations; neither straighiness nor parallelism is necessarily pre-

served {Thompson fish, Figure 111.3).
IV. Exercise, page 5, lecture 28, NCGIA.
V. Steiner networks

If centers of gravity are used as a centering scheme in a triengulated irregular network,
then 1t 15 desired to have no centroid lie outside a tmangular cell. Thus, no cell should
have angle greater than 120 degrees, so that the Stemer network (where all angles are ex-
actly 120 degrees) will serve as an outer edge {3 limiting position) for the set of acceptable
terangulations, Thus, it is unportant le know how to locate Steiner networks,

VI. Digital Topology

The notion of a “triangulation™ is a fundamental concept in topology (sometimes called
"rubber sheet” geometry), “Digital” topology s a specialization of “combinatorial” topology
in which the fundamental units are pixels. The same "important” theorems underlie sach.
The Jordan Curve Theorem (which charactenzes the difference between the "inside” and
the "outside” of a curve, 1z an example of such a thecrem). Using concepts from digital
topology, “picture” processing (as a parallel to “data® processing) 15 possible. There are
numerous references in this field; some include works by geograplier Waldo Tobler and by
mathematician Agzriel Rosenfeld. Other key-words to topics of interest in this area include,
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Jordan Curve Theorem in higher dimensions; yuadtrees: seale-free transformations; close-
packings of pixels.

VIL. The algebra of symmetry-some group theory

I’Arey Thompson commented that the theory of transformations was tied to the theory
of groups. A “group” is a mathematical system whose structure 15 simpler than that of
the number system we customarily use in the “real-world” In our usual number system,
we have two distinct operations of “4+" and “x; thus, we have rules on how to use each
of these operations, and rules telling us how to link these iwo operations (distributive law;
comventions regarding order of operations).

A group is composed of a finite set of elements, § = {a,b,e, .. . n} that are related to
each other using a single operation of “«.* Under this operation, the set obeys the following
rules (and is, by that fact, a group).
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The product, under +, of any two elements of S is once agan en element of §—this
system is “closed”™ under the operation of +—ne new element (information) is generated.

Given a, b, and ¢ in 5: (a« bl#e=ag=(bwc), The manner in which parentheses are
introduced is not of significance in determining the answer (information content) resulting
from a string of operations under = The speration of = is said to be associative.

There is an identity element, 1, in 5 such thal for any element of S, say a, it bollows
that

dxl=1=a =2

Fach element of 5 has an inverse in 5 that 15, for atypical element a of §, there exisis
another element, b of £ such that

axb=lhea=1
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%o

Figure II1.3

Denote the inverse of @ as a=!'. Thus, axe ' =g lag =1

The order 1n which elements are related to each other, usmg « , may matter; it need not
be true that @+ b = bwa. (Elements of the group do notl necessanly “commute” with esach
other. )

The algebraic idea of "closure” is comparable to the GIS notion of snapping a polygon
ghut, so that chaining of line segments does not continue forever—the svstem i "closed.”

A. The affine group; afline geametry.

The definition of group given above was to a sel of elements and an operation linking
them, These elements might be regarded as transformations. In particular, consider the set
of all affine transformations of the plane that are one-to-one (translations, scalings, rotations,
and reflections). Thess form a group, when the operation = is considered as the composition

of funclions
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1. The product of two affine transformations is itself an affine transformation;

. In a sequence of three affine transformations, it does not matter which two are grouped
first, as long as the pattern of the thres iz nnchanged —aseocativity.

ii. The affine transformation which maps the plane to itself serves as an identity element.
1. Because the affine transformations dealt with here are one-to-one, they have mverses (all
translations have inverses; only those linear transformations with inverses are considerad
lhere).
Affine geomeiry 15 the study of properties of figures that remain invanant under the
group of cne-to-one affine transformatons. Here are some thesrems from affine geometry.

1. Anyv one-to-one affine transformation maps lines to lines.
1. Any affine transformation maps parallel sets of lines to parallel sets of lines.
i, Any two trangles are equivalent with respect to the afline group.

To demonstrate the theorem m i, consider a fixed tnangle with position [(5Cq),
relative to an x /y coordinate system. Choose an arbitrary tnangle, {ABC). Use elements
of the afine group to move [ABC) to coincide with (OBpCs): a translation slides A to
) (Figure VII.1). Two separate scaling operations and rotations shde B to By and © {a
Ca. This is possible because 0, B, and O arc not collinear (as vectors, OF and OC are
linearly independent).

This 1s the theoretical ongim of the GIS notion that control pomts must be non-colhnear
and that there must be at least three of them. From a mathematical standpoint, it does not,
Lherefore, matter whether the control points are chosen elose together or far apart; however,
from a visuzl standpoint it does matter, When control points are chosen close together the
scaling operation required fo transform the control tnangle inte other tnangles 15 generally
enlargement. When the contral toangle is chosen with widely spaced vertices, the scaling
operations required to transform it into other triangles s genmerally reduction. Errors are
more visible with enlargement. Therefore, it 15 better, for the sake of visual comfort, to
rely en reduction (reducng error size, as well) whenever possible, and therefore, to choose
widely-spaced control points.

Thas 1z hke the exercise above; there are two scalings and another affine transformation
(here a translation, in the exercise, a reflection). In either caze, the outcome of applying a
sequence of afline translormations is still an afline transformation. In this case, il does not
matter in what order the scaling operations are executed and in what order, relative to the
scaling; the translation 1s applied. In the case of the exercize, however, this is not the case.

1t does not matter in what order the scalings are applied. 1t 15 the case that ryore =
To 07y, 1L 15 also the case that 7y 07y =75 0 7. However, it is not the case that

19 GTS = T3 E’Tz r
(50,5) "* (s0,48) * (50,432)
(50,5} ° (50,475) * (50, 4660)

Observe, however, that it is possible to solve the problem applying the reflection earlier,
Take 71 to be the reguired reflection so that g 15 senl to 50 —y (reflection before the scale
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change on the y-was). Figure VIL2 shows the solution here. In the non-commutative case
here, there is a sharp difference in the “correct® y-value and the other possible one. In this
case, as in the previous one, il does not matter how the application of transformations are
separated by parentheses, and it is gnarantesd that the product will itself be affine.

Thus, the order of application of affine translormations, within the group (locally), is
importani. This might cause difficulties (sending you off the sereen), or it might be turned to
an advantage in gooming-in on someihing. What caueed the problem here was ihe reflection.
Products of rotations of the plane are roatations of the plane: products of translations
are franslations, and products of scalings are scalings. Here, and as we shall see later,
reflections cause non-commutativity (similar problems might have arisen in Figure VIILI,
had a reflection been involved).

. Any triangle is affine-equivalent to an equilateral toangle (choose whatever contral tri-
angle desired—can choose an underlying lattice of regularly spaced triangular points and
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rubber sheet them to an irregularly epaced one).

v. Any ellipse is affine equivalent to a circle (demonstrated via copier technology).
a. Parallelism and GIS: crossing lines and polvgon area.

Groups suggest how theoretical structure may be

built from assembling simple pieces.
GIS algorithms for complex processes are also often b

uill from assembling simple pieces.
Straight lines

How can we tell if two lines interseel in & node?

Example from NCGIA Lecture 32 does the line Ly from (4,2) 10 (2,0) cross the line Lo
from (0,4) to (4,0)? From a mathematical standpeint, two lines in the Euclidean plane cross
if they have different slopes, my and ma, where the slepe m between points (2y,y;) and
{3, ¥2) is calculated as (y3—y:)/(xs —21). In this case, the slope of L, is (0—2)/(2-4) =1

Al
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and the slope of Lg is (0 —4)/(4 —0) = —1, The slopes are different, so the lines cross in
the plane. However, in the GIS context:
1. Do the lines cross on the computer screen, or is the intersection point ontside the bounded

Euchdean region of the screen?

i, Even if the lines cross on the screen, do they intersect at a node of the data base {was
that point digitized )”

To answer these guestions, 11 18 necessary 1o determane the intersection point of the two
lines,

Equation of Li: one form for the equation of a line between two poits (g, y1) and
(22,32) is

y—y1=mz -]
where m is the slope and & is the second coordinate of Lhe y-intercept. Thus, L; has
equation ¥y —2 = 1{z —4) or y =2 — 2; La has equation y —4 = -1z —0) or y = —z +4,

Solve these equations stmullaneously to yvield z = 3 and y = 1.

Thus, il the point {3, 1) bes within the boundaries of the screen, the lines intersect on
the sereen; if the point (3, 1) was digitized, Lhen another line might be hooked onto the
mtersection point. If it was not digitized, then the lines “cross” bui do not intersecl, much
as waler pipes might cross bul do nol necessanly inlersect (as i snappiug a segment onto
the middle of a line on the CRT'). This 15 a graph-theoretic charactenstic.

Note that vertical lines are a special case; their slope is undefined because x4 — x4, the
denominator in the slope, 15 gero. Recognizing vertical lines should not be difficolt, but it

should be remembered that atlempting to calculate slope across an entire set of lines, which
might include vertical lines, can produce errors.

Chans of straight line segments.
How can we tell if chains of segments cross?

Because chamns are of fimite length and are bounded, it 15 possible to enclose them in
a rectangle (no larger than the CRT screen) {Figure VII.3). This 1= a minimum enclosing
rectangle.

Thus, given two chains, ) and 'y, if ther respective minimum enclosing rectangles
do not intersect (as do straighl lines) then they do not inlersect, and further testing is
warranted.

Polygon area:

Calculate polygon area using notion of parallelism (Figure VIL4)

Sumple rule, based on vertical lines, to determine if a pont is inside or outside a polygon
(Figure VIIL5)

Centrods of polygons, with attached weights are often used as single values with which
to characterize the entire polygon. Centroids are preserved, as centroids, under affine trans-
formations.

These are technical procedures for determining various useful measures and are docu-
mented in NCGIA matenial; all are based in the theory of affine transformaltions applied to
sels of pixels. Move now to consider the mechanies of how seis of affine transformations
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might affect a single pixel.
B. Group of symmetries of a square (pixel); the hexagonal pixel.

A square may have a get of rotations and of reflections applied to it as noted in Figure
VILG. Each may be represenied as a permuitlation of the verlices, labelled clockwise. Permu-

tationz are multiphed a: indicated in the example, below: multiply the permutation [1234)
by the permutation [13)(24):

1 goes 1o 2 (in the left one)
and 2 goes 1o 4 (in the right one)
50 1 goes to 4 {in the product)

4 goes to 1 {in the lefi one)
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and 1 goes to 3 (in the right one)

so 4 goes to 3 (in the product)

3 goes to 4 (in the lefi one)

and £ goes to 2 (in the right one)

se 3 goes 1o 2 (in the product)

2 goes to 3 (in the lefl one)

and 3 goes to 1 (1n the fdght one)

s 2 goes to | {in the product)

Thie last stage is akin to snapping a polygon closed in a GIS environmeni—here it is a
cvcle of numbers rather than of vertices. Figure VILG shows all the calenlations; node, that
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no new permutations ever arise; hence, the system is closed under =; the rotation /| serves
as the identity transformation: each clement has an inverse:

Tal=FT1 =]
RixRs=I;R{' = Ry
Ry= Ra=1;Ry' = Ra
Rax By =181 = R,
HaH=I;V+V=[D1+Di=1;Dsx Dy =1

5o, this system 1z a “group.™ It 15 not, however, a commutative gronp—for example, Ry« H =
fg and H = By = Dy, Once again, a reminder to be eareful when combing reflections
with afline transformations. Note that the sel of rotations (including the identity rotation)
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Rotations:
I identity

Ay: through 90 deg

fta: through 180 deg
Az: through 270 deg
Reflections:

I horizontal

V2 vertical
L21: diagonal, 1to 3
Ly diagonal, 2 to 4

Permutlation representation
(1)(2)(3)(4)

(1234)

{13){24)

(1432)

Permutation representation
(14)(23)

(12)(34)

(1)(3)(24)

12)(4)(13)

Table-operation, «, is multiplication of permutations.

i
R

-

'y
f

fis)
13
Ha
s
I
1
Lls
¥
H

fiy
fis
Ry
{
iy
¥
H
Ly
I

Ry H Vv D, Oy
By H V Dy D,
I Dy Dy H 1
M V H Dby D |
Ry Dy Dy ¥V '
s | R: Ry Ra
Dy R ! Rs R,
H Ry Ry I s
5 it 1 Rg Rg !

is itself a grouwp within this group. This is 2 “subgroup”—it is commutative—the order in
which rotations are applied to the square 15 irrelevant,
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Permutation «

