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ABSTRACT

Apnalysis of Linear and Nonlinear O-Type Systems

The nonlinear O-type backward-wave oscillator is analyzed using
the large-signal traveling-wave amplifier equations. These equations
have been modified by simply introducing a change in the sign of the
circuit impedance to account for backward energy flow on the circuit.
Starting conditions are calculated as a function of the r-f level at
the output of the device for a range of operating parameters. Efficiency
is calculated as a function of the ratio of stream current to minimum
starting current.

An analysis of the Crestatron beating-wave amplifier is pre-
sented and the small-signal gain is calculated as a function of the
various circult and stream parameters.

The integral equation and differential equation methods of anal-
ysis of the large-signal traveling-wave amplifier are compared and the
equivalence is rigorously proven. Also the equivalence of the space-
charge models of Tien and Rowe is shown. Radial variations of the
circuit field in a traveling-wave tube with a large-diameter beam are
accounted for in a simple manner and the effect on efficilency is cal-
culated.

A small-signal analysis of the interaction between a premocdulated
electron stream and a propagating structure 1s developed and varilous
calculations are made to show the effect on interaction length and gain.
Equations are developed to calculate the optimum predrift length for a
premodulated beam in either the growing-wave tube or the beating-wave

tube.

Phase Focusing in Traveling-Wave Tubes

The basic limitation on the efficiency of O-type devices is that
the beam slows down as it gives up energy to the r-f wave and finally
falls out of synchronism with the traveling r-f wave on the circuit. A
general analysis (nonlinear) of the phase focusing of electron bunches
in growing-wave devices and beating-wave devices is presented and sev-
eral possibilities are considered. These are (1) prebunching of the
electron stream, (2) tapering of the circuit phase velocity, and (3)
variation of the d-c voltage gradient along the electron stream. Cal-
culations are presented for all of these methods and a discussion of
important physical points pertaining to each is given.

X-Band Traveling-Wave Amplifiers

Design and experimental information. on several models of an X-
band traveling-wave amplifier is presented and discussed. The tube
employs coaxial-cavity matches and coupled-helix attenuators. Detailed
gain, VSWR and power output data are given.
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Experimental Study of Crestatrons

A detailed experimental investigation has been carried out on a
series of S-band Crestatron amplifiers of both the cw and pulsed type.
These tubes utilize coupled-helix couplers and do not require atten-
vators. Small-signal gain, large-signal gain, power output and effi-
ciency curves are presented for both these types of tubes as a function
of various operating parameters. Some correlation with theory is pre-

sented.

Analysis of Modulated O-Type Devices

A general analysis of the beam-modulated traveling-wave tube is
given. The modulations are signals applied to the beam in addition to
the carrier signal. Modulations are considered both at frequencies very
much lower and also at those comparable to the carrier frequency. ILarge-
and small-signal carrier levels are studied. The analysis includes
effects on C, QC, b, d and the initial wave amplitudes. Recommendations
for the design of traveling-wave tubes for low modulation frequency
applications are given. The high-frequency analysis is used to analyze
the longitudinal-beam parametric amplifier. The upper and lower side-
bands around the pump fundamental are considered. Lower gain and more
noise than found by previous theories is predicted.

Disk and Helically Loaded Coaxial and Waveguide TWA Structures

The various field analyses that have been made on disk and hel-
jcally loaded waveguide structures for high-power traveling-wave ampli-
fiers are reviewed and various comparisions are made. In particular the
various analyses are applied to gain an understanding of the operation
of the helically loaded coaxial line structure.

UHF Crestatron

The design of a high-pulsed-power Crestatron to operate in the
uhf frequency range is presented. This tube utilizes a single-filar
helical line r-f structure and coupled-helix couplers designed to cover
the 300-900-mc frequency range. The electron gun employs a hollow beam
and is magnetically focused. Design considerations are discussed as
well as small-signal gain measurements for three tubes.
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THEORETICAL AND EXPERIMENTAL INVESTIGATION OF LARGE-SIGNAL

TRAVELING-WAVE TUBES

I. GENERAL INTRODUCTION

The purpose of this study was to investigate both theoretically
and experimentally the detaill operation of large-signal traveling-wave
amplifiers. In particular such topics as efficiency improvement by
phase focusing, modulation characteristics, high-power r-f structures
and backward-wave oscillator efficiency were to be investigated. All
of these studies plus many others were to be directed towards determining
methods for predicting and improving the operating characteristics of
high-power (peak and average) traveling-wave tubes.

A number of the studies initiated during the contract period were
completed and technical reports have been issued and numerous Journal
articles were published. A complete listing of the technical reports
prepared and the Jjournal articles published is given in the front of
this report.

The following sections of this final report contain a summary of
some of the most interesting and significant problems studied. Many of
the 1tems have already been reported in Journal a?ticles or will soon be

published; hence only a summary of the important aspects and conclusions



II. ANALYSIS OF LINEAR AND NONLINEAR

O-TYPE SYSTEMS (J. E. Rowe)

A. DNonlinear O-Type Backward-Wave Oscillators

1. Backward-Wave Circuits. A nonlinear analysis of the O-type

backward-wave oscillator has been made using the modified large-signal
traveling-wave amplifier equations, which account for finite values of
C, QC and d. The derived equations apply equally well to both the
backward-wave amplifier and oscillator. The purpose of this investi-
gation is to determine the theoretical limitations on efficilency as a
function of the operating parameters.

In backward-wave interaction as well as in forward-wave inter-
action it is required that the circuit wave andbthe electron stream be
in approximate synchronism. This requirement results in a voltage-
tunable device in the case of backward-wave interaction, since the r-f
circuit must be dispersive in order to obtain oppositely directed phase
and group velocities. The phase and group velocities of periodic

structures are written as

w
v = = IT.1
o 5 ( )
and
VP
o= = (I1.2)
1 - %L _P
v dw
P

A negative group velocity requires that the circuit exhibit negative
dispersion; i.e., the denominator must remain negative.
Any r-f propagating circuit that satisfies the requirement of

oppositely directed phase and group velocities for at least one space
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harmonic component of the total field can be used as a backward-wave
device circuit. These space harmonics exist in all periodic structufes,
as indicated by the periodic nature of the boundary conditions. The
fields can be expressed over all periods of the r-f structure in terms
of their values over one period through the use of Floquet's theorem.
Helical waveguides and interdigital lines have found widest application
in oscillators of the O-type. Interdigital lines and vane-type struc-
tures are frequently used in M-type backward-wave oscillators.

It is well known that these circuits can be represented by an
equivalent circuit in the form of an L-C transmission line (low-pass
filter) when operating in the fundamental forward-wave mode. In this
embodiment of the equivalent circuit the inductance and any series cir-
cuit loss are represented by the series elements and the capacitance by
a shunt element. The equation for the voltage along the line as a
function of distance and time is a linear second-order partial differ-
ential equation containing driving terms when an electron stream is
present. It is known that this type of circuit has a phase shif't per
section which increases with frequency due to the series inductance. 1In
the nondispersive region where it is usually operated the phase velocity
is independent of frequency and is given by vy = l/'JEE.

Usually the differential equation for the circuit voltage in a
backward-wave device is found by simply changing the sign of the cir-
cuit impedance to account for backward energy flow. The equivalent
circuit may be drawn by interchanging the positions of the series in-
ductance and the shunt capacitance to give a high-pass type of circuit
with a phase shift per section characteristic which decreases with
frequency. The phase velocity for this circuit is an increasing func-

tion of frequency and is given by v, = -w° NIC. A differential equation
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of fourth order in time and second order in the distance for the voltage
along the line can be derived for this circuit. This equation can be
reduced to a second-order equation if a time variation of exp jwt is
introduced. The presence of an electron stream also adds driving terms
to the circuit equation.

The forms of the two equivalent circuits are shown in Fig. II.1
and the differential equation used both for the nonlinear forward-wave
amplifier and for the backward-wave device is given below. ‘In those
terms preceded by a double sign the upper sign refers to the forward-wave
device and the lower sign to the backward-wave device. The backward-wave

device equations apply equally well to the oscillator and the amplifier.

0%v(z,t) .2 %V (z,t) \ 2ucd N(z,t) _ L, %0 (z,1t)
ot® © oz ot °©0°  ot®
. dp(z,t)

wCAZ v —sr— - (11.3)

The symbols used in the above and subsequent equations are defined in a
list of symbols at the end of the report.

While it is intuitively satisfying the backward-wave equivalent
. circuit cannot be realized in terms of a smooth circuit but only in
terms of lumped parameters to give the desired, oppositely directed
phase and group velocities. This form of the circuit also leads to
difficulties in attaching physical significance to the circuit elements.
It is generally most satisfying simply to change the sign of the cir-

cuit impedance.
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2. Nonlinear Backward-Wave Equations. In this section the non-

linear backward-wave device equations will be presented rather than
derived since they can be developed in a simple manner from the non-
linear forward-wave amplifier equations. The circuit equation used for
the nonlinear backward-wave analysis is that given in Eq. II.3% with the

lower signs. The normalized variables used in the analysis are defined

below.
y & Cwz 2CN s (IT.k4)
o
A
o = wt 5 (I1.5)
o(y) £ L-at-oly,e) (11.6)
C‘ 70 J .
u, (y,0 ) 2 4 [l+20u(y ) )J (IT.7)
tY 770 o) 7o ’ )
rz .1 ;
V(y,o) L Re L ?:o Aly) e—J®] , (11.8)

By a procedure similar to that used in obtaining the forward-
wave equations the following set of working equations is obtained for

backward-wave O-type devices.

do(y,d ) 2u(y,e_)
o’ ., ao(y) _ o , (1I.9)
oy dy l+20u(y,®o)
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C dy e

amly) Aly) [ <? do(y)\"  (14cp)*® ]

27 ,
. (1sCD) [ u/w cos @(y,@é)d@é

nC l+20u(y,®5)

T gin o(y,e!)as!
+ 2Cd \/p ] , (I1.10)

. l+2Cu(y,@5)
ra®e(y) oq . dA(y) rae(y) 1
2 )
., (140b) r k/f sin @(y,@é)d@é
- aC L l+20u(y,®5)
O
2T cos @(y,@é)d@é
- 2Cd \/p (I1.11)
1+2Cu(y,o!')
o O
and
ou(y,o ) d
%5 Q(Y) .
S [l+2Cu(y,®o)J = A(y) [l-C 3 ] sin o(y,e )

da(y) ( /w (p-0! )d@é
- C cos O + IT.12
dy Y1%,) l+Cb (gc TeeCuly,o') 1) - )

The independent variables appearing in the equations are y, the distance
along the tube in normalized units, and the entrance phase ¢, of the

electrons relative to the r-f wave at the input to the tube. The
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dependent variables are A(y), the normalized r-f voltage amplitude along
the structure; G(y), the phase lag across the amplifier at any y;
@(y,@o), the phase of the displacement component of an electron that
entered the helix at the moment @O relative to the r-f wave; and
u(y,@o), the a-c velocity parameter of an electron at any point y.

The upper signs preceding the terms on the right-hand side of
Egs. ITI.10 and II.1l1 refer to. the forward-wave device and the lower signs
refer to the backward-wave device.

The assumptions made in the derivation of the above equations
are:

1. The electric field, electron velocity and current are assumed
to be functions only of distance along the tube and time and
not functions of the radial dimension.

2. A solid model of the electron stream is assumed in developing
the space-charge field expression. The equivalence of this
method and the method used by Tien and Walker in obtalnlng a

space-charge field expression can be shown.

3. The structure impedance is assumed to be only at the fundamen-
tal backward space harmonic.

4, Rectilinear electron flow is assumed so that the electrons have
no transverse motion.

5. Nonrelativistic mechanics is used.

The boundary conditions to be used in the nonlinear backward-wave
device analysis are very similar to those used in solving the forward-
wave amplifier equations. The r-f structure is assumed to be matched to
its characteristic impedance over its entire length and the problem is
handled as an initial value problem rather than a boundary value

problem. The dependent variables and theilr derivatives are specified at
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state so that all the electrons at y = O have a zero a-c velocity and the
same average velocity. The electrons are assumed to enter equally spaced
over one period of the r-f wave at the input; therefore their initial
phase positions are given. An initial value Ay of the r-f signal is
assumed and if there is no circuit loss, dA(y)/dy at the input is zero.
The initial phase lag is of course zero and its derivative dé(y)/dy, the
apparent phase constant of the total wave at the input, is found from

the small-signal solutions as in the forward-wave amplifier theory.

The nonlinear backward equations can be solved by assuming spe-
cific values of the injection velocity b and the amplitude of the circuit
voltage at y = O(Ao) for any set of C, QC and d. Then the equations are
integrated numerically using the appropriate difference equation formu-
lation consistent with accuracy and stability of the system until the
circuit voltage goes through a minimum in the case of a backward-wave
amplifier or goes through zero in the case of an oscillator. The number
of representative electrons which have to be used in finding the solu-
tions depends critically upon the value of the space-charge parameter,
increasing as QC becomes quite large (around 0.5). As the cdllector end
of the tube is approached, i.e., as the circuilt field becomes very small,
electrons begin to overtake one another and a maximum in the fundamental
component of stream current is reached as in the forward-wave amplifier.

It is apparent that in a backward-wave oscillator that is rel-
atively short (CN approximately 0.3) the effect of crossing electron
flight lines is not as iImportant as in the forward-wave amplifier where
the typical circuit lengths are quite great, since ctrossing occurs first
in a backward-wave oscillator very near the collector end where the

circuit voltage is small and decreasing approximately as a cosine
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function. Overtaking of electrons does not result in an abrupt change
in the slope of the voltage Vé. distance curve. Of course in the
backward-wave amplifier where long structures would be used overtaking
of electrons, resulting in multi-valued velocities, would be important
as in the forward-wave amplifier. In the event that electron trajec-
tory crossings are not of great importance the Eulerian formulation of
the equations could be used and hence the hydrodynamical form of the
continuity equation is appropriate. This would result in a somewhaf
simpler set of equations to be solved and the effects of space charge
could be mofe easily included.

In order to determine the combination of b and CN that leads to
an oscillation condition several trials are required. The sensitivity
of the start-oscillation conditions to the value of AO at constant b for
a particular set of C, QC and d is shown in Fig. II1.2 where oscillation
occurred for A, equal to 0.68 and 0.685 but not for 0.67 and 0.69.

A detailed study of the variation of the phase lag across the
amplifier 6(y) vs. y is useful in determining the direction of the
change neceséary in b or A, when in the neighborhood of an oscillation
condition. The behavior of 6(y) in the neighborhood of an oscillation
condition is illustrated in Fig. II1.5. This dependence is general for
any set of circult and stream parameters. It is seen that a nearly
linear relationship of 6(y) vs. y is obtained at the oscillation con-
dition. This is also true when the values of b and A, are far from a
start-oscillation condition and hence oﬁe must be near the optimum
combination of b and A,y to use the criterion illustrated in the above
figure. As the ratio of stream current to minimum starting current
is increased, the oscillation condition is more difficult to locate and

it is necessary to examine a plot of the CN to the minimum value of Aly)
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vs. AO as well as the above plot in order to determine the oscillation

conditions.

3. Efficiency Calculations. The CN length and value of b re-

quired for lowest-order start-oscillation condition may be determined
by assuming an arbitrarily small value of the signal level Aj at z =0
and then varying b for any particular set of C, QC and d.

As the value of b is increased from that corresponding to the
lowest start-oscillation current, larger values of AO are required to
produce oscillation. The efficiency increases approximately linearly
with increasing b at constant C, QC and d. The point at which the
circuit voltage A(y) goes through zero occurs at a larger value of CNg
in general, which signifies an increase in the stream current above the
minimum start-oscillation value. For moderate values of C the length
N is nearly independent of the stream current, so that CN varies as the
one-third power of the current. If this relationship is true for C's

as large as 0.1 the ratio of stream current to minimum starting current

can be expressed as

T 3
o _ (N > (II.15)
L, (CN)I

where IO stream current and

T minimum start-oscillation current.

S

The efficiency is calculated using the following well-known relation:

n o= A, (1I.14)

where Aj is the normalized value of the r-f voltage at the gun end of the

device.
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A composite plot of efficiency vs. IO/IS is shown in Fig. II.L
for representative values of C and QC where circult loss is neglected.
The efficiency is seen to increase with increasing stream current up to
a value of IO/IS of 1.8 and then levels off for all values of C and QC
investigated. Increasing C produces an increased efficiency but in-
creasing the space-charge parameter results in a decreasing efficiency.
An dincrease of C from 0.05 to 0.10 results in an approximate doubling
of the efficiency. TFor the case of C = 0.05 aﬁd QC = 0.25 a start-
oscillation condition was found at IO/IS = 4.3,

The values of CNS and b as functions of IO/IS corresponding to
the data in Fig. II.4 are shown in Fig. II.5. It is seen that as the
value of IO/IS is increased the value of b approaches a limifing value.
These higher-current oscillation conditions indicate increasing output
and are extremely difficult to locate since for large values of b the
tube is relatively long and behaves much like a long line in the sense
thét the oscillation condition is very sensitive to the value of Ao.
The value of CN at start oscillation is seen to increase smoothly as
IO/IS is increased and probably becomes asymptotic to some limiting
value at high stream currents.

Very high-order oscillation conditions have been observed in the
calculations when the circuit voltage goes through zero to negative
values and then increases to cross the zero axis again. This occurs at
very large values of CN and these oscillation conditions would corres-
pond to 80 to 100 times the minimum start-oscillation current.

Solutions were also found that decreased to a nonzero minimum
and then increased and went through subsequent maxima and minima, one
of which was zero. When C = 0.2 and QC = 0 it was found that the CNg

length decreased as b was increased (up to b = 2.3), indicating that for
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this large a value of C the length is not independent of the value of
current and hence the cube relationship cannot be used.

When C is small, say up to 0.1, it can be determined from a
Fourier analysis of the electron velocity variation with distance that
the average stream velocity changes slowly with distance and is not
significantly reduced at the collector end compared to its initial
value. Thus it is seen that the number of stream or circuit wavelengths
in a given length is independent of I,, u, being relatively constant.
The efficiency for C = 0.2 1s not appreciably increased over the values
obtained when C = 0.1. Values of C = 0.2 are very difficult to achieve
practically and for this reason extensive calculations were not carried
out for this high value of the gailn parameter.

The value of the ratio of fundamental current to d-c current in
the stream depends on the level of oscillation generally increasing as
the value of b and hence IO/IS is increased. For oscillation levels
above the lowest oscillation condition it varies from 1.2 to 1.4, de-
pending upon the values of C and QC. This is approximately midway
between the values of 1 and 2 respectively used by Grow and Watkinst in
computing efficiency from a linear theory. A value of the stream
diameter B = 1 was used in the calculations, which corresponds to a
fairly large beam; hence the efficiency results should probably be
modified to account for variation of the circuit field across the
stream.

The efficiency results calculated here are in good agreement with

the efficiency data of Putz and Luebke® as reported by Grow and Watkins.

1. Grow, R., Watkins, D. A., "Backward-Wave Oscillator Efficiency",
Proc. IRE, vol. 43, pp. 848-856; July, 1955.

2. Putz, J. L., Luebke, W. R., "High-Power S-Band Backward-Wave Oscilla-
tor", Tech. Rpt. No. 182-1, Stanford University Electronics Laboratory;
February, 1956.
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Their experimental values of efficiency indicate a spread of data for
n/C vs. wq/wC between 1.0 and 2.0 with a clustering around 1.5. These
experimental data correspond to operating efficiencies around &-10
percent and values of QC between 0.2 and’O.6.

Dr. W. Veith of the Siemens and Halske Company of Munich, Germany,
has obtained experimental data on efficiency vs. stream current that
verified the nature of the efficiency curves shown in Fig.II.4. The
efficiency values were lower due to a much lower circuit impedance and
hence very small value of C. These results may be séen in "Das Car-
cinotron, ein Elektrisch Durchstimmbarer Generator fur Mikrowellen",

Fermmeldetechnische Zeitschrift, Bd. 7 (1954); pp. 23-27.

E. Conclusions. The nonlinear backward-wave oscillator equations
were presented as modifications of the nonlinear forward-wave device
equations and their method of solution was discussed. The start-oscil-
lation values of CN and b were calculated for small values of Qutput

and found to check the small-signal calculations quite well. Efficiency
and CN for values of IO/IS greater than one were calculated for a wide

range of C and QC and the results were found to agree well with pub-

lished experimental results on backward-wave oscillator efficiency.

B. Beating-Wave Amplification (Crestatron)

1. Introduction. It is well known that the operation of backward-

wave devices, both O-type and M-type, depends on an interference.phe-
nomenon resulting from the beating between waves propagating along an
r-f structure. It can also be shown that inforward-wave devices such
as the traveling-wave amplifier gain can occur due toithe beating of
waves traveling on the r-f structure, providing that the length is cor-

rect. The magnitude of this gain for any given set of circuit and
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operating parameters is determined by the relative injection velocity
b rather than by the length of the tube as in the case of the conven-
tional traveling-wave amplifier.

A voltage gain is produced in the Crestatron by a beating between
the three forward waves propagating on the slow-wave structure. The
device is operated with a beam velocity such that b > bxl:O and hence
there are no growing waves. The gain is achieved by adjusting the tube
length to the proper value such that all the waves, one of which is out
of phase with the others at the input, add together to give an r-f vol-
tage greater than that at the input. Hence there is not voltage gain in
the sense of that produced by growing waves but there is gain if the tube
is considered to be a two-port network. The amount of gain is determined
by the value of b and decreases as the beam velocity is raised above that
at which growing waves cease to exist. The gain characteristics of the
Crestatron can be calculated from the small-signal theory and these
calculations also give information on the CN bandwidth achievable in the
device,

The large-signal theory of traveling-wave amplifiers® has been
used to calculate the nonlinear performance of the Crestatron in terms
of the gain achievable and the expected operating efficiency. Ample
experimental evidence? has been offered to verify the theory and indi-

cate that high efficiency is obtained with short length and moderate

gains.

3. Rowe, J. E., "A Large-Signal Analysis of the Traveling-Wave Ampli-
fier: Theory and General Results", Trans. PGED-IRE, ED-5, No. 1,

pp. 39-56; January, 1956.

