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An algonithm discussed by Mana Hasse (Hasee, 1961; Tarary, Norman, and Cartwright.
1965 offers a method for finding the shortest distance beiween any two nodes in a network
of n nodes when given only distances between adjacent nodes. The algonthm 15 one that
incuses on structure alone, and it 13 therefore spatial. The procedure is similar in form 1o
that used to multiply matrices, given two n x n matrices | and B. To find the enlnes in
their Hasse-sum, matrix O, take the minimum of the row-by-column sums; thus, the entry

e{21) = mun{af2]) + b( 12}, a(22) + H(22}, a{23) + B(32),...,a(2n]) + b(n2)}

The resulis below show the outeome of applving this tool from theoretical spatial scence
to the real-world: to one change in the Loz Aungeles freeway pattern following the recent
devastating earthquake (January 17, 19894).

Loz Angeles, 1994,

When a recent earthquake caused a disastrous collapse of a span of the Santa Monica
freeway, according to television ceports the world's busiest freeway (carrying an estimated
300,000 wvehicles per weekday), mumicipal authenties managed 1o keep the ety moving
They emploved a well-balanced combination of alternate routing using intelligent velucle
highway systems ([VHS) in which traffic lights along surface routes paralleling freeways
were coordingted in response to user demand, together with media messages urging people
te gtay ofl moadways and the effsctive dispersal of mformation concerming alternate routes,
Chutside forecesters of doom predicied massive grnidlock that did not occur in regions where
alternate rouling was avalable.

In the analysis below, we test Hasse's algorithm agamst a changed adjacency configura-
lion and interprel the results. Indeed, what would a forecaster using the Hasse algorithm
have predicted in this situation”

The map i Figure | shows o portion of the Los Angeles freeway system, and nearby
major surlace arlerials, linking Los Angeles International Airport (LAX) 10 the Central City
(CC). We tightened our focus to consider what sort of impact the partial elosing of the
Santa Monica freeway might have on travel times to and from the sirport and the downtown
region. Lhe routing in Figure § s along freewaye, ouly, that lorm a square envelope around
the direct diagonal route (that does not exast in the real world ) Iimking LAX to the CC. Any
rupture along this circuil will completely destrov one of the twe possible roules, sending all
the traffic along one path only, Thus, when the Santa Momica freeway was ruptured (Figure
2)—cross-hatched area on Figure 1 - all the tralfic would have been [orced due east and then
north, if only freeway hnkages were employed.
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Figure 1. LAX denotes Los Anpeles International Airpori. CC denctes the Central City,
Ronies are along major expressways. The X indicates Lthe rupture n the Santa Monmicn
[reeveay caused by the Janvary LT, 1994 earthquake. Consider that all lines, whether dashed
or solid, represent continuous graphical hinkage between adjucent nodes. The only break in
the freeway 1s al the X,

'l'o overcome this apparently disastrons traffic situation, it 1s natural to introduce alter-
nate rontes along roads thal are already present. [ndeed, in earlier mathematical referances
there 18 consideration of this sort of rerouting problem after some edges of a network have
been deleted szlrien_ge:r! 1927; Ford and Fulkerson; 1862)., One set of major surface routes 15
added to the map in Figure 1| o offer & number of different routes (Figure 3). The matrix
A [Figure 4) displays time-distances in tabular form across the network shown in Figure 3
The entrv of 12 in the first row, second column indicates that it takes 12 guarter-minutes Lo
travel from the node labelled 1 to the node labelled 2. A zerc in this mairnx mdicates thai
there are zero quarter-nunutes required as travel ime-thus, zerces appear in this mainx only
along the main diagonal. Nodes are treated as points within which no tzavel 15 possible, An
asterisk indicates that there is no direct linkage between corresponding entries— an asterisk
i the {1.3) position indicates thai there 15 no single edge of the graph linking node | to
node 3. All numencal entnes are expressed in quarter-minutes; the Pascal program (Figure
5}, was wntiten 1o display mtegral resulls: [Use of a spreadsheet is possible but 15 far more
tire-consuming. ) Travel times were calenlated from distances in the 1993 Rand McNally
Hoad Atles, assuming (from Reld expernence) an average speed of 40 mph.