(LH(2)3)4)
(1234)
(13)(24)
(1432)
(14)(23)
(12)(34)
(1)(3)(24)
(2)(4)(13)
(1)(2)(2)4)
(1234)
{13)(24)
(1432)
(14)(23)
(12){34)
(L}(3)(24)
(2)(4)(13)
(1)(2)(3)(4)
(1234)
(13)(24)
(1432)
(14)(23)
(12)(34)
(LI[3)(24)
(2)(4)( 13}
(1)(2)(3)(4)
(1234)
(13)(24)
(1432)
(14)(23)
{12)(34)
(1)[3)(24)
(2)(4)(13)
[1)(2)(3)(4)
(1234)
(13)(24)
{1432}
(14)(23)
(12)(34)
(1)(3)(24)
(2)(4)(13)
(1)(2)(3)(4)
(1234)
(13)(24)

Permutation —

(1)(2)(3)(4)
(1)(2)(2)(4)
(1)(2)(3)(4)
LL)(2)(3)(4)
(1)(2)(3)(4)
(1)(2)(3)(4)
(1)(2)(3)(4)
(1)(2)(2)4)
(1234)
(1234)
(1234)
{1234)
(1234)
(1234)
(1234)
(1234)
(13)(24)
{13)(24)
(13){24)
LE3)(24)
[13)(24)
(13)(24)
(13){24)
(13)(24)
(1432)
{1432}
(1432)
(1432)
(1432)
(1432)
(1432)
(1432)
(14)(23)
{14)(23)
(14)(23)
(14)(23)
{14)(23)
(14)(23)
(14)(23)
{14)(23)
[12)(34)
(12)(34)
(12)(34)

Permmtation

[L)(2)(3)(4)
(1234)
(13)(24)
(1432)

(14 )( 23)
(12)(34)
(1)(3)(24)
(2)(4)(13)
(1234)

[ 13)(24)
{1432}
(1)(2)(3)(4)
(1}(3)(24)
[2){4)(13)
[ 12)(34)
(14)(23)
(13)(24)
(1432)
(2)3)04)
(1234)
(12)(34)

{ 14)(23)
(2)(4)(13)
(Lj(2)(24)
(1432)
(1)(2)(3)(4)
(1234)
(13)(24)
(12)(34]
{14)(23)
(2)(4)(13)
(1)(3)(24)
(14)(23)
(2)(4)(13)
(12)(34)
(1)(2)(24)
(1)(2)(3)(4)
(13)(24)
(1432)
(1234)
(12)(34)
(1)(3)(24)
(14)(23)
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(1432) (12)(34) (2)(4)(13)  Dg
(14)(23) (12)(34) (13)(24) s
(12)(34) (12)(34) (1)(2)(3)(4) !
(1)(3)(24) (12)(34] (1234) Ry
(2)(4)(13) (12){34) (1432) Ry
(1)(2)(2)(4) (1}(3)(24) (1)3)(24) Dy
(1234) (13(3)(24) (14)(23) i
(13)(24) (1)(3)(24) (2)(4)(13) D2
(1432) (1)(3)(24) (12){34) 1
(14)(23) (1)(3)(24) (1234) R
(12)(34) (1)(3)(24) (1432) Ry
(1)(3)(24) (1)(3)(24) (1i2)(3)(4) I
(2)(4)(13) (L)(3)(24) (13)(24) Ry
(1)2)3)4) (2){4)(13) (2)4)(13) Dy
(1234) (2){4)(13] (12)(34) v
(13)(24] (2){4)(13) (1)(3)(24) Dy
(1432) (2)(4)(13) (14}(23) H
(14)(23) (2)(4)(13) (1432} iy
(12)(34) (2)(4)(13) (1234) R
(1)(3)(24) (2)(4)(13) (13}(24) ity
(2){4){13) (204313} (1)(2)(3)4) 7

Are there any other subgroups? Yes, [, Rz, #, 1V also form a commmnsative subgroup.
Note that the product of two reflections 15 a retation.

A similar style of analysis might be executed for the pixel viewed as a hexagon Other
theoretical issues arise concerning the possibility of nsing a crt display with hexagonal pixels.

t. Issues involving centroids

a. Transformation to generate a centrally- symmetric hexagon from an arbitrary
(convex) hexagon (rubbersheeting; TIN).
One such issue invelves concern for laking & sel of irregularly-spaced data points and con-
verting them inle some sort of more regular distsibution (as with rubbersheeting and a TIN).
This procedure illustrates how to transform an arbitrary convex hexagon (17, V5, Vi, Vi,
Vi, Ve) into a centrally symmetric hexagon (S;, 53, 53, Si, Ss, 5g) centered on 2 paint
that is easy to find. (See construction in Solstice J—Summer, 1990, Vol 1, No. 1., pp.
41-42.}) Thus, rubbersheeting would appear possible with an hexagonal pixel

b. Area algorithm generalizes to hexagons: regular hexagon is two isosceles trape-
zoids (one on either side of a single diameter of the hexagon),

What else might generalize from Lhe square pixel formal to the hexagonal pixel format? A
hexagon can be decomposed into two trapezaids; thus one might imagine using an algorithm
similar to that for the square pixel to find polygon areas relative to an hexagonal pixel
dizplay.

. Stemer neiworks as boundaries of setz of hexagonal pixels; given a set of points,
find a summal hexagonal network hinking them.

IT centers of gravity (centroids) are used as a centering scheme in a triangulated irregular
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network (or other network of polygons), then it would be nice to have 1o centroid lie outeide
a tnangular cell {or other polygon). A centroid is the intersection point of medans; it is
the balance point on which the figure would rest. Sometimes the centroid Les outside Lhe
polygon; Coxeter suggesis viewing the centroid as a balanee point among electncal charges,
thereby allowing for this possibility. Another point that is uwseful for using as a 'central®
weight 15 a Steiner point; in a tdangle, it is that point which minimizes total network length
joming the three vertices. It is always within Lhe triangle when no angle of the thangle
is greater than or equal to 120 degrees. (See Solstice-I, Vol L. no. 2, "Super-definition
resolution.” )

Assigning point weights to represent polygon values is one way to compare them, another
way is to assign centrally-located networks traversing underlying grid lines (Manhattan lines
with square pixels, Steiner networks with hexagonal pixels); another way is to averlay the
areas—again, a point-line-area classification as mentioned in detail in one of Nvstuen's earher
lectures,

. Izzues involving polygon overlays.
A. Ulose-packings of hexagons; centzal place geometry,
b. Fractal approach; space-filling; data COTMPTESSI01.

Polygon overlay is familiar from OSUMAP. Look at some abstract geographic/ peometric
issues that might suggest directions to consider in looking at ideas behind the process of
overlays.

Geometry of central place theory—including fractal generation of these layers. Look for
a mumber of issues of (his sort, thal are theoretical, in using GlS-type equipment. Below is
an outhne of matenial in these lectures and of suggestions for future directions 1in which to
look,

I Introduction: the role of theory. Mathematics is fundamental, and in dealing with spatial
phenomena, geometry in particular, is fundamental. IHistorieal precedent from Biclogy in
works of [V'Arcy Thompson; Tobler's map transformations.

A Statement of Thompson regarding the role of theary.

B. Visual evidence: one species of fish is transformed into another actual species by
choosing a suitable coordinate transformation.

IT. Transformations.
A Well-defined (single-valued).
B. Reversible
1. Une-to-one correspondence
i, Transformations of X onta Y.

C. “Rubbersheeting” —example from Nystuen lecture, with fire stations. What is
involved is ereating a transformaton from an irregular scatter of locations Lo a regular ane,
locating new points (fire stations) and snappmg the surface back to the irregular scatter.
This requires transformations that are reversible.

III. Types of transformations and examples.
A, Affine
1. Translation
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u. Scaling
i, Rotation
1v. Hefleetion
B. Curvilinear
IV. Exercise—scaling 1o make digitized map mesh with CRT seale.
V. GIS tie to Steiner networks,

VI Digital topology. Quadtrees—Rosenfeld, Tobler, Jordan Curve Theorem: American
Mathematical Saciety special sessions on digital topology (run by Hosenfeld). Hexagonal
pixels—scanner technology.

VIL. Local scale of mathematical extension of the comcept of “affine transformation” The
lgebra of symmetry: definition of a group,

A. The affine group; affine geametry
1. Parallelism and GIS: crossing lines and polygon area.

i. Projective geometry; any two lines intersect in a point; no parallels. Here for
completeness-not really discussed.

B. Group of symmetries of a square (pixel]; the hexagonal pixel.
1. Issues ivolving centroids

L o] . i ,
a, Transformation to generate a centrally-symmetric hexagon from an arbitrary
(comvex) hexagon (rubbershesting; TIN).

b, Area algorithm generalizes to hesagons, hexagom is two trapeszeids.
c. Steiner networks as boundaries of sets of hexagonal pixels; given a set of points,

a

find a mimimal hexagonal network bnking them-dealt with in & third lecture, not presented
here.

i. lssues involving polygon overlays
a. Close-packings of hexagons; central place Eeornetry.
b. Fractal approach; space-filling: data COTPrassion,
VIII. Global scale of mathematical extension of the concept of “affine transformation " Topol-
oY
A. Combinatonal topology.
1. Jordan curve theorem. G1S eonneetion, inside and outside of polygons.
n. Cell complexes; 0, 1, and 2 cells of GIS.
. Hexagons denved from barveentric subdivision of a complex.
E. Point-zet topology.
i. Definitions.
il Consequences of Definitions interpreted in GIS context,
C. Digital topology
L Jordan curve theorem-3-dimensions
. Chiadirees,
HI. Further extension at different scales. Commutative diagrams—entry to different level of
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Introduction
by
Hannae H Gray
President of the University
Each year, one of the annual events at the Univemsity i the selection of the Norn and
Edward Ryerson Lecturer. The selection is made by & committer of facalty which teceives
nominations from their faculty colleagnes, Each vear, this eommittes comes up with an ab-
salutely superh selection for the Ryvetson Lecturer, and this vear is tnumphant confirmation
of that generalization

The selection emanates from facilty nomination and discussion, and i i analogous to
the process of the selection of faculty in this University, representing n selection based on
the work and contmbution, on the hugh esteem for the intellectual imagination and breadth
of u collengue. The peer roview process, in this as in faculty appomntments, stresses schol-
arship and research, stresses the contribution of a member of the faculty to the progress of
knowledge. 1n addition, of course, the faculty appointment process looks also to teaching
and to institutional Gtizenship.

Ii 1 had the nerve to fill out an A-21 form for Professor Saunders Mac Lane, [ would: |
think, be creating & new mathematics because | would award hum 100 percent for resemsch,
100 percent for teaching, and 100 percent for contnbution or atizenship. Even | can add
thai op 4o 300 percent

Now, of course, m the evaluation of younger scholars for Jjunior appomtments smlar
judgments are made. They are based on the same three categoriss, and they are judgments
about the promise of continuing creativity, continuing growth, continuing intellectual contn-
bution. That judement of the young Saunders Mac Lane was made a very long time ago in
Montelair, New Jersey. Montclair, New Jersey 18 the home of the Yale Club of Monteiar. |
once had the snormous privilege of bemng invited to the Yale Club of Montelur where | was
mven something called the Yale Bowl, which had on it an inscnption testifiing that 1 had
earned my Y in the “Big Game of Life "

In 1828, the young Saunders Mac Lane went to the Yale Club of Montclaie, | was tald—
he was then finishing his senior year at Yale—and thers was a young dean of the Yale Law
school who was leaving iz order to go 16 the University of Chicago as president. And the
Yale Club of Montelair, which usually gave its awards to football players, decided on ths
occasion to give recognition to o young mathemabcan and to a young law school dean, and
that was where Mr. Hutchins and Mr. Mac Lane met

As Ssunders Mac Lane graduated from Yale, Mr. Hutchins encouraged him personally
to come to Chicago. And Saunders came He had, however, neglected to take steps that
are wsually taken when cne travels to enter mnother university, and the chairman of the
Department of Mathematics, Mr. Bliss, had to say 1o him rather directly, “Young man,
you've got to apply first.”

