SOLSTICE

THE HEDETNIEMI MATRHRIX SUM:; A REAL-WORLD APPLICATION
Sandra L. Arknghans, Willlam . Arlinghans, John L. Nystven

In a recent paper, we presented an algonthm for finding the shortest distance between
any two nodes m a network of n nodes when given only distances between adjacent nodes
|Acinghaus, Aclinghaus, Nystuen, 1990(b)|. In that previous research, we applied the algo.
rithm to the generalized road network graph surrounding San Francizeo Bay. The resulting
matrices are repeated here [Figure 1), i order to examine consequent changes in matrix
entries when the underlying adjacency patiern of the road neiwork was altered by the 1889
earthquake that closed the San Francisco-Oakland Bay Brndge. Thus, we test the algorithm
against a changed adjacency configuration and mlerprel the results with the benefit of lund-
sight from an actual evenl. Figure 1 shows & graph, with edges weighted with time—distances,
representing the peneral expressway bnkage pattern jouming selecied cties surrounding San
Francisco Bay, The matrix A displays these time-distances in tabnlar form; an asterisk
indieates thai there e no direet linkage between corresponding entmes. Thus, an astensk
entty a13 indicates that there is no single edge of the graph linking San Franosco and San
Jogs [(all paths have 2 or more edges). Higher powers of the matrix A count numbers of
paths of longer length— A? counts paths of 2 edges as well as those of one adge. Thus, one
expects in A7 to see a number measuring time-distance between San Francisco and San Jose;
indeed, there are iwo such paths, one of length 304-50=80, and one of length 30+25=55.
The Hedetniemd matrix operator always selects the shortest. Headers wishing to understand
the mechames of this algorithm should refer to the other references related to this topic
the st at the end |Arlimghaus, Ariinghaux: and I"-I:r'stuen; W, Arlinghmm‘.. It 15 sufficieint

here simply Lo understand generally how the procedure works, as described above

When a recent earthquake caused a disastrous collapse of a span on the San Francisco-
Cakland Bay Bridge, forcing the closing of the bridge, municipal authorities managed to keep
the city moving using a well-balanced comlnnation of added ferry boats, mediza messages
urging people to stay off the roads, and dispersal of information concernming alternate rouie
stratepies.  National telecasts showed a ity on the move, albeil slowly, alithough outside
{orecasters of doom were predicting & massive grid-lock that never occured. What would
the Hedetmiemi algorithm have forecast in this situation?

To find out, we compare the matrices of Figure 1 to those of Figure 2, denved from the
graph of Figure 1 with the link between San Franeiseo and Qakland removed; that is, the edge
hnking vertex 4 to vertex | 15 removed — the results show 1n the matnx entnes @14 and ay)
Thus in Figure 2, the adjscency mainx A, descmbing 1-step edge linkages differs from that
of Figure | only in the ag [a4;) position. The value of * replaces the ime-distance of 30
munutes in that graph because the bridge connection was destroved. When 2-edge paths are
counted, there 1s spread of increased Lime—histances across these paths as well. Whal wsed
to take 30 minutes, under conditions of normal traffic, to go from San Francisco to Oakiand
now takes 70O minuies, under conditions of normal traffic, EDINE h}r way of San Maieo. The
top from Sas Francsceo to Walnut Cresk had been possible along o 2—edge path passing
through Cakland (and taking & total of 60 munutes); the asterisk in 42 in the a5 entry
mcdicates thal that path no longer existe, The journev from San Franeisee to Richmond,
along a 2-edge path, increased in fime-distance from 5 to G0 minutes—going around the
“longer” @mde of Lhe rectangle. Note that what 15 being evaluated hers 1: change in tnp-
time under "mormal” circumstances, according io whether or not routing ensis; congestion
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fluctuates but actnal road lengths do not {(once in place). These values therefors form a set
of benchmarks against which to measure time—distance changes resulling [rom moere vanable
quantities, such as increased congestion.

n

When three—edged paths are browght into the system, in 4% (Figure 2}, the trip from
San Francsco to Walnut Creek now becomes possible, but takes 100 rather than 60 minutes.
Also, the top from San Francisco te Vallejo now becomes possible (in both pre- and post
earthguake systems) although it takes 10 monutes longer with removal of the bridge When
piths of length four are introduced, no changes occur in these entnies; the system 15 stable and
the effects are confined fo locations "close™ to the bridge that was removed. The relatively
small number of changes in the basic underlying roule choices, forced by the removal of
the Bay Bridge, suggest why it was possible, with swift actien by municipal authornties and
cilizens to contral congestion, lo avert a situation that appeared destined to lead to gndlock.

What if the Golden Gate Bridge had been removed rather than the San Francisco-
Oakland Bay Bndge? Figure 3 shows that the same sort of clustered, localized results
follow, When both bndges are removed (Figure 4}, the position of affected matrix entries 1s
identical to the union of the positions of entries 1y Figures | and 2, but the magnitude of
time—distances has been magnified by the combined removal.

With hindsight, the test seems 1o be reasonable. One direction for a larger apphication
might therefore be to consider historical evidence in which bridge bombing (or some such } was
critical 1o associated circulation patierns. When large data sets are entered into a computer,
anc mampulated usmg the Hedetmems matnx algosthm, previously unnoticed histoncal
pasociations nught emerge and maps showing alternate possibilities could be produced. In
short, Lhis mighl serve as a (ool useful o stoncal discovery. Other important directions
for application of the Hedetniemi algorithm invelve those in & discreie mathematical setting
that focus on tracing actual paths [W. Arlinghaus, 1990—includes program for algorithm],
and those using the Hedetmwemm algonthm in the computer architesture of parallel processing
[Romeijn and Smith]
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SOLSTICE

SAN FRANCISCO BAY AREA; GRAPH OF TIME-DISTANCES
{in manutes |
LEGEND: numeral attached to aty is its node number in
the corregponding, underlying, graph
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Figure 1. Pre—earthquake matrix sequence,
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SOLSTICE

POST-EARTHQUAKE SAN FRANCISCO BAY AREA
SAN FRANCISCO-OAKLAND BAY BRIDGE IS REMOVED.
GRAPH OF TIME-DISTANCES (in minutes)
Adjustment 15 made for change in {ime=distance
m a “normal” situation-not for resultant fluctuation i congestion
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Winter, 1990
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Figure 2. Matox sequence with San Franeiseo-Oakland Bay Briage removed

42



SOLSTICE

POST-EARTHQUAKE 5AN FRANCISCO BAY AREA
GOLDEN GATE BRIDGE 15 REMOVEL,
GRAFH OF TIME-DISTANCES (i1 minutes)
Adjustment 15 made for change in fime—distance
m a “normal” situation—not for resultant finctuabion m congestion
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Figure 3. Matnx seguence with the Cialden Gate Brju'g,: rermaved.
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SOLSTICE

POST-EARTHQUAKE SAN FRANCISCO BAY ARFA
BAY BRIDGE AND GOLDEN GATE BRIDGE ARE BEQOTH REMOVED.
GRAFH OF TIME-DISTANCES [in minutes)
Adjusiment 12 made for change m time—distance
moa "normal” situation—not for resuliant fluctuation in congestion
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Figure 4. Matrix sequence with both the Golden Gate and the Bay bridges removed,
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