Higher powers of the matnx A count sumbers of paths of longer length. The matnix
A* counts paths of 2 edges as well as those of one edge Thus, in A% one would expeet 1o
find an entry indicating the total time to travel from node 1 to node 3. as well as entries
representing travel fimes across single graphical edges from node 1 to node 2 and from node
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Figure 2. Drawing based on a pholo, showing damage to the Los Angeles freewnys, from
the New York Times, Tuesday, Jannary 18, 1584

2 to node 3; indesd, as would be hoped the travel time of 30 guarter-minutes from nodes
1 to 315 the sum of the travel times from 1 to 2 {12 guarter-minuies) and from 2 e 3 [18
guarler-rmnutes ).

The Hasse operator (erromecusty referred to as the Hedetniemi operator in some eather
work; corrected by F. Harary who also notes that thiz procedure may slse be present in
literature earher than Hasse's 1961 article) always selects the shortest path of more than one s
available. OUther algonthms execute similar caleulations; however, Floyd's algorithm provides
easy display of lengths ouly (and not the components that compose them), while Dijkstra’s
algorithm is not designed for easv display of resulls but does permit the determination of the
actual position of the shoriest path. Both of these algorithme require the same number of
steps mdependent of the actual data; Hasse's does not — it stops shorter than would Floyd's or
Dhjkstra’s 1o many situations. Further detail has been pubhshed elsewhere (Harary, Norman,
and Cartwright, 1960, Arlinghaus, Ariinghaus, and Nystuen, 1990],

The matrices A through A® show travel Limes across paths of varying length for the
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Figure 3. Same basic paltern as Figure 1, with surface routes added, and intersections of
surface rontes added as nodes in the graph. LAX denotes Los Angeles International Airport

CC denotes the Central City. Routes zre along major expresswavs. The X indicates (he rap-
ture in the Santa Monica freeway cavsed by the January 17, 1994 earthquake. Consider that
all Lines, whether dashed or solid. represent continucus graphical linkage between adjacent
nodes. The only break m the freeway 15 a2t the X,

freeway system pnor 1o the earthquake (Figure 4a). The algonithm stops when 477 = A",
i this case, therefore, the last matrix with new entries is 4"-the matnx A7 ¢ caleulated
to know when to stop the ieration. A different initial matrix is required to capture the
linkage pattern between LAX and CC following the 1994 earthguake {Figure 4b)-the Santa
Momica freeway was shatiered between nodes 4 and 6 on the graph in Figure 3. The matrix
B in Figure B indicates a new adjacency patiern; mm A, the 4th row, 6th column contained a
value of 30 to represent the direct hnkage between nodes 4 and 6. The corresponding entry
m matrix B s an asterisk = that is, there is oo path, of a single graphical edgs, available
hetween nodes 4 and 6. When Hasse's algorithm 15 run using 8 (Figure 4b), instead of 4
(Figure 2a], as the imual matrx, the iteration requires the same number of stages; however,
some of the entries are larger in & than in 4, reflecting the need for longer paths to provide
alternate routes around Lhe earthguake-altered freeway. In the sighth iteration, the B-
iterate contains entries in the (4,6), (4.8), (4.10), (£.12), and (4,16) positions that are about
3l guarter-munuies larger than are the eniries in the corresponding eighth A-iterate. This
mcrease in the siructural model comes purely from spatial pattern-it does not address the
natlural mecrease in congestion that one wonld also expect.

The surface route pattern that was introduced permitted oll turns at each of the surface
route miersections; this sort of strategy appears desirable. but hecanse turns (especally
L5 left-hand turne onto two way streets) generally force additional slowing of the traffic
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Figure 6. Same basic pattern as Figure 1, with surface routes added: unlike Figure 2, in
this case mtersections of surface routes are NOT added as nodes i the graph. The surface
routes have himited access. LAX denotes Loz Angeles International Atrport. OO denotes the
Central City. Houtes zre along major expressways. The X indicates the rupture in the Santa
Momea freeway cawsed by the Janvary 17, 1994 earthquake, Consider that all hnes. whether

dashed or solid, represemt contmuons graplieal linkage between adjacent nodes. The ounly
break in the freeway 15 at the X

one might consider further alteration of the structural model,

Figure i shows a modified form of the map m Figure 3; in it, the nodes 17 through 24 have
been omitted. This graphical omission corresponds to the real-world notion of preventing
mtersecting traffic flows within the interchanges. One way to reduce congestion is to prohibit
all turns. Another 12 to use traffic ights in a manner that responds to the traffic itgelf, rather
that to estimates of traffic. The structural model in Figure & represents this sort of approach:
the north:south route from node 3 to node 6 does not intersect any of the east-west surface
vehicular lows.