He did apply, and fortunately he was accepted. Within & yesr, he had recetved his M.A.
from Chicago and had come into contact with lots of extraordinary people, but two very
extraoedinary people in particular. One was the great mathematioan E H. Moore, and
the other was & graduste student m economice named Dorothy Jones, who was in 1833 to
become Mrs, Mac Lane
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Now, those of us who know Saunders think of him =5 n Hyde Parker. and indeed as &
Hyde Parker forever. And, of course, he is o Hyde Parker, and & Hyde Parker forever, but
he had a penod i bis life, 1 have to 1=l you, after he had taken kis M.A. when ke became
semaething of an academic traveler We really ought to have been able to trace those travels
when we think ahout Saunders’ chejoe of costime

Now, that’s not easv 1o figure out today becsuse 1 think that necktie came out of & safe
this momning. But if you think sbout the finming reds, for example, that Saunders affects,
you are pechaps remnded of Cambridge. Massachusetts 5 you think of the Scottish plaids
which he affects, that's a hasder one, because | would say that that has to de with the great
tradition which took him to New England and made him for s time a resident of Connecticut
And then. of course, there is the Alpine hat which could only have come from Ithaea, New
York.

Saunders received his doctorste from the University of Gottngen m 1934, He had speit
the years 193334 again at Yale as a Sterling Fellow. He then spent two years at Harvard
He then spent a year at Cornell, Then he came to the University of Chicago for » vear, And
then again he moved, called back to Harvard as an assistant professor, and there he rapidly
went through the ranks. Fortunately, i 1047 he retutned to the University of Chicago and,
i 1963, became the Max Mason Distinguished Service Frofessar. Between 1952 and 1058 e
suceeeded Marshall Stohe as chairman of the Department of Mathematics for twe three- veuar
terms, and he has served the University as he has his department with total dedication

Seunders has extended his role beyond our Univemsity, serving prnmarily and prominemiy
in & number of national scholarly organizaticns and institutions  devoted 1o large questions
of the relationship of learming to policy. He was president of the Mathematical Association
of America and received its Distinguished Service Award in 1975 In recoguition of his sus-
tuined and active concern for the advancement of undergraduate mathematical teaching and
undergraduste mathematies. He was wlso president of the Amencan Mathematics] Socety
n 1873-74 He has been a member of the National Science Board and vice-president of the
Natianal Academy of Saences

His work w mathematics. of course, has been widely recognized. AHred Putnam, who
studied with Saunders at Harvard, had this to say of Saunders in & biographical sketch
that he hes published. He wrote “Beginning as a graduate student with n hrisf EXposTre
to group extensions, ['ve watched the development of Saunders Mar Lane's mathematics
through homological slgebra 1o category theory. Sannders Mac Lane belonge in u category
by himself ™

And so he does. So he does 25 mathematican, as an academic ctizen, as = spokesman
for the fundamental values and prnciples of the University, and. of course, in sartonal
wonder

Now, it i 10 this category that we Jook for the Nors and Edward Hyverson Lecturers,
When the Trustees established the lectureship in 1973, they sought a way to celebrate the
relutionship that the Ryersons and their famuly have had with our University—a relationship
of shared values and a commitment to learming at the most advanced level

Me. Ryemsson was elected to the Board in 1623 and became Chairman of the Bowrd
in 1953. Nera Butler Ryerson was a founding member, if not the foander. of the Univer.
sity’s Women's Board Hoth embraced a avie trust that left few institutions in our city

B
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umtouched, and they passed to future generstions of their family the sense of engagement
and participation

Satnders Mac Lane, through lis staunch loyalty to our Unjversity, his broad interest
in the community of scholars and their work, his distinguished scholarly career, reprosents
these values for us in & special way, and, of course, he s entirely sncompromising alse in his

commitment to them. I 18 a pleasure to introduce this vear’s Ryerson Lectorer. Saunders
Mac Lane
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Prool, Truth, and Confusion
Saunders Marc Lane
I. The Fit of Ideas

It is a5 honor for & mathematician to stand here Let me first suy how much 1 appreciate
the initintive taken by the trustees on behalf of the Hyerson family in providing for this series
of Jectures, which afford opportunity for a few fortunate faculty members to present aspects
of thetr scholatly work which might be of mterest to the whale university communite. In my
own case, though the detailed development of mathematics tends 1o be highly techuical. |
find that there are some underlying notions from mathematics and ite usage which can and
will be of general interest. | will try to disentangle these and 1o relate them to the general
mteresi

Thss intent accounts for my title Mathematicians are cone=rned to find truth. or. more
modestly, 1o find a few new truths. In reality, the best that | and my collesgues in math:
ematice can do s to find proofs which perhaps establish some truths. We trv to find the
nght proofs. However, same of these proofs and the techniques and numbers which mmbady
them have turned out to be so popular that they are applied where they do not belong—with
results which produce confusion, For this, 1 will try 1o ¢ite examples and to draw conclusions.

This involves a thesis as to the nature of mathematics: | contend that this venerable
stbject is one which does reach for truth, but by way of proof, and does get prool by war
of the concatenation of the right ideas. The ideas which are involved in mathematics are
those idens which are formal or can be formalized. However, they are not purely formal, ihey
ariee from aspects of human activity or from problems ansing m the advance of soentific
knowledge The ideas of mathematics msy not atways Jead to truth; for this remson it is
mportant that good ideas not be confused by needless compromise. In brief. the idess
which matter are the ideas that fit

Howsver, the fit may be problemntical A friend of mine with & vacation home in
Vermont wanted to suitably detorate his barn, and so asked the local paintsr 1o put on
the door “the biggest number which can be written on the broad side of & barn door.” The
painter complied, painting on the barn door a digit 6 followed by as many further such digits
as eould be squeszed onto the door (Figure 1.3) A competitor then claimed he could do
better by pmnting smaller 9's and so a bigger number, A second competitor then rubbed
out the first line and wrote instesd: The square of the number 8, . (Figure 1b) Even
that didn't last, because wnother young fellow proposed the paradosical words, “One plus
the biggest number that can be wntten on the broad side of thie barn door” (Figure 1.c). At
each moment, this produces a bigger number than anything before. We may conclude that
there is no such biggest number. This may illustrate the paint that it is not easy to get the
idess that fit—om barn doors or otherwise

II. Truth and Proof

I'return te the “truth” of my title. When | wes voung | believed it RMH-shich same
tmes stends for Robert Maymard Hutchins, whe to my grest profit first encouraged me Lo
come to Chicago—and which sometimes stands for the slogan, “Reach Much Higher” At
uny rate, when young | thought that mathematics could reach very much higher so as to
achieve absolute truth. AL that time, Principia Mathematica by Whitehead and Rusesl]
seemed to model this reach; it claimed to provide all of mathematics firmly founded on the

10
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Written
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Ameven bigger number on that bari

flonaar,
Figure 1. o The biggest number on that barn door. b A bigger number on that barn
door. ¢ An even bigger number on that bam door.

truths of logic The logic 1n Pranapia was slabomate, symbolic, and hard to follow. As a
result, it took me some years to discover that Princpin Mathematica was nol & Practics
Mathematica—much of mathematics, in particular most of geometry, simply wasn'l there in
Prncipis. For that matter, what was there didn’t come exclusively from logic. Lome could
provide a framework and a symbolism for mathematics, but it could not provide guidelines
for a direction in which to develop

This limstation was & shocking discovery. Logie, even the best symbobe logic, did not
provide all of absolute truth. What did it provide instend” It provided proof—the ngorous
proof of aone formal statement from another pnor statement; that is, the deduction of theo-
rems from axoms. For such a deduction, one nesded logic to provide the rules of inference.
In addition, one nesded the subject matter handled in the deductions: the ideas used in the
formulation of the axioms of geometry and number theory, as well as the suggestions from

11
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autside mathematics as to what theorems might nsefully be proved from these amoms

Deductive logic is important aot because it can produce sbsolute truth but becanse 1t can
setile comtroversy. It has settled many. One notable example arose in topolegy, o branch of
mathematice which studies qualitative properties of geometric objects such as spheres. From
this perspective, a smooth sphere and a conkly sphere would have the same gualitative
properties—and we would consider not just the ordinary spherss—iwo-dimensional, since
the surface has two dimensions—but also the spheres of dimensions 3, 4, and higher {Figure
9. For these spheres, topologists wished to calculate a certmn number which measures the
connectivity—a measure “two dimensions up” from the dimension of the sphere. The Soviet
topologiet L. Pontzjagan in 1838 etated that this desired measure wai one Cithers thought
inetead that the measure was two, In & related connection, the American reviewer of another
paper by Pontrjagin wrote, “Both theorems (of Pontgjaging contradict a previous statement
of the teviewsr. It is not easy to see who is wrong here ™ Fortunately, i was possble 1o see
With careful analvsis of the proof, Pontrjagm did see who was wrong—and i 1030 pablished
a statement correcting his 1938 eror: that the measure of connectivity twe dimensions up
15 not one, but two,

Circle 2-5phere ASphere
tFour Coordinates}
by
Le.sd z
o
%
¥
Ay =4 eyl -] P+ Et=1
Figure 2

A f=w vears ago, the New York Times carried an item sbout a enmlar fundamental
disagreement between & Japanese topologist and one of our own recent graduate studente,
Raphasl Zahler. Analysis of the deductions showed that Zahler was might. There lies the
real role of logic: 1t provides a formal canon designed to disentangle such controversies

Truth may be difficult to capture, but proof can be descnbed with complete acenracy
Fach mathematical statement can be wrtten as a word or sentence in a fixed alphabet—ausing

12
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one letter for ench prmitive mathematical notion and one letter for each logical connective
A proof of & theorem is & sequence of such statements. The imtial staiement must be one
of the axioms, Each subsequent statement not an axiom must be a comsequence of prior
slatements in the sequence. Here “consequence” means “consequence according to one of
the specified rules of inference”—rules specified m advance A typical such rule 15 that of
modus ponens; Given statments “S" and “S umplies T," one may infer the statement “T."

This description gves & firm standard of proof Actual proofs may cut a few comers oz
leave out some obwious steps, to be filled m if and when needed. Actual proofs may even be
wrong. However, the formal descnption of a proof is complete and definitive It provides a
formmal standard of ngor, not necessanly for sbsolute truth, but for absolute proof

There 15 & surprising consequence: no one formal system suffices to establish all of
mathematics Precisely because there 15 such & rigorous deseription of a “proof” in 8 *formal
system.” Kurt Gidel was able 10 show that, in cach such syetem with calculable ruies of
inference, one could formulate in the system a sentence which was not deadable m the
system—that 15, & sentence G which can neither be proved nor disproved acearding to the
spectfied rules of inference. More exactly, this is the case for any system which contains the
aumbers xnd the mles of anthmetie, and in which the rules of inference can be explicitly
listed or numbered in the fashion called “recursive”

In such & svstem, all statements are formal and are constructed from o fixed alphabet.
Hence we can number all the possible proofls, Moreover, we can formulate within the system
s sentence which reads, *n is the number of the proof of the statement with the pumber
k.* On this basis, and adapting ideas illustrated by the paradox of the bam door, one thes
constructs another sentence G = G(p) (with number p) which reads, “There is no number
which is the proof of the sentence number p™ This means in particular that this very sentence
G eannot be proved in the system This is because G itsell states that “there is no prool in
the svstem for me™—hente G 14 true (Figure J). Hence, unless the system is inconsistent, il
can contain no refutation of &, Thus tn such & formal sysiem we can wnie one statement
{and heoce many) which, though true, is smply undecidable, yes or no, within the system.

Godel's Sentence G = Gip)
w = A chosen variahle

Sub (x.t} = The number of the following statement
“In Statermnent no, x, Replace the Varfable w by the Numeral

Dem iy, u) = “The Proof numbered ¥ Demonstrates the Statement
mmber 1"
Giw) = “Far no. v, Dem (v, Sub {w, wi)
T B
0 Eulbip, pl s Gip}
Glp) = “There is no proof of Gip)”
"You can't prove me”

Figure 3
13
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This result is startling. It may seem cataztrophic—but it turns out to be not guite so
dizastrous. It shows that there is an intrinzic imitation on what can be proved within any
one formal system; thus proof within one such system camnnot give all of truth. Very well
then, as we shall see, there can be more than one formal system and hence more than one
way in which to reach by proof for the truth.

ITI. Tdeas and Theorems

Some chservers have claimed that mathematies is just formalism. They are wrong. A
mathematical proof in a given formal system mmst be about something, but it is not about
the outside world, I say it i= about ideas. Thus the formal system of Euchidean geometry
is about certain “pictonial” ideas: point, line, triangle; and congruence; m their turn, thess
ideas arcse as means of formulating our spatial experiences of shape, size, and extent and
our altempts to analyze motion and symmetsy.