4. Caldwell, J. J., and Hoch, O. L., "large-Signal Behavior of High
Power Traveling-Wave Amplifiers", Trans. PGED-IRE, ED-3, pp. 6-18;
January, 1956.
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2. Gain Equation. The three forward waves propagating on a

traveling-wave tube r-f structure are known to vary in the following

mannersz

-jBez BeCBZ

e = e e , (1I1.15)
where B, is the stream phase constant. The normalized voltage VZ/V at
any point along the r-f structure may be written in terms of the ampli-

tudes of the three waves, neglecting space charge, as

VZ -J g rv, 5,6 V2 629 v, 5,0
~ = € € + e + e J s (I1.16)
where 6i = X, 4 jyi, i - 1,2,3
Vi/V = normalized voltage amplitude of each wave,
2] o pCz = 2nCN ,
N = structure length in wavelengths, and
C = gain parameter.

From the small-signal theory of the traveling-wave tube, the following
expressions for the r-f convection current and velocity are obtained by

retaining terms proportional to C:

(1+3C3 ) (1+3C5 ) (1+5c8 ) UL\
—%5 LWt Vet Vs < o) v, (1127
1 2 3
and
St Voo« ———(l+JC62) v o+ ————~(l+j063) v <————2V°C2> i (11.18)
2 2 2 2 3 = ’ .
57 1 52 52 I,

5. Pierce, J. R., Traveling-Wave Tubes, D. Van Nostrand Co., New York;

1950.
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where 1 = e/m, charge-to-mass ratio of the electron,
v = r-f velocity in the stream,
7 = r-f convection current in the stream,
Vo, = d-c stream voltage, and
I, = d-c stream current.

If an unmodulated stream is injected at z = O and an r-f signal level
V is applied to the r-f structure at that point, the boundary conditions
require that the right-hand sides of Egs. II.17 and II1.18 be zero and
that
Vo= Vo+V_ 4V (1I1.19)
Equations II.17, I7.18 and II.19 may be solved simultaneously
to give the normalized amplitudes of the individual waves. The general

result is shown below.

V. 1+3C5. 5. 293, =D, 1+jCOB, o 2 0,-0, -1
I 1. i i+a i+ i N i i+e i 7i+
v 1+3C3. ol o, _-B. 1+JCO, O 5., -0,
i+1 1 i+1 Ti+e i+e 1 i+1 i+2
(I1.20)
where ©, = 0.
i i+3

Equation II.20 gives the total voltage associated with each wave and

in the absence of space charge also gives the circuit voltage. The
effect of passive modes or space charge is to reduée the circuit vol-
tage from the value predicted by Eq. II.20. The ratio of the circuit
voltage to the total voltage is found from the ratio of the second

term on the right-hand side of the following familiar quartic determinan-

tal equation to the total right-hand sideeof Eq. II.20:

6. 1Ibid., p. 113, Eq. 7.13 with corrections.
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. 2 s
52 _ (1+48)% [14C(b-Jd) ] - bQe(1+4c8)2 . (II.21)

s : b2 4% &%
L-b+3d+36+C <de -5t - 25>J

The general result for the circuit component of voltage is

i (l+jC§i)2
- = L1+ Lqc —= (I1.22)

1 i

Equations II.20 and II.22 have been obtained by Brewer and Birdsall”.
Thus the voltage along the r-f structure may be written in gen-

eral, including the effects of finite C and space charge QC, as

6
v -J = . . 5.6
Z C i ci i
vt ) @HE) T (re2)

i=1

where 5. = 0. .
1 i+a

When C is small and the effect of passive modes or space charge is

negligible, Egs. II.20 and II.22 reduce to the following familiar form:

v, af
— = (IT.24)
\ - . -
(81 61+1) <5i 61+2)
and
Vci
Lo ) (II.25)
vy

7. Brewer, G. R., and Birdsall, C. K., "Normalized Propagation Con-
stants for a Traveling-Wave Tube for Finite Values of C," Tech.
Memo. No. 331, Hughes Research and Development ILaboratories, Culver
€ity, California; October, 1953.
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The voltage gain is written as

VZVZ ‘ , 2
Gdb = 10 log (V\f:) = 10 log ’ <%%>

It is important to note that, unlike conventional standing waves on a

. (II1.26)

transmissiqn line, each wave sees the r-f structure characteristic
impedance at all points along the line.

The gain that occurs when the velocity parameter b is greater
than that for which the growth constant of the growing wave is zero is,
as mentioned before, due to a beating effect between the three small-
signal waves which are set up at the input and propagate along the r-f
structure. The interaction is primarily between the circuit wave and
the slow space-charge wave. It will be seen later that the fast space-
charge wave is excited to a negligible extent. This is the same basic
mode of operation as in the backward-wave device of both the traveling-
wave tube and crossed-field types. As the three waves travel along the
structure the phase relationship between the r-f current in the beam and
the r-f field on the circuit changes and at certain points along the
circuit the phase is such that energy is transferred to the circuit. At
the same time there are certain regions along the tube where the phase
relationship between the beam current and the circuit field is such that
energy is fed from the circuit back to the beam. The gain in this mode
of operation depends upon the relative injectioﬁ velocity b for any
given set of tube parameters rather than on the length as in the case of
the conventional traveling-wave tube.

The Crestatron is inherently more efficient than the backward-wave
devices which operate on the same principle because the modulation in

the stream and the field on the circuit producing the modulation travel
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in the same direction, whereas in the backward-wave device the modula-
tion in the beam and the circuit field travel in opposite directions.
In the backward-wave device the circuit field is strongest where the
modulation is weakest and vice versa.

Mathematically speaking all the energy is abstracted from the
beam at the input since in satisfying the boundary conditions energy is
put into setting up the three circuit waves. Then the circuit length
1s simply adJjusted so that at the end of the tube the wave energies all
add in phase. It should be recalled that in this region of operation
the propagation constants are purely imaginary, giving rise to real
voltage amplitudes, and at the input one voltage component is 180 de-
grees out of phase with the other two.

3. ©Small-Signal Galn. It was pointed out above that the nor-

malized voltage amplitudes are purely real since the propagation constants
are purely imaginary when b > le:O. For fixed values of C, QC, and d

the gain may be calculated from Eqs. II1.20 and II.26 as a function of

g fqr particular values of b. A typical gain curve is shown in Fig.

IT.6. The above gain equatibns are valid for all values of b and it is
seen from the figures that the normal exponential gain is obtained when
X3 # 0. The gain curve was plotted over a range of 6n radians to indi-
cate its repetitive nature.

When the loss parameter is zero all maxima of the gain curve are
approximately equal (the slight variations and lack of periodicity will
be explained later), but when d # O the first maximum will be highest
and subsequent peaks will generally be lower. This merely emphasizes
the fact that when circuit loss is significant the Crestatron length

should be chosen so as to operate on the first maximum of the gain curve.
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It is seen from the gain curvec that for fixed b and variable 8
the curves are nonperiodic within the interval 6m and exhibit periodic
undulations in amplitude. The explanation of this phenomenon is contained
in Eg. IT.23 for the voltage amplitude vs. distance. The lack of per-
iodicity with 2% and the undulating peak amplitudes are a result of the
product of exp(-Jj 6/C) and exp(d36), where each represents a vector
rotating about the origin as a function of 6. The rate of rotation of
the first vector is related to l/C, which is typically between 5 and 20,
and the rate of rotation of the second is determined by 6i, which varies
between 1 and 3. The first, then, perturbs the second as a modulation
and the fact that 61 is nonintegral in general means that it is not
periodic with 2x. It may be that 6 must travel through 2mn radians with
m very large before a periodicity is apparent, if ever.

The above phenomenon indicates that there is something more than
a simple beating effect occurring between the waves. In fact there is
a continual slipping of one wave with respect to the others along the
tube. This process accounts for the fact that there is or may be a net
intercha;ge of energy between the beam and the circuit in a device of
infinite length. It is interesting to examine the condition necessary
for the gain curve to be periodic with period 2mn and also the condition
required for the peak amplitudes to be constant. In fact these two
conditions would result in a gain curve that is exactly reproduced
every 2n radians.

Under very restricted conditions a simplified expression for the
gain of the Crestatron may be obtained from Eq. II.23. When C -0,

QC = 0, d = 0, and b is sufficiently large that the propagation constants

are purely imaginary, it can be determined that the Bi's are given

approximately by
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and
5. ~ J/b . (IT.27)

Substitution of Eq. II.27 into Eq. IT.23 yields for the gain, after some

simplification,

-
2
7

2
r
- < L > Ll + b® + (p°-1) sin® ;iz - 2b°® {%os 6b cos

/
l-b3 b _bl 2

+ 132 sin 6b sin ;%2}-J . (11.28)
b

Since b is usually greater than 2.5, Eq. II.28 can be further simpli-

fied to
V 2
Z _ 1 =) 6 %) 3/2 . . %}
¥ = 1 + ES {s1n <75 - 2 cos 6b cos 75 + b sin 6b sin 75| -

(11.29)

A useful expression for predicting the value of CN at the first

maximum of the gain curve is

0.25

CN
1/2 ’
()

(11.30)

where Ab é‘ b-b .
x1=O

4, Maximum Gain vs. C and QC. It was pointed out earlier that

the voltages in the Crestatron are purely real and at the input one

voltage is 180 degrees out of phase with the other two. Thus the
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maximum gain will occur when the three waves all add in phase.

A typical maximum-gain curve for C = 0.2 1s shown in Fig. II.7.
The gain decreases with increasing voltage and for very high voltage
approaches zero asymptotically. As would be expected the gain in-
creases with C and decreases as QC 1s increased. The effect of loss
on the circuit is also seen to reduce the gain. The greatest gain
occurs for a b slightly larger than that for which growing waves cease
to exist. There is a smooth transition from the region of exponentially
growing waves to the region in which the gain is a result of the beating
of the three waves.

Typical Crestatron lengths are in the vicinity of CN =~ O.4 to
0.5 and loss calculations show that the signal decreases at the ap-
proximate rate of 24 db per unit 4 with no stream present. The effect
of circuit loss is to reduce the gain at only one-half the rate when
the stream is present as compared with the rate of decrease of the
signal in the absence of the stream. This compares favorably with the
one-third figure for conventional traveling-wave tubes.

2. Large-Signal Results. The large-signal performance of the

Crestatron amplifier has been evaluated using the large-signal theory
of the traveling-wave amplifiers. large-signal gain, phase shift and
efficiency have been calculated for a wide range of parameters. The
significant conclusion reached from these calculations is that the
Crestatron offers a characteristic high saturation efficiency with a

very short interaction length. The price paid for these desirable

8. Rowe, J. E., "Theory of the Crestatron: A Forward-Wave Amplifier",
Proc. IRE, vol. 47, No. 4, pp. 536-545; April, 1959.
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characteristics is that the gain is moderate. Gain is maximized by
utilizing high circuit impedance and high-perveance electron guns.

A great deal of‘experimental information has been obtained on
several S-band tubes and this information will be presented in a later

section of this report.

é. Conclusions. A new type of forward-wave amplifier device has
been developed and anaiyzed with both a linear and a nonlinear theory.
The Crestatron operates on the basis of gain being produced by a beating
between the three forward waves set up at the input of the traveling-wave
amplifier operating at a high voltage so that there are no growing waves.
The gains achievable are moderate and increase with increasing C but
decrease with increasing QC. The gain also decreases as the injection
velocity as measured by '"b" is increased.

Nonlinear calculations indicate the same type of behavior as both
the voltage and drive level are increased, énd it has been shown that
the saturation power output increased with the drive level. The satura-
tion efficiency is high for this type of operation and the CN bandwidth
can be as large as * 50 percent.

The chief advantage of the Crestatron over the conventional
traveling-wave amplifier is that its length is quite short for reason-
able gains (4 to 6 wavelengths), which means that the focusing magnet

can be of minimum length and weight and under certain conditions may

even be eliminated.

C. Comparison of Integral and Differential Equation Analyses of the

Traveling-Wave Tube

1. TIntroduction. Basically two different methods of analysis

have been used in analyzing the large-signal traveling-wave amplifier.
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These are the integral equation methods of Poulter® and Tien© and the
differential equation methods of Nordsieck! and RowelZ. It can be
shown that these two methods are equivalent and give the same results
regardless of the value of the gain parameter C. The results of calcu-
lations agree well with various experiments. This equivalence has been
discussed recently in a Journal paperls. A summary discussion will be

presented here.

2. Equivalence of Integral and Differential Equation Approaches.

It will be shown that Tien's large-C equations are in fact Rowe's
earlier equations. Rowe writes a second-order differential equation
for the voltage on the helix A(y). The solution of_this equation for
the voltage along the line must include all the components as required
by the boundary conditions. Poulter and Tien prefer to write the total
helix voltage in terms of the sum of two components a,(y) and ax(y),
which are convolutions of the space charge with a "cold" forward and
backward wave, respectively, on the helix. These components satisfy
first-order differential equations. These two waves have no separate
physical existence and nothing new is added when the total voltage is

separated into the forward and backward components.

9. Poulter, H. C., "large Signal Theory of the Traveling-Wave Tube",
Electronics Res. Lab., Stanford University, Stanford, California,
Tech. Rept. No. 73; January, 195L.

10. Tien, P. K., "A ILarge Signal Theory of Traveling-Wave Amplifiers”,
Bell Sys. Tech. J., vol. 35, pp. 349-37k; March, 1956.

11. Nordsieck, A., "Theory of the Large-Signal Behavior of Traveling-
Wave Amplifiers", Proc. IRE, vol. L1, pp. 630-637; May, 1953.

12. Rowe, J. E., "A lLarge-Signal Analysis of the Traveling-Wave Ampli-
fier: Theory and General Results, IRE Trans. on Electron Devices,
vol. ED-3, pp. 39-57; January, 1956.

1%3. Rowe, J. E., "One-Dimensional Traveling-Wave Tube Analyses and the
Effect of Radial Electric Field Variations'", Trans. PGED-IRE,
vol. ED-7, No. 1, pp. 16-21; January, 1960.
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Rowe's definition of the voltage is given by

I
e X
V(y,0) = o [Al(y) cos ¢ - Ag(y) sin o] (11.31)
where y = Ccoz/vO = 2ﬂCNg , and
@(y,@o) = y/C - wt

Tien's definition of the voltage along the structure is given by

I
V(y,0) = F(y,0) + B(3y,0) = —z= ([a,(y) + b (y)] cos @

- la_(y) + v (y)]sin ¢} , (I1.32)

where F(y,®) and B(y,®) represent, respectively, the voltages of the
forward and backward waves on the cold helix. Tien's definition of

normalized distance along the structure is

y = Cezfu = 2nCN_ . (II.33)

This difference in definitions of the normalized distance will result
in the presence of an additional factor (1+Cb), which makes no essential
difference in the final form.  The parameter b is a measure of the in-
jection velocity and is defined as b = (uy-vy)/Cvg.

After introduction of the conservation of charge and considerable
mathematical manipulations, Tien finds the following relationships be-

tween his dependent variables:

- C d

b (y) = 2(1co) dy la (y) + b ()] (IT.34)
O il O N COPI (11.35)
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dal(y) > e% sin ®<y’©o)d®o
—— - 2/ , (11.56)
dy s 1+Cw(y,o )
O
O
and
daZ(y) 5 2T cos @(y,@o)dd)o
—= . = II.
3y = f 0w (y,0) ‘ (11.57)
O
O
In order to facilitate comparison the following definitions are made.
Let
A (y) = a (y) +1v (¥) ; (I1.38)
and
A(y) = a (y) + b (¥) (11.39)
Substituting Eqs. II.38 and II.39 into Eqs. II.34 and II.35 yields
dA_(y)
- C 2
b = II1.40
, () 2(1+Cb)  dy ’ ( )
and
. A, (v) (12.41)
b = IT.41
2(¥) 2(1+Cb) dy
If Egs. II.4O and ITI.41 are substituted into Eqs. II.38 and IL.39 the
following relationships are found for a;(y) and ax(y)
. da_(y) (11.48)
a = A + IT.42
L) L) A(Laco) a7 ,
and
( ( e da, (v) (1143
a, = A - II. 5
2(¥) =) 2(1+Cb) dy /
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The final step is to differentiate Eqs. II.42 and II.43 with
respect to y and then substitute into Egs. I1.36 and II.37. The fol-

lowing equations result

o,
anr (y) o a=A_(v) 5 sin ¢(y,0 )de )
3 + = = - = u[‘ s (IT.44)
y 2(1+CDb) dy n l+Cw(y,®O)
and
on ' ’
aa_(y) . a®A_ (v) - cos o(y,o_)de
. - -2/ (11.45)
dy 2(14Cb) dy® s l+Cw(y,®o)

O

The other two working equations of Tien are presented without derivation

for later comparison with Rowe's equations,

ae(y, o) w(y,e,)
—_ b — R (II1.46)
dy l+Cw(y,®o)
and
dw(y,o,)
2[1+Cw(y,®o)] —5 - (1+Cb) [al(y) sin ¢ + a_(y) cos @]
o rda, (v) da,(v) 2 i, (y)
- =|———co0os & = ——— sin O | + sin @
2 [ dy dy } 4(14Cb) [ dy?®
d%a,(y)
2
4+ ———— cos @J - ——29—5 E . (I1.47)
dyz U.ofm)c S

To facilitate comparison the working equations obtained by Rowe
are presented without derivation. The four equations are obtained in
a straight-forward manner from the circuit equation, the simplified

Lorentz force equation and the continuity equation. They are
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ao(y,o
dy l+Cv(y,®O) ? :
d%a (y) da( o r)ae!
o a, (v a (y) _ ol cos no(y,d')dod
5 - -da(y) = = /\ —
e ay® dy 2 T 14¢v(y,0!)
O
2n
sin nd o!')do!
e d[‘ (y,00)de] J ,(I1.49)
s l+Cv(y,®é)
. d%a_(y) da (y) _ 5 2% sin no y,@')d@'
§ + + da (y) = - f
dy2 dy 1 s l+Cv(y,® )
O
_ 2T cos n@(y,@é)d@'
-2 d Jf 2 ,(I1.50)
1+Cv(y,o')
o o]
and
i . da_(v)
5 [l+Cv(y,®O)] = C(1+4Cb) { a_(y) -C 3 > cos ¢(y,?o )
da(y)
+ al(y) +C I > sin o(y,o )
d@'
II.51
(l+Cb) <;é> u/\ l+CV(y, 2) J ’ (x1.52)

where the variables and parameters are as defined previously and d is

the loss parameter.

loss, and space-charge effects.

These equations are valid for large C, circuit

Equation II.18 relates two of the
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dependent variables, whereas Eq. II.49 and II.50 come from the circuit
equation. Equation II.51 is the force equation and contains the space-
charge field expression.

Except for the factor (1+Cb), which was discussed previously, the
circuit equations of Tien are exactly Rowe's equations if the loss
parameter and the space-charge parameters are placed equal to zero. It
should be pointed out that no additional assumptions were made in proving
the equivalence. The equivalence of the other working equations is
readily apparent after appropriate transformation of variables as de-
fined above. The b in Eq. II.L46 arises becéuse of a slightly different
definition of @(y,@o). The similarity of the space-charge expressions
used bj Rowe and Tien will be discussed later.

In solving the equations both authors apply four boundary condi-
tions at the input plane in lieu of three conditions at the input plane
and one additional condition at the output plane of the circuit. These
conditions are on the entering electron velocity, phase constant of the
r-f wave, initial r-f voltage amplitude and rate of change of the voltage
amplitude. Small-signal conditions are assumed to exist at the input to
the device. These conditions guarantee that there is no backward wave
at the input plane. The output of the circuit is terminated so that
there is a reflection in the presence of the stream which exactly cancels
the backward traveling wave produced by the modulated electron stream.
The lack of synchronism of the backward traveling wave with the stream
precludes any significant interaction between them even when C is large.
This equivalence of the circuit equations has also been investigated by

Gouldl%.

1h. Private communication.
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Poulter uses an integral equation method similar to, but not
identical to Tien's. The equivalence of his method to that of Rowe's
has been shown by comparing numerical solutions for the same set of
parameters. The results are virtually identical.

3. Space-Charge Expressions. It remains now to discuss the

similarity of the space-charge equation formulations used by the
authors. Tien'® uses in his large-signal calculations a space-charge
model consisting of infinitely thin charge disks distributed in a con-
ducting cylinder, which replaces the helix. He computes the force
between the disks as a function of their separation and obtains a
space-charge weighting function which depends on the electron distri-
bution in space (z). On the other hand, Poulter's énd Rowe 's space-
charge expressions and weighting functions are based on the electron
distribution in phase space. These are related, since the dependent
variable giving the electron phase position is a function of z,
o(y,9,)-

The expansion of the space-charge field components in a Fourier
series in time at a constant z plane assumes that the change in ampli-
tude of the waves is small during any one cycle. The space-charge field
pattern for the nearest neighboring cycle will be very like its own,
but the one further away may be very different. The distribution of
electrons in space for constant time is very nearly the same as their
distribution in time for a small interval of y, providing that the gain
per wavelength is small even for relatively large a-c velocities, since

it is the closely spaced electrons about ¢ which are important in

15. Tien, P. K., Walker, L. R., and Wolontis, V. M., "A Iarge Signal
Theory of Traveling-Wave Amplifiers", Proc. IRE, vol. 43, pp. 260-
277; March, 1955.
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evaluating the space-charge force at ®. The influence of space charge
does not extend further than two or three cycles in either direction.

After obtaining a space-charge weighting function, Tien approx-
imates it by an exponential function of the following type

exp (-kl|e-0'|) , (I1.52)

where k varies between 1 and 5. The particular value of k depends upon
the ratio of the stream to helix diameters. The approximate form for
the space-charge field weighting function used by Tien gives the following
relationship between his k and Rowe's space-charge range parameter B,
which expresses the range of effectiveness of the space-charge in terms

of the stream diameter.

(using Tien's approximate form) . (11.53)

I hV)

A comparison of Tien's and Rowe's space-charge weighting functions is
shown in Fig. II.8. It is seen from Rowe's calculations that the
weighting function is not highly dependent upon the ratio of helix and
stream radii. From the figure it is also seen that the correspondence

between k and B is that
Bk = 1.25 . (II.54)

This difference in the proportionality constant arises from the

approximation made by Tien in computing the weighting function. Hence,

it is seen that the two methods of accounting for space-charge forces
give essentially the same results.

iy, Efficiency Calculations. It has been shown that the large-

signal equations of Rowe and Tien are(equivalent and that the space-charge
welghting functions are essentially the same. Hence it is interesting

to compare the results of large-signal calculations for specific values

of the various operating parameters. Unfortunately in some earlier

calculations of the author an error in sign in the space-charge expression
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gave optimistic efficiencies for small values of QC. It did not appre-

ciably affect valﬁes of QC greater than 0.125, however.