Figure 7a shows the imtial matrix € representing this particular struetural mode! that
permiis restricled pre-earthguake travel across surface routes, Figure 7h shows the initial
matnx [ representing the model with the rupture in the Santa Monica fresway, When
Hasse's algorithm 1s run, there are clearly once again a number of locations that stand oul:
the {4,G) entry, for example, goes from 30 quarter-munutes to 114 quarter-minutes in this
case. Indeed, there is not even any path available of length less than 5 for this entry: there
i8 an astersk in thiz position in 0% —the only astensk for this entry in the O iteration
sequence, with the bridge in, i in the frst matrx. The last enlnes to come into the D
sequence iteration are (4.8) and (4.9)-this situation tallies with the relationshins shown on
the map in Figure 3. Traffic engineers moght choose thie latter model during times of the
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day when volumes are not high at ibe nodes showing large mereases, or some other strategy
that responds to traffic history.

The path structure from node | (LAX) to node 16 {CC) 1= not altered: the Santa Monica
freeway was not the shortest route from LAX to CC although its closure no doubt adds to
the congestion along shorter routes: Most of the eatmes in the fourth row of D7 1o the
nght of, and including, the sixth column show mereases in time — some only slight and some
substantial. Omly the fourth row and the fourth column show altered time patierns, pre-
and posi-earthquake — MHasse’s algorithm shows that the underdying spatial structure of the
road network is sufficient to provide alternate rouling Lo and from LAX to CC and between
many of the intervening locations. Tlus finding matches what has apparently happened in
the actual post-earthguake environment.

Policv Implications

in order 1o turn the elegant theoretical tool of Hasse into one a traffic enginesr might
actually employ, there are a number of pelicy imphcations to consider — policy changes can
put real-world testh mto theory.

1. No turns excepl onto expresswave means maximum fAow; howsever, {his strategy is awk-
ward for those living m the area. Indeed, even if it iz assumed that people can tuen
off onto minor streets ut cannot turn ot magor mtersections, these local turns cause a
lower average speed

B2

Permit might hand tums only -not too disruptive of flow so speed 1s maintained, The

algorithm still holds, even with an asymmetnc matrix.

3. Permit all turns - there are a number of engineering stratemes that might have corre-
spending structural components in a graphical model Left hand turns slow the svetem.
Insert different average speeds or times on the edges of the structural modsl.

4, Use one-way streets—this strafegy equalizes lell and might tums; it, too, produces asvm-

melne adjaceney matnees,
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Figure 4a.i This is the initial matrix, 4. Figure 4a contamns a set of nine tables (i to
1) illustrating the use of Hasee's algorithm on part of the LA freeway/surface route system,
shown in Figure 3, prior to the earthquake of January 17, 1994, Travel times are in one-
quarier minutes. An astersk indicates that the travel time between locatione is too lazge to
enter the matrix. A double-zere indicates an entry of 0.
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Figure 4a.v This is the power 5 matrix. 1,
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42 30 48 72730 5T 27 48-21°39 16 33°15°3 15 36 24 361527 6 1B.00 12
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Figure 4a.vi This is the power 6 matrix, A%




SOLSTICE

00 12 30 54 18 51 30 60 36 69 42 75 48
12 00 18 42 18 39 30 48 36 37 42 63 45
J0 18 00 24°36 30 4B 48 54 57 60 63 63
ad 4224 00 GO 30 72 42 78 51 B4 a7 *
|8 18 36 60 00 45 12 534 18 63 24 69 30 61 *72 1224 21 33 30 42 36 4R
51 30 50 30 45 00 5T 12 63 21 69 27 72 60 51 33 33 21 42 30 51 30 57 4R
30030 48 72 12 57 00 48 6 54 12 60 1830 42 B3 24 36 1597 91 33 97 29
GO 48 48 42 54 12 48 00 54 9 60 15 63 51 39 21 42 30 33 21 42 30 48 135
56 36 54 TE 18 63 6 54 D0 48 6 54 12 24 36 57 30 42 21 33 15 27 71 13
G0 57 57 51 63 21 54 9 4B 00 54 6 5442 30 12 51 39 47 30 331 91 30 92
42 42 60 84 24 69 12 60 6 34 00 43 6 18 30 51 36 48 27 39 21 33 15 27
7o B3 63 5T G0 27 60 15 54 6 48 00 48 36 24 & 37 45 48 36 36 27 33 2