Each branch of formal mathematics has a comparable ongin in some human activities or
in some branch of scientifie knowledge. In each such case, the formal mathematical sysiem
can be understood gs the realization of a few central ideas.

Mathematics 1s buill upon a considerable varety of such ideas—in the calculus, ideas
about rate of change, summation, and limit; iz geometry, ideas of proximuty, smoothness,
and carvature. To farther iliustrate what [ mean here by “idesx.” I choose o small sample:
The related ideas of “connect,” “compose.” and “compare.”

Te “Connect” means io join. There are different ways in which mathemanecians have
defined what it means for a piece of space 10 be connected, Une definition says that a mecs
of space 15 connected if it does not fall apart into two [or more) suitably disjoinl pieces,
Another definition says that a piece of space is path-connected if any two points in the prece
can be joined within the piece by & path—that is, by a continuous curve lying wholly in the
piece. These two formal explications of the idez of “connected” are not identical: a piece of
space which 15 path-connected 15 always connected 1n the first sense, but not necessanly vice-
versa. This simple case of divergence illesirates the observation that the same underlying
pre-formal idea can have different formalizations.

*Compeose” 15 the next idea, To compose two numbers ¢ and y by addition 15 to takes
their sum = +y; 1o compose them by multiplication s to take their product =y . To compose
one motion L with a second motion Af is to follow L by M to get the “composite” motion
which we write as L oM. Thus to rotate a wheel first by 23° and then by 43% will nield after
composition a rotation by T0°. To compose & path L conmecting a pomnt p to a peint g with
a path M connecting g to a third pomnt & 1= to form the longer path L o Af which follows
first L and then A, as in the top of figure 4, In all such cases of compesition, the resulf of
a composition L oA o of three thinge in succession depends on the factors compozed and
the sequence or order in which they were taken—hut mot on the position of the parenthesis.
Thus anses one of the formal laws of composition, the assocative law

Le{MaeN)=(LoM)oN.
However, L o M may very well differ from M ¢ L! The order matiers.

The third sample idea is “Compare” One may compare one triangle with another as
to size, so as io study congruent triangles. One may compare one triangle with another
as to shape, and so study more generally similar triangles. Another companson is that by
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L Connecls F ta |
L Composed with M Pio E

(written L-M]
LM Compares tuKll Jy"l
(L-M)N = L {M-N) |

Figure 4.

deformation: Two paths in a plece of space may be compared by trying 1o deform the first
path in a continuous way inte the second—as in Figure 4. the composite path £ ¢ M ifrom
p 1o v can be deformed smoothly and continuously into the path A also joining p o 7.

Ideas such as these will function sffectively in mathematics only after they have been
formalized, becpuse then explicit theorems about the ideas can he proved. The idea of
composition 15 formalized by the concept of & group, which applies to those compositions
in which each thing L being composed has an “inverse” thing or operation [—! so that
Lel-1=1 One readily s21s down axioms for a group of “things" with such composition.
The axaoms are quite simple, but the concept has proven fo be extraordinarily fruitful, There
are very many exampiles of groups: Groups of rotations, sroups of symmetry, crystallographic
groups, groups permuting the roots of equations, the gange groups of physics, and many
* others. There is a sense (analyzed by Filenberg-Mac Lane in 2 seres of papers) in which any
group can be buwilt up by successive extensions from certain basic pizces, called the “simple”
groups. Specifically, a group is said to be simple when it cannat be collapsed into a smaller
group except in a tnvial way. A long-standing conjecture suggested that the number of
elements m a finite simple group was necessarily either an even number or a prime number,
About twenty years ago, here at Chicage. Thompson and Feit succeeded in proving this to be
true (and 1 could take pleasure in the fact that Thompson, one of my students, had achieved
such a penetrating result), The Thompeen-Feit method turned out to he so suggestive and
powerful that others have now been able to go on 1o expliatly determine all the finite simple
groups. For example, the biggest sporadic ane has 24632052 .78 112 133 .17. 19--23-29.
41 -47 .58 - 71 elements (that number is approcamately B followed by 53 zeros). This simple
group is called the "Monster” (Figure ). Another one of our former students has heen able
to make 2 high dimensional geometric picture which shows that this monster really exisis
He needed a space of dimension 196 884

Groups also serve to measure the connectivity of spaces, In particular, there are certain
homology groups which count the presence of higher dimensional holes in space. To start
with, & piece x of space is said to be simply connecied if any closed path in the space y
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A Group G
hultiplication!

Any two elements g, h
have a Product g+ h
Each g has an lnverse g
All! Finite “Simple” Groups
One For Each Prime 2, 3, 5..
Several for each Dimension

Flus “Sporadics™ |
For example, The Monster has
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Figure 3

can be deformed into @ point. For example, the surface of a sphere is simply connected.
so 1te first homology group is zero: however, it has a non-zera second homology group—
meanng the “hole” reprezented by the inside of the sphere. These properties characterize
the two-dimensional sphere. Long ago, the French mathematician Pancaré said that the
same should hold for a three-dimeniongl sphere (Figure 6). This famous conjecture has not
vet been settled—but some years ago, Smale showed that the charactenization was true for a
sphere of dimension 3 or higher. Just during the last vear, the Californian Michael Friedman
n a long proof, showed that it is also true for a sphere of dimension 4. Exespt for a solntion
which was announced on Apnl 1; nobedy vet knows the answer for a three-dimensional
sphere. Proof advances, but slowly.

| Faincaré Spheres

§ wf 4y 42 =1 Connectivily:
DHmension 0 1 Ponts conneq
1 1 UCirdes collapse
1 I 5won't collapse
N S
Dimension & 1 Poands connect
1 1 Circles collapss
2 | Spheres collapse
3 2 5 won't collapse

Figure &
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IV. Sete and Functions

As already indicated, Whitehead and Bussell, by Principia Mathematica, had suggested
that all mathematical truth could be subsumed in one monster formal system. Their system,
corrupted as it was with “types” was too complicated— but others proposed 2 system based
an the idea of a set. A set is just a collection of things—nothing more. Mathemalics does
invelve sets, such as the set of all pome numbers or the set of all rational numbers between
1 and 2. Mathemstical objects ean be defined in terme of sets. For example, a circle is the
sel of all points in the plane at a fixed distance from the center, while a line can be described
as the set of all its points. Numbers can be defined as sets—the number two is the set of all
pairs; an trrational number is the set of all smaller rational numbers. In thie way numbers,
spatial figures, and everything else mathematical can be defined in terms of sets (Figure 7).
All that matiers about & set § 1s the list of those things ¢ which are members of 5§ When
this 15 so, we write £5, and call this the “membership relation.”

| Sels

| Set S has elements a, b
|§=f{a.b} aeS5. beS, ciS

| Mumters are Sets
o= {-} Empty set
1={0}, 2={0. 1}

e —
Figures are Sets
Line = 5et of points [
Circle = Set of points

Everything (in Mathematics) is a Set!7

Figure T

There are axioms [due to Zermele and Fraenkel] which adeguately formalize the proper-
ues of thie membership relation. These adoms claim to provide a formal foundation—1 call
this the grand set-theorstic doctrine—ior all of mathematics.

By 1940 or go this grand set-theoretic foundation had become so prominent in advanced
mathematics that it was courageously taught to freshmen right hers in the Huichins college.
This teaching practice spread nationally to become the keystone of the *New Math.” As a
result, twenty vears later sels came to be taught in the kindergarten. There is even that
story abeut the fond parents inguinng as to little Johnny's progress. Yes said the teacher,
he is deoing well in math except that he can’t manage to wnte the symbol ¢ when z 15 a
member of the set 5.

Johany was not the only one in trouble. The grand doctrine of the new math: “Every-
thing 15 a set™ came at the cost of making artificial and clumsy definitions. Moreover, putting
everything in one formal system of axioms for set theory ran squarely into the difficulties
presented by Gadel’s undecidable propositions,
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Fortunately, just about the time when sets reached down to the kindergarten, an alter-
native approach 1o a system of “all” (better “most”) of mathematics turned up. This used
again the idea of composition for functions f; 5 — T sending the elements of o set 5 to
some of those of another set T Ancther function g : T — [/ can then be composed with
f to give a new function g o f (Figure 8). It sends an element of 5 first by f inte T and
then by g into [/ The prevalence of many such compositions led Eilenberg and Mac Lane
m 1045 to define the formal axiome for such composition. With no apologies fo Anstotle,
they called such a system a “category”—hecanse many types of mathematical objects did
form such categories, and these properties were useful in the orgenization of mathematics.
Note especiallv that the intuitive idea of "compeosition™ has several different formalizations:
category and gronp.

Functions
Composze: Example

First Square then Subtract 1

=1
1= -\-""‘-\-\.\_ _.__..-""-Fr e
—e——i T
[RE 3 -\-\“H-. = iy
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= _.-lr"g'
-
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A

t-5 I
Everything is a function!?

Figure 38

Then in 1970 Lawvere and Tiemey made a surpnising discovery: that in trealing a
function f :5 — T one could forget all about the elements i 5 and T', and wnte enough
nvioms on composition alone to do almost evervthing otherwise done with sets and elements
This formal system 1= called an “elementary topos™——to sugzest some of its connections fo
geometry and “Top”-ology. Their success in discovering this whelly new view of mathematies
emphasizes my fundamental observation: That the ideas of mathematics are vanous and can
be encapsulated in different formal systems.

Waiting to be developed, there must be still other formal systems for the foundation and
organization of mathematics.
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V. Confusion via Surveys

The crux of any search for the nght aliernative to set theory is the search for the right
concatenation of ideas—in the same way in which leading ideas in mathematics have been
combined in the past to solve problems (the Poincaré conjecture on spheres) and to give new
insights. Thus il was with our example, where the related ideas of connection, COMPOSITIon,
and comparison came together in group theory, in the apphecation of groups to geomerry,
and in category Lheory.

But sometimes the wrong ideas are brought together, or the nght deas are used in the
wrong way Today the use of numbers and of quantitative methods is so pervasive that many
arrays of numbers and of other mathematical technigues are deployed in ways which do not
fit

Thie 1 will illustrate by some examples. Recently, in connection with my membership on
the National Seience Board, 1 came acrass the work of one prominent social scientist whe was
promoting (perhaps with reason) the use of computer-aided instruction in courses for college
students However, the vehicle he chose for such instruction was the formal manipalation of
the elementary consequences of the Zermelo-Fraenkel axioms for set theory—and the result
was an emphasis on superficial formalism with no attention to ideas or meaning, It was, in
short, computer-aided pedantry.

“Opinion Survevs” prowide another example of the confusion of ideas. For some socizl
and behavioral research. the necessary data can be obtained only by survey methods, and re
sponsible scentists have developed careful technigues to help formulate the surver guestions
nsed to probe for facts. Unfortunately these technigues are often used carelessly—both be-
canse of commercial abuse, statistical malpractice, or poor formulation of survey questicns
First the malpractice:

On many survevs the percentage of response 1s uncomioriably low, with the result that
the data acguired are incomplete. This situation has led the statisticains into very elaborate
siudies of means for approdmately completing such “incomplete data” Une recont and
extensive such publieation (by the National Research Council) seemed to me technically
cotrect but very elaborate—perhaps overdone, and in any eveni, open ic the misuse of too
much massaging of data that are fatally incompiete:

In cpinion surveys touching directly on the academic profession some of the worst excesses
are those exhibited by the so-called “Survey of the Amencan Professomate” Successive
versions of this survev are replete with tendentions and misleading questions, often such likely
to "create” apinion rather than to measure actual existing opinions. Despite hercic atiempts
by others to suggest improvements, the authors of this particular survey have continued in
their mistaken practices in new such surveys—as has been sel forth with rightecus indignation
by Serge Lang in his publication The File: A Case Stody in Correction.