Efficiency calculations are shown in Fig. I1.9 and are compared
with Tien's results wherever possible. The results given are more
extensive thaanien's and hence complete comparison is not possible. It
is seen that the agreement is excellent when one uses the correspondence
between B and k given in Eq. II.54. Efficiencies are calculated for
various values of the stream diameter B assuming no radial dependence

of either the circuit or space-charge fields. The effect of radial

variations will be treated later. The saturation tube length is seen

to depend slightly upon the stream diameter as shown in Fig. II.10.

The relatively small discrepancies noted in comparing efficiencies could
arise because of the departure of the k = 1.25 weighting function curve
from the B = 1.0 curve for small values of ¢-0'. Since it is these

closely spaced electrons that are most important, this difference can

be reflected in the results.

The excellent agreement between these calculations reflects the
equivalence between the equations as demonstrated and discussed in the
previous sections.

5. Radial Electric Field Variations. All of the previous cal-

culations were made, and the theories developed for the nonlinear
amplifier with the assumption that the stream is confined by an in-
finite focusing field so that no radial electric motion is allowed. It
was also assumed that there is no variation of the electric fieid due

to either the circuit or the space-charge components in the radial

direction. The principal reason for making these assumptions was to
simplify the equations and hence shorten the computing time required
for obtaining solutions. It is believed that the effects of radial

field variations and radial motion are most important when the stream
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diameter B is large. ©Some experimental information on this point has

been given by Cutlert®., It is interesting to include the effect of a

radial variation of the circuit field to see its effect on the satura-
tion efficiency.

It is felt that under certain conditions this effect is more
important than rippling of the stream boundary or space-charge field
dependence on radius. The working equations as developed elsewhere by
the author'® constitute four equations; two are circuit equations,
one relates the dependent variables and the fourth is a combination of
the force and continuity equations. In order to account for the radial

circuit field variations it is assumed that the potential is given by

Zolo =30 .
v(b',y,®) = Re {—E——.A(y)f(B)e J ] s (1I1.55)
where the variables are defined elsewherel® and yb' = B. The stream

radius is given by b'. The form of f(B) will depend upon whether the
stream is a thin hollow stream or a solid one. The following expres-

sions give this function for the two stream types

I (7p")

= ————— for thin hollow streams |, (I1.56a)
I (rat)

£, (B)

5 1/2
[I5(r0") - 13(0")]
f (B) = for solid streams. (I1.56b)
° I (ra')

The circuit is located at radius a'. Introduction of Eq. II.55

into the circuit equation does not change the left-hand side since the

16. Cutler, C. C., "The Nature of Power Saturation in Traveling-Wave
Tubes", BSTJ, vol. 35, pp. 841-876; July, 1956.
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circuit is located at a', where f(B) is unity. However, the right-hand
side of the circuit equation represents the effect of the space charge
in the beam and hence is reduced by the coupling factor f(B). This can
be handled either directly or indirectly as long as the effective beam
space charge is reduced. The working equation relating dependent
variables is not changed. The working equation (force equation), which
includes the circuit and space-charge field components, is modified by
the inclusion of f(B). The above equations become, upon introduction of

the modified potential as defined in Eq. II.55

en
- : (l+Cb) ~ (1+Cp)f(B) T cos 0(y,2;)de}
A(y) - A(y) ‘ (— - (Y>> ] = T W Lof 1+2Cu(y, 0! )

2n
sin ¢(y,®')do!’
N QCdk/h o’ "o , (I1.57)
1+2Cu(y,o')
o 0

a) [3) - 2 @aew)?] 4 2 (5 - 3)

2n . '
(1+Cb)f (B)I L/“ sin o(y,o!)de}

nC 1+2Cu(y,®!')
S o

7 cos o(y,0)de!
- QCd\/p J,(II.58)
. 1+2Cu(y,')
o o]
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and

i(y,e,) [1+2u(y,0 )] = £(B)A(Y)[1-C6(¥)] sin o(y,a,)

F(o-0')do!
- cf(B)A(y) cos o(y,0,) + 1+Cb <Zé> /w 51555—5?527 . (II1.59)

The dots above A(y), 6(y) and u(y,@o) represent differentiation with
respect to y.

The conversion efficiency is given by

(l'Cé(Y)) . (11.60)

= 20A%(y) —m

It has been shown previously that the last factor in Eq. II.60 is
approximately unity under all conditions. The above method of calcu-
lating nonlinear performance of a traveling-wave amplifier when
f(B) # 1 results in a reduced r-f voltage along the structure and a
reduced coupling to the stream. This results in an increased length to
reach saturation. Since f(B) is a field reduction factor, it is easily
shown that the effective C is reduced by £%/3(B) and hence the effi-
ciency is reduced by this same factor in the regime where the efficiency
is linearly related to C.

Nonlinear calculations of efficiency when f(B) is included have
been carried out for a particular value of C and QC and two values of b.
The resulting saturation efficiency normalized to the efficiency for
unit coupling between the stream and the circuit is shown in Fig. II.11
as a function of B along with £(B) and £2/3(B). The efficiency reduc-

tion as a function of B can be approximately written as
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ng(B)
~ 1 2(B) for b = b(x, mx) , (II.61a)

M

Slr=1
n,(B)
— =~ f£Y4%(B) for b = b(ns max) . (II.61b)
M

Slr=1

This approximate method of evaluating field reduction effects on effi-
ciency is in approximate agreement with Nordsieck's'! two-beam approach
for the small-C equations neglecting space-charge effects. A more
accurate approach to the problem without accounting for radial motion
would be to divide the stream into a number of annular rings and to
solve the equations simultaneously, weighting the contributions of each
stream according to its coupling to the circuit. The results shown
in Fig. II.11 agree well with experimental results as given by Cutler™®.
é. Conclusions. The equivalence of the integral and differen-
tial equation methods of formulation of the nonlinear traveling-wave
tube analysis has been formally demonstrated and the two different
methods of treating the space charge have been shown to be essentially
equivalent.

The effect of radial circuit field variations on the saturation
efficiency has been approximately treated and it is seen that the
efficiency reduction is given by £/ 2(B) for b(x; mex) and £/ *(B) for

b(ns max) when the coupling between the stream and the circuilt is not

unity.
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D. Effect 9£ a Beam Premodulation

1. Velocity Modulation. A small-signal theory has been devel-

oped to calculate the effect on gain of a premodulation of the electron
stream in either a traveling-wave amplifier or a Crestatron. In the
case of a velocity modulation of the stream by a small-amplitude voltage
across a pair of short-transit-angle grids, the following relations
between the velocities and currents associated with the slow and fast

space-charge waves exist

Vie = Vip (I1.62)

and

i = -1 . (I1.63)

18 1t

The expression for determining the wave amplitudes excited on the r-f

circuit by such a premodulated stream is

Vei s Zs0 M /cw
¥~ = = Ae + jC L <é;> £, sin qu - g; cos qu} }-,(11.64)
g i
where A é Vc/Vg, the fraction of modulating voltage at frequency w
applied to the r-f structure,
N
hQc = <¢%> , the space-charge factor in the drift region pre-
ceding the circult, and
qu 2 the radian plasma drift length from the modulating struc-

ture to the input plane of the r-f structure.

The following quantities were used in Eq. II.64 to give the

simple form

@, = 1l+JcB, (I1.65a)
6'+1 6i+2
a, = —— F2 (II.65b)

. 0,
i+1 itz



e, = ai/ai , (II.65¢)
f,o0= 8, [eiﬂ - ei+2] - uQCai , (I1.654)
ir1 Siso
g = & [’5'— - a——} ‘ (11.65¢)
1+2 1+1
r, = 1 +ﬂ s (I1.65%)
1 e‘iE

5. e. {6. —8.] + 0., e. [8.—8. ]
i+ i+1 i+e 71 it+2 i+2 i Tdi4a
] = 1 + . (II'65g)

-
S.e. LB. -9, ]
i1 | Ti4r di42

Circuit effects are considered by replacing 5p by Sq and it is assumed
that the factor aq/w is the same in the drift region as in the inter-

action region.

2. Determination of Optimum Drift Length. Equation I1.64 may

be used to compute the individual wave amplitudes excited on the r-f
structure as a function of the operating parameters and the drift length
between the modulating grid’or cavity and the entrance to the inter-
action region. There 1s an optimum value of BqL for excitation of any
particular wave and this optimum value will be determined for several
cases.

In Eq. II.64 for the circuit wave amplitudes the first term
Ae—‘j(I> represents the fraction of the stream modulating voltage applied
to the r-f structure. It is assumed that neither A nor ¢ are functions

of qu. The second and third terms on the right-hand side represent



-50-

the contributions of the modulation in exciting the various waves on the
r-f circuit.

The optimum (maximum) excitation of any wave will occur when the
vector amplitudes of the applied signal and the modulation add in phase.
The quantity Vci/vg will be maximized separately by the applied circuit
voltage and the modulation. The next step is to take the derivative of
the absolute value of Eq. II.64 with respect to qu with A=0. 1In the
region of  growing-wave gain the incremental propagation constants 8;
are complex and hence the coefficients of sin qu and cos qu are com-

plex. Equation II1.64 is rewritten in the following form

v
= (ai+jbi) sin qu + (ci+jdi) cos qu s (I1.66)

where a; through dj are functions of the O's and the parameters. The
result of taking the derivative of the square of the absolute value of

Eq. II.66 and setting it equal to zero at BqL is

-2(aici+bidi)
arctan . (I1.67)

(g%+b%-c?-d%
1 1 1 1

N

(BL); , -

(&)

; and d4 are all real quantities then qu will be real.

Since ay, by,
Equation II.66 gives the predrift length for both maximum and minimum
excited wave amplitudes and it is simplest to substitute the results of
Eq. II.67 back into Eq. II.64, for particular values of A and ¢ and test
for a maximum. The maxima and minima are separated by a quarter space-
charge wavelength. Equation II.67 gives the condition for maximizing
the effect of the modulation and then an absolute maximum in the excited

wave amplitude is obtained by adjusting ¢ so that the applied circuit

voltage adds in phase with the induced voltage due to the modulation.
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Also it should be noted that Eq. II.67 may be used to determine
the optimum value of BqL for any one of the three waves. The subscript
(i,v) on the left-hand side indicates that velocity modulation is being
considered for optimization of the ith wave. The most interesting cases
are possible for i = 1 (the growing wave) and i = 3 (the fast wave).

The Crestatron forward-wave amplifier operates in a regime where
xi = 0 and hence the propagation constants are purely imaginary and the
wave amplitudes purely real. Thus the waves propagate along the r-f
structure with constant amplitudes and differing phase velocities. The
two principal waves are 180 degrees out of phase at the input and the
length is chosen so that they add in phase at the output. These two

conditions are given below.

Vc V01 ch Vca
TS T TTt T at z =0 , (11.68)
g g g g
and
Vc(z) VCl Vc2 VCB
< = 5=+ 7|+ T at z =1 . (11.69)
g g g g

Under modulation conditions the wave amplitudes are given by Eq. II.6L.
The gain at any point along the structure is proportional to the square

of the magnitude of the r-f voltage.

ch(e) 2 - E C&;) eaie ] , (I1.70)

where © é B C = 2nCN .
e z s

In order to maximize the effect of the modulation a value of 6

will be chosen to give maximum beating-wave gain.



-52-

7
6 = —_— (II.71)
) Q(Ab)l/2

where le:Q is the positive b for which growing-wave gain ceases and
ANb o b'bxl=0' The value of qu i1s then determined to maximize the ef-
fect of modulation. Finally the phase parameter ¢ is optimized so that
the circuit voltages due to the applied signal and the modulation com-
bine to give an absolute maximum. The optimum value of qu ﬁill be
determined with A = O.

Combining Egs. II.64 and II.70 gives

v (8)]|% jcr, 5,012
c i Cw . i
= —)f,. sinpP z - g. cos B z|e (I1.72)
v S, w, i a i q
& i=1 &

The coefficients of sin B,z and cos P,z in Eq. II.72 are in general
q q

complex and hence Eq. II.72 may also be written as

v (8)]2 5 2

?V _ }: [(ai+jbi) sin qu + (ci+jdi) cos quj . (I1.73)

g i=1

Maximizing Eq. II.75 with respect to qu yields the following rela-

tionship

- 2(AC + BD
(B z) = L arctan ( ) (IT.74)
q ‘v 2 A2.B2_c2._p2 ?

and

>
>
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3. Discussion of Linear Analysis Results. The equation derived

above (Eq. II.6L4) for calculating the wave ampliﬁudes excited under
modulation may be used to obtain resulﬁs for the growing-wave amplifier.
In order to carry out a calculation one must select values of C, QC,

d and b and then optimize the desired wave amplitude with respect to

¢ and qu. In the case of the growing-wave amplifier it is usually
desired to maximize the gain and hence wave one is optimized. ZFor other
applications such as parametric amplifier couplers it may be desirable
to optimize the fast wave and this may be accomplished through the same
procedure.

A linear analysis of the effects of premodulation of an electron
stream can give only information on the optimum phase angles to be
employed and a measure of how much improvement in the small-signal gain
can be achieved. In the case of the growing-wave amplifier the gain is
directly proportional to the length; hence we have to select a partic-
ular length to investigate the improvement in gain due to premodulation.

Since the Crestatron amplifier is a moderate-gain amplifier there
will be more than one r-f wave present over an appreciable fraction of
ité length and hence all three waves must be considered in calculating
the output r-f voltage. Equation II.T73 éives the output voltage at any
9 plane as a function of C, QC, 4, b, 6 and qu. The optimum predrift

angle to be used is obtained from Eq. II.Tk.
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A premodulation of the electron stream going into an r-f struc-
ture operated in the Crestatron regime results in an increase of the
gain obtainable at the first maximum of the gain curve and tends to
change the optimum length slightly. This shift in the maximum gain
point is insignificant and simply represents an increase in the gain off
of the center frequency. Since the effect of premodulation on the
small-signal gain is directly proportional to C, it is reasonable ﬁhat
the improvement in gain will be greatest at high C. Since the magni-
tube of the gain is inversely proportional to Ab, so will be the im-
provement in gain due to premodulation.

A summary of the calculated résults for premodulation of the
traveling-wave amplifier and the Crestatron was given in Quarterly
Progress Report No. 9 on this contract and will not be repeated here.

A technical report has been written on this material and will be pub-

lished under AF30(602)-2303.

E. General large-Signal Traveling-Wave Amplifier Calculations

1. Introduction. During the period of this contract a number

of large-signal studies, in addition to those cited earlier, have been
carried out in anvattempt to more fully understand and predict the
characteristics of high-power amplifiers. Some of these studies have
been completed while others are still in progress. The following
material summarizes briefly this work.

2. General Design Procedurel” A general design procedure has

been developed for the design of both low-power and high-power high-

efficiency traveling-wave amplifiers. The design process is based on

17. Rowe, J. E., Sobcl, H.,"General Design Procedure for High-Efficiency
Traveling-Wave Amplifiers", Trans. PGED-IRE, vol. ED-5, No. k,
pp. 288-3%00; October, 1958.
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the selection of optimum values, for highest efficiency, of the design
parameters C, QC, B and b from the large-signal curves and design of an
amplifier with the particular type of r-f structure specified by power
and bandwidth requirements and operating parameters as near the optimum
values as possible. In cases where the optimum design parameters cannot
all be realized simultaneously, the design engineer is able to select
the parameter that he wishes to adjust. A technical report and a
Journal article have been published on this Work.

3. Power Output and Bandwidth'®. Theoretical expressions have

been developed to calculate the power output of traveling-wave ampli-
fiers using an arbitrary r-f structure. Specific calculatlions were made
for helix-type tubes and it was shown how to evaluate the power output
capabllities of tubes using other r-f structures in terms of the cal-
culations made for helix tubes. The principal factors accounting for
higher power output of dispersive structures were presented and dis-
cussed.

The small-signal theory was used to calculate the gain and band-
width of forward-wave helix amplifiers as a function of frequency. For
high-y,a' tubes the gain in db times the frequency bandwidth is a con-
stant as a function of helix length, whereas the gain times the band-
width squared is a constant for low ya' devices. This is expressed

mathematically as

18. Sobol, H., Rowe, J. E., "Theoretical Power Output and Bandwidth of
Traveling-Wave Amplifiers', Trans. PGED-IRE, vol. ED-7, No. 2,
pp. 84-95; April, 1960.
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High 7oa':
2f (w)M
Gapt = Ta, (1I.75)
Low 7Oa':
LM
Gdb(Bw)2 = & £ (w) . (I1.76)

4, Effect of Circuit Loss. It is well known that the presence

of attenuating material along the TWA r-f structure seriously affects
the saturation performance. A program has been initiated to calculate
the effect of loss on the saturation efficiency using the general large-
signal equations. This work is presently underway and will be continued
under AF 30(602)-2303 during the next year. As part of the program a
detailed comparison with experiment will be made.

2. N-Beam Analysis. The one-dimensional nonlinear TWA analysis

previously developed assumed that neither the circuit field nor the
space-charge field has a radilal dependence when the force on the elec-
tron is calculated. It has been shown'® that the saturation efficiency
is reduced, for large stream diameters, when a radial circuit field
dependence 1is included. This analysis is approximate, since the space-
charge field was not assumed to depend on radius and also radial motion
of the electrons was neglected.

Another method for handling this two-dimensional problem in an
approximate manner would be to divide the stream into N annular streams,
each having a different coupling to the circuit. The space-charge field

will be calculated in the same way that was used in the one-dimensional

19. Rowe, J. E., "One Dimensional Traveling-Wave Tube Analyses and the
Effect of Radial Electric Field Variations'" Trans. PGED-IRE,
vol. ED-7, No. 1, pp. 16-22; January, 1960.
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theory except that each stream would be represented by a different
space-charge field weighting function, F(®-0'). It is assumed that each
stream carries the same current IO/N and since all streams are assumed
to move forward at the same velocity the space-charge density, Py = Io/uo,
is the same for‘all streams.

This problem has been programmed for the IBM-704 computer and some
computations have been completed. The work will be completed under

AF 30(602)-2303 and will be reported later.

ITI. PHASE FOCUSING IN TRAVELING-WAVE

TUBES (J. G. Meeker)

A. Limitation on Conversion Efficiency in O-Type Devices

The basic principle of operation of O-type devices is the trans-
ferral of kinetic energy from an electron beam to a traveling r-f field.
In principle this mechanism has an inherent advantage over other mech-
anisms since the spent beam might be collected at low potential, thereby
guaranteeing high conversion efficiency. As a practical fact, however,
two effects tend to prevent anything like complete conversion. First
the electron bunches slip out of proper phase with the nearly constant-
velocity traveling-wave as they give up energy and then they begin to
extract rather than supply energy. Also, the individual electrons com-
prising the bunches accumulate a velocity spread which smears out the
bunch and prevents all electrons from being collected at the same vel-
ocity. ©So the two effects, bunch slipping and velocity spreading, act
together to limit the efficiency.

It has been the purpése of this study to investigate methods for

controlling the first of these defects, i.e., bunch slipping, in a
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traveling-wave amplifier. The plan has been to hold the electron
bunches in favorable phase positions as long as possible to enhance the
conversion efficiency. The specific approach was to introduce spatially
varying parameters into the problem where constant parameters had ex-
isted before. It was recognized that the adjustment of gross tube

parameters would not help much in preventing velocity spreading, a more

detailed problem.

B. Methods of Phase Focusing

Certain basic methods for phase focusing the electron bunches in
a traveling-wave amplifier come to mind:

1.) Prebunching the beam,

2.) Varying the circuit parameter, e.g., varying the pitch of the
helix.

3.) Inserting a d-c electric gradient.
4L.) A combination of these.

Fach method accomplishes the same purpose. The electron bunches
are moved forward relative to the circuit field at a time when they are
slipping back due to loss of kinetic energy. Prebunching makes sure
the bunch is in an optimum phase position from the beginning of the
interaction region by carefully adjusting the injection phase of pre-
formed bunches. Varying the pitch accomplishes the focusing by slowing
down the circuit wave as the beam slows down. The d-c gradient sup-
plies added energy to the beam to keep it in step with a constant-
velocity circuilt wave. To date we have concluded the large-signal

prebunched beam studies, and are currently working on the variable-pitch

and d-c gradient programs.
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C. The Basic large-Signal Traveling-Wave Amplifier Equations

The large-signal traveling-wave amplifier equations appear in the
literature®>2. The approach used here follows the method used by Rowe.
However, the transmission line equation has been modified to allow for
spatially varying inductance and- capacitance and the force equation has
been augmented to include a d-c gradient term. The normalized lossless
equations are

D [ () ] SR g e

dy R dy dy

_ on N
. C, ()] | l+COb(y) c®(y) cos @@g®o)d®o (111.1)
1+C b(y) dvy nC o3 1+2Cu(y,0') ’ )
e} O o) o
d=o(y) d Co 1 d9> db(y)
A —" 4+ 3= nC NI N (. T e LA
(v) [ = 5 3y (¥) T80 <§O ) &
1+C b(y) s 2T sin o(y,0')do"
ae(y) 1)\ dA o Cc3(y) 7Fo’ o
+oo (220 = V22 o | , (IT1.2)
dy Cc_/ dy nC, ce 1+2Cu(y, ')
@] o @]
d@(y) BCD(y,CDO) Eu(y)qjo)
+ - , (I11.3)
dy Ay l+2€ou(y,®o)

1. Rowe, J. E., "A large-Signal Analysis of the Traveling-Wave Ampli-
fier: Theory and General Results', Trans. PGED-IRE, vol. ED-3,

pp. 39-57; January, 1956.
2. Tien, P. K., "A Large-Signal Theory of Traveling-Wave Amplifiers,

Including Effects of Space Charge and Finite Coupling Between Beam
and Circuit", BSTJ, vol. 35, pp. 349-37h4; March, 1956.
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5u(y,®o) ’ o va as(y)| .
T |;l+2COu(y,®o)] = = A(y) <C—(;> [l_co dy ] Sin @(y,@o)
3/2 dA . (¥)
+ Cg <¥L> dgéy) cos ®(y,®o) + C ——%%———

F(o-0! dCD'
* l+C oP <;Co> \/p 1+2C u(y,@ ) ) (111.4)

Of these, Egqs. III.1 and III.2 are derivable from the transmission line
equation, Eq. III.4 is the force equation, and Eq. III.3 relates cer-
tain defined dependent variables. All variables are normalized.