27

57 * 18 30 27 39 36 48 42 54
45 66 6 181527 24 36 30 42
al B9 24 18°33 27 42 36 45 48
70 G3 48 42 57 51 66 60 72 72
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Gz =1 2m S e
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48 45 63 * 30 72 18 63 12 54 € 48 00 12 24 45 39 51 30 42 21 3% 15

45 33 51 75 39 60 30 51 24 42 15 36 120012 3327 30 1230 & 21 3 1
of 40 51 75 01 G1 42 3036 30 20 24 24 12 00 2130 33 30 24 21 15 15 %
* BG B9 63 T2 33 63 21 57 12 51 6 4533 21 00 B0 51 51 42 42 33 36 24
18 6 24 48 12 33 24 42 30 51 36 57 39 27 30 60 00 12 8 91 18 30 24 36
30 18 18 42 24 21 36 30 42°39 48 45 51 39°33 5112 00 21 9 30 18 36 30
27 15 33 57 21 42 15 33 2142 27 48 30 1830 519 21 0012 § 21 is oF
o 27 27 51 33 30 27 21 33 30 30 36 42.30 24 427219 12400 210 97 7
S0 24 42 60 30 51 21 421533 2139 219 21 42 18300 921 00 12 6 1R
48 36 36 G0 42 30 33 30 27 21 33 27 33 21153 3330 1B 21 9 1200 1§ 12
42 348 T2 36 57 27 48 21039 15 33 153 15 3624 36 15 27 6 1R 00 12
5142 4B T2 48 48 30 86 33 27 27 21 27 153 2436 30 27 21 1512 12 OO

Figure 4a.vii This is the power 7 matrix, A7




Summer, 1904

Ok 12 30 54 13 51 30 60 36:69 42 75 48 45 57 78 18 30 27 39 36 48 42 54
1200 18 42 18 38 30 48 36 57 42 63 45 33 45 66 6 18 15 27 24 36 30 42
ol 18 00 24 36 3% 48 48 54 57 B0 63 63 51 51 68 24 18 533 27 42 35 48 48
o 42 24 00 G 30 72 42 TR 51 84 BT BT 75 75 63 48 42 57 531 6660 72 7

18 15 36 o0 (0 45 12 54 18 63 24 69 30 39 51 72 12 24 21 33 30 42 35 4R
51 30 49 30 45 00 57 12 63 21 B9 27 72 6051 3333 21 42 30 51 30 57 48
G0 3048 T2 12 37 D0 48 6 54 12 60 1B 30 42 63 24 36 15 27 91 33 27 39
G0 48 48 42 54 12 4R 00 54 8 60 15 63 51 39 21 42 30 3321 42 20 48 35
d0 36 02 T8 I8 G306 54 00 48 G 54 12 24 36 5T 30 42 21 33 15 27 21 313
B9 57 oF D1 63 21 54 8 48 00 54 6 564 42 30 12 5] 30 42 30 23 21 30 27
42 42 60 B4 24 60 12 606 54 00 48 6 1B 30 51 36 4B 27 39 21 3% 15 927
7H 63 63 57 B9 27 G0 15 54 6 4B 00 48 36 24 6 57 45 48 36 39 27 33 2]
48 45 G3 B7-30 72 18 63 12 54 6 48 00 12 24 45 30 51 30 42 2133 15 27
45 33 51 75 3% 60 30 B1 24 42 18 36 12 00 12 33 27 30 1830 9 21 3. 15
37 45 51 75 b1 51 42 30 36 30 30 24 24 12 00 21 30 33 30 24 21 15 15 3