That otherwise useful publication Science Indicaters from the National Science Board
makes excessive use of opinion survevs The most recent report of the senes (Science In-
dicators 1980) coupled results from a mew, more carefully constructed opinion sarvey with
a simple continuation of poorly formulated questions taken from previons and less careful
SUIVEVS,

The man new opimicn survey commussioned for this NSB report used an elaborate
design—but thie design still involved some basic misconceptions about science and some
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gquestions about science so formulated 2 to digtort the opinions which were to be surveyed.
For example, its Question 71 first observes thal “Science and techmelogy can be directed
toward solving problems in many different areas”—while 1 would clarm that scence cannot
be “directed” in the fashion intended by government bureaucrats. The guestion then hsts
fousteen areas and asks “Which three areas on the list would vou mest like lo receive science
and technology funding from your tax money?” Of the fourteen areas, some had hitle to
do with science or technalogy and much to do with the political and economic structure of
society (for example, controlling pollution, reducing crime, and conserving energy). Only
ane of the fourteen dealt with basic knowledge. With an unbalanced hst of guestions hke
this, the report goes on to claim that the answers “suggest that the public interest tends to
focus on the practical and immediate rather than on resuits that are remote from daily life.”
This may be g0, but it cannot be demonstrated by answers 1o a survey guestionnaire which
iteall e so constructed as to focus on the "practical and immediate”

To get comparizons of opinions across time, new surveys try Lo coninue questions wiich
have besn nsed before—and so often use older questions of 2 clearly msleading character
In Science Indicators, & tvpical such previous question iz the hopelessly general one, “Do
vou feel that science and technology have changed life for the better or the worse?™ The
current version of this question does still more to lead the respondent to a negative answer
[t reads, “I= future scientific research more likely 1o cause problems than to find solutions
to cur problems?” It is no wonder that this latter slanted question, i the 1978 survey, had
only G0% answers faverable to science, while the eatlier one had 75% favorable in 1974 and
T1% in 107G

Surveys also may pose guestions which the respondents are in no position 1o answer.
For mstance, one question 1n thus survey probed the respondents’ expectations of scientific
and technological achievements: “Dunng the next 23 years or so, would you say it is very
likely, possible but not too Lkely, or not likely at all that researchers will discover a way to
predict when and where earthguakes will oceur? Tow can the g,eﬂeral public have a useful
or informed -:ipmmrl on this lughly techmical and *-pel:ulm]‘l"' guestion? The question brought
answers of 5T% “very likely,” 34% “possible.” and 7% “not Likely” After giving these figures,
the text ohscures the carsful tripartite posturs of the question as stated by lumping the first
two categones together in the following summary: “About 9 out of 10 consider it possible
or very likely .

The other five questions asking for similar 25-vear predictions (for example, a cure for
the common forms of cancer) are not much betier,

In sum, the public opinion surveys currently used in Science Indicators are poorly con-
structed and carelessly reported. By emphasizing remeote and speculative uses of saience, the
thrust of the questicns mistepresents the very nature of scientific method. (There are worse
misrepresentations. for example, in a report for GAD (General Accounting Office), mistitled
Science Indicators: Improvements Needed in Design, Construction, and Interpretation].

To summange: Opimon surveys may attempt to reduce to numbers both nebulous opin-
ions and other qualities not easily so reducible. 1t would be wiser if their use were restricted
to those things which are properly numencal.

My own chief experience with other unhappy attempts 1o use mathematical ideas where
they do not fit comes from studying many of the reports of the National Research Councl

20



SOLSTICE

{in brief, the NREC). I recently served for eight years as chairman of the Report Rewview
Commitiee for this Council. This Councl operates under the anspiess of the National
Academy of Soences, wiich by its charier from the government is required to provide, on
request, advice on questions of science or art. Thers are many such requeste. Each year, fo
this end the NRC publishes several hundred reports, aimed te apply scientific knowledge to
various questions of public palicy. Some of these policy questions are hard or even impossible
of solution, so it may not be surprising that the desire to get a solution and 10 make it precise
may lead to the use of guantitative methods which do net fie. This lack of fit can be betier
understood at the hand of some examples

V1, Cost-Benefit and Regression

Before making a difficult desision, it may he helpful te hst off the advantages and the
disadvantages of each possible course of action, trying to weigh the one agamst the other.
Sinece a purely gualitative weighing of plus against minus may not be objective (or at any
rate can't be done on a computer), there has grown up a guantitative cost-benefit analysis,
in which both the costs and the benefits of the action are reduced to a common unit—te
dollars or to some other such “numeraire” The companscn of different actions and thus
perhaps a decision between them can then be made 1n terms of a number, such as the ratio
of cost Lo benefit.

In simple cases or for isclated actioms this may werk well; 1 am told that it did so function
in some of its initial uses in decisions about plans for waler resources. Howewver, the types
of decisions considered in NRC reports were usually not so straight-forward. I studied many
such reports which did attempt to use cost-hencfit analysis. In every such case which came
to my attention in eight years, these atlempts al quantitative cost-benefit amalysis were
faalures

In most cases, these failures could have been anticipated. Sometimes the intended cost-
benefit analvsis was nol an actual numerical analysis but just a pious hope. For instance,
one study toed to describe ways to keep clean air somewhers “way out west.” In this case,
there weren't encugh depsndable data to armve at any numbers for either the costz or the
benefits of that clean air. Hence the report imtially included a long chapter describing how
these costs and benefits might be calenlated—although it really seemed more likely that
there never would be data good enough to get dependable numbers for such a calenlation.

There are alse cost-benefit. caleulations which must facter in the value of the human
lives which might be saved by making (or nol making) this or that decision. In such cases,
the value ascribed to one human life ean vary by a factor of 10, ranging from one hundred
thousand to onme million dollars. Much of the variation depends on whether one gets the
value of that life in terms of discounted future earmings or by something called mmpheit
self-valuaton of future satisfaction. However, I strongly suspect that whatever the method,
there isn't any one number which can adequately represent the value of human life for such
cost-benefit purposss. Cur lives and our leisures are too various and their value (to uws or
to others) is not monetary. The consequence is that decisions which deal substantially with
actions locking to the potential saving of lives cannot be based in any satisfactory way omn
cost-benehit analyas.

Another aspect of cost-benefit methods came to my attention just yesterday, m the
course of a thesis defense. Cost-benefit methods attend only to gross measures, m 2 stnctly
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utilitanian way, and give no teal weight to the distribution of benefite (or of costs) between
individuals.

Another striking example of the problems attending the unse of cost-benefit analysis in
policy studies 15 provided by a 1974 NRC study, “Air Cluality and Automobile Emission
Control.” prepared for the Committee on Publbic Works, U.S, Senate. That committies was
considering the imposition of various levels of emission controls on automobiles; it requested
advice on the merits of such controls, and in particular wanted a companson of the costs
and the benefits of such control.

Some benefits of the control of antomohile emissions are 1o be found in cleaner air and
some in better health (less exposure to irntating smog). A number of studies of such health
effects had been done: the NRC committes examined them all and considered all but one of
them inadeguate. The one adeguate study was for students in a nursing school in the Los
Angeles area. Each student carefully secorded daily diseomioris and illnesses; these records
were then correlated with the observed level of smog in Los Angeles. The results of this one
study were then extrapolated by the NRC committee Lo the whole of the United States i
order to estimate the health benefits of decreasing smog! It was never clear 1o me why Los
Angeles is typical or how such 2 wide extrapolation can be dependable. Just as in the case
of saving lives, the benefits of good health can hardly be reduced to numbers

Some other difficulties with this particular study concern the use of regression, a math-
ematical topic with a considerable history, Mathematics deals repeatedly with the way in
whicl one guantity ¥ may depend upon one or more other quantities . When such a y is
an explicitly siven function of =, the differential calculus ha: made extracrdinanly effective
use of the concept of a denivative dy/dr = y'; in the first instance, the use of the denvative
amounts to approxamating ¥ by a linear function, such as y = ax + ¢, choosing a to bea
value of the derivative y'. The number o then is units of  per unit of = and messures the
number of unite change in y due {at r) to & one-unit change in r. For certmin purposes
thece linear approximations work very well, but in other cases, the calculus goes on to use
higher stages of approximation — quadratic, cubic, and even an infinite senies of successive
powers of z.

But a vanable quantity v involved in a policy question is likely to depend not just on
one ¢, but on a whole siang of other guantities =, z, and so on. Moreover, the fashion of
this dependence can be quite complex. One approumation is to again fry 1o express y as a
eonstant o times T plus a constant & times z and so on—in brief to express y s a linear
function

Y =ar b4 -

with coefficients a, b, ... which are not vet known, Given enough data, the famous method
of “least squares” will provide the “best” values of the constants a. b, ... to make the
formula fit the given data. In particular, the coefficent o estimates the sumber of units
change in y per umt change in #—helding the other gquantities constant {if one can).

This process is called a multiple “regression” of y on 2, 2, ... This curious chowce of
word has an explanztion. [t was first used by Galton in his studies of mhentance. He noted
that tall fathers had sons not quite so tall—thus height had “regressed on the mean”

This technique of regression has been amply developed by statisticians and others; it is
now popular in some cost-benefit analyses. For example, with the control of auto emission,
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how does one determine the benefit of the resulting clean air?

Clean air cannot be purchased on the market, so the benefits of cleaner air might be
measured by “shadow” prices found from property values, on the grounds that homes m a
region where the air is clear should command higher priees than comparable homes where the
air 15 thick. In the NRC study, the prices of honses in various subregions of greater Boston
were noted and then expressed as a (linear) function of some thirteen different measured
varables thought to influence these prices: Clean air, proximity to schools. good transporta-
ticm, proxamity to the Charles River. and so on. The constants in this linear expression of
house prices were then deternuned by regression. In this equation, the coefficent a for the
variable representing “clean air” (of units of dollars per measure of smog-free air} was then
held to give the “shadow price” for clean air. The resulting shadow price from this and one
other such regression was then extrapolated fo the whole 17.5.A. to mive a measure of the
benefit of cleaner air to be provided by the proposed auto snussion control,

In Boston: House § = a (Smog) = b (Charles Faver) <+ -+. one dozen more

This iz surely a brash attempt to gei a pumber, cost what 1t may. In my considered
judgment, the result is nonsense. Ii iz not clear that buvers of houses momitor the clean
air before they sign the mortgage. A nebulows (or even an airy) gquantity sad to depend
on thirteen other vaoables 1z not likely to be well grasped by any linear function of those
variables. Scime variables may have quadratic effects, and there could be crose eff=cis between
different vaniables. That list of thirteen vanables may have duplicates or may very well miss
some vanables which should be there, Moreover, the coefficients in that function are Lkely to
be still more uncertain than the known costs the equation estimates. These coefficients are
not shadow prices; they are shadewy numbers, not worthy of serious regard. They employ a
mathematice which does not fit.

The difficuliies which have been noted n interpreting the coefficients in some Tegressions
ere by no means new. For example, you can find them discussed with vigor and clanty
i a text by Mosteller and Tukey, Data Analysis and Regression, kept hers on permanent
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reserve in the Eckhart Library. 1 trust thai such reserve has not kept b from the eyes of
economists or other users of regression. What with canned formulas from other scurces
and fast computers, any big set of data can be analyzed by regression—hut that doesn’t
guarantes that the results will fit!

I have not studied the extensive academic literature on eosi-heneft analysis, but these
and other fagrant examples of the misuse of these analyses in NCR reports leave me dis-
quieted.  Current political dogma may create pressure for mors cost-benefit analysis, In
Congress, the Houge 1= now considering a “Hegulatory Reform Bill® which reguires that
incependent and executive agencies of the government make a cost-benefit analyvsis before
issuing any new reégulation (except for those health and safety regulations required by law),
It is high time that academicians and politicians give more senous thought to the limitations
of such methods of analysis,

The future is inscrutable. However, people are cumous. so fashion usaally provides some
method for its scruting. These methods may Tange from consultation with {le Oracle at
Delphi to opinion polls to the examination of the entrails of a sacmificial animal. Now.
thanks to the existence of fast computers, some economists can scrutimize the future without
entratling such sacrifice. The short-term predictions by econometric models can he sold at
high prices, though I am told that some of these models deliver mope dependable short-term
predictions when the original modeler is at hand to suitably massage the cutput fizures

At the NRC, my chief contact with projection was on a very much lenger time scale—
ecofiometric projections of the energy future of the United States gong forward for fifty vears
or more. This was done in connection with a massive NRC study called CONAES (for the
Committee on Nuclear and Altemative Energy Svstems). For this study, there was not just
one econometnic projection of energy needs, but a half dozen such models, with a varisty of
time honzons. Now projections for a span of forty or fifty vears cannot possibly take account
of unexpected events such as wars, oil cartels, depressions, or even the discovery of new oil
fields. Since the present differs drastically fram the past, there is little or no hope of checking
a fifty-year projection against fifty vears of actual past development. Conseguently, this
patticular NRO study did not check theory against fact, but just theory againsi theorv—by
asking just how much agreement there was between the half-dozen models. 1 hardly seemed
reasonable to me to conclude that agreement—even a perfect agreement — in the results of
several fictive models can be of any predictive value. In the case of the CONAES repart,
there waz even a propasal to use the thirty-five-vear projection of those models to assess the
future economie valne of the breeder reactor. Such pssesement hresds total futility. All told,
despite the use of fast computers and multiple models. the ambiguities of the models being
computed siill leave the future dark and mscrutable