For purposes of this discussion it is necessary to note only that
A(y) and Adc(y) are the r-f and d-c potentials, y is the distance, and
0(y) is the phase shift between the hot traveling wave and the projected
input beam if there were no interaction. o(y,®¢,) and 2C u(y,d,) are
the actual phase of each electron relative to the hot wave and its
varying component of velocity respectively. The term (mp/wC)2 is pro-
portional to the space-charge density and the factor F(o-0') is a
space-charge force weighting function accounting for the profile of the
force field under a particular tube geometry.

The velocity variation of the transmission line is contained in
a new modified definition of the velocity parameter b relating the elec-
tron injection velocity u, to the cold phase velocity of the structure

v Before where v, was a constant, it 1s now allowed to vary. Thus

o*

1+ C_b(y) & _0 . (TI1.5)



-6]1-

The impedance of the line is allowed to vary also. Thus the Pierce gain
parametef Co becomes a function of distance and shows up in several of
the terms as C(y).

As with the large-signal model used by Rowe this analysis assumes
no charge variation across the beam. The space-charge force term is
modified to account for transverse boundaries by introducing a plasma-
frequency reduction factor. FElectron trajectories are allowed to cross
so that a Lagrangian formulation is necessary. Thirty-two electron
groups per r-f cycle are fed time-sequentially into the tube and their
velocity and phase positions are tracked through the tube. The IBM-704

digital computer solves the equations numerically.

D. Prebunched Beam Studies

In a conventional traveling-wave amplifier the first part of the
tube serves to set up bunching or current modulation. The bunch forms
in the decelerating field of the traveling wave since normal operation
involves coupling to the slow space-charge wave. The exact phase posi-
tion at which the bunch builds up is a function of the tube parameters,
the chief one being the velocity parameter, b. One can adjust b to get
maximum small-signal gain, which means that the bunch position is opti-
mum at low signal levels. Or one can adjust b to get maximum efficiency,
which means that the bunching is optimized at high signal levels. The
fact that b in the second case is always larger indicates that more over-
run velocity must be initially supplied to the beam to compensate for
the loss of kinetic energy at high signal level. Thus this adjustment
of the velocity parameter b is really a method of phase focusing since
it controls the bunching behavior.

A more direct control over the bunching would be to prebunch the

beam and then inject the modulated beam into the helix. It would appear
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that short, high-efficiency tubes would result if one were to inject

the beam so phased that the bunches enter the tube in the retarding
circuit field. The overrun velocity and the injection phase angle of

the bunches could be adjusted to extract a maximum amount of beam kinetic
energy.

To investigate the upper limits on gain and efficiency which one
might hope to achieve by prebunching the beam we chose ideal conditions.
A delta function bunch l/QOth of a wavelength long having no velocity
modulation was selected. The input phase of the bunches with respect
to the r-f wave was also chosen to optimize efficiency. This was done
by using different injection phases and selecting the value which proved
best for a wide range of parameters. A value of 30 degrees behind the
maximum decelerating field gave best results in almost all cases.

Runs were made to illustrate behavior under conditions of zero,
medium, and high space-charge forces, and with many different drive
levels. The conclusions were as follows:

1. Tube length at saturation is invariably shorter when pre-
bunched injection is used. This is 1llustrated in Fig. III.1l. There
are two reasons for the short tube length. First, the bunches are
preformed so no active helix length is needed for current modulation to
accrue. Then too, the fact that the bunch injection phase and velocity
are controllable enables one to dictate the bunch trajectory. Hence the
bunch can be made to spend most of its time centered about the maximum
decelerating field.

2. For low-space-charge force environments, prebunching leads
to remarkéble,enhancement of efficiency, together with high gain in a
short traveling-wave tube. The behavior in this case is nearly the same

as in a ballistics problem. The electron bunches are injected into the
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retarding field of the traveling wave with Just the proper overrun vel-
ocity to maintain them in a decelerating-field orbit until most of their
kinetic energy is extracted. The smallest drive level which will accom-
plish this focusing is used in order to get high gain along with high
efficiency.

Figure III.2 shows an efficiency-versus-drive-level plot and
Fig. III.3 follows an electron bunch through the tube in a typical high-
gain, high-efficiency run. It is interesting to analyze this case in
detail. Note first tbat,Wery'little bunch spreading occurs. This, of
course, is because space-charge forces are absent. The velocity spread-
ing that does occur is due to the sinusoidal nature of the circuit field
causing it to act differently on the various electrons in the bunch.
Small as it 1s, this velocity spread does eventually set the upper limit
on conversion efficiency at about 80 percent in this instance. The path
of the bunch is easily followed from point to point along the tube. Note
that the overrun injectiorn velocity was chosen to be compatible with the
signal drive level. The bunch was inJjected Just behind the maximum
decelerating field; it moved forward initially through the maximum field,
losing kinetic energy all the while; it then slowed to synchronism with
the wave at its most advanced phase position in the decelerating field;
and finally it dropped back, slipping out of the retarding field with a
small unspent kinetic energy. Since the drive level was not large, a
high gain of about 30 db was realized along with the high efficiency.

Figure III.2 shows that even higher efficiencies can be theoret-
ically obtained by using higher drive levels. Figure III.4 shows Jjust
why this i1s so. Once again a compatible inJection velocity and drive
level are chosen. In this case, however, the bunch orbit does not carry

it quite so far forward in the retarding field before falling back.
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Velocity spreading is less pronounced and a 96 percent conversion
efficiency is obtained. However, the high drive level employed made for
less gain despite the high energy extraction. Therefore the run shown
in Fig. III.3 is preferred.

3. Prebunching the beam has little value in high-space-charge
tubes. The reason is very clearly evident in Fig. III.5 which shows
the progress of a bunch through a tube when space-charge forces are
large. The bunch simply spreads out before much of its kinetic energy
can be extracted. The only countermeasure is to drive the tube harder,
but when this is done the gain is very low despite a reasonable effi-
ciency. Figure III.6 shows that a very high drive level must be used
to realize any advantage over a conventional uniform-beam tube.

There is some doubt about the practicability of prebunching
high-perveance beams. It has been the experience of others® that the
debunching forces may seriously impede the formation of tight bunches

in practice if not in theory.

E. The Variable-Pitch Helix Program

Ever since the invention of the traveling-wave amplifier, the
possibility of modifying the phase velocity along the tube to improve
5

efficiency has intrigued tube designers. Pierce? and Slater® were among

the first to mention this possibility and Cutler® actually did some early

3. Mihran, T. G., "A Theoretical Study of the Super-Bunching of Electron
Streams", General Electric Company Research Laboratory Report No.
RL-780, December, 1952.

L, Pierce, J. R., Traveling-Wave Tubes, D. Van Nostrand, p. 167,
New York, 1950.

5. Slater, J. C., Microwave Electronics, D. Van Nostrand, p. 281,
New York, 1950.

6. Cutler, C. C., "Increasing Traveling-Wave Tube Efficiency by
Variation of Phase Velocity'", Bell Laboratories Memorandum,
MM-53-1500-28; July 31, 1953.
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experimental work along these lines. He came to these conclusions.
First, tapering proved necessary only very near the output end of the
tube. With a calculated taper 4 db more power could be obtained at the
voltage giving maximum small-signal gain, or 15 db more gain could be
obtained at the voltage giving maximum power. However, he was not able
to increase the absolute saturation power at that time.

Cutler had tapered the pitch to force the circuit velocity to
remain synchronous with the average beam velocity. The average beam
velocity in turn was calculated from the power delivered to the travel-
ing wave. His taper formula was based on modified small-signal equa-
tions, since the large-signal equations of Rowe and Tien had not yet
been reported.

It therefore seemed that the mo¥®t accurate large-signal equations
would make a new attempt to predict an optimum taper profitable. The
equations of Section C take into account space-charge forces, velocity
spread, and the change of impedance as the pitch is varied. The current

variable-pitch helix program consists of the following:

1. Digital Computer Solutions. The general large-signal equa-
tions have been solved on the computer for one shift of pitch. The
shift point was chosen as that position along the tube where the beam
is defined as one dense bunch per wavelength. Such a beam condition
lends itself most favorably to phase focusing techniques.

From the shift point several different constant pitches were used.
The saturation power eventually reached was the criterion of the success
of each shift. 1In a typical run, the best efficiency increase, from
35.4 percent to 45 percent, was achieved by a 20 percent decrease in

helix phase velocity. This i1s shown in Fig. ITI.7. It should be
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repeated that this was for a single shift from the original constant

pitch to a new constant pitch giving a velocity reduction of 20 percent.
Currently we are investigating the advantage gained in shifting

the pitch again in the region between the first shift and saturation.

The ultimate would be an infinitely variable taper, of course. There

are indications though that velocity spread will make succeeding pitch

shifts less effective than the first. For it is inherent in the be-

havior of the traveling-wave amplifier that the single tight bunch cannot

be held in the face of accumulating velocity spread. Thus the first

pitch shift finds the bunch shape more amenable to focusing than shifts

thereafter.

2. Analog Computer Analysis. The digital computer runs are the

most accurate, but they are not very flexible. They give information on
particular parameter sets, but do not indicate general trends until a
large number of runs have been accumulated. Therefore to augment them

a reduced version of the equations was set up in analog form.

The basic simplifications were two. The electrons were assumed
to be tightly bunched and space-charge forces were neglected. Thus the
problem took on the appearance of a ballistics study in which the elec-
tron bunch was to be held phase locked in a force field. The pitch
profile necessary to maintain phase focusing could be studied using many
different drive levels and coupling coefficients. While the deleterious
effects of velocity spread and space-charge debunching are not accounted
for, the runs nevertheless give an appreciation for phase focusing under
the most favorable conditions. Then too, the effect of impedance vari-
ation of certain simple forms can be developed.

Figure III.8 shows the pitch taper for some representative runs

in which C is assumed constant through the taper region. These runs
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show how rapidly the phase velocity must fall off to keep the bunches
phase locked as they lose their kinetic energy. It is planned to compare
these pitch tapers with those of the more general equations to evaluate
the effects of velocity spread.

3. Pitch Optimization by Computer. If it should prove that mul-

tiple pitch shifts lead to undeniably more efficient operation, then a
suggested refinement would -be to have the digital computer itself choose
an optimum pitch variation. This was spoken of in detaill in previous
reports, but the effort has been temporarily discontinued pending the
results of the manual pitch shift study.

Success of any computer optimizing technique depends on the solu-
tion of twd problems. One is the selection of a realistic criterion for
choosing the pitch at each step. The other problem is furnishing the
large memory storage required if it is necessary to retain many interim
results pending comparison tests in the optimizing process. While these
problems are not easy ones it is nonetheless felt that the method deserves

more attention if infinitely variable parameter shifting looks desirable.

F. D-C Gradient Program

The d-c gradient study has gone along in parallel with the
variable-pitch program. It is largely of academic interest since it is
usually difficult to insert a spatially varying d-c field along a micro-
wave traveling-wave tube. This is especially true of helix types.

It has been shown that when an accelerating gradient is applied
at a point along the tube where bunching is dense, saturation gain is
substantially incrased. Figure III.9 illustrates this improvement.

The tube becomes somewhat larger at saturation. Efficiency does not go

up correspondingly, since the d-c field adds additional power. Indeed,
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there is a limit after which improved saturation gain occurs only at
the cost of decreased overall efficiency. This is also indicated on
Fig. III.9.

Once again it would be possible to set up an automatic program
to vary the d-c gradient continuously, selecting an optimum profile based
upon some legitimate criterion such as maximum efficiency. In view of
the difficulties involved in applying d-c gradients to the more common

r-f structures this will not be pursued at this time.

IV. X-BAND TRAVELING-WAVE

AMPLIFIERS (C. P. Wen)

A, Introduction

The small-signal theory was employed in the design of a medium-
gain (30 db) medium-power (1 watt cw), helix-type traveling—wave ampli-
fier in the X-band frequency range (8.2-12.4 kmc). Three series, a
total of sevel amplifiers, were constructed and tested during the period
of this contract.

Originally, the helix mean diameter of 0.100 inch was selected to
facilitate easy construction and the helix potential was chosen to be
2000 volts because of the availability of power supplies. The design
turned out to be a 1ll1.3-inch-long helix traveling-wave tube with
ya = 3.08 at the midband frequency (series X-2). The slow-wave struc-
ture was later shortened to 8 inches (series X-3). Amplifier X-4 was
designed after the completion of r-f testing on model X-3. The in-
creasing of the helix pitch lowered the midband ya to 2.45 while the
synchronous helix voltage was raised to 3000 volts. It was hoped that
the minor change in amplifier construction would improve its gain-

bandwidth characteristic.
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The important parameters and dimensions characteristic of the
amplifiers are listed below:
TABLE 1IV.1

X-Band Amplifier Parameters

Series X-2 Series X-3 Series X-4

b (beam radius), inch 0.035 0.035 0.035
a (helix radius), inch 0.050 0.050 0.050
p (pitch), TPI 36 36 28
I, (beam current), ma 10 10 10
V, (beam voltage), volts 1720 1720 3000
78 3.08 3.08 ' 2.45
I (length of helix),

inches 11.3 8.0 8.0

The helices were made of 0.010-inch molybdenum wire and were supported
by three sapphire rods inside a precision glass vacuum envelope. The
dielectric loading factor is found to be better than 92 percent at
X-band. A Pierce-type immersed-flow gun is used in all series and it
may be operated under space-charge-limited or temperature-limited

conditions.

B. Experimental Investigation of the X-Band Amplifier

Experimental investigations were completed on only two out of
the seven amplifiers built; the rest of them failed or showed poor beam

transmission before r-f testing was completed.
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Amplifier Series

and Model Number Cause of Malperformance

X-2-1 (11-3-inch helix) Excessive helix interception.

X=-3-1 R-F testing completed.

X=lb-1 Arc-over between the helix d-c
lead and cathode heat-shield.

X-4-2 Cracked vacuum envelope.

X-4-3 Gassy, 30 percent interception

on the helix.

X-b-k 30-60 percent interception,
filament failure.

X-b-5 R-F testing completed.

The performance of amplifiers X-3-1 and X-4-5 will be presented in the

following sections.

C. Electron Gun Performance

Greater than 85 percent beam transmission was observed for ampli-
fier X-3-1 when it was operated immersed in a uniform magnetic field of
1000 gauss. A high percentage of the electrons interception were found
to be secondaries which would disappear at a slight increase of collec-
tor potential with respect to the helix. Ninety-eight percent beam
transmission was obtained at one time. The forced-air cocling method
was found to be incapable of handling more than 15 watts of collector
dissipation. The electron beam would start to collapse due to ion bom-
bardment at the cathode emitting surface once the collector was over-
heated. A collector water jacket was necessary to provide the adequate
amount of cooling.

A 30-percent interception prevented amplifier X-4-5 from full-

current operation. Migration of the cathode material onto the anode was

suspected.
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D. R-F Matching and Attenuation

Cavity-type coaxial-cavity couplers and two types of coupled-helix
attenuators were employed for all the X-band amplifiers. Typical matching
and attenuation curves are presented in Figs. IV.1 and IV.2 respectively.

A voltage standing wave ratio of less than 2 to 1 could be ob-
tained across the X-band frequencies at both the input and output of the
amplifier by means of the coaxial-cavity couplers. The quality of the
matches did deteriorate at the band edges. An attempt was made to re-
place the cavity-type couplers with coupled-helix transducérs. Because
of the limitation imposed by the minimum thickness of the vacuum envelope
and the three-dielectric-rod helix support method, the coupling between
the»outer and the inner helix was not tight enough to yield broad band-
width operation.

For the same reason, coupled-helix attenuator loss drops off
rapidly with increasing frequencyt. This phenomenon happened to both the

scotch-tape-kanthal-wire type and the graphite-kanthal-wire type atten-

vators.

E. Small-Signal and Saturation Gain

Curves of small-signal and saturation gain are presented in Figs.
IV.3 and IV.L4. Because of the high ya selected for the center frequency
(ya = 3.08 for amplifier X-3-1, ya = 2.45 for amplifier X-4-5), the gain
curves tended to decrease monotonically with frequency.

The theoretical nondispersive gain curve computed for amplifier

X-4-5 operated at 3.8 ma collector current seemed to agree well with the

1. Krage, H. W., "High-Power Coupled-Helix Attenuators", Tech. Rept.
No. 36, Electron Physics Laboratory, Dept. of Eiectrical Engineering,
The University of Michigan; March, 1960.
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experimental data (assuming 5-6 db loss for the couplers and the cables).

Therefore, 25-30 db gain would be expected for full-current operation.

E. Saturation Power

A saturation power of 0.85 watt was detected at 9.0 kmc for
amplifier X-3-1 as shown in Fig. IV.5, and more than half a watt output
waé observed for amplifier X-L-5 when it was operated at I,oy = 3.8 ma.
This is shown in Figs. IV.6 and IV.7. Both tubes seemed to have the
potential of meeting the l-watt output requirement. The maximum effi-

ciency of either amplifier was below 3.5 percent.

G. Oscillation

Stable operation prevailed in amplifier X-3-1 up to 14 ma collector
current. No oscillation was detected over the X-band frequency range.

Due to the tight coupling between the electron beam and the slow-
wave structure, the backward-wave modes are strongly excited in ampli-
fier X-4-5. The lack of sufficient isolation at high frequencies permits
the establishment of backward-wave oscillations at ka = 0.5 when the
amplifier gain is high enough. The beam current of the amplifier is

therefore limited by the oscillation conditions.

H. Conclusion

The failure to meet the requirements in gain and bandwidth was
mainly caused by the high ya value chosen for the original design. The
small-signal gain, bandwidth and stability of the amplifiers could all
be improved by a reduction in helix diameter (ya =~ 1.5 for optimum con-
ditions). Besides that, some lossy material should be placed close to
the r-f circuit to provide additional attenuation and suppress high-

frequency oscillations.
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The predicted power output of a small-signal traveling-wave ampli-
fier is of the order of CVyl,, where C is the Pierce gain parameter;

amplifier X-4-5 should have no trouble in delivering 1 watt with 25 db

gain at full current.

V. EXPERTIMENTAL STUDY OF CRESTATRONS

(G. T. Konrad)

A. Objectives of the Program

The object of this study is the correlation of the theoretical
analysis of the Crestatron made by J. E. Rowel with actual laboratory
models of this device. To this end it was decided to construct a series
of high-power cw Crestatrons in S-band frequency region. The following
requirements were set.

TABLE V.1

Design Objectives

100 watts

R-f power output

Bandwidth = 2.0 - 4.0 kme

Efficiency Z 25 percent

Focusing magnetic

Length in accordance with
Crestatron theory

Beam Perveance = 1.0 micropervs

R-f structure single-filar helix

Some ' of the components used in this series of Crestatrons were
available from a previous study of traveling-wave tubes, and were in-

corporated in this design.

1. Kkowe, J. E., "Theory of the Crestatron: A Forward-Wave Amplifier",
Proc. IRE, vol. 47, No. 4, pp. 536-545; April, 1959.
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B. Electron Guns

The electron gun used for the cw Crestatron had been designed for
the S-band traveling-wave amplifier investigated at this laboratory
previously. The design calls for a solid-beam gun operating at a per-
veance of 1.0 micropervs in the voltage range of 3000 to 5000 volts. vThe
necessary beam diameter is approximately 0.125 inch. The gun is of the
shielded Pierce type and uses a tungsten impregnated cathode operating
near 1150°C with é heater power of 25 to 30 watts. The gun was magnet-
ically shielded and although the Brillouin field required was only 250
gauss the best performance was obtained with a focusing field near 1000
gauss.

During the early stages of the investigation the usual types of
gun problems were encountered. Some of these were conduction along sup-
porting members, arc-over between parts, as well as beam interception on
the gun anode or helix due to misalignment or shifting of parts.

Since most of the tube parts are quite small in size and are not
particularly rugged for this high an average power in S-band, it was
imperative to keep the additional heating from beam interception gquite
low. In fact, it was found necéssary to limit the portion of the beam
intercepted by the helix to less than one percent and the anode inter-
ception to a few tenths of one percent. This proved to be a very strin-
gent requirement. When the interception was tolerable the perveance was
low and vice versa. It turned out that under cw conditions this gun was
capable of operating at a perveance of 0.5-0.6 microperv.

Since the full advantages of the Crestatron could not be realized
at this low a perveance, a pulsed gun was obtained. Under these condi-
tions a microperveance of 1.0 and even of 1.5 could be achieved readily.

The duty cycle of the Crestatron was between 0.03 and 0.0k. Quite
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favorable results were obtained from this investigation and will be

described in the later section.

C. Slow-Wave Structure

Since the Crestatron is inherently a broadband device, it is
necessary to use an r-f structure which has a broadband capability. It
was felt that the only structure capable of meeting this requirement was
a single-filar helix. Furthermore, since one of the .ain advantages of
a Crestatron is its short length, it seemed desirable to construct a helix
as small and short as possible in order to enhance this very advantage,
comnensurate with the requirement of a reasonable power-handling capabil-
ity. The D.L.F. of the structure was kept as high as possible in order
to ensure a short physical tube length. After investigating a number of
methods for supporting the helix in the envelope, it was decided to use
three 0.020 sapphire rods in intimate contact with the helix wire and the
glass envelope, which was made out of Corning 7740 glass.

A summary of the critical dimensions of the r-f structure is given

in Table V.2, and a cross-section through the whole helix envelope 1is

shown in Fig. V.1l.
TABILE V.2

Crestatron Dimensions

0.020 inch
0.087 inch

Helix wire diameter

Mean helix radius

T.P.I. = 18.85

Sapphire support rods = 0.020 inch diameter
I.D. of glass tubing = 0.234 inch
0.D. of glass tubing = 0.274 inch
mean helix radius _ a' - 1.4
beam radius b!
I.D. of helix shield = 0.278 inch
I.D. of helix shield _ b _ 1.6

mean helix diameter T ooa!
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SAPPHIRE SUPPORT ROD

GLASS TUBING

MOLYBDENUM
HELIX

COPPER HELIX SHIELD

FIG.X.| CROSS SECTION OF CRESTATRON R-F STRUCTURE
AND VACUUM ENVELOPE.
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In order to increase the bandwidth of the structure, a metal
shield was placed around the glass envelope at a b/a' ratio of 1.6. The
presence of the metal shield decreased the dispersive nature of the helix
as brought out by Fig. V.Z2.