76 66 69 63 72 33 63 21 57 12 51 6 45 33 21 00 60 51 51 42 4233 36 M4
186 24 48 12 33 24 42 30 51 3657 3% 27 39 60 00 12 0 21 1R 30 24 38
a0 18 18 42 24 21 36 30 42°39 48 45 51 30 33 51 1200 21 @ 30 1% 36 20
27 15 33 57 21 4215 33 2142 2T 48 30 18 30 51 8 21 40 12 9 2115 27
of 27 27 51 33 3037 21 33 30 3936 42 30 24 42, 219 12200 219 97 9]
ofi 24 42 G630 5121 42 15 35 21 .30 21 & 21 42183089 21 0012 G IR
48 36 36 G0 42 30 33 30 27 21 33 2733 2115 32 3012 21 9 12 00 18 12
42:30 4B 7236 57 27 4B 21 39 1533 153 15 36 24 36 15 27 € 180D 12
o4 42 48 T2 48 48°30°36 33 27 27 21 27 153 24 363027 21 1% 12 1200

Figure 4a.viii This is the power 8 matrix, 4%,




SOLSTICE

00 12 30 54 18 51 30 60 36 69 42 75 48 45 57 78 18 30 27 39 36 48 42 54
1200 18 42 1% 39 30 48 36 57 42 63 45 33 45 66 6 1§ 15 27 24 36 30 42
30 18 00 24 36 39 45 48 54 37 60 63 63 51 51 6824 18 33 27 42 36 48 48
od 42 24 00 60 30 72 42 78 51 84 57 BT 75 73 B3 48 42 57 51 66 60 72 72
|5 18 36 60 00 45 12 54 18 63 24 69 30 30 51 72 12 24 21 33 30 42 36 48
51 39 39 50 45 00 57 12 63 21 69 27 72 60 51 33 23 21 42 30 51 30 57 4B
303048 72 12 57 00 48 6 54 12 60 18 30 42 63 24 36 15 27 2133 27 30
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GO 48 48 42 54 12 48 00 34 B 60 15 63 51 38 21 42 30 33 21 42 30 48 36
S a0 &4 YR 18 636 M 00 48 6 54 12 24 a7 30 42 21 33 15 27 21 33
G8 57 57 51 63 21 54 8 4B D0 54 6 54 42 30 12 51 29 42 30 33 21 39 27
42 42 G0 84 24 69 12 600G 34 (0 48 6 1830 51 36 48 2739 21 %3 15
To 63 G2 57 69 27 60 15 34 6 48 00 48 36 24 G 57 45 48 36 39 27 33 21
48 45 G3 87 30 T2 18 63 1254 6 48 00 1224 45 39 51 30 42 21 33 15 27
45 33 31 75 39 60 30 51 24 42 18 36 12 00 12 33 27 30 1B 30 9 21 3 15
o7 45 &L 7551 51 42 30 3630 30 24 24 1200 21 39 33 30 24 2115 15 3
e 66 09 63 T2 3363 21°47 12 516 45 3321 OO 60 51 51 42 47 3% 36 24
18.6 24 48 12 35 24 42 30 31 36 57 39 27 39 60 00 129 21 18 30 24 36
3018 18 4224 31 36 30 42°39 48 45 51 3933 51 12 00 21:9 3018 3¢ 3D
27 15323 57 21 42 16 33 21 42 27 48 30 18 30 519 21 0012 9 21 15 27
9 2727 Bl 33 30 2T 21 33 30 30 36 42' 3024 42 21 ¢ 1| ¥ el R
3624 42 66 30 5121 42 15333 21 39 21 0 21 42 18 3 21 0012 6 18
4836 36 60 42 39 33 30 27-21 3327 33 21 15 33 30 1% 12 00 18 12
42 30 48 7226 57 27 48 21/39 1533 153 15 36 24 38 R - T 2
ol 42 48 T2 48 48 39 36 3327 27 21 27163 2436 30 I 18 12 12 00
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Figure 4a.ix This is the power 9 matrix. A" It is identical to the matrix in Figure
4a.vili and so the algorithm terminates
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Figure 4b.i This is the initial matrix, 7. Figure 4b containg a set of mne tables (1 to 1x)
illustrating the use of Hasse’s algorithm on the LA freeway syvstem following the earthquake
of January 17, 1994, Travel times are in one-quarter minutes. An asterisk indicates that the
travel time between locations is too large to enter the matnx. A double-zero indicates an
entry of [,
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Figure 4b.iv This is the power 4 matrix, 5%
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Summmer, 1854