Projections over time into an unknown future are net the only examples of policy-
promoted projection of the unknown, Many other types of extrapolation can be stimulated—
for example, extrapolation designed {o estimate rsks. Sines it is claimed society has become
more risk-averse, there 15 great demand to make studies of future risks, ws in the reports
of the NRC Commities on the Biological Effects of lomizing Radiation (BEIR for shert).
The third report of this committee. a report commonly known as "BEIR [11" dealt with
exirapolation, ancther kind of projection. Data available from Hiroshima and Nagasaki give
the mumbers of cancers caused by high desages of radiation. For present puropses one wants
rather the effect of low doses, on which there are little or no data. To estimate thig effect,
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one may assume that the efiect E is proportional to dosage IJ—so that £ = kD) for some
constanl k. Alternatively, on may assume that the effect is quadratic so that F depends
both on [ and on D2, Then the curve giving E as a function of D is parabalic {Figure 10).
The constants involved——such as the proportionality factor k—are then chosen to get the
best fit of the line or the parabola to the high dosage data. The resulting formula is then nsed
to calculate the effect at low dosage. Quite naturally, the linear formula and the guadratc
one give substantially different results by this extrapolation; this is the canse of considerabls
controversy. s the linear formule right? Does the choice of formula depend on the type
of canecer considered? There is no secure and scientific answer to these pressing policy
questions. In particular, the mathematical methods themseives cannol poseibly produce an
answer Mathemateal models such as these may be inteenally consistent, but that doesn't
tmply that they must fit the facts. Here, as in the case of regression, the assumption that
the varizbles of intersst are connected by a linear equation is gratuitons and misleading,

AlGEr

1o later Smes

Figure 10

That BEIR IIT report deals with just one of many different kinds of nsks that plague
mankind. There are many others that might be estimated, by extrapolation or otherwise.
From all these cases there has ansen some hope that there might be effective general prin-
ciples underlving such cases—and so constituting a general subject of “risk analysis.”™ The
hope to gel at such generality may resemble the process of generalization so successful in
mathematics, where properties of numbers have been widely extended to form the subject of
number theory and properties of specific groups have led to general group theory. However,
[ am doubtful that there can yel be a generalized such “risk analysis” — and this T judge
from another current NRC report,
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This report arose as follows: The various public concerns about riske were reflected in
Congress, so a committes of the Congress instructed the Nationzl Science Foundation [NSF)
to cetablish a program supporting research on risk analysis. The NSF, in its tum, did not
know how to go about choosing projects in such 2 speculative fisld—so it asked the National
Research Council for advice on how to do this. The NREC, again in turn, set up a commitiee
of experts on misk analysis. This committee, in its tumn, prepared a deseriptive report on
risk analysis “in general.” The report also commented on specific cases of nsk analysis. For
example, there were extensive comments on the BEIR Il report—but theee comments did
not illuminate the BEIR 11 problem of extrapolation and made no other specific suggestions.
The report had little of positive value to help the NSF decide which projects in risk analysis
s fund. Such = general study of risk analysis is clearly interdisciplinary, but [ must conclude
that it 15 mot yet disciplined.

These and other examples of unsatisfactory reports may serve to illustrate the confusion
resulting from questioneble uses of quantitative methods or of mathematical models. But
why are there so many cases of such confusion? Ferhaps the troubled history of that report
on sk analysis is typical, A practical preblem appears; many people are concerned, and se1s
the Congress or the Administration. Since the problem is intractable, but does anvolve some
seience, it is passed om to the scientists, perhaps to those at the NRC. Some of these probleme
can be—and are—adequately treated. For others there 15 not yet any adeguate lechmgue—
and so those technigres which happen to be available [opimon surveys, eost-henefit analvas,
regression, projection, sxirapolation; decision analysis, and others) get applied to contexte
where they do net fit. Confusion arises when the wrong idea is used, whether for political
reasonus of otherwise

There are also political reasens for such confusion. Our representatives, meeting in that
exclusively political =ty of Washington, represent a vamety of sharply different interests
and comstituencies. To gel something done, a compromise must be struck. This happens
in manv ways. One which T have seen, to my sorrow, is the adjustment of the onerous
and bursaueratic regulations of the OMB (Office of Management and Budget) about cost
principles for unsversities, Their Circular A-21 now requires faculty members to report the
percentage distribution of their various university activities, with results to add up to 100%,
on & “Personnel Activity Report Form” (PAR!). Such numbers are meaningless; they are
fictions [ostered by accountants, Use of such numbers makes for extra paperwork—but i
also tends to relocate some contrel of sclentific research from universities to the government
bureaverats. For A-21. there was recently a vast attempl at improvement, combining zll
parties: the government bureaucrats, their accountants university financial officers, and a
few faculty, What resoted? A compromise, and not a very brlliant one.

Thus government policy, when it requires scientific advice on matiers that are intrins-
cally uncertain, is likely to fall into the governmeni mold: compromise. And that, I believe,
15 a source of confusion

VIIL. Fuzzy Sets and Fuzzy Thoughts

The misuse of numbers and equations to project the future or to extrapolate nsks is by
24 means limited to the National Research Coundl. Within the acadermc community AR
there can be similar fads and fancies. Recently 1 have been reminded of one cusious such
case: The doctome of “fozzy” sets.
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How can a set be Tuzzv? Recall that a set 5 15 completely determined by knowing what
things ¢ belong to S (thus zeS) and what things do not so belong. But sometimes, at
15 said, one may not know whether or not ze5. So for & fuzzy set F' one knows only the
bkelihood {call it A{z)) that the thing = iz in the fuzzy eet F. This measure of likelihood
may tange from 0 (z is eertaindy not in F') all the way to | {z 15 certainly m £} Now I
misht have said that A{z] is the probability that = isin F, to make this definition & part of
the well-established mathematical theory of probability, The proponents do not so formulate
it. becaunse their intention is different and much more ambitions: Replace sets everywhers
by fuzzy seis!

By the grand zet-theorenc doctnine, every mathematical concept can be defined in terms
of sets, hence this replacement 15 very extensive, [t even turns out that many mathematical
concepts can be fuzzed up in several ways, say, by varying the furzy meaning io be attached
to the standard sei-thecretic operations (intersection, umion, etc.] of the usual Boolean
algebra of sets  And so this replacement doctrine has already produced a considerable
literature: on fuzey logic, fuzzy graphs, fuzzv pattern recognition, fuzzy systems theory,
and the hke. Much of this work carmes large claims for applications of this fuzzy theory.
In those cases which [ have studied, nome of the applications seem to be real; they do not
answer any standing problems or provide any new lechrniques for specific practical situations.
For example, one recent book is entitled Applications of Fuzzy Sets to Svstems Analvas.
The actual content of the book is a sequence of formal fuzzy restatements of standard
mathematical formulations of mazenals on programming, automata, algonthms, and (even!)
categories,  but there 1= no example of specific use of such fuzzy restatement. Une reviewer
(in. Mathematical Reviews) noted a “minimal use or lack of instructive exampies—the title of
the hock purports applications.” Another more recent book on fuzzy decision Lheory states
as one of its six conclusions, *It iz a great pity that there exist only very few practical
applications of fuzzy decision theones, and sven practical examples to illustrate the theones
are scarce’” This leads me to suspect that the imitially ingenious idea of & fuzzy set has
been overdeveloped in a confusing ouipounng of words coupled with spurious clams to
impariance,

There are other examples—eybernetics, catastrophe theory— where an originally inge-
nicus new idea has been expanded uncritically to lead to meanmngless confusion

IX. Compromise Is Confusing

Eut enough of such troubling examples of confusion. Let me summanze where we have
come. As with any branch of learning, the real substance of mathematics resides in the ideas.
The ideas of mathematics are those which can be formalized and which have been developed
lo fit issuwes arsing in science or in human activity, Truth in mathematics is approached
by way of proofl in formalized systems. However, because of the paradosical kinds of self-
reference exhibited by the barn door and Kurt Godel, there can be no single formal system
which subsumes all mathematical proof. To boot, the older dogmas that “everything = logic”
or “evervthing 15 a set” now have competition-"everything 1= a function.” However, such
guestions of foundation are but a very small part of mathematical activity, which continues
to try to combine the right ideas to attack substantive problems. Of these 1 have touched
on only a few examples: Finding all simple groups, putting groups together by extension,
and characterizing spheres by their connectivity, In such cases, subtie ideas. fitted by hand
to the problem; can lead to imumph.
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Numerical and mathematical methods can be used for practical problems. However,
because of political pressures, the desire for compromise, or the aimple desire for more publh-
cation, formal ideas may be applied in practical cases where the ideas simply donot it. Then
confusion arises — whether from misleading formulation of questions in opinion surveys, from
nebulous caleulations of airy benefits, by regression, by extrapelation, or otherwise, As the
case of fuzzy sets indicates, such confusion is not fundamentally a trouble caused by the
organizations issuing reports, but iz oceasioned by acadeimeaans making careless use of good
1deas where they do not fit.

Asg Francis Bacon once said, “Truth anseth more readily from error than from confusion.”
There remams to us, then, the pursuit of truth, by way of proof, the concatenation of those
ideas which fit, and the beaunty which results when they do fit,

I enly Longlellow were here to do justice to the sitnation:
Tell Me Not in Fuzzy Numhbers

In the ttme of Ronald Heagan
Calculations reigned supreme
With a guantitative measure
O each quabitative dream
With opinion polls, regressions
No nuances can be lost
As we calenlate those numbers
For each benefit and cost
Though his budget will not balance
You must keep percents of tume
I they won't sum to cne hundred
He will disallow each dime
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The Ryerson Lecture was given April 20, 1982 in the Glen 4. Lloyd Auditorium of the
Laird Bell Law Quadrangle.

The Nora and Edward Ryerson Lectures were catablished by the trustees of the Unbversity in December 1977,
They are intended 1o give a member of the faculty the opportunity each year to lecture to ar asdience fom the
cittite University on & significant aspect of his or her research and study. The president of ihe University appoints
the lecturer on the recommendation of & facully committes which solielts individual neminations from each member

of the facoity during che wintet guarter preceding the academic vear fot which the aspointment is mpde.
] - F 3 ap

The Ryverson Lecturers have been:

1973-T4: John Hope Franklin, "The Historan and Public Policy”

1874-73: 5. Chandrasekhar, “Shakespeare, Newton. and Beethoven:
Patterns of Creativity”

1975-76: Plulip B. Kurland, *The Povate I; Some Reflections on
Privacy and the Constitution™

1976-T7: Robert E. Streeter, "WASP: and Other Endangered Species”

1877-T8: Dr. Albert Dorfman, “Answers Without Questions and
Questions Without Answers"

1897879 Stephen Toulmin, “The Inwardness of Mental Life"

IAT9-B0: Erica Reiner, “Thirty Piecss of Silver”

1980-81: James M. Gustafson. “Say Something Theologicall®
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DIGITAL MAPS AND DATA BASES:
AESTHETICS VERSUS ACCURACY -
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Past-president, AM-FM International

I. Introduection

{ the many courses lectured by Immanuel Kant at the Umiversity of Kénigsberg, legend
has it that one of the most frequently offered was 2 course on natnral philesophy (that is,
physical geography). It was argued that individuals could acqure understanding through
three distinet perspectives! the perspective of formal logic and mathematics, the perspee-
tive of ume (history). and the perspective of space (geography], The last of thess — the
perspective of space — acknowledges the importance of distance. site characteristics. and
relative location in describing the relationships among several objects or facilities.

Maps are the pomary means of representing such relationships. Maps are analvtical tools
which depict spatial relationships and portrav ohjects from the perspective of space. The
power of maps reste on their synophic representation of complex phenomena. To paraphrass
the Confucian wisdom, & map is worth & thousand words.

“Recently 1t has become common to convert spatial phenomena to digital form and
ttore the data on tapes or discs. These data can then be manipulated by a computer
to supply answers to questions that formerly required 2 drawn map ... This stored
geagraphic information is referred to as a [data base|” |1

The maps produced from such data bases are termed digital maps. Computenzed data
beses, which may be gueried and used by several pzople simultanecusly, and digital maps
are of immense value to engineers. comptrollers, planners, and managers. The combination
of & digital map and data base is worth a thousand “mega-words.”