Careful cold tests were conducted on the final structure in order
to be able to make a meaningful comparison later between the hot test
results and Rowe's Crestatron theory. The phase velocity of the struc-
ture was determined by use of a movable short and the impedance was
measured by Lagerstrom's perturbation technique2. The results are shown
in Figs. V.2 and V.3 for both shielded and unshielded cases. The D.L.F.
as a function of frequency is shown in Fig. V.4. It can be seen that the
loading is not very great in view of the fact that the glass envelope 1is
quite close to the helix.

Operation of some of the early Crestatron models revealed the
necessity for having a low-loss circuit. This need became particularly
acute during high-drive cw measurements. Originally the helices were
wound with molybdenum wire. The loss of such a structure in db per inch
is shown in Fig. V.5. The r-f wave propagating on the circuit heated the
wire so extensively that gas was driven out of the molybdenum wire, which
raised the pressure in the tube. This reduced the cathode emission. In
order to circumvent this problem, subsequent helices were constructed with
tungsten wire. This did not decrease the helix loss, but did reduce the
gas emission considerably. Attempts to plate the helices with copper

or silver were not very effective initially. It is felt that a good

2. Tlagerstrom, R. P., "Interaction Impedance Measurements by Perturba-
tion of Traveling Waves'", Tech. Rpt. No. 7, Stanford Electronic
Laboratories, Stanford University; February, 1957.
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plating method is available now, but to date no extensive investigation

has been conducted.

D. Couplers and Attenuators

During the initial phase of the Crestatron tests cavity couplers
were used. It was found, however, that they were inadequate due to their
inherent narrow bandwidth. Furthermore,‘there was always the unpleasant
chore of getting the couplers matched to the structure sufficiently well
so that the tube would not oscillate. Consequently, it was decided to
switch over to coupled-helix couplers. An enormous improvement was made,
as can be seen from Fig. V.6. Subsequently, the assembly of the coupled-
helix couplers was perfected to such an extent that it is now possible
to construct very good couplers in a minimum length of time. The loss
of a typical coupler and its directivity are shown in Fig. V.7.

Due to the short length and relatively low gain of the Crestatron,
it is not necessary to use an attenuator on the r-f structure. It was
found, however, that a very short attenuator placed at the back end of
the coupled-helix couplers improved the VSWR of the couplers consider-
ably. Very useful and compact attenuators have been developed at this

laboratory®. They were found to be very useful for this application.

E. Collector Designs

The beam collectors of this series of Crestatrons were water-
cooled. It must be remembered that the coupled-helix couplers used
with this tube severely limit the diameter of the collector. The one-
stage collector was used on all tubes and one can be seen in the photo-

graph in Fig. V.8. Even that small and compact a collector is able to

3. Krage, H. W., "High-Power Coupled-Helix Attenuators", Tech. Rpt.
No. 36, Electron Physics Laboratory, Dept. of Electrical Engineering,
The University of Michigan; March, 1960.
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dissipate 700-800 watts of beam power quite readily. The water flow
during operation is approximately 1 liter per minute.

In spite of the severe size limitations which rule out any elab-
orate collector designs, a two-stage collector was constructed which
would permit operation of the final beam collector considerably below
beam potential. This would improve the overall efficiency of the device
greatly, as pointed out by Wolkstein®*. A tube using this type of col-
lector was constructed and the beam transmission to the final collector

was found to be quite satisfactory.

F. CW Operation of the Crestatron

During the early stages of the Crestatron investigation consid-
erable trouble was experienced with the construction of tubes which worked
in a satisfactory fashion. The main difficulty was in the asseﬁbly of
the cw electron gun, which would have a high beam perveance and a low
anode interception. The first cw tube from which fairly satisfactory
results were obtained was the Crestatron with a 3.75-inch helix, de-
signated the S-8-3. The perveance obtained with this tube wa: in the
neighborhood of 0.6 microperv. Small-signal gain curves are :hown in
Fig. V.9. At the lower frequencies the tube is operating as a growing-
wave amplifier, while for the higher frequencies operation is in the
beating-wave regime. It is apparent that the transition between the two
regions is gradual and smooth. The broad bandwidth of operation can be
seen in Fig. V.O.

The results of saturation measurements for the S-8-3 are shown
in Fig. V.10, where power output is plotted versus power input for a

number of voltages, and hence values of b. These curves represent the

4. Wolkstein, H. J., "The Effect of Collector Potential on the Effi-
ciency of Traveling-Wave Tubes', RCA Review, vol.XIX, pp. 259-282;
June, 1958.
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1000
V (VOLTS) I, (ma) Pu c Qc b 7s (MAX)
3507 132 0.63 009  0.190 1.68 19.8 %
3895 150 058 0095 0.195 2.46 19.5 %
4085 158 057 0.095 0.200 2.67 17.3 %
13 db
10 db 6 db
v/ ’/
’/' / / 4085
/ _ VOLTS
. ‘,//, 895 VOLTS
100 » > 3507 VOLTS
V4 ’
2K 4
/| /
4 / lp
7 A
4
YAy raavil\4
7 4
>/ b
-1/ 8V4%
vV ‘
10 / / N/
4 4 4 y ]
/ yaw.4
/1, LAY
pd Pt / 7/
7, P/ '/
yiv
, . 5//r
/
/ / //
1.0
0.1 I 10 100
POWER INPUT, WATTS
FIGX.IO POWER OUTPUT vs. POWER INPUT FOR THE S-8-3

CRESTATRON AT 3.0 KMC.
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Crestatron operation very well and show the general nature of the
saturation characteristics. Power outputs well in excess of 100 watts
CW were obtained/from this tube.

Theoretically it has been shown® that the saturation efficiency
and power output increase significantly as the drive level is increased.
The experimentally determined efficiency vs. drive level is shown in
Fig. V.11 for various values of the injection velocity parameter. The
highest efficiency of 20 percent occurred &v a b of 2.5, which corres-
ponds to a low-level gain of 15 db and a saturation gain of approximately
10 db. It should be remembered that the efficiency of the tube is com-
puted after the input power has been subtracted from the output power,
as the former is a substantial portion of the latter for a moderate-gain
device like the Crestatron. Losses of the r-f couplers, which amount to
0.5-0.8 db each over the band, have also been accounted for.

In order to experimentally investigate the beating phenomenon of
a Crestatron as a function of length of the tube the S-10-4 was con-
structed. This tube had a T7-inch helix, any desired length of which
could be selected during operation by moving the coupled-helix couplers.
The S-10-4 and its coupling system are shown in Fig. V.12. This tube
employed a cw gun also, and the perveance achieved was Just slightly less
than that of the S-8-3. 1In Fig. V.13 the Variation of gain with inter-
action length is shown. The curve labeled "V, = 4000 v" shows the
characteristics of beating-wave behavior very clearly. The reason that
the maxima and minima are not more sharply defined is that the coupled-
helix couplers ha&e a finite length and as a result give an average re-

sult at the critical points.

5. Rowe, J. E., loc. cit., (Fig. 1k4)
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The S-10-4 was also operated with a metallic shield extermal to
the helix. The results of small-signal measurements for a 3.0-inch
interaction length are shown in Fig. V.14 for both shielded and un-
shielded cases. It can be seen that the gain for the shielded helix is
considerably less than that for the unshielded one. Since the effect
of the shield is to reduce the low-frequency impedance, the constant-gain
bandwidth is generally broadened. This is not immediately obvious from
Fig. V.14, because for a given voltage the values of b are different for
the shielded and unshielded cases. However, the widening of the band
has been clearly observed on these Crestatrons when the shield was added.

The high-power drive curves for the S-10-4 were quite similar to
those for the S-8-3, except that the efficiency was slightly lower in
this case due to the lowered gain parameter C. Two high-power r-f drive
sources were used. One was cw and the other pulsed at a duty cycle of
0.001. The agreement betwegn the two methods was very good. Highest
power levels attained with this tube were in the neighborhood of 180
watts. A plot of maximum efficiency at saturation is shown in Fig. V.15.

In order to increase the tube efficiency considerably, the S-11-1
was constructed with a two-stage collector. Beam transmission to the
last collector stage was quite satisfactory, indicating that this design
is entirely feasible. A mechanical error in the construction of this

tube prevented the tube from being r-f tested at operating voltages.

G. Pulsed Operation of the Crestatron

Since it did not seem feasible to obtain a sufficiently stiff
beam with the cw guns without a major redesign effort, it was decided
to obtain a pulsed gun capable of supplying the desired beam. The gun
eventually used could be operated at a duty cycle as high as 0.01. This

Crestatron was designated the 5-12-1.
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At first the S-12-1 was tested using a beam perveance of approx-
imately 1.0 microperv which could be easily achieved by pulsing the
grid to the necessary value. The small-signal results are shown in
Fig. V.16. Here the smooth transition from growing- to beating-wave
regimes is brought out particularly well. Saturation measurements are
shown in Figs. V.17 and V.18. The highest power output values obtained
under these conditions were somewhat less than 500 watts with efficien-
cies nearly 25 percent. It can be seen from the table accompanying each
graph that the QC values were between 0.2 and 0.3. This is a fairly
high value if high saturation efficiencies are desired, as the de-
bunching forces are quite substantial.

Figures V.19 and V.20 show the saturation gain and the saturation
efficiency respectively, as a function of the drive level, with the in-
jection velocity as a parameter. Figure V.20 clearly shows that the best
efficiencies are obtained in the beating-wave—regime.

When the beam perveance was increased, the power output capability
of the S§-12-1 could be raised considerably. The improvement in effi-
ciency was, however, only moderate. Peak output powers of well over 1
kilowatt were obtained at efficiencies of nearly 27 percent, as shown in
Fig. V.21. The gain of the tube under these conditions was still near
10 db. It is believed that if the loss factor d could be reduced and the
QC values held to 0.1 or a little higher, further significant improve-

ments in the performance mentioned above could be made.

H. Conclusions

The experimental results obtained from the series of S-band Cres-
tatrons investigated during this period fairly well substantiate the
theoretical predictions. Two areas of further improvements are fairly

obvious: a) reduction of helix loss coupled with good beam transmission;
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and b) a thorough study of depressed collector operation. Other fairly
fruitful approaches may be the possibility of prebunching the beam or
various means of keeping a bunch, once it is formed, in synchronism
with the circuit wave for a maximum length of time so that a more effi-

cient energy interchange may take place.

VI. ANALYSIS OF MODULATED O-TYPE

DEVICES (H. Sobol, J. E. Rowe)

A. Introduction

New techniques for noise reduction, higher efficiency, lighter
weight and improved fabrication methods are contributing to the in-
creased system utilization of traveling-wave tubes. The traveling-wave
tube which is inherently a broadband amplifier has certain narrow-band
features that make it attractive as é modulator, whereas the broadband
capabilities contribute towards its usefulness as a mixer. The traveling-
wave tube provides a tool for modulation and mixing near output power
levels. The klystron' was used in similar applications several years ago.

The literature contains several anaiysesz)3’4’5’6 of the modulated

traveling-wave tube; however each analysis has certain drawbacks because

1. Iearned, V., "The Klystron Mixer Applied to T-V Relaying", Proc. IRE,
vol. 38, No. 9, pp. 1033-35; September, 1950.

2. Bray, W. J., "The Traveling-Wave Value as a Microwave Phase-Modulator
and Frequency Shifter", Proc. IEE, vol. 99, (Part III), pp. 15-20;
January, 1952,

3. Beam, W. R., and Blattner, D. J., "Phase Angle Distortion in Traveling-
Wave Tubes", RCA Review, vol. 17, pp. 86-99; March, 1956.

4., Cumming, R. C., "The Serrodyne Frequency Translator", Proc. IRE,
vol. 45, No. 2, pp. 175-185; February, 1957.

5. DeGrasse, R. W;, "Frequency Mixing in Microwave-Beam Devices'", Tech.
Report 386-2, Stanford University, Electron Devices lLaboratory,
Stanford Electronics laboratories; July, 1958.

6. Louisell, W. H., and Quate, C. F., "Parametric Amplification of Space-
Charge Waves", Proc. IRE, vol. 46, No. 4, pp. 707-716; April, 1958.
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of the approximations used. The purpose of this investigation was to
develop a general modulation analysis in which the effects of modula-
tion on C, QC, d, b, the initial wave amplitudes, nonlinearities, and
trajectory crossings are includéd.

A beam modulation as discussed here is defined as a coherent dis-
turbance or signal placed on the beam in addition to the information
excited on the beam at the carrierbfrequency. The modulations studied
below are all beam modulations. Two classes of beam modulations are
considered, low-modulation-frequency and high-modulation-frequency sig-
nals. A low-modulation-frequency signal has a period very much greater
than the transit time of an electron through the tube, and the frequency
is much less than the carrier frequency. Transit-time effects for this
class of modulations are negligible. Transit-time effects are not
negligible, however, for the second class of modulations since in this
instance the frequency of the modulating signal is of the same order as
the carrier frequency.

In this study both the low- and high-frequency beam—modulatéd
traveling-wave tube will be analyzed. Results are given for the low-
frequency beam-modulated case, while the high-frequency analysis 1s used

to investigate the longitudinal-beam parametric amplifier.

B. Low Modulation Frequencies - Calculations of the Modulation Device

Functions

Signal falling into the low-modulation-frequency class can be
excited on the beam by either of two methods. One method is to slowly
vary the velocity of electrons entering the interaction region, while
the second is to slowly vary the number of electrons per unit time
entering the interaction region. The velocity is varied by modulating

the circuit potential. The prime effect of this modulation is to
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disturb the transit time of electrons, which in turn affects the phase
of the r-f on the circuit. A secondary effect of this phase modulation
is the amplitude modulation produced by varying the beam power. The
number of electrons per unit time, or the current entering the inter-
action region, is modulated by varying the potential of a grid located
near the cathode. The current modulation results primarily in an ampli-
tube modulation with a small degree of accompanying phase modulation.

A quasi-static solution is used to determine the behavior of the
tube with low-frequency beam modulations. It is possible under these
conditions to determine the modulation characteristics by calculating
the parameters at several points in the modulation cycle and then
treating each point as if the tube were unmodulated. Another and more
elegant way is to set up the problem in terms of the zero-modulation
tube parameters and the modulating signal amplitude. In this way the
phase and amplitude modulation for a set of given unmodulated condi-
tions may be determined directly as a function of the modulation. The
characteristics obtained using the second method are called modulation
device functions. The amplitude of the modulating signals is introduced
by postulating average beam current I, and potential Vg, at the entrance

to the interaction region, as

AV
v, o= Vo, (1 + V——-> (VI.1)
~ OolX
and
_ AT
I, = I, <1 + T") R (VI.2)
ox

where Al is the amplitude of the current modulation,

NV is the amplitude of the potential modulation,
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IOl is the unmodulated average current, and

VOl is the unmodulated average potential.

The modulation device functions will now be determined for two
levels of carrier signal. It is possible to linearize the problem for
the low-level or small-signal carrier, whereas the nonlinearities must
be preserved for the large-signal carrier. In the small-signal problem,

the quantities can be assumed to vary as

£ o= £+ fl(z,wlt,wzt, a)nt) + f2(z,a)t) s (VI.3)

where f is a general electrokinetic variable,

f is the quiescent average value,

o1
fl is the change in the average value due to modulation,
@, ;.. .0 are the modulation frequencies,

f_ 1s the perturbation dve to the carrier, and

@ is the carrier frequency.

The linearized equations of motion are found in a manner ana-
logous to Pierce's”? derivations using the conservation of charge,
Newtonian force and normal mode circuit equations in conjunction with
Egs. VI.1, VI.2 and VI.3. The linearization is introduced by assuming

fo << fg1, f1, and the low modulating frequency is introduced by

assuming
of afz
E- T
of afz
dz =~ Jz

7. Pierce, J. R., "Traveling-Wave Tubes", D. Van Nostrand, New York;

1950.
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The time and distance derivatives are respectively replaced by
the operators jw and -I'. The usual traveling-wave tube parameters are
defined at zero modulation as Cy, QCy, bg, and dy. A perturbation form

of solution is then used in which the distance operator is given by
-To= -8B, - COBGS(AN,AJ,CO,QCO,bOdO) . (VI.b)
Beo 1s the beam radian wave number at zero modulation. Note that & is

the only term in Eq. VI.4 varying with modulation. The secular equation

resulting in this form of perturbation solution is

1-¢ 2
?L [j C -+ 516]

2 o

[1+Co(bo—jdo)] [1+co(236-0052)]

. . . o o B2
-bo+Jdo+38+CO [Jbodo t > -5 - 7?]
- S 2

4Q00[1+co(235 cp )l . (VI.5)

Two additional modulation parameters £, and £- appear in Eq.

VI.5. They are defined as

1/2
gl = <} + égL
ol
and
-
e - E‘l‘tl*‘i‘ﬂ . (VL.6)

Equation VI.5 reverts to the usual secular equation for the
unmodulated traveling-wave tube when no modulation is applied. The
roots of Eq. VI.5 describe the propagation constants. There are, as
in the unmodulated tube, four roots; however, one describes a backward
traveling wave which is far from synchronism and which can be assumed

not to exist when proper terminations are used. Typical plots of the
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real (x;) and imaginary (y1) parts of the forward-wave propagation
constants as a function of independent beam current and potential mod-
ulations are shown in Figs. VI.1 and VI.Z2.

The total r-f circuit potential can then be assumed to be the sum

of three waves

3
V. (z) = Re }; V. exp [—Jﬁeo + Beocoﬁi] z (VI.7)

c
i=1

with V.4 being the initial amplitude of the ith wave. The initial wave
amplitudes are found from a knowledge of the conditions at the input
to the interaction region. These boundary conditions are the same as
with the unmodulated traveling-wave tube since there is no additional
r-f information on the beam with the low=frequency beam modulation.
Assuming that an r-f potential V(0) is applied and that there are no

r-f perturbations at the input, the wave amplitudes are found by

inverting
fV(Oii a a a v
| 1 2 3 c1
0 = bl b2 b3 Vc2
0 c, c, c, ,Vcs‘; , (vI.8)
L - - - L4
where
. 1\ 2
uchg (l+JC05i)
a, = 1+
1 €2 6!2
1 i
1+JC d!
b - a o' i
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1+jC !
c = g —22t
i i pr2

1
and

J -
5! = gl+5g
i CO i®1

The initial wave amplitudes determined by inverting Eq. VI.8 will

in general be complex numbers which can be represented by

A

Ver = Veg &XP J¥;

A
where Vci and Yy; are real numbers. Plots of the magnitude and phase of

the amplitude of the growing wave are shown in Figs. VI.3 and VI.k as a
function of independent beam potential and current modulations. The

circuit voltage can be represented in simple form as

Vé(z,t) = R(z) cos [wt+s(z)] , (VI.9)
where
RZ = A% + A% + A + 24 A cos(¢ -t_)
1 2 3 12 172
+ A A cos(t-t,) + AA cos(gg—gl)
and
A sin §1+A2 sin §2+A3 sin €
S = tan~t n ry 5
,co8 §1+A2 cos §2+ 5 COS g
where
v C
Ai - Vci SxXp 8eo oi?
and

[V
[N
|

vy o- Beoz(l-coyi)
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For the usual traveling-wave tube it is sufficient to consider
only the growing wave so that the phase and amplitude modulation, or the

modulation device functions as mentioned above, are gilven by

a5 = 2 C (y (aV,41) -y (0,0)) + ¥ (&V,4T) - ¥ (0,0) , (VI.10)
and
Vci(AI,AV)
Aadb = {QOlog W + 514-.6 CONS{Xl(AV}AI) - Xl(0,0)} . (VI.ll)

Typical modulation device functions as determined using Eqs. VI.1lO
and VI.11l are shown in Figs. VI.5 through VI.8. The modulation device

& are found by

functions of a short traveling-wave tube or Crestatron
considering all three forward waves. In this case the modulation de-

vice functions are given by the general form

AS = 8(z,AL,V) - 8(z,0,0) (VI.12)
and
la 20 1 R(z,47,40) (VI.13)
= O et . .
db € R(z,0,0)

The modulation device functions for a Crestatron are shown in Figs. VI.9
and VI.10. The gain of the Crestatron is proportional to b-bX o where
l=

bX 0 is the point at which the growth constant goes to zero.
l:

The modulation device functions for the usual tube with a low-
level carrier can also be found by expanding the gain and phase shift

in a Taylor series about the zero-modulation operating point. The de-

vice functions therefore are given as

8. Rowe, J. E., "Theory of the Crestatron: A Forward-Wave Amplifier",
Proc. IRE, vol. 47, pp. 536-545; April, 1959.
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n=1 N =/NV=0 N =N=0
1 r _n-r
E n! Z VrBI '1"> AT AL ’
n:l :

where for phase modulation A —AS and f -V - B.L(1-Cyy), and for
amplitude modulation
Vl(AV,AI)
A s Aa and £ —8.864 log ~————— + 54.6 CN_ x_(4V,AlL)
10 S 1
v, (0)
1
The evaluation of the coefficients of the Taylor series is indeed
a laborious task. This method was tried for one case using a second-
order expansion for both phase and gain. The explicit expansion for
the propagation constants as determined by Sensiper® was used. The
results are shown in Fig. VI.1ll for the cases of neglecting and then
including modulation effects of the initial loss parameter. A compar-
ison is made on the figure with the previous method. As is mentioned
later on, the modulation effects of the initial loss parameter are not
too important for the long low-C tube. In this case a rough approx-

imation to the phase-modulation device function as determined from the

linear term of the Taylor series is

r
AS = - L—%— + 0.0407 b, - -S— ac, - C, {0.855le + 0.278bo
2 > AV
- 0.0928 b> - 1.127 b 4 - 5 QCO} } V—o: (VI.1k)

9. Sensiper, S., "Explicit Expressions for the Traveling-Wave Tube
Propagation Constants", Memo No. 53-16, Hughes Research and Devel-
opment Laboratories; December, 1953.
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and
~ ylo 2 | 8 o
AS = CO [—3— -3 QCO - 0.0369 do -3 COQCO + 0.0369 bo

- 0.064 bodo] fi% . (VI.15)
Unfortunately no similariy simple expression can be given for the
amplitude modulation.