00 123054 X851 30 6036 % 42'* 48* % F JR 302759 G548 437F
1200 1842 18 39 30 48 36 57 42 * * 33 °* !
30 18 0024 36 39 48 48 b4 BT * 63 * * 51 Y 24 1B 33 27 42 36 4B 4§
54 A2 2400060 B3 T2 T2t Bl o A A % 4R 42057 51 G660 % T2
18 18 36 60 00 45 12 54 18 63 24 = 30 30 * * 12 24 21 33 30 42 30648
51 39 30 63 45, DO 57 126321 * 3r* * 51 33 33 21 42 300 51 30567 458

#

0

of 30 4B°T2 12 57 00 48 6 54 12 60 B30 42 24 36 10 27 AE a3 21030

G0 48 48 72 54 12 43 00 54 O 60 15 * 51 39 21 42 30 33 21 42 30 48 34
36 36 54 * 18 G636 5400 4% 6 54 12 24 36 57 30 4221 .33 15 27 21 33
* PTH7T Bl 63 21 529 43 00 54 6 54 42 30 12 51 3042 30 33 21 39 27
42 42 * * 24 * 12606 54 00 48 6 18 30 51 36 48 27 39 21 33 13 :

* F B3 * * 2780 1554 6 4B 00 48 36 24 6 57 45 48 36 39 27 23 21
48 = * % a00* 18% 1254 6 48 00:12:24 45 39 * 30 Y 21 33 15
33 % M 390-% 3051 24 42 I8 3612200 12033 37 3938309 21 23 ]
*F 51'% ¥ 51 42 3036 30 3024 24712 00 21 39 333024 -2F 15153
# % % 4+ H3 % 2157 12 Bl B 433321 OO0 = 51 51 42 42 33 36 2
18 6 24 48 12 .33 24 423051 36 &7 39 2729 % 0012 9 .21 1830 24 36
30 1B 18 42 24 21 35 30 4239 48 45 * 39:33 51 12 00 219 30 18 36 30
27 15 3357 21 42 15 33-21 42 27 48 301430 .01 @ 21 40 12 -8 21 1& 27
39 27°27°51 33 .30 27 21:33 3039 36 423024 4221 9 12 Q0 218 272
36 24 42 6630 51 21 42.15.33 21 30 21 9 21 47 18309 21 00 12 6 18
48 3636 60 42 -39 33 302721 33 27 33 21 18 33 3018 21 .0 1200 18:12
42 30 48 * 36057 27 482139 1533153 1h 3624 36716 27 G 18 00 12
*o 42048 T2 48 4B 29 3603327 2721 2T 15-3 34 363027 21 18 12 12700

Figure 4b.v This is the power 5 matrix, 5°.
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SOLSTICE

00 f2 30 54 18 51 30 60 36 69 42 * 4B 45 % F 18 30 27 39 36 48 42 54
12 00 18 42 18 39 30 48 36 57 42 63 45 33 45 * 6 1§ 1527 24 36 30 42
018 00 24 36 39 4B 48 54 57 B0 63 * 51 B1 69 24 18 33 27 42 36 48 48
54 42 24 00 60 63 T2 72 7881 * BT " * T3 * 48 42 57 51 66 60 T2 7
& 18 36 G0 00 45 12 54 1B 63 24 69 30 39 51 * 12 24 21 33 30 42 3G 48
51 39 39 63 45 00 57 12 63 21 68 27 * 60 51 33 33 21 42.30 51 39 57 48
3030 48 T2 12 57 0D 45 6 54 1280 18 30.42 63 24 3615 27 21 33 27 39
GO <8 48 T2 54 12 48 00 54 & 60 15 63 51 38 21 42 30 3321 42 30 48 36
3G 36 54 TR 18 G3 G 54 0D 48 6 54 12 24 38 57 30 42 21 33 15 27 21 33
6857 87 81 63 21 54 9@ 4800 546 54 42 30 12 51 30 42 30 3331 39 27
42 42 GO * 24 G912 60 6 34 0048 6 1830 51 36 48 27 39 21 33 15 27
* B3 63 87T A0 27 BD 15546 483 00 48 36 24 6 57 45 4R 36 30 27 33 2
48 45 * * 30 * 18 63 1234 B8 48 00 }2 24 45 39 51 50 42 21 33 15 2
45 33 51 ¢ 39 60 30 51 2442 18 36 12 00 12 332739 18 30 0 213 1
* 45 61 T5 061 Bl 42 39 36730 3024 24 12.00 21 39 33 30724 21 15 16 3
* * G0 * * 33063 21 BT 12 51 6 43 33,21 (M 60 51 51 42 42 33 36 24