The advantages of digital maps over manually drafted mips are most apparent in sit-
uations of frequent growth or change. Among these advantages are the ease and speed of
revision and the fact that special purpose maps can be produced in small velume at rea-
sonable cost. Moreover, digital maps offer greater precision in representation and analysis.
"As more governmental bodies |and other agencies| expend the necessary one-time capital
mvestment, and begin to reap the vast rewards of computer-assisted record and map keeping,
others are likely to follow quickly (2

II. Basic Issues

After an agency or firm has decided to convert its manual records to digital map and
date base form, several issues must be addressed.

The first, and most important question the agency must answer is related to the source
documents to be used by the mapping firm. In general terms the choice is between cario.
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graphic sources and mechamcally drafied sources
Cartography iz defined as:

“The art, science and technology of making maps, together with their study as
scientific documents and works of art, In this context maps may be regarded as
including all types of maps, plans, charts, and sections, three-dimensional models
and globes representing the Earth or any celestial body at any scale” 4]

In particular, cartography is concerned with the accurate and consistent depiction on a
flat surface of activities ocourring on a sphere.

It is not possible to duplicate, without distortion; the features on the surface of a sphere
on eny objest other than a sphere. A surface of constant positive curvature may be repre-
sented on a surface of zers curvature only if distortion is introduced in the reprezentation
Az a simple illustration of this fact, conzider the problem of “Hattening” an orange peel: it
will tear. If the orange was made of rubber, it would be possibie to flatten it without tearmg,
hut net withent distortion of ancther kind — & topological transformation.

The methods by which cartographers represent the surface of the earth on 2 flat piece of
paper are known as map projections. For any particular purpese, the selection of a particulas
projection (transformation) is based on the properties of a sphere that the projection loses oz
retains. Every method of mapping large areas is affected, whether it 12 confinuous mapping
or facet mapping. No coherent, distortion-free transformation exists, nor, given the theorsms
of mathematics, can it ever exist. |4, 3 However, cartographers can identify projections that
suit a chent’s particular purpose.

Quite often appropriate cartographic source documents already are available to a public
utilitv and mapping firm team. Indeed, such sources may have served as the base for the
construction of existing records. In other cases, it may be necessary for the mapping firm to
serform an aerial photographic survey and to translate these photographs into cartographic
documents — a process known as photogrammetry.

It it also possible 30 produce map: from non-cartographic sources such as 1ax asses-
sor shests, Certainly the most common nen-cartographic sources are mechanically drafted
cadastral maps and engineering drawings or plans, These documents have been defined by
the International Assocation of Assessing Officers:

map. cadastral — A map showing the boundaries of subdivisions of land, usually
with the bearings and lengths thereof and the areaz of individual tracts, for purposes
of describing and recording ownership.

map, engineering — A map showing information that 1= eszenual for planming an
enginecring project or development and for estimating its cost. An engineesing map
it usually & large-scale map of a comparatively small area or of a route. [6]

Although such drawings have some value for small area design, engineering, and planning
purposes, there are a number of problems associated with their use as source documents for
large area mapping. The most entical of these is related to accuracy; tax assessor sheets in
the United States, for example, are designed to be used as indices only and are subordinate
to actual legal descriptions. They are highly stylized and, despite their appearance and
name, highly inaccurate in terms of geographic placement.
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Small plans “look™ correct pmmarnly because they correspond to the limited range of
visiom of human bemgs at ground level However, these documents also suffer from the
transformation problem. Non-umiform; interpretive, subjective corrections by a draftsman
make this problem appear to vanizh on individual sheeis. But such corrections preclude
accurately merging shesis for 2 large area.

In the langrage of the philosophy of science, the distinction i1s one between an 1comic
model and a symbolic model. An iconic model {the mechanically drafied plan) is designed
to look, in some metaphomcal fashion like the object of study. Often, the closer the similanty
in appearance, the less valuable the model for analytical purposes. A symbobe model [Lhe
map) ts designed to faclitate guantitative measurements of characienstics of interest to
analysts, managers, and enginesrs.

A second issue that must be considered by public utilities i1s the use to which the digital
maps will be put. This will determine the type of output the mapping firm will generate.
This also will determine the accuracy levels needed. 7] In general terms, the types of output
products correspond io the types of input products: maps and plans. [8] In our expenence,
public utility clients generally have expressed a preference for digital maps related to spatial
relationship data bages because they facibitate the more accurate analysiz of physical plant
attributes and distnbutions over a large area in & geographic information system.

The primary purpose of most digital map and data base conversion work 15 1o provide a
means to manage corporate assete. Often the actual maps produced are used for index only,
not for scaled or direct measurement. This is in parl a lunction of the distortion inherent to
any mechanical production or reproduciion process, in part a function of the demonstrated
superiority of a fullv digital, displayable linked-atinibute data base management svstem (see
Section 5}, and in part a funciion of the distortion inherent to all map projections (the
transformation problem previously discussed.)

In some cases, an agency may wish to construct & geographic data base that will support
a computerized plan generation and [achties management system. As azn example, consider
the case where facility data will be superimposed on a merged cadastizal and land base
The data base must guarantes the geopraphic lecations of features and their connectivity,
relationships, and other characteristics. The final digital plan and data base may include
information on street. road, and highway names, centerlines, and nghts-of-ways: political,
legal, and natural boundarnes; township, range, and section bines; over; stream, and creek
centerlines and names; and legal lot and parcel lines and numbers, ameng other data. [8]

111, Map Production

Fegardlese of the type of source docnment or output product, several stages in cario-
graphic production remain relatively constant, These are considered first in & general manner
and then as they apply to digital map production per se.

First, we must define the purpose and accuracy standards of the map, For example, will
the map be used for scaled meagurement? Or will the map be used as an index? Second,
we must identify the features and activities to be mapped. The nature of these features
will influence the amount of detail appropnate for the Lbase map and the fimshed map. The
strength of a map may be dimunished by displaying too much detail.

Third, we must prepare or obtain & land base or base map. In this regard, 1t 15 important
to consider the vamety of map projections and coordinate svsiems available for particular
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tasks. Using a widely accepted system such as the UTM grid or latitude and longitude coor-
dinates has a number of advantages including ease of date exchange and reduced production
time and cost.

The next step is to collect and compile the data to be mapped. The basic rule is
to compile data af the most detailed level of meazurement possible and to aggregate the
data only at later analytical stages. Finally, we must design and construct the map. This
15 & two step process that involves: (a) the design of symbols, patterns, legends, and other
cartographic devices, and (b) the location and actual placement of the features and activities.

IV. Inhgital Maps

As in freditional cartography the first step in constructing a digital map 18 1o establish
accuracy levels and to determine which attributes should be displayed and which should
simuly be stored

A displayable linked-attribute datz base system (discussed below) allows for the con-
struction of a fully digital geographic information system for data management, az well as
for the construction of index and general route maps. For such mape, placing items of plant
“on the nght side of the street” generally 1s adeguate: n the real world, & utility pole 60 fest
tall 15 clearly visible at an intersection. The critical attributes of each item of plant appear
2z numbers or words on the map and also as manipulable information in the data bass. On
the other hand. if the map 15 to be used for scaled measurement, zccurate placement of items
of plant is paramount. It should be noted that this second approach implies considerable
supplementary manual adjustment and therefore substantially higher production costs.

The next guestion 15 the method of land base consgtruction. Land bases, or hese maps,
may be construcled in a variety of ways. It may be possible o develop an accarate land
base by digitizing exdsting source documents. The information may be captured. by board
digitizing vectors (Lne stongs and endpoints) or by raster scanning, If the quality of the
source documents is high, these methods are extremely cost effective.

If the guabty of the available source documents s unknown or suspect, 1t 15 common
to conduct an aerial photographic survey and o compile the photographs into 2 “model”
of the region (the air photos are reclified to generate a plane view of the plotographed
region similar to a map projection). These models are then stereo digitized and used as
highly accurate sourcs documents for land base construction using the digitizing or scanning
methods noted above. (— 10 feet accuracy is standard, but + 1 foot accuracy 15 possible.)
Although more expensive than working from existing source documents, such an appreach
guarantees exireme accuracy. Moreover, the end product ofien has resale value which will
offset the initizl cost incurred by the end user

Data sources also may be combined to form a hybrid land base. For example, individual
assessor sheets at a wide vanety of scales can be overlaid on a sterec digitized base. The
slereo digitized street centerline metwork can be modified to agree with cadastral maps so
the assessor data will scale properly and satisfy aesthetic critena.

Because such a hybnd 15, by definition, unigue, it is appropnats to discuss m detail at the
outset of the project the problems likely to be encountered in production. Disadvantages of
such an approach include the substantial cost to make the map “lock” like the source docu-
ments, many difficult production problems (e.g., warp of cadastral data and fitting cadastral
information o an accurate land baze), and the volume of source documents required.
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Nevertheless, some utilities wish to usze a hybrid approach because it gives them a prod-
uct that is internally acceptable from an aesthetic viewpoint. We have encountered many
situations where end users are uncomfortable with the computer-plotted version of 2 geo-
graphic data base because 1t does not “look” like the product they have used for many vears.
The 1ssue of user accepiance 15 of cotical importance 1o the ulfimate suceess of & conversion
project. The cost and problems associated with a hybrid approach may be justified in the
long tun because the end user is comfortable with the “lock” of the product. However, care
must be teken to avold simply computerizing exsting problems.

The proces: of generating a hybrid combines land base construction and data compi
lation. When =z data base management system approach is used, the distinction between
these twe production processes is much clearer. After a land base 15 azsembled; & deaision
is made to define some selection of “attributes” of facilities or items of plant as displayable.
Displayable attributes are those attributes that actwally will be plotted on a map. Other
attributes may be stored in the data base, but not, as a matter of course, be displayed on
maps. (Information of interest to comptrollers may be of little use {0 enginesrs. Conversely,
attributes that facilitate engineering procedures may be unimportant to comptroblers.

Onee agresment on the atiributes to be displayed is reached, the data are coded and
laid cut on the source document. Some of the information will be recorded interactively at
2 board digitizing station. Other information will be keypunched and bulk loaded at the
construction phase. After construction, updating normally is performed interactively. One
significant advantage of a data base management system approach 15 its ability to grow or
change with technical advances,

“Maps today are strongly functional in that they are designed. bke a bndge or &
house, for a purpose. Their pnmary purpose is to convey information or o ‘get
acrose’ a geographical concept or relationship ... The mapmaker 15 essentially =
faithful recorder of given facts, and geographical integrity cannot be compromsed to
any great degree. Newvertheless, the range of creativaty through scale, generalization,
and graphic manipulation available to the cartographer is comparatively great."[10]

(Given its pragmatic character, it may be surprising to learn that the physical appearance
of & map i5 a common paoint of disagreement. Mest frequenily such disagreement anses
because different sets of aesthetic prinmples have heen applied by the chent and the mapping
firmn,

The general question of aesthetics is not at all simple: as the arl histonman Iving has
argued, the notion of simple geometne relationships is not invarant in aesthefic assess-
ments. |11 Indeed, aesthetic issues are involved in both the creation and the appreciation
ar perceprion of & work of art. Within cartography, the term “aesthetics” is reserved for
consideration of the placement of elements such as compass rose. legends, and scales: Lhe
balance aof these slements vis-a-vis the map object; the selection of type faces from the range
of standard or customary fonts; and similar elements of visual display. To equate “correct”
with cartographic assthetics 1s inappropriate, except in the lmited sense that some featurss
are reguired by cartographic convention (e.g., italic type fonts for bodies of water), Styles as
to what 15 “correct” from a crestive standpoint also vary from one academic discipline to an-
other: the geographer prefers a fine-line drawimg while the urban planner uses heavy lines to
focus attention and the landscape architect emplovs pictorial symbols. Differences in styles
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of map creation help to condition the manner in which maps are appreciated by consumers;
that is, aesthetics is more than simply giving the consumer what he is used to. For example,
many public utilities have developed a sense of assthetics comditioned by expernience with
manually drafied, subjective, and highly symbolic plans. Unless discussed at the beginning
of & conversion project this peint can become mest diffienlt, because a mapping firm must
assume that map accuracy takes precedence over map symbology, wisual appearance, and
the superfical assthetics of the perception of appearance. Ofien in cases of this sort, the
assthetics of appreciation: of the consumer give way to concerns of accuracy on the part of
the mapping firm which in turn may rest on the aesthetics of cartographic creation.
V. Computerized Data Bases

“Computer systems are increasingly used to aid in the management of informauen,
and as a result, new kinds of daia-omnented software and hardware are needed to
enhance the ability of the computer to carry out this task, Data basze systems
are| computer systems devoted to the management of relatively persistent daia, The
computer software emploved in a data base svstem iz called a data base management
system (DBMS)." [12

Of the several methods of classifying data bases used by software engineers, one most
important dichotomy 1 that between network (hierarchical) and relational data bases. |13
Certainly the most useful approach for many users is the relational data base, because this
approach permits a larger variety of quenes. Regardless of the approach, the method of
manipulating the data base remains 2 critical issue.