As the r-f carrier level is raised, the linear analysis used
above no longer is valid and one must resort to a nonlinear description
to accurately describe the modulated traveing-wave tube. It is neces-
sary not only to include nonlinearities but further to allow for multi-
valued functions since there will be crossings of electron traJjectories.
This problem is then handled using the Lagrangian formulation rather
than the Fulerian described above.

The ILagrangian analysis of the large-signal traveling-wave tube
employed in this report was first presented by Nordsieck'© and then
generalized by Rowell. It is now further generalized to include low-
frequency beam mbdulations. The electrons are assumed to enter the
interaction region as discrete interacting particles and the equation
of motion of each particle is integrated, allowing for disturbances due
to other electrons and also an external r-f field. The calculations
were done assuming that thirty-two representative electrons entered the
interaction region during each carrier cycle. Ideally the integration
for the modulated tube should be carried out over a cycle of the modu-

lation frequency; however employing the quasi-static conditions allows

10. Nordsieck, A. J., "Theory of the large-Signal Behavior of Traveling
Wave Amplifiers", Proc. IRE, vol. 41, No. 5, pp. 630-637; May, 1953.

11. Rowe, J. E., "A large-Signal Analysis of the Traveling Wave Ampli-
fier: Theory and General Results", Trans. PGED-IRE, vol. ED-3,

No. 1, pp. 39-57; January, 1956.
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one to integrate the path over one r-f cycle at several instantaneous

points in the modulation cycle. The equations to be integrated are shown

below.

2o [@- T -G

on
1+C b 1 { J[ cos @(y,@oi)d®o
nC
1/2 1+2c _u(y,o_ ;)

o)
M5/2 1 + 551 ©
Lo

2% gin o(y,0_;)de_
+ 2C_d_ J[ }- R (VI.16)

l+2COu(y,®Oi)

1l
1

O

2d
Cd20 5 dA(y) rae(y) 1
A) [£2 - 52 aegn)? |+ 2 g (G - )

o .
o 1+C b 1 { k/m sin @(y,@oi)d®o
nC l+2COu(y,©Oi)

1/2
MS5/2 (l + 55%) ©
Lo

2T cos @(y,@oi)d®o
- 4 Jf }- ,(VI.17)

s 1+2C u(y,o ;)
d0 ao(y) 1 1 ]
[ (v, Ol)] ty T |t , (VI.18)
O3 gl<é+2cou(y,®oi)>

]

r
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and

{}+20 u(y,QOl)}' (v, ;) = - ﬁ%-A(Y) < - %g Cé) sin o(y,9,;)

% ( ) @50 F(0-0') ,
T cos 2(y,0;) - (14C_b )M8 < ;> k/ﬂ 1+2¢_u(y,o_, ) s

(V1.19)
where y = Beocoz’ a normalized distance,
®51 = 1initial phase of electron,

G(y) = phase lag between circuit wave and ficticious wave
traveling at unmodulated initial beam-average
velocity,

©(0y1,y) = the phase of the ith electron = EE_ - > - o(y),
01
A is defined as amplitude of circuit wave from,
V = circuit potential = [A(y) COIO/ZOJ cos @(y,@oi),
®po = 2ZEro modulation beam plasma frequency,
F(9-¢') = space-charge weighting function,

u(y,@oi) ; the normalized r-f velocity of ith electron defined
from, dz/dt = ug[l+2C,u(®y;,y)], and

l+AV/VOl

1+AL/T
o1

The parameters are defined for zero modulation and the modulation device
functions may be calculated from the above equations for specified un-
modulated conditions and modulation amplitudes. The boundary conditions

are once again the same as for the unmodulated case and may be given

approximately as
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dA
<E§ = - ngA(o) (VI.20)
and
ae
E?) = - b . (vi.21)
(0]

The phase-modulation device function is then calculated from
A5 = o(y,&N,AT) - 6(y,0,0) (VI.22)

and the amplitude-modulation device function from

Aa Adb(y,ﬁl,ﬁN) - Adb(y,0,0) ) (VI.23)

db

Typical plots of the device functions for the tube with a large-
signal carrier are shown in Figs. VI.12 through VI.1lkh.
Now that the method of calculating the modulation device func-

tions has been given, their use will be discussed.

C. Low Modulation Frequencies = Using the Modulation Device Functions

Perhaps the most important use of the modulation device functions
in modulation analyses is in determining output spectra of tubes for
given modulation signal wave shapes. In order to calcﬁlate the output
spectrum it is necessary to have an explicit form of the modulation
device function as a function of the modulation signal. This can be
obtained by fitting the modulation device functions with polynomials.
The analytic form can also be obtained using the Taylor series for the
small-signal tube. In either case it is assumed that a second-order
series for the gain and phase shift will suffice. If the output signal

is represented by



-143-

20

16
/ s
UNMODULATED TUBE SATURATED FOR y>77 .

1.2 /
////“5
0.8 / ry=4
: 4
&
z
s o
g
2
=
L,-04
(7]
E y=3//
-0.8 /
y=4
e
y=5
-1.6 ///
yoo! //
-20 y=7/y=8

-0l10 -0.05 0 0.05 0.10
NORMALIZED BEAM-POTENTIAL MODULATION, AV/V,,

FIG MI.12 PHASE-MODULATION DEVICE FUNCTION DURING
BEAM-POTENTIAL MODULATION, LARGE-SIGNAL

CALCULATION. (C,=0.10, QC,=0.250, d,=0, b,=1.0, B=l0, a'/b=2.0)



AMPLITUDE MODULATION IN db, d4b

~1hh o

UNMODULATED TUBE SATURATED FOR y>77

(@
\\\ o
\\§
\
/
/

y=4 // /" \. '\\
=5 R4 \
y / / \‘\\\\ . N
- 7 /| A '\\
y=6 N\ \
y=7 / \\'\“. ‘.
> \ \,
%N
Y
\
\
o\
3 \
\
-4
-0.15 -0.10 -0.05 0] 0.05 010 0.15

NORMALIZED BEAM-POTENTIAL MODULATION, AV/V,,

FIG. MT.13 AMPLITUDE- MODULATION DEVICE FUNCTION
DURING BEAM-POTENTIAL MODULATION,
LARGE~-SIGNAL CALCULATION. (C4=0.10, QC,=0.250,

dy =0, by =10, B=L.0, a'/b'=2.0)



PHASE MODULATION IN RADIANS, AS

AMPLITUDE MODULATION IN db, Aay,

-145-

0.4
\\
\\
N
0.2 \\ \\
I~ ~
\"\\\\ ‘\\
T — ~ N~
\ \\
N\
N R A
N T
‘\\\\.\\\
N e
-0.2 N ]
y=3 \\
y=4
_____ y=5
-0.4 - y=6
a4
2 ::/’/
-~ 7‘/
="
é%
0 ———— -
/—'///
~
'//7/4/
— %
N = %
e
.~
-4
-0.24 -0.16 -0.08 0 0.08 0.16 0.24
NORMALIZED BEAM CURRENT MODULATION AI/IL,,
FIG.XT .14 MODULATION DEVICE FUNCTIONS DURING BEAM-

CURRENT MODULATION, LARGE-SIGNAL CALCULATION.
(Co=0.10, QC,=0, do =0, bp=0.1525,AV=0)



-146-

T = G(g) cos [w,t + @(&)] (VI.2kh)
0
where E = the output field with modulation,
Eo = the output field without modulation,
G = the amplitude function = 1 + hi& + hotZ |
® = the phase function = ¢,(1 + pif + p2t®)
o, = the phase shift without modulation, and
E is the modulating signal, periodic with fundamental fre-

quency w,, then the output spectrum around the fundamental of the

carrier signal 1s given by

an
1 :
AL = Iz JF G(e) exp Jlo(e) - mo t] dw,t
o
or
2n
_ 4 2 . 2
Alm = 1= L/ﬁ [l+hl§+h2§ ] exp J[@o(l+pl§+p2§ ) - nnét] d&ét L(VI.25)
o
The spectral line is located at w,+mw, with m = O,£1, £2, +3 ... with

amplitude 2Re(Aqy).
It can be seen from Figs. VI.5 and VI.12 that there is a region
of beam potential modulation over which a linear phase modulation can be

obtained. In certain applications such as SerrodynelZ

operation, a
large linear range with minimum inherent amplitude modulation is re-
quired. It was found that the addition of loss extends the linear
range. The inherent amplitude modulation can be minimized by working
the tube near saturation. This will not have an adverse effect on the

linearity of the phase modulation and for some cages extends the linear

range. One immediate difficulty of working near saturation, however,

12. Cumming, R. C., op cit.
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is that at this level of operation, any amplitude modulation on the
carrier will be transformed to an additional phase modulation; there-
fore one can use the saturated operation only for those cases where the
amplitude of the carrier does not vary appreciably. Simultaneous
modﬁlation of the beam current and potential is another method of ob-
taining linear phase modulation while minimizing the amplitude modula-
tion.

In order to obtain large phase modulation indices it 1s probably
best to use a long, low-C, voltage-modulated tube; however this tube
will have considerable amplitude variation. The variation will de-
crease if the C is increased while the gain is kept constant. The
current modulated traveling-wave tube will give linear amplitude modu-
lation with small phase variation. The effect of the modulation of the
initial loss parameter A is important in short high-C tubes or Cresta-
trons but is not important in the long low-C tube. Also, the effect of
modulation on A is more pronounced during a voltage modulation than
during a current modulation.

Experiments to check the low-frequency beam modulation analyses

gave good correlation with theoretical results.

D. High Modulation Frequencies -General Analysis

The preceding sections dealt with low-frequency modulating sig-
nals whére a quasi-stationary analysis could be used to describe the
modulation effects. When the modulation frequency is comparable to the
carrier frequency the time dependence of the modulating signal must be
' considered in thé interaction equations; also the fact that the beam is
itself a nonlinear entity will rgsult in the generation of sidebands.

These sidebands are far removed from the carrier and therefore each will
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see a different impedance and propagate with a velocity other than that
of the carrier. The nonlinear properties of the beam would best be
described by the Lagrangian analysis used in the preceding section;
however, for the case of the two-frequency problem the complexities
introduced are quite formidable. Therefore it was decided to use an
Eulerian analysis but to preserve the nonlinearities introduced by the
ballistic equations. This of course implies that there are no crossings
of electron trajectories.

The high-frequency modulation problem is equivalent to solving
the problem of the interaction of a beam and circuit wave with the
simultaneous application of two signals of different frequencies, w; and
Wws. The boundary conditions will specify which is the carrier and which
carries modulation information. The sidebands nw; + mwp, where n,m take
on all positive and negative integral values, will be produced by a
mixing interaction. The electrokinetic variables may be expanded in a

double Fouriler series of the applied frequencies as

(o) o0

Charge density, p(z,t) = Ei }: pnm(z) exp j(nwl+mw2) t , (VI.2%a)

N==00 MN==00

00 00
Beam velocity, v(z,t) = j{f ;7 vnm(z) exp j(nwl+mw2) t , (VI.25D)
A

N==00 MN==00

o (o]

Electric field, E(z,t) = }: }: Enm(z) exp j(nwl+mw2) t , (VI.25¢)

N==00 [N==-c0
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0 [28)

Convection current, i(z,t) = }; }; inm(z) exp j(mnl+mw2) t (VI.25d)

N=-=00 M==0

As usual, the electric field is assumed to be composed of a cir-
cuit field component and of a space-charge field component and the fields
are assumed to be derivable from potentials (VC and Vsc)' The following
relations are obtained between the Fourier coefficients when Egs. VI.23
are introduced into the forced telegrapher's Newtonian force, and con-

servation of charge equations.

0 ! .
i = ] }E: ‘nr,mes s + v + }; v (VI.2%a)
nm T Y TW_+ SW dz o o n-r,m-s ’ )
1 2 rs
T, S==0
> R2 av
(. +mo_ W+ }; v n-r,m-s _ g4 nm” nm + 1 cnm
1 rs dz € o(nw 1D ) dz ?
T,5==w © 1=
(VI.26b)
d2vcnm (nw +mw2)2 Zom di__
+ j; Voo - 3 0= (m+mw)) —— = 0 , (VI.26c)
2
dz cnm cnm

where the summation Z' is over all terms where rw;+swp does not vanish,
and the summation Z" is for all terms where rw;+swz = O except that for
which r,s = O; Po is the d-c beam density, Pors is the d-c beam density
corresponding to rw;+swz = O; R, is the plasma frequency reduction
factor at frequency nw,+mws; o is the beam cross Sectional area; Vaonm
ig the cold circuit velocity at frequency nw;+mws and Zonm is the cir-
cuit impedance at frequency nw;+mws. Also f-n,-m = fX.-

Equation VI.25 and the appropriate boundary conditions describe

the mixing type of interaction. Unfortunately this set of eguations
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represents an infinite set of nonlinear differential equations. To
facilitate the solution of these equations and also because of the very
nature of mixing devices, it will be assumed that the signal at the
higher frequency w; has a larger amplitude than the signal at ws. The
larger signal will be called the pump or local oscillator. The only
sidebands considered in the problem will now be the upper and lower ones
around the pump. The sidebands around the second and higher harmonics
of the pump may certainly be significant; however they are neglected in
this present study. An "r-f linearization" is made by assuming that the
pump propagation is not perturbed by the interaction. The usual d-c
linearizations are introduced by assuming that the r-f quantities at the
pump frequency are smaller in amplitude than the corresponding average
values. The solution at the pump frequency is that of the ordinary
traveling-wave tube or space-charge waves if the circuit impedance is
reduced to zero. The equations at the upper sideband (n=1,m=1), the

lower sideband (n=1,m=-1), and the signal (n=0,m=1) are then given as

(n=1,m=1)

o1 dilO V1o d101 Yo dill
T T {ﬁ; iz " » iz T » 1o, az }-+ V110 ? (VI.2Ta)
1 2 1 2
av RZ i \'
(0 40 )V + a ( ) + u 11 in 1111 1 cl1
JAB TPV 4 dz 10 01 o d e olw +w ) dz ’
o ‘1 2
(VI.27p)
and
a= Cc11 (wl+w2)2 o11 dlll
+ v -3 (w +» ) = 0 . (VI.27c)
2
3z2 Ve, c11 VCll 1 g dz



-151-

(n=1,m=-1)
V.o digl Yo dil 1 vgl di1o
. . 1 -
T J <-w dz * % - dz + w dz > * V1-1po ? (VI.28a)
2 1 2 1
dvl-l f-l il 1 chl 1
. - el * — — . - -
J(wl w2> Viaa T az V01vlo) Y Taz 9N e olw -w ) dz ?
o 1 2
and (VI.28D)
2V01 1 (-0 )" ? 1 dll 1
- —l -
— - Voo = 9 (w a>2) = o . (VI.28c)
c1i-1 c1
(n=0,m=1)
Vi1 diio Vi 1 dilO V10 dif 1 Yo d101 vio dlll
i = < + + = + — + >
01 -0 dz W, dz W, wl dz W, dz wl+w2 dz
+ V0L (VI.29a)
dv R i av
v 4 4a (v. v¢ 4v% v. ) +u oL _ _ . _0O101 col
JPV01 T Tz 11 10 1=1 10 o dz B IN € 0w, " 73z ?
and (VI.29b)
azv »? Zo W, 31
=
CZl 2 Vcol - J —Vgi—- dzl =0 ' (VI.29¢)
dz Veor co1l
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The simultaneous. solution of Egs. VI.26 through VI.28 subject
to sufficient boundary conditions constitutes a solution. DeGrasse'sl®s14
theoretical work on traveling-wave tube mixers neglected some of the
coupling effects included above in addition to the assumption that the
signal (n=0,m=1) propagates unperturbed.

A special solution to the above set of equations, the longitudinal-

beam parametric amplifier in which there is no r-f circuit (Zo = 0) and

wy = 2ws (degenerate frequencies), will now be given.

E. High Modulation Frequencies, Longitudinal-Beam Parametric Amplifier

The longitudinal-beam parametric amplifier has been proposed as
a low-noise high-gain amplifier utilizing fast-wave amplification®®,18,
Previous work on this subject has dealt with theories based on coupling
between the signal and its lower sideband and neglected coupling to the
upper sidebands. Since this is a traveling-wave parametric amplifier a
consideration of additional sidebands certainly becomes important. Ad-
ditional Jjustification for looking into a consideration of the effect

of the upper sideband is that the high gain and low noise predicted

were never attained'” experimentally. The investigation was done using

13, DeGrasse, R. W., op cit.

14, DeGrasse, R. W., and Wade, G., "Microwave Mixing and Frequency
Dividing", Tech. Rept. No. 386-1, Stanford University, Electron
Tube laboratory, Stanford Electronics laboratories; November 12,
1957.

15. Louisell, W. H., and Quate, C. F., op cit.

16. Haus, H. A., "The Kinetic Power Theorem for Parametric, Longitudinal-
Beam Amplifiers", Trans. PGED-IRE, vol. ED-5, No. 4, pp. 225-232;
October, 1958.

17. Ashkin, A., Bridges, T. J., Louisell, W. H., Quate, C. F., "Para-
metric Electron-Beam Devices", paper presented at IRE WESCON
meeting; August, 1958. '




-153-

the above equations. A preliminary report'® of these findings was

given recently.

The solution will contain terms originally defined by Louisell

and Quatel®. Define

W o= 2w = 2w 5
1 2
np
- =2 = w2 H ® = W = R s
ceo P q 01 01 D
R
10 10 a wao ~ gt
- - J
o1 Rl-l qul
and
11 _ mqll -~ 3pbr
R01 wq01

Assume that the, pump wave propagates as a single space-charge

wave, which can be described as

a'w
. _ m Y _ q
i, 0= I, + 35 I, exp - 238 < — > z (VI.30a)
a'mq n a’wq
Vo = Uyt T 3 Y SXP - 238, < - — > z (VI.30b)

where a' > O for the fast space-charge wave,
a' < 0 for the slow space-charge wave, and

m = depth of current modulation (a vector).

Also define

a'wq
v, = ul(z) exp - JB <l - — > z (VI.31la)

1

18. Sobol, H., "Extension of Longitudinal-Beam Parametric-Amplifier
Theory", Letter to the Editor, Proc. IRE, (to be published)

19. Louisell, W. H., and Quate, C. F., op cit.



-154-

<
1

11

a'wq
ull(z) exp - 338 <i - = > z (VI.31b)

a‘wq
and assume " << 1.

When Egs. VI.29 and VI.30 along with the above definitions are
substituted into Egs. VI.26 through VI.28, two second-order linear

differential equations are found after considerable mathematical

manipulation.

d2u du \ l2 i |2
1 . 1 =) 2 m n
o S U (RS- S RERCOIE S

- 62 m (l+2a'2) u¥ + JB a! ﬁ 1+ _.i‘._ f&.
1 2 5b'2 dz
- g% il a1+ = u . -a'?g® s u¥ = 0.(VI.32)
q 2 b2 11 qa 4 T12 DA

and

dzull dull i |m|2
s ' - 2 12 12 I Y =
— 6Jaqa 3 - 9y [a <l+b > T - b J u

du
5 ' _BE 12| 1 2 m 12 1 1
+ JBqé 5 [l+5b :l I - 9Bq 5 [a (1+b'3) + b 2} u,

2
28 ux = 0 . (VI.33)

12 12
- %D Bq T

These equations can be solved by assuming a real and imaginary

part for u; and u;; and defining the linear operator
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Substitution of the operator form and separation of the equations into

real and imaginary parts gives four linear homogeneous equations of the

form
r@ll(u) o (W) o (w) <I>l4(u)— _ulR )
o, (uy o (W) o (u) o (4 u
o (w) o (u) o (b)) o (k) LI T
o) 000 e 00 e 60 |y, (v1.5)
_ B

The condition for a solution to exist i1s that the determinant of
the coefficients must vanish. When the determinant is éxpanded and set
equal to zero an eighth-order polynomial, the characteristic equation,
results. The characteristic equation has terms in a'? and b'Z so that
the same roots are found for the fast- or slow-wave excitation. The
characteristic equation is also independent of pump phase. This des-
cription of the amplifier gives eight waves. The simple solution for a

very thin beam (a'=b'=1l) is given approximately as

B ~ 23 ,

+ 63 ,

5,6 <g £ g> \ml ?

-
W
¢

-
Q

-
U

o= (3232 ml (v1.35)
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The roots for the thin beam are plotted in Figs. VI.1l5, while
" those for a beam of finite size are plotted in Fig. VI.16. Since there
are eight roots, there will be eight ane amplitudes to determine for
each of the real and imaginary components of the velocities u; and u;;.
Eight of the constants will be arbitrary, being specified by the real
and imaginary components of the velocities and the distance derivative
of velocities at the input. This means that the remaining twenty-four
constants are not arbitrary. Relations between the coefficients can be

obtained from Eq. VI.33 and the roots as

-Qll(ui)ei ®12(Mi) ®13(”i) ®14(“i) M4
-@21(Hi)€i = ®22(“‘1) <D28(ui) ®24(Hi) Ti
-0, (byey 9p(ry) O (ky) oy, () ﬂiJ ’ (VI.36)

where €; = coefficient of u s
iR
niy = coefficient of L
T; = coefficient of u , and
i 11R
w; = coefficient of u |
111

When the index i is allowed to run from 1 to 8, the amplitudes
n, T, and w.can be obtained in terms of the amplitude of €; therefore
the necessary relations have been determined. The boundary conditions
are that the signal wave enters as an ordinary signal space-charge wave
but the upper sideband is initially unexcited. The wave amplitudes were
calculated for the thin beam case with fast wave excitation and with the
roots given in Eq. VI.34. The depth of modulation factor m was speci-
fied as m = lml exp j6. For 6 = 90 degrees, only the growing waves

(roots 5 and 6) are excited and the velocities are given as



X,y

-157-

7
6 é# yl
5 MERE B}
X, = Xp = X3 = Xq =
Yi s -Y2y, ¥3%" Y4
XS" Xe --X7 ="X8
4 —ye = -
Ys=~"Ye =¥7 = "VYg
3
2
Y3
/Ys
| e
/
//
— Xg
/
4—:-—/
0 0.2 04 0.6 0.8 .0 .2

PUMP AMPLITUDE, Iml

FIG.YL. 15 LONGITUDINAL-BEAM PARAMETRIC -AMPLIFIER
PROPAGATION CONSTANTS AS FUNCTIONS OF THE
PUMP AMPLITUDE (a' =b' = 1.0).