18 6 24 48 12 33 24 42 30051 3687 I8 27 38 G0 00 129 21 18 30 24 36
3018 1B 4224 21 36 30 42°39 48 45 51 3933 51 1200 219 30 1R 38 30
27 15 3357 21 42 15 33 21 42 27 4% 30 18 30 S1:9 21 D012 0 2] 16 27
30 27 2T 51 33 S50.27 213330 39 3642 20724 4221 9 J200 21 B 27T N
3624 42 66:30 51721 42 1533 2130 1 0 27 43 18 M'9 21 00 126 1B
48 36 36 60 42 39°33 30 27°2]1 33 27 33 21 15 33 30 1821 9 12 00 18 12
42 30 48 72 36 57 27 4B°21° 390 15733 153 15 36 24 36 15 27 6 18 00 12
ad 42 48 T2 48 4B 38 36 33 27 27 21 27 163 2434 30 27 21 18 12 [2 00

Figure 4b.vi This is the power 6§ matrix, 5%
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Summer, 1994
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Figure 4b.vii This is the power 7 matrix, 5'.
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SOLSTICE

12 00 18 42 18 39 30 48 36 42 G3 45 33 45 66 6 IR 1527 24 36 30 42
S 18 00 24 36 30 48 48 54 57 G0 63 63 51 31 6O 24 18 33 27 42 38 48 48
a4 42 24 0060 63 T2 T2 TR Bl B4 BT BT V5 75 U3 48 42 5Y 51 GG GO T2 7
16 18 36 60 DO 45 12 54 18 63 24 68 30 39 31 72 12 24 91 33 30 42 36 48
51 39 39 63 45 (00 57 12 6321 6927 7260 51 33°33 21 4230 51 30 57 48
30 30 48 7212 57 00 48 6 54 12'G0 18 3042 63 24 36 1527 21 33 27 39
60 48 485 72 54 1248 00 549 60 15 63 31 39 21 42 30 33 .21 42 30 48 36
o6 36 34 VB 1R G636 54 00 48 6 54 12 24 36 5T 30 42 21 33 15 27 21 33
69 57 &7 B1 B3 21 54 § 4B 00 54 6 54 42 30 12 51 30 42 30 3321 39 27
4242 60 84 24 6912 60 6 54 (00 4B G 18 30 31 36 48 2739 21 32 {5 o7
b 63 63 BT 60 2T 60 15 B4 6 48 00 48-36'24 & 57 45 48 36 30 .97 349 21
4845 63 BT 30 T2 15 63 12 54 6 45 00 12 24 45 39 51 30 42 21 33 15 27
45 33 61 75 38 60 30 51 24 42 18 36 12 00 12 33 27 30 18 30 9 21 3 15
o749 31 To51 3l 42 39 36 30 30°24 24 12 00 21 39 33 30 24 2115 15 3
78 66 69 93 72 33 83 21 57 12 51 6 45 33°21 00 60 51 51 42 42 33 36 24
186 24 48 12 33 24 42 30 51 3657 39 27 39 60 00 129 21 18 30 24 36
30 13 I8 42°24 21 36 30 42 30 43 45 51 3933 51 12 00 219 30 1% 36 30
713 33 57 21 4215 33 21 42 27 43 30 1830 519 21 00 17 § 21 15 27
38 27 37 51 33 30 27 21 33 30 39 36 42 30 24 42 21 0 1200 21 9 =% 2
3624 42 6630 51 21 42 15333 213031 0 21 4218 309 21 o0 iz 6 18
45 36 36 60 42 39:33 30 27 21 3327 33 21 15 33 300 18 219 1200 18 12
4230 48 ¥2 36 BT 27 48 21 39 1533 1563 15 36 24 36 15 27 6 18 00 12
b4 42 48 T2 48 4B 39 36 33 27 27 21 2V 156 % 24 36 30 27T 21 18 12 12 00

00 12 30 54 18 51 30 GO 36 69 42 75 48 45 57 7B 18 30 27 39 36 48 42 54
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Figure 4b.viii This is the power 8 matrix, B,
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Surmnmer, 19594