A neted in the quotation of Blasgen |12 the software used with 2 data base 18 known
senesically as & data base management system (DEMS). Such a system generally will have
provisions for data structure definition as well as for data base creation, maintenance, query,
and verification. Blasgen observed that in 1981 an estimated 50 companies were marketing
54 different DBMS packages. [14]

In cur experience. as noted earlier, most public uulity chents prefer working with a “dis-
playable inked-attribute” DBMS. This term desenibes a system in which selected attributes
or characteristics of the company’s physical plant are stored in the data base, where they
may be manipulated by users and also displayed on the digital map. For example, the age,
length, size, and identification number for a piece of cable may be stored and displayed.
Because the length of cable in a given span 12 known from installation and stored in the data
base, scaled measurement 15 wnnecessary,

A second approach to building and mantaning a data base is termed the “hybnd”
approach. Consider the following example.

Analvtics technicians select National Geodetie Survey monuments and photo identifiable
points which provide a network for accurate conirol of the area. On-site field survey crews
accurately survey these points and target them for aerial photography. After the flight,
analvtics technicians assemble these points into an accurate control network and place them
in a digital file, Using the network file, features defined in contract specifications are sterec
digitized from the photography in & digital format. The major features are portrayed in the
form of a detailed centerline network of interstate highways, public roads and private roads
The file then 1s divided into facets (corresponding to individual maps) and plotied at a scale
of 1:100,
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Tax assessor sheets and the 1:100" stereo digitized centerline plots are joned at the next
production phase The 1:100° plot is overlaid on individual assessor sheets, intersections are
held for control, and the stereo digitized road centerline network is adjusted to match the
cadasiral maps. The revised centerlines and additional features such as nghts-of-ways, lot
lines, boundaries, and text are board digitized.

The product is the best of the digital and mechanical worlds. [1 1s accomplished in digital
format eo [uture modifications can be made easily, and it iz assthetically pleasing — 1t looks
like an engineering drawing or cadastral map. The information is accurate. the data can be
scaled, and beanngs can be extracied.

The sueccess of endeavors of thiz type depends on an excellent vendor and chent rela-
tionship. For such a project, it is recommended that a test or pilot study in a pre-selected
area be completed prior to final contract negotiations, It is the responsibality of the client to
define hiz needs as aceurately as possible and convey these requirements in understandable
language to the vendor. Vague termunclogy and ambiguous specifications can compound
production problems. The wvendor, based on his background and experience; must make
meaningful suggestions to the chient as eatly in production as possible as alternative options
may be considered.

VI, Uzer Community

In summary, 2 comprehensive digital map and data svetem has many advantages. In
order to fully realize these advantages, users must consider and resolve several questions
related 1o actual needs and aesthetic conditioming. Users shonld understand that digital
maps and data bases constructed using highly accurate aerial photographic source documents
will not, ae a rule, lock like familiar graphic products. Thev must consider the distinctions
between mechanically drafied products and cartographic products and decide at the outset
of the project whether they are comfortable with the graphic specifications.

(lose communication between the untility company and the mapping firm 15 critical. The
more carefully specified the project 1s at the beginning, the fewer the changes that will be
requited, Changes 1n specifications made dunng production, no matter how toval they
appear, generally affect production schedules and costs adversely.

Thus, the creatien of a digital map invelves not only the mastery of current technology, in
order to produce an “accurate’ map, but it also involves an awareness of assthetics, as well
Attention te assthetice, as appreciation of the map by the consumer will ensure a satisfied
client: to this end, considerable education of the client with attention to close commumnication
is appropriate. At the other end, the mapping firm needs lo conmder the aesthetics of map
creation. When the sesthetics of creation help to guide the choice of technology, an accurate
and satisfying digital map is generally the end product.
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FEATURES

1. Press Clipping

Science, November 20, 1991, Vol 254, No al36, copynght, the Amencan Association
for the Advancement of Science. Many thanks to Joseph Palca at Science for his comtinuing
interest in online jouwrnals. The citation appesred in “Briefings” and is enfitled “Online
Journals ” by Joseph Falea.

Omnline Journals

“When the AAAS and OCLC Online Computer Library Center announced the scheduled
debut next year of their new journal—The Online Journal of Current Clinical Teale — they
said it would be the world’s first peer-reviewsd, online science Journal ( Science, 27 September,
p. 1480), Since then, two other such journals have made their presence known to Science.
They are Salstice: An Electronic Joumal of Geography and Mathematics, published by
Sandra Lach Arlinghaus of the Institute of Mathematical Geography in Ann Arbor, Michigan,
and Flora Cnhne , published by Rachard H. Zander, curator of botany at the Buffalo Museum
of Science. Both have been around for about 2 vears and are available free over several
popular research computer networks ®

NOTE: Readers wishing to contact Richard Zander can do so af bituet address:

VISEMS&UBVMS
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ii. Word Search Puzzle

The point of this puzzle is to develop famulianty (dispelling fear) with a selection of
words possibly not familiar to student readers. The words are embedded in the jumble of
letters helow: not all letisrs in this array are part of a word in the st and other words may
appear in the puzzle. Words from the list may be written from left to nght, from right to
left, from top to bottom, from bottom to top, or diagonally (in any direction). Solution 1s

on the last page of this 1ssue.
WORDS IN THE PUZZLE

Algorithm Gnomonie Parallel

Asymptote Graticule Folycomc

Azmmathal Integral Projection

Circumpelar Inverse Hotation

Circumseribe Jacobian Selstice

Comic Lambert Stereographic

Converge Latitude Tangent

Curvature Loganthm Translation

Crylindrical Lengitude Veetor

Divergent Matrnx

Equatornal Mercator

Egumdistant Merndian

Equinox Norm

Esxponent Obhguos

Fractal Orthogonal
PORTHPOLILYCOONITI CT HP ARG OCER BT S
Bl QURYGE B OOTSTE RDEEAE QR0 BT g ToA N TENECE BAO G
A T ocEery BT CTEAHGEMOT, ORoE MiEECR GBI TG G I UV
UHS LGHTMI HPRCYMS ANEGRRP RER
ATEYEMETOTPEMY S A PFPL NUTO ARV OCERO
TUL AMBERTI ACI R OMONGTTATS AT
COMBEONPTRBRENNAEROQPEXI CTOI ML A
AT ¥ MR TRTEPE MEALS o @ BegiMiCrar I BRaRwE LA T
LoE B ORnE TR0 LaEs MUD: BONGETY BEH A IyNOE S0 |
EATPRETTRES TOMUD QNTL CERE ESCL B A O
1 R OVEERGNL EINYUETRASES L ATIL QN
FOoOI TARI STILL.GATOGI NMUTHAIG:ZI
MTNOREOCXXINWEATBNGCAJTI OGARNN
E:A VER D'E'T O A ORI ANTAEERGT AV
M BTS AN ARS XCARRT U O A NREVYEBEE
CRRAMESITDT AL XS EI PRDNDGEGARVWVE
BB GE & I T 5 OS5 TE AZEAMUTRHEAL S §
AME BRI DI ANYIL AALAL ELL ARAPRALITE
I $ AL RENOITCEDY O RE OQOBL LI O E GA L
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iii. Software Briefs — Brief deseniptions of software provided by the creator. Look for
reviews of the software in subsequent issues of Solsijce The Institute of Mathematical
Geagraphy (IMaGe) makes no claim 2: to the accuracy of the statements made by the
creators; the appearance of their comments in Solstics is not an endorsement, sither direct
or ndirect, of the product by IMal3e or by anyone associated with either IMaGe or Solstice
These “Hriefs” are simply presented as a way for software creators o share infomation, in
an e-journal, with other possibly interestad parties.

a. RangeMapper ™ _ version 1.4 Created by Kenelm W. Philip, Tundra Vole Soft-
ware, Fairbanks, Alaska. Program and Manual by Kenelm W. Philip; commentary below
irom the Manual, “A utility for biclogical species range mapping, and similar mapping tasks
in other fields.” FNKWPEALASKA

"RangeMapper I Maciniosh mapping utility program designed specifically for the
field or musenm biologist who wants to be able to produce, rapidly and easily, species range
maps for various organisms, The program may also be used for mapping other kmds of data,
in medical, socialagical, geological, geophysical, biological, et applications.

The program is wmed at people whose mapping needs cover sizable areas. The most
accurate dats files in the map base are denved from the CLA mapping files, which are snitable
for displaying rezions down to 20-30 miles or 50 1 lmear extent without showing a ‘polygen’
effect from data peint spacing. The data files also include the Micro World Data Bank files,
which are suitable for mapping on a whole-world scale and down to regions perhaps 500
miles in [insar extent. .

OUn a Macintosh II or other machines in the Macintosh II family, most maps will be
Plotted in well under one minute, Once plotted, they can be saved 1o disk and re-loaded as
needed. In either case, data from properly formaited latitude/longitude textfiles can be read
by the program and platted to the maps. If vour species data (including lat/leng coordinates
for collecting sites) are stored in a computer databaze, it should be easy 1o arrange to export,
for any given speciss, a textfile of lat /long coordinates (hat RangeMapper can read directly
— thus oblaining vour range maps in one step from your database

In conjunction with the word processor NISUS, RangeMapper may be used as a map-
bazed visual interface 1o a text database,

The current version [1.4) of RangeMapper i= set up for world MAPPINE I $1% projections
— north polar azmuthal, cyvlindrical, Mercator, orthographic, stereographic, and Lambert
azimuthal equal-arez, The north pelar ammuthal maps are quite usable down to the southern
bmits of the lower 48 states and equivalent latitudes in Burasia, and are excallent for higher-
resolution mapping of Alaska. The cylindrical and Mercator projections can show the entire
world (barong the extreme polar regions in Mercalor), centered at any longitude. The last
three projections show up to one hemizphere, which may be centered at any point on the
aarth’s surface

The map data files from the Micro World Data Bank cover the entire world, The only
CIA file presently incorporated into RangeMapper is the Alaska file lapproximately 150,000
pomnts for coastlines, islands, rivers. and lakes). The entire continent of North America will

be added from CIA files later petutting mapping of the U.S. and Canada to the same
precision as can be obtained using the current file for Alaska

Uther continents, and higher-precision files covenng the U5, may be added later®

£2



Winter, 1551

vi. Solution to Word Search Puozzle.
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b. “XYNIMAP" — created by David H. Douglas, University of Ottawa; “a compre.
hensive system for computer cartography and gec-spatial analysis.” Prelimizary Version
DHDADGEUOTTAWA

"XYNIMAP 15 a comprehensive system for computer cartography and geo-spatial anal.
vsis, that does a lot of things, bul not everything, that other packages do. If you give it a
chance you will find it does & number of things better than other packages. The disketts
contzins all manuals and operating instructions. It is meant for PC computers. PC-XT 285
186, 486,

COMFPOXENTS

XYNITIZE: An interactive map digitizing system (with a different way of interacting
with the user

BNDRYNET: A program to converl a mass of intersecting lines into a topelogy to rep-
resent the polvgons that are visually evident. In other words BNDRYNET 12 a cartographic
spaghetti to polygon converter

CONSURF: A contour to gnid digital elevation medsl program.

POLYGRID: A polvgen to grnid converter.

AYBINASC & XYASCBIN: Programs to convert a XYNIMAF stream feature file back
and forth from compressed binary to readable (thecefore editable] ASCII files,

GDEMIDRI: A program to convert a XYNIMAP grid digital elevation model to an
[DRIS] img and .doc files

XYTALLY: A program to read a XYNIMAF stream featurs file and produce a printout
of vanious measures: (lengths of Lnes and areas of regions).

The following are tested workable and distributable programs but [ am just
not ready to put them out just vet.

AYNIDISP: A comprehensive display syvstem for the PC computer with EGA or VG A
graphics adapter cards.

AYNIDRAW: A comprehensive display system for ling drawing plotters

VUBLOK: A particularly rebust perspective view map program for grid digital slevation
models, It produces the traditional fishnet display and shaded reliel

PILLAR: A program fo display a geographical distribution by an image of standing
vertical pillars on the surface of a perspective view of a base map. The program curves the
surface to a realistic projection.

PROCIR: A proportional circle display program ”
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