X,y

-158-

4.0
Y
3.6
3.2
K =X +jy
28 Xy = Xz = X3 * x4 =0
Yi = -Y2, Y3 T-Y4
X3 = Xs - "X7 ='Xe
2.4
2.0
\
\\
\ y3
1.2
y5 =-y6 = y7=-ya
0.8 ] /
y7_-y5 /
0.4 /’/
_—/
A%
=
,A’////
(o} 0.2 0.4 0.6 0.8 1.O 1.2
PUMP AMPLITUDE, Iml
FIG.MI. 16 LONGITUDINAL-BEAM PARAMETRIC~-AMPLIFIER

PROPAGATION CONSTANTS AS FUNCTIONS OF
THE PUMP AMPLITUDE. (d'=0.697, b =0.513)
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- W
v, =~ 1.051 cos [g |m | qu - 17,8u°J exp % |m | qu exp - JB, < - 7%)2

w

v, =~ 1.822 sin @ |m | qu) exp % |m| Bz exp - 3B, < - Z%) z. (VI.37)

When a phase of -90 degrees is used, only the declining waves

(roots 7 and 8) are excited. In this case the velocities are given as

s o 3 . !
v, ~ 1.051 cos LH |m| qu + 17.84° | exp - g |m| qu exp - B (1 - )2
v~ 1.822 sin 2 m| B z exp - 2 lm| B z exp - 38 (1 - fﬂ z . (VI.38)
11 ) N q P -3 q p JB m . .

The dependence on the phase closely resembles the conditions in
order parametric amplifiers operating at degenerate frequencies.

The rate of growth indicated in Eq. VI.36 is one-half of the value
obtained by Louisell and Quate®® in their work where only the lower side-
band was considered. Also it is seen that the upper sideband is very
heavily excited; therefore noise at this frequency would be an important
consideration. These results of lower gain and heavy upper sideband
excitation explain in part the discrepancy between the experimental re-
sults and results from the previous theory. The inclusion of additional
sidebands, especially those around the second pump harmonic, would lead

to more accurate answers than those obtained here.

20. Ibid.
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The theoretical results presented here are in accord with a pre-
diction in the recent paper of Roe and Boydzl, where it is shown that
with a dispersionless case there will be no exponential gain but as
dispersion is added to the system gain will result. The longitudinal-
beam parametric amplifier has dispersion introduced by the plasma fre-

quency reduction factor.

E. Conclusion

The modulated-beam-traveling-wave tube has been studied for
modulating signals with frequencies very much less than the carrier and
also for modulation signals with frequencies comparable to the carrier.
The following has been shown for the low-frequency signals: 1.) The
range of linear phase modulation during beam-potential modulation can be
extended by the addition of loss. 2.) It is possible to minimize the
inherent amplitude modulation during beam-voltage modulation without
destroying the phase linearity by using large carrier signals. 3.)
Iarge phase-modulation indices can be obtained with long low-C tubes.
4.,) It is important in the linear analysis to include modulation effects
of the initial wave amplitudes for short tubes or Crestatrons. Also,
the modulation effects on the initial loss parameter are more pronounced
during voltage modulation than during current modulation.

. The longitudinal-beam parametric amplifier has been investigated
using the high-modulating-frequency analysis. The effect of the upper
sideband around the pump fundamental has been considered. It has been
shown that: 1.) The signal at the upper sideband is very strongly ex-

cited, indicating the presence of noise at this frequency, and 2.) The

21. Roe, G. M. and Boyd, M. R., "Parametric Energy Conversion in Dis-
tributed Systems", Proc. IRE, vol. 47, No. 7, pp. 1213-1218;

July, 1959.
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gain will be very much less than the gain obtained considering only the

lower sideband.

VII. DISK AND HELICALLY LOADED COAXTAL

AND WAVEGUIDE TWA STRUCTURES (R. W. Larson)

A. Introduction

The disk and helically loaded coax and waveguide structures
shown in Figs. VII.1l,e through £, have been proposed and used as high-
power traveling-wave tube structures. It is obvious that because of
size, they are capable of greater power-handling capacity than the
smaller, more delicate helices shown in (a) through (e) of Fig. VII.1.
However, other characteristics are equally important. This report is
intended to illustrate several methods of analysis which may be used
in evaluationg the w-B diagram and the interaction impedance.

Apparently the first to consider this problem for the helicoid
was Field?l in 1949, but his results were inconclusive and in fact do
not agree well with later results. Rowe? and Kleen and Ruppel® later
mentioned this structure but apparently the first design and experi-
mental analysis of the helicoid waé given by Valtersson® at the Congres

Tubes Hyperfrequencies, Paris, 1956. Others have worked on the problem,

1. Field, L. M., "Some Slow-Wave Structures for Traveling-Wave Tubes",
Proc. IRE, vol. 37, No. 1, pp. 34-L0O; January, 1949.

2. Rowe, J. E., "A Wide Band Structure for High-Power Traveling-Wave
Tubes", Trans. PGED, vol. ED-1, No. 1, pp. 55-56; December, 1953.

3, Kleen, W. and Ruppel, W., "Delay Lines as Circuit Elements of
Electron Tubes", Archiv. der. Electr., vol. 40, No. 5, pp. 280-30k;
1952,

4. Valtersson, B., "Phase Velocity in Helical Waveguides', L'Onde
Electrique; October, 1957.
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especially a group at Stanford® whose work will be mentioned later, but
the outstanding reference to date is by Hennoch®.

The main attempt in the following analysis will be to understand
the helically loaded coax, of Fig. VII.1lj, but it is apparent that the
similarity to disk structures will mean a certain emphasis must be
placed on these structures also. The differences will be discussed more
fully in Section G. To this end then, we will study several valid ap-
proaches to this problem in a rather arbitrary order of increasing
complexity:

B. Filter Theory
C. Perturbations
D. Developed Structures, Alte?ed Geometry
E. First Limiting Case; Enclosed Helicoid
1. Wrapped Rectangular Guide
2. "Exact" Helicoid Solutions
F. ©Second Limiting Case, Disk-Structure
G. "Exact'" Open Helicoid
H. Modifications, Conclusions

The following symbols have been chosen to describe the dimen-
sions, physical quantities and parameters. The nomenclature in this
area 1s not yet standardized and therefore other common symbols are

included in parenthesis at the end of each definition, to facilitate

reading and future choice.

5. Consolidated Quarterly Progress Report No. 9, Electron Devices
Laboratory, Stanford Electronics Laboratory; Januaryl to March
31, 1959.

6. Hennoch, B. T., "Investigations of the Disk-Loaded and Helical
Waveguide", Trans. Royal Inst. of Tech., No. 129, Stockholm,
Sweden; 1958.
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SYMBOLS

inner radius of slow wave structures (b)

outer radius of slow wave structures (a)

magnetic field strength

velocity of light

Pierce gain parameter

breadth of disk or groove space (5)

disk or helicoid periodicity or pitch (s,p)
electric field strength

rod or innermost radius (c)

special combinations of regular and modified Bessel
functions

modified Bessel functions of order v and argument
x, 1lst and 2nd kind.

regular Bessel functions of order v and argument
x, lst and 2nd kinds respectively and reléted to
the modified Bessel func¢tions by Eq. VII.Z21
integral values of the order of the Bessel function
and the order of the Fourier harmonic

power transfer

velocity (u)

beam voltage

width of rectangular guide, or in wrapped guide,
W = b-a

normalized slot area admittance

axial propagation constant, ayv(Bo,yo)

axial propagation constant of the nth space harmonic,

B, = B+ Qﬁn/D(yn)
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Y radial propagation constant of the nth space har-
monic defined by Eq. VII.12 72 = k®-k® for the
enclosed helicoid and by Eq. VII.20 72 = B5-kZ
for the disk cases (Tp)

k free-space propagation constant, w/c(Bg,kq)

K alternative constant for giving field dependence in
the z-direction (B)

o] normalized beam area admittance

% fractional order of Bessel function and fractional

angular propagation constant

Filter Theory Approach

o

To obtain an appreciation for the frequency characteristics of
the disk-loaded structures, we can consider the equivalent filters for
these structures. To the extent that the helicoilds look like the disk
structures, this filter analogy will also apply to them.

To obtain a form for the filter, we must consider the series and
parallel values of impedance as seen at the edges of the disks. Looking
out into the cavities of the structure of Fig. VII.1lf as a representa-
tive case, we know from more elementary work” that there is a capacitance
seen between disks or vanes and there is also a short inductive section
of transmission line. When looking toward the center in the center rod
case we see essentially a capacitance. When no center rod is present
we again see a parallel L-C combination. These circuits are summarized
in Fig. VII.2. This analysis shows us that to achieve a low-pass type
of structure we must have a center rod. An increase in Cp in this low-

pass case, with its accompanying decrease in phase velocity, can be

7. Ramo, S. and Whinnery, J., Fields and Waves in Modern Radio, John
Wiley and Sons, Inc., New York; 1949.
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accomplished by increasing the rod size. Correspondingly an increase in
the relative groove depth will mean an increase in L, with a corres-
ponding decrease in the resonant frequency Wy = l/'JEE. Much more can
be said of the analogies with filter theory but nother exact can be

obtained without exact L-C values and their frequency characteristics.

C. Perturbation Technigue

For small groove depth, somewhat more accurate results may be
obtained by utilizing the known results for ordinary circular waveguide
and coax. This is the usual technique in perturbation analyses of all
sorts. In this case we know, for instance, that for TM and TE modes in

cylindrical and coaxial guides respectively”’

TM:  cylindrical; In(ynb) = 0 (VII.1)
coaxial 3 Eﬁﬂﬁ)Kﬁwﬁﬂ -Eﬁnﬁ)lnwgﬂ = 0 ,(VII.2)
TE: cylindrical; Iﬁ(ynb) = 0 (VII.3?)

coaxial ; Iﬂ(yng) Kﬁ(ynb) - Ké(yng) Iﬁ(ynb) = 0 . (VIL.%)

It has been shown® that for n > 0 the TE modes are unstable in
the presence of a helical perturbation, while the TM modes are stable.
Hennoch® has given the matching equations for the admittances in the
case of small perturbations. It is obvious that there will be a cer-
tain simplification in the arithmetical calculations. However, it is
not possible’to extend the results beyond the region where they are

mathematically valid.

8. Karbowiak, A. E., "Microwave Propagation in Anisotropic Waveguides",
Proc. IEE, Mon. 147 R; August, 1955.
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D. Developed Structures, Altered Geometry

A logical approach to the understanding of the helicoid is to
"develop" or unwrap the helicoid. This artificial slow-wave structure
may then be analyzed Just as we propose to analyze the disk and helicoid
structures in Sections F and G. The advantage is 1in now being able to
work with trigonometric and hyperbolic functions. Their advantage over
cylindrical Bessel functions is only in familiarity and availability of
relationships and fabulated values. Valtersson's?* approach to the an-
alysis of the helicoid was this last one. This curve is shown in Fig.
VII.3, curve C, for comparison with several other results. This phase
velocity was obtained for the case: b/a =L, a/g =1.25, D/a = 0.5,

d/D = 0.k. It is to be expected that this analogy would not stand up

too well when the radius of curvature is small compared to the wavelength.
Moreover, the results given by Valtersson more nearly coincide with the
disk results, rather than the helicoid results to be given later. This

is a fundamental limitation in this method of analysis as in all analyses

involving "development".

E. First Limiting Case - Enclosed Helicoid

1. 'Wrapped" Rectangular Guide. It may be enlightening to con-
sider wrapping a rectangular waveguide carrying the TE;o mode. It is
apparent that there can now be no analogy with disk-loaded guides since
the inner cavity boundary is now replaced by a metal wall and we must
be content with analyzing a completely different circuit. Disman® has
shown by this technique that the maximum useful bandwidth is only 5

percent. This is the frequency difference between the low-frequency

9. Disman, M. I., "A Preliminary Investigation of a High-Power Hollow-
Beam TWT Amplifier) Technical Report No. 458-1, Electron Devices
Laboratory, Stanford University; November 4, 1958.
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cutoff at AL and the so-called "x'" cutoff at A, where the angular
propagation constant v = 1/2 or BD = . From Ramo and Whinnery”’ we

know that the phase shift in the helical direction (using rectangular

1
2
21 A
Bg = T\/l—' '2'W> s (VII.5)

We can convert this to a phase shift B in the longitudinal direction by

waveguide results) is

where W = b - a.
multiplying by the ratio of circumferential to longitudinal path length.
W = |
[Qn <é + %>} + D=
D 2

if we take the average length of the path as that at the center of the

grid. To find the = cutoff at Ny we let BD = wn. If the low-frequency

2(b-a), then

cutoff can be considered to occur for KL = 2W

M

& - (o f)f oo

+1 . (VII.6a)

Since (A /Ay) is maximized for a and D both equal to zero,

Mo 1+ G)z , (VII.6b)

A
1

so that the maximum available bandwidth is indeed approximately 5

percent.
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2. _Exact Helicoid Solutions. Waldron'®s1l approached the

helicoid only as a mathematical problem and so was not interested in

the enclosed helicoid as a slow-wave circuit. However, his analysis is
of interest since it is expected that the open helicoids must possess
certain similarities to the enclosed helicoid. Waldron has proven by
means of a perturbation analysis that the helicoid may have the inher-
ently difficult helical character removed by straightening the guide

out to an "infinite wrapped rectangular guide". The helical side walls
now become disks, but we need not restrain ourselves to the condition
F(6) = F(6 + 2n). Mathematically this means that the angular propa-
gation constant need no longer be an integer (or zero). Using cylindri-

cal coordinates r, 6, z then, he chooses a general field

E = {? B, + OB, + ZEZ} {eJ*‘Z + Pe’J“Z} e VOt (y11.7)

{E H, + OH, + EHZ} {eJ”Z + Qe'J“Z} eIVt (y11.8)

=
I

By substituting the above into Maxwell's equations and eliminating the

radial and tangential field components one obtains the wave equations

(2 +79)E, = 0 (VII.9)

(VC+7%)H, = 0 (VII.10)
where -

Vv, = V-2 57 (VII.11)

10. Waldron, R. A., "Theory of the Helical Waveguide of Rectangular
Cross-Section", Journ. Brit. IRE, vol. 17, No. 10, pp. 577-592;
October, 1957.

11. Waldron, R. A., "A Helical Coordinate System and Its Application in
Electromagnetic Theory'", Quarterly Journ. of Mech. and Appl. Math.,
vol. 11, Pt. L4, pp. 438-UB1; November, 1958.
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and

We next may consider two sets of normal modes, the E and H modes, re-
spectively characterized by H, = C and E, = O. These are not related
to the usual waveguide modes where propagation is 1in the z-direction,
since now we have propagation in the 6 direction and k takes on only
integral values.

The solutions of the wave equation are

E Modes:
4 . -l D . - —~ ) .
E = {feJKZ + Ge JKZ}'{J (yr) + RN (7r)}'e Jvo, Jot s
Z 1% 1%

H, = 0 . (VII.13a)
H Modes:

E = O )

H, = {?'eJKZ + G'e_JKZ}’{qv(yr) + R'Nv(yr)}'e_Jveert , (VIT.13Db)

where F, F', G, G', R and R' are arbitrary integration constants to be
evaluated from the boundary conditions. The other components for both

modes are

- 2 _.2 .
77 = e _u - . (VII.12)
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jus]
Il
fof -

3 5HZ jweo aEZ
T y [§Z_<Br>+ T 86] ?

OH OE
g - L1 9 2\ _ e z
o = 2 |r 2\3s o3|
. _ i r- j(l)p.o aHZ . a aEZ
r ¥2 L T D6 T Jz\or ’
OH oE
1. z 1 9d Z
E@ = ;E [J(q_l,o E_— + ; & <BE'>:! . (VII.l)-P)

Considering the E mode first, we note that at z = O and z = 4,
the electric field must be entirely normal to the disks, so E,. = EG = 0.
Hence, F = G and k = mn/d, where m is an integer. TFor the same reason

o = EZ =0at r =aand r = b so that

If
O

3, (7a) + RN (72)

(VII.15)

1l
O

Jv(yb) + RNV(yb)
The only solution which gives the same value of R is

Hv,v(a,b) = Jv(ya) Nv(yb) - Jv(yb) Nv(ya) = 0 . (VII.16)
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The remaining field components may now be obtained and they are

_ _ mx mnz -jve Jjwt
E. 5 HV,V(r,b) sin ——= e e R
E, = Jznv H (r,b) sin Egi e_‘wee‘]a)t s
yerda V
_ mnz _-jve_Jjwt
E, = va(r,b) cos —— e e ,
we v . .
H,G = ° H (r,b) sin Egz e mdVOg dut ,
r y2p YV
Joe A e
_ o miz _-Jjvo Jjwt
Hy = ” Hv,v(r,b) cos —— e e ,
H = 0 . (VII.17)

The "w-B" curve is now replaced by an "w-v" curve which is
determined from Eq. VII.1l6; tabulated data are given in Waldron's
articlel! as well as in Jahnke and Emde'®. When v has been determined
as a function of frequency, we may then translate this into longitu-

dinal velocity information by means of the relationship

v = 2D or L - XD r (VII.18a)
c TV

which may be considered as arising from multiplying the velocity in the

helical direction by the tangent of the pitch angle

v - %I;> _D_> : (VII.18Db)

2nr

12. Jahnke, E., and Emde, F., Tables of Functions, Dover Publications,
New York; 1945.
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One such curve is shown in Fig. VII.3d, where the following data have

been chosen.

outer to inner radii ratio = 5.0

b/a

pitch to inner radius ratio = 0.5

I

D/a
and the lowest-order (k = 0) E mode has been assumed, since k comes
into the calculation of y from k(or w). This curve shows the highly
dispersive character noted in the preceding section and in fact is
perhaps even more severe than stated there. Clarke'® states that the
phase velocity for b/a = 5 falls from « at cutoff to Dc/b-a at the =

mode in a 3 percent frequency band.

We expect to see the general helicoid nature of this structure
as well as the disk results of the next section in the final open-

helicoid results.

F. Second Limiting Case - Disk Structure

This section might logically be considered to be an end in it-
self, since the disk-loaded coax structures have been known for some
time, and some noteworthy high-power traveling-wave tubes have been
tested. Besides Field's early workl; a group at the Federal Telecom-
munications Laboratories, Inc.'* worked on the disk-loaded coax struc-
ture. In the following we will not only be interested in the disk
structures as an idealized simplification of the helicoid, valid in
certain frequency ranges as yet to be determined, but we will also be
interested in the disk structures for their own value as high-power

slow-wave structures.

13, Clarke, G. M., "Helical Waveguides - Closed, Open and Coaxial",
Journ. Brit. IRE, vol. 18, No. 6, pp. 359-361; June, 1958.

14. Dewey, G. C., Parzen, P., and Marchese, T. J., "Periodic-Waveguide
Traveling-Wave Amplifier for Medium Powers', Proc. IRE, vol. 39,
No. 2; February, 1951.
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Many of the ideas of the previous section may now be used in
this disk analysis. In the helicoild analysis we assumed an angular
propagation constant v which could take on all values even though our
analysis was in cylindrical coordinates. In addition we assumed a
longitudinal propagation constant k = mn/d which was determined for
integral m. We now find that both qﬁ these choices may be simplified
since for F(6) = F(6 + 2n) we must have v = N an integer. In addition
k =m = 0 1s a good choice for the field variation across the disk gap,
especially for small gap width d. If N = O, we then have from Egs.

VII.1l7 only two components

_ Jwt
E, = Hoo(r,b) e s
Jwe .
_ o Jwt
Hy = - —4— Héo(r,b) e , (VII.19)
1 = - = - -
where Hoo(r,b) = Hlo(r,b) = {Jl(kr) No(kb) Nl(kr) Jo(kb)}' , and

k since k = O.

<
1l

In the event that there is an angle-dependent field on the outside,
Egs. VII.17 show that H. is also present and the functions Hoo(r,b),
Hyo(r,b) go over to HN’N(r,b), Hﬁ,N(r,b).

The innér fields (in the open space) are traveling waves rather
than standing waves and this fact is reflected in the radial propaga-
tion constant defined by Eq. VII.12. Rather than taking our propagation

constant as y = ‘Jw2u€-nz let us take the more usual choice of prop-

agation as



sO

Note that for slow waves and n > O, Bﬁ > kg, SO 7, 1s imaginary.
This choice allows us to find the field components from Eq.
VII.15 just as in the previous case when we chose propagation in the
z-direction as (Fet9"%40e™9%) and found that F = G so that we ob-
tained a cosinusoidal behavior. Our wave equation is essentially the

same; however, since our old definition of Eq. VII.12 gives imaginary

7n we will change our definition of ¥ to read

2 _ 2 _ 2 - 2 _ 2
Y, = B, -wue P, -k . (VII.20)

This now coincides with the choice of most other authors, in-
cluding Piercel®, and Sensiperl® and offers the advantage of working
with real y,. This difference in sign changes the wave equation and
we find that the new solution contains modified Bessel functions

In(ynr), and Kp(ypr) which are related simply to J,(ypr) and

Hél)(ynr) by
I (2) = exp-(—j V—2“-> 3 (3z)
K (2) = 3 g exp <j %} Hﬁl)(jz) . (VII.21)

15. Pierce, J. R., Traveling-Wave Tubes, Van Nostrand Company, New
York; 1950.
16. Sensiper, S., "Electromagnetic-Wave Propagation on Helical Con-

ductors'", Tech. Rpt. No. 194, Research Laboratory of Electronics,
Massachusetts Institute of Technology; 1951.
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This change in definition of Eq. VII.1l2 is necessary in order to avoid
the transformation of Eq. VII.21 at a later time, and especially because
of the availability of tabulated values for Iv's and Kv's whereas none
seem available for Nv(jz).
Thus the solution of the wave equation is now

B, = {AIN(ynr) + BKN(ynr)}'e-JﬁnZejNeejwt , (VII.22)
and for H, = O, we may find the remainder of the components from Egs.
VII.15. The introduction of the disk periodicity gives an infinite
number of space harmonics traveling at different phase velocities but
with the same group velocity. The field components in the most gen-

eral case are obtainable from the Maxwell equations and are given by

Hennoch, in forms such as

N=+c0 B 7
LNO_-Jort Py

z }j An [KN(yng)IN(ynr) - IN(yng)KN(ynr)} ©

N=-=00

(VII.23)

All KN(ynr) or KN(yng) terms will drop out if there is no center rod,
since the fields must be finite on the axis, and KN(O) = o. Also,

0) then for

Il

if the center space fields are circularly symmetric (N
the TM waves, Eg and Hr are zero.