00 12 30 54 18 51 30 60 36 69 42 75 48 45 57 78 18 30 27 30 36 48 42 54
12 00 18 42 18 30 30 48 306 57 42 63 45 33 4% 66 6 18 15 27 24 36 30 42
30 18 (0 24 36 3948 48 534 57 60 03 63 5151 69 24 18 33 27 42 36 48 48
a4 42 24 00 60 63 T2 T2.78 81 B4 887 BT 76 76 93 4B 42 57 51 66 60 72 72
18 18 36 60 D0 4512 54 18 63 24 GO 2 39 51 72 12 24 21 33 3042 36 48
3l 39 39 6345 00 57 12.63-21' 60 27 72 60 31 33 33 21 42 30 51 39 57 48
30 30 48 72 12 5700 48 6 54 12 60 18 30 42 63 24 36 15 27 21 33 27 34
GO 48 4B 72 54 12 48 00 54 °B 60 15 62 51 39 21 £2 30 3221 42 30 48 36

36 36 54 T8 18 63 6 54 0048 6 54 12 24 °
G8 57T 67 BI 63 21 54 0 48 00 54 6 54 42
42 42 60 84 24 6912 60 6 34 (U 48 & 15°30 51 36 49 27 39 21 .33 15 27
79 63 62 BT 69 27 00 15 546 4B D0 48 36 24 6 57 45 4836 39 27 33 21
48 45 63 87,30 V2 18 62 1254 6 48 00 12 24 45 30 51 2042 21 33 15 27
45 33 51 75 39 60 30 51 24 42 18 36 12 00 12 323 27 39 18 30 9 21 3 15
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Figure 4b.x This is the power 8 matrix, 2% It is identical to the matrix in Figure
4h.vii and so the algomthm terminates
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Figure for Hasse algorithm in Pascal

program hasse(input,output);
const max=009505;
n==24:
type hed=array[l.m,1..n| of integer;
var aarrayil.n| of hed;
dome:boolean;
1.k mminteger;

protedure prnt{matnx:hed);

begin
for 1= to nodo
hegin
for 3:==1 to n'do
if matrx|iji=max then wnte (" *'}
else wnte{matrix)i,j|4);

writeln

end
enc;

prr_:-r_'r:f_:lun: ]|r:d5um|:|:m'.'.'-.'_'r. init:hed;var next:hed;var Hag:hoalean};

var row,gol.min, middle temprinteger;

begin
flag:=true;
for tow:=] ton dao
ior coli=1 to n do
hegim
min:=power|row col;
for middle;=1 to n do
begin
temp: =power|row, middle|+imt middle,col ;
i tempjmin the min:=lemp
end,
next/row, colli=min;
il nextirow col|j; powsrfcow col| then Hag:=false;
end
end;

1
{main program }
begin

for 1:1=1 to.u do for j:=1 to n do aififi.Jf:::ma.;-;:

(7
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Summer, 1984

for 1:=1 to n doa|lljii]:=
repead
readin{ij,num];
all|[i,jl=num;
all][iij=num;
nntil eof;
page; writeln['tis 15 the imital matrx')writeln;
print{all]};
| I
repeat
k:=k+1;
hedsumialk|alllalk+1 done);
page; writeln('this 15 power’ k+1:5); wrteln:
print{a k-+1));
until {dene) or (k=u-1),
writeln,
writelu{"the number of steps was', ki3]
end.

Figure 5. Computer program, written in Pascal, of W. C. Arhnghaus; ongmally pre-
sented on a poster by Arhinghans, Arlinghauns, and Nystuen, "Elements of Geometnc Houl-

mg Theory-1I" Association of Amenican Geographers, Natiomal Meetings, Toronto, Ontaric,
April 1990,
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Figures containing tables
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Figure 7a. This is the initial matrix, ¢’ Figure Ta containz a set of seven tables (i 10
vii) illustrating the use of Hasse's algorithm on the LA freeway sysiem and the Lmited access
surface route neiwork (Figure 6) prior to the earthguake of Janwary 17, 1884 Travel times
are in one-quarter minutes. An asterisk indicates that the travel time between locations =
too large to enter the matnx. A double-zero mdicates an entry of 0,
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Figure Th.i This is the initial matrix. I, Figure 7b contains a set of seven tables {i to
vii} illugtrating the use of Masse's algorithm on the LA freeway system and the limited access
surface ronte network (Figure 6] following the earthquake of January 17, 1884, Travel times
are in cne-guarler minutes, An asterisk indicates that the travel time between locations is
loo large to enter the matrx. A double-zero indicates an entry of 0
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