Focusing our attention hereforth on only the TM waves since TE
waves are often not excited, we find that one way to evaluate the co-

efficients An is to let

groove E center

Eolr = a  z|r=a , (VII.24a)
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and

groove ~ |center
u/\ B, |z = L/q B |dz . (VII.24D)

r =a
gap gap

Because of the disk width, we find that the average effect of
the groove fields at the radius r = b, is that given by Eq. VII.22

multiplied by the factor

N=+c sin l B+ 2rny d
q . 0 D /2

a , (VII.25)

C& e
0 D 2

which is a standard factor for matching fields at such a boundary. For

N = 0, and n = O only, then

(VII.26)

STT=

( : 2

. . sin { 7 %)

1 Hoo(b,a) ) 1 Goo(g,a) o2

ka { :
00

el - 72 Goo(g,a) <% §>
o

2

Alternatively, a simpler approach is to match admittances at the
gap boundary. This was employed in an earlier project quarterlyl7 and

the resultant admittances are shown in Figs. VII.4 and VII.5 where

17. Larson, R. W., et al., "Theoretical and Experimental Investigation
of large-Signal Traveling-Wave Tubes', Quarterly Progress Report
No. 5, Project No. 2562, Contract No. AF30(602)-1596, Electron Tube
Ilaboratory, The University of Michigan; November, 1957.
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- _Ht
1 JlaNob N1aJob 1 Hoo(a’b)
L T I " B 5 oo
oa oa oa“ob Hoo(a’b)
1
1 I1aKog * Klang 1 Goo(a’g)
0 =%I 7 X 1 =—7§(— . (VII.E?)
oa og oa” 0g Goo a,g)

A matching of these equations, in this graphical form, thus
allows us to find B as a function of k. This allows the approximate

phase velocity to be determined from Eq. VII.20 and the definition of

B

> -1/2

L. % - [1 + <%§> ] . (VII.28)

This is an approximate result, since only the zero-order solu-
tion has been obtained and a more precise picture can be obtained only
by utilizing at least several components. The complete matching
equation will be given shortly, but first let us examine the matching

of Egqs. VII.27 for very small arguments, using

*
Io(x) = 1 Ko(x) = - In Z§$> ; Iny*¥ = 0.5772
X b'e *X
Il(x) = 3 Kl(x) = 3 In Z§%> . (VII.29)
Thus
D D 1 1
T = 3 = = = @ (VII.30)
(ka)® In (7a)2 in 2
SO
1 -1/2
v d In E !
S = 1+5 i (VII.31)

~
B
[ieN Y
S
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This approximate formula (plotted in Fig. VII.6), which is en-
tirely valid for small arguments, thus shows us clearly the way we
should proceed in order to achieve low phase velocities for the constant-
velocity region shown in Fig. VII.?, and indicated also by the.parallel
straight-line regions of Figs. VII.4 and VII.5. We obviously want d/D
and b/a large and a/g nearly 1. Unfortunately, as a few trials will
show, to obtain the low velocities used in traveling-wave tubes of
moderate power, the geometry requires a very small beam width (a-g).

The most complete matching formula has been given by Hennoch

and is

JN(kb) Nl\'I(ka) ~ NN(kb) Jl\'I(k.a)
ka, JN(kb) NN(ka) - NN(kb) JN(ka)

4 78) Li(ra) - I (7 &) Ki(r a)

_ e {KN‘
D 72 7,8) Ly(ra) - I(y 8) Ky(72)

N=~o0c

62<> Ki(7. &) In (ra) - (7 &) KN(y a)}{sula

kgwfl Ki(7g) Li(r.2) - Ii(7e) Ki(r.2) B,

} (VII.32)

rDIQ}S

Hennoch has plotted w-B curves for several values of b/a, d/D, D/a
and g/a for both N = 0 and N = 1, using n = 0, -1, and -2.

Leaving the area of velocity characteristics, we turn next to
calculating the power flow and impedance when the field components can
be given explicitly. Piercel® showed that the gain of a traveling-wave

tube was proportional to an amplification factor C which he chose to

SRR

define as
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The first factor depends on the electron beam, while the second is a
function of the particular slow-wave circuit under investigation and

is known as the coupling impedance. P is defined in the usual way

1
P = 3R \]P [Er HY - E, H§] ds . (VII.?N4)

S

Integration of the combinations of Bessel functions arising from the
proper insertion of the field components into this expression may be

obtained from the following form obtained from Erdelyil®
_ L2
jpz wv(az) wv(az) dz = [z [2mv(az) wv(az) wv+l(az) wv_l(az)
- wv_l(az) wv+l(az)] ,  (VIIi.z5)

where ® and w may be any Bessel functions of the first, second or
third types of order v.

The quantity EZ/B®P is generally expressed as

22 1/3 B 1/3 4/3
- (B VA
= -0 @ ¢ (VEL-56)

T is given in an earlier project quarterlyl7. From the small-argument

expansions of Eq. VII.29, F reduces to

1/3
F =~ 24ol/3 <% in g) ) (VII.?7)

The complete expression for F is plotted in Fig. VII.T7.
Hennoch has given similar equations for some of the more com-
plete solutions, and his calculated curves agree well with Fig. VII.7

for the low-frequency region. However, when the upper cutoff frequency

18. Erd€lyi, A., Bateman Manuscript Project, McGraw-Hill, New York,
195k.
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is reached, there is total reflection of the energy and the forward and
backward wave energies become equal. This of course demands the in-
clusion of the effect of this harmonic in the calculations and causes
the coupling factor to become infinite at that point.

Before proceeding to the helicoid it should be noted that the
coupling factor F, although it is very high for the apertured disk
structure, is not useful because of the extremely narrow bandwidth of
this structure. The relatively uniform region of F for low values of
ka in the disk-loaded coax cases is therefore encouraging, although it
does indicate nonuniform overall gain since there are fewer wavelengths
in the structure at low frequencies. This is perhaps the greatest
reason for the success of the helix as a slow-wave circuit: the
coupling factor F, which is roughly the gain per wavelength, falls off

with frequency in such a way as to compensate for the increasing number

of beam wavelengths.

G. "Exact" Helicoid

—

As a result of having discussed several similar structures, the
analysis of the structures shown in Figs. VII.li-{ becomes much sim-
pler. In fact, the expressions for the various fields in Regions I
and II have been given already. Thus in the helically spiraling re-
gions, we may apply the formulae developed in Section E.1 for the
enclosed helicoid, Eqs. VII.13, VII.1k and VII.15. In the free-space
regions, the fields given in the last section apply, namely those of
Egs. VII.22, VII.23 ané VII.2.

The matching of these different fields at the transition boundary

for the case of Fig. VII.1J is given by
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+00
1 va'<b’a) B d }Z 1 [Gnn'(g’a)
)

ka y a
B (ba) 7.2 L6 (g,8)

Nn==00

( n z l’ld \
2 .
a n Gn|n(g)a> 2
- 'd

{2 L (v11.38
k%2 G (g,2) } (72 35)

Bn
2 /

The evaluation of this equation is a more difficult matter than in the
disk case; but only in practice, not in theory. The reason for this

is the sparsity of tabulated values of fractional-order Bessel func-
tions. Formulae exist for calculating them from tabulated data for the
integral orders and from such tabulated orders as v = 1/2, 1/3, 1/L.
However, the application of these formulae to a problem of this sort

is prohibitive.

Fortunately, the Bessel functions with fractional order behave
similarly to those with integral order--the transition is a smooth one.
Thus in the region of low ka and low v, the propagation may be expected
to be very similar to that seen in the disk case, always assuming sim-
ilar types of modes. As the frequency is increased, we might then
expect that the resultant w-f curve would approach that for the open
helicoid, rather than the cutoff of the disk guides. This may be
though of as being caused by having now allowed the power which was
being dissipated in a standing wave in the disk-region to be channeled
into a traveling wave in the helicoid region. Hence the field com-
ponents can be described by forms similar to those of Eq. VII.1l7, of
Section E.2. However, because we now expect a maximum rather than zero

field at the inner radius r = a, the limiting curve is given by
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Jv(kb) J_'V(ka.) - J_v(kb) J]'/(ka) = 0 . (VII.39)

Hennoch gives the k-v plot for this case, having used three
harmonics in the free-space region. The asymptotic open helical wave-
guide curve is of the same form as that for the closed. The conclusion
is that in the low-frequency range, the helically loaded guide offers
no advantage over the simpler disk structure. In higher-frequency
ranges and at higher harmonics, it is possible that someone may see
gsome feature of the k-v curve which indicates an acceptable region of
operation and which is certainly not seen in the disk case.

Power transfer and interaction impedance calculations must now
be somewhat more complicated than in the disk cases, since power trans-
fer may be in both regions. The partial power transfer in the free-
space region may be calculated just as in the preceding section., That

in the groove region is given by
b
Re \/n (EZ X H?) dr . (VII.40)

8

groove 2

Using both of these forms, Hennoch has also plotted the coupling factor
for the helicoid. As was to be expected by the preceding arguments,
the behavior for small arguments is nearly the same as for the disk
structures. In order to achieve large coupling factors at large ka,

a small groove depth is indicated. For small ka, the coupling factor
is independent of groove depth, but has the same dependence on the
free-space geometry as indicated in Eq. VII.37 for the disk structures.
The differences in the impedance can be seen only for larger ka, and
this may be thought of as being caused by the increased power flow in

the groove for this frequency range.
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H. Modifications, Conclusions

As for the helix, a bifilar helicoid structure operating in an
"even" mode may be employed to extend the frequency range. The reason

for this is that now

ort
B, = T (v + 2n) (VII.k1)

so that the first zero appears at v = 2, rather than at 1, for n = -1.
The difficulty is of course in the suppression of the odd mode, which
may prove as troublesome here as it does in bifilar helices. In fact,
an unstrapped bifilar helix makes an excellent structure for a backward-
wave oscillator.

Another modification is the 'quasi-helical" guide proposed by
Valtersson® and discussed by Hennoch®. This is a disk structure in
which each disk has a radial metal ridge and slot extending between
radial disk boundaries. The disks would be so arranged as to simulate
the helicoid structure by means of the ridges and slots. The effect is
to cause increased coupling between disks over that of the central hole
coupling case. The experimental results from this structure did indeed
seem to indicate circumferential propagation in the disk region, which
correlated well with the limiting curve defined by Eq. VII.39.

A final form which does not fit into the above analyses is given
in several recent quarterly reports from Stanford®. Their helicoid is
similar to those under discussion, but without a center conductor, and
with ridges extending longitudinally from the inner radius towards each
other to form a narrow gap between ridges. The T-shaped vanes thus
support a wave which is said to propagate longitudinally with a vel-

ocity given by
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Voo o4 -1 D
- = sin <tan 2mn> . (VII.42)

Since it has been found that the ™ modes, which have been
assumed to exist, never show this behavior, another form of wave
propagation is socght to explain this form of velocity. This form is
that seen in the helix the slowing down is achieved only by virtue of
the length of circumferential path followed. Needless to say, this
is a highly desirable characteristic since 1t is not independent of
frequency and may be easily designed with good tolerance for any given
velocity, while not even requiring a center rod. If this is truly the
manner of propagation, then the mode must be a helix-type mode, with
little energy near the axis and little in the helicoid groove region.
Most certainly, a good deal of energy in the groove region would not
allow angular propagation to be determined by the radius of the inner
cylindrical wall alone.

In conclusion, this analysis of the helicoid has shown several
methods of attack on simple slow-wave structure geometries. The exact
field theory approach to several different cylindrical (including
helical) problems has been given in sufficient completeness to serve as
design criterion for cylindrical structures. As to relative merits of
the various structures analyzed, the following points might be stressed.

The enclosed helicoid of Section E 1s far too dispersive to serve
as a satisfactory traveling-wave tube structure. The helically loaded
guides having fields similar to those of the disk-loaded guides have been
shown to have similar properties in the low-frequency range. The prop-
erties are somewhat different for higher frequencies, as shown in Sec-
tion G. Finally, other types of helical wave may exist, supported by

various types of helical structures. Their analysis is not given, but
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if the energy transfer 1is essentially that of helically wrapped strip
lines, then analysis on the basis of developed structures should be
quite satisfactory. Another area of future investigation might be
attempting to find suitable methods for further slowing the helical wave
down in the groove region in order to achieve a lower phase velocity

than is currently available.

VIII. UHF CRESTATRON

(J. W. Ward)

A. Introduction

The purpose of this investigation was to design and build a
high-powered uhf Crestatron having a power output of 5-10 kw (pulsed)
in the 300-900-mc frequency range. Specifically, 10 db gain and a
saturation efficiency of at least 25 percent were target goals for this
tube. 1In order to achieve this high efficiency.a high-perveance hollow-
beam gun was used. This report describes the final electrical and
mechanical design and initial experimental results on the three tubes
which have been built. These tubes are identical except for minor
differences in supporting the electron gun electrodes. Complete eval-
vation of this tube, including saturation measurements, awaits the

arrival of a suitable driver.

B. Principles of Crestatron Operation

The Crestatron recently invented by Rowel is a forward-wave

amplifier which, like the backward-wave oscillator, operates on a

1. Rowe, J. E., "Theory of the Crestatron: A Forward-Wave Amplifier",
Tech. Rpt. No. 27, Electron Tube lLaboratory, The University of
Michigan; September, 1958.
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beating-wave principle. However, there is an important difference
between the operation of these two devices. Since the Crestatron uses
a forward traveling wave the density modulation in the stream and the
circuit field producing this modulation travel in the same direction,
resulting in an inherently more efficient type of operation. Typical
efficiencies are 25-30 percent compared to 3-5 percent for BWO's and
BWA's. The two beating waves in the Crestatron are the slow space-
charge wave and the circuit wave; the fast wave is not excited. At
the input these two waves are 180 degrees out of phase and naturally
must add up to the applied signal. Since these two waves have differ-
ent propagation constants, there is a point farther down the tube where
they add in phase, typically at a length where CN = 0.30 to 0.50. The

gain is primarily a function of Ab, where

£ vop -
Xl—

JAVe

and
1 uo
b = =(— -1 (VIII.1)
C Vp

As /b approaches zero the two waves have nearly the same propa-
gation constant, so a compromise must be made between length and gain
since the maximum gain increases as Ab approaches zero, while the
length to achieve this high gain increases. Typical values of Ab for
10 db gain at CN = 0.50 are around 0.20. As in the traveling-wave

amplifier it is desirable to have high C and low QC for high-efficiency

operation.
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C. General Design Considerations

A brief gsummary of the approach taken in designing helix-type
Crestatrons follows. No claim is made that this.is the best or fastest
method, but it is much faster than some other approaches tried. The
main problem is to keep the relative injection velocity b constant over
the frequency range of operation. The quantity Ab, which deﬁermines
the maximum Crestatron gain, is then nearly constant because bxl:O is
a slowly varying function of C and QC. To keep b constant requires
both low dispersion and low impedance variation across the frequency
band. TFor wide bandwidths these two requirements necessitate having
a helix with a fairly close surrounding metal shield, usually with a
shield-to-helix radii ratio between 1.4 and 2.0.

The first step in the design procedure is to choose a beam power
from the desired r-f power output and the expected efficiency. For
most Crestatrons with hollow beams, 25 percent is a conservative effi-
ciency to use in this step. Next, choose a low-frequency value of ka
which, together with the frequency range, should determine an inside
circuit diameter consistent with current density limitations. From the

beam voltage and the fact that 1+Cb = 1.5 for most Crestatrons with

hollow beams, the low-frequency ya can be calculated using

2 _ - °o 2z
= 1+Cb = =58 W& (VIII.2)

If this value of ya is in the range 0.5 to 1.0, the approximate vp/c
required can be calculated and a shield-to-helix radii ratio selected
in the range of 1.4-2.0. Now make a guess at the probable DLF, pre-
ferably from a tube already constructed in this frequency range which
uses similar geometry and materials in supporting the r-f circuit. A

trial helix design can be made by using
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1 DLF

(COt W)sheath (COt IJI)actual

in

2na Eﬂ
P DLF \ 7a

(VIII.?)

(VIII.4)

Now vp/c and 1+Cb vs. frequency can be calculated for this helix design.

From a chosen beam geometry C can be calculated and hence b is deter-

mined; b should be around 2.5 to 3.0, depending on the value of QC

found from

where

and

2
A,
c & 2 oy
ITE ® ’
1+ =2
w

w 0 w
A - (LY (R) = g 2
@ (l)p (6] X w

1/2

J
_ 8 (_0
wp = 1.83%x10 <§;>

(VIII.5)

The plasma frequency reduction factor R can be found from Branch and

Mihran®, who have presented graphé of R vs. ya for different beam

>

geometries.

As mentioned previously, Crestatron gain and efficiency depend

primarily upon having the proper injection velocity which results in

Ab being slightly positive.

Figure VIII.1 shows b as a function of C

2. Branch, G., Mihran T., "Plasma Frequency Reduction Factors in
Electron Beams", Trans. PGED-IRE, vol. ED-2, No. 2, pp. 3-11;

April, 1955.
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for different values of uo/v and also b as a function of C with QC
p Xl=O

as the parameter. This graph greatly facilitates finding Ab for a

given uo/v , Cand QC. If Ab is not in the range of 0.1 to 0.30, either

the voltage or helix pitch should be adjusted to bring Ab into the afore-

mentioned range. Once Ab, C and QC as a function of frequency are

known, maximum Crestatron gain can be found using Reference 1. A

length can be calculated by making CN = 0.35 at the low-frequency end.

Efficiency and gain vs. frequency can then be calculated for different

drive levels.

D. Helix Design and Cold Test Measurements

The circuit used in this tube is a single-filar molybdenum helix
supported in a precision-bore Nonex envelope by three sapphire rods
notched at each helix turn. This support insures good alignment of
each turn in addition to providing mechanical rigidity of the struc-
ture. Some difficulty was experienced with early helices which were
wound on a stainless steel mandrel. When the helix was fired the 4if-
ference 1in expansion between the molybdenum and stainless steel caused
a permanent spring-out, making it difficult to load the helix into the
glass tubing without breaking the sapphire rods which were required to
hold the helix in compression because of the spring-out. This problem
was eliminated when a molybdenum mandrel was used.

The electrical design of the helix follows the method outlined

in Section C. Table VIII.1l summarizes the final design of the helix.
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TABLE VIII.1

UHF Helix Parameters

Pitch: 0.250 inch
cot 9.45
Mean diameter: 0.752 inch
Wire dilameter: 0.100 inch
Material: molybdenum
Helix supports: 0.080 inch notched sapphire rods
ka at 300 mc: 0.06

The measured phase velocity and DIF for this helix design are
shown in Fig. VIIT.2 for an unshielded helix and for a shield-to-helix
radii ratio of 1.5. It is seen that the shield greatly reduces the
dispersion from the unshielded case. Of course the penalty is essen-
tially an increase in tube length because C is lowered approximately
25 percent at 300 mc and approximately 10 percent at 900 mc. Notiqe
that there is a gradual increase in phase velocity from 300 tc 900 mc.
This negative dispersion behavior® results from the dielectric sur-
roundings producing an effective shunt capacity per unit length which
decreases with increasing frequency. At low frequencies the electric
field extends farther into the dielectric and effectively increases the
energy storage and reduces the helix impedance.

An interesting fact useful in comparing the shielded and un-
shielded sheath helix is shown in Fig. VIII.3, where the ratio of the

phase-to-group velocities (vp/vg) is plotted versus ya. It 1is seen

3. Jones, E. M. T., "A Negative Dispersion Helix Structure'", Electron
Research Iaboratory, Tech. Rpt. No. 27, p. 3, Stanford University;
Auvgust 7, 1950.
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that for an unshielded helix a ya lower than approximately 0.80 results
in a rapid increase in dispersion because of the rapid rise in vp/vg

at this point. Notice that the reverse is true for the shielded helix.
Of course this property could not be used for high-power tubes at higher
frequencies than perhaps S-band because the hole size and beam-power
considerations would not allow the low ya permitted by dispersion con-
siderations. However, for most uhf tubes, current density limitations
are not present and for many cases the increased bandwidth resulting
from negligible dispersion will compensate for the reduction in C and

the increase in length, especially for low-gain tubes such as Cresta-

trons.
It is recalled that the phase velocity Vp and the group velocity
Vg are given by
ka W
v = = = = VIII.6
o - 5 ( )
and
oW
v o= VIIT.
g B ( 7)

Ayers4 has arrived at the frequency bandwidth corresponding to a change

in b(Ab), which is as follows

ek

.
- 2 _V—E&— (for constant C) . (VITI.8)
g
v
g

For the Crestatron® the exact change in gain due to.a change in

b is a complicated function of C, QC, b and CN. However, a good guess

4. Ayers, W. R., "High Power Applications of the Connected Ring
Structure in Traveling Tubes', Microwave Laboratory, Rpt. No. 554,
p. 126, Stanford University; December, 1958.

5. Rowe, J. E., op. cit., Reference 1.
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at the maximum bandwidth can be made using the above formula. For most
Crestatron designs the gain has dropped about % db for Ab = 0.60.
Usually uo/v = 1.5 for high-C tubes. From Fig. VIII.3 Vp/vg ~ 1.10 for

a shield-to-helix radii ratio of 1.5. Thus, for C = 0.25

0.25)(0.60
Copp— (0-25)¢ )~ 1 or a 3:1 bandwidth . (VIII.9)

w 1.5 [1.10-1.0]

E. Helix-Impedance Measurement

Experimental measurements using a method described by lagerstrom®
where a dielectric rod perturbs mainly the TE fields of the helix were
used to measure the helix impedance. A 0.100-inch-diameter sapphire rod
was ingerted on the axis and the resulting change in phase was noted by
observing the shift in the position of the minimum on a slotted line in
one arm of the phase bridge. The change in the position of a minimum
Ax when using a dielectric rod of radius b with dielectric constant €!
is related to the impedance on the axis K(r=0) as follows

(8

K(r=0) = o)(c 1o (ohms)

where P is a shape factor to account for the finite size of the per-
turbing rod. This impedance was transformed to the mean beam radius
r=r using

K(r:ro) = K(r=0) Ii(yro) . (VIII.10)

The above assumes the beam is thin enough so that the field does not

vary across it. This is nearly true for the hollow beam used in this

6. lagerstrom, R. P., "Interaction-Impedance Measurements by Pertur-
bation of Traveling Waves", Stanford Electronics ILaboratory, Tech.
Rpt. No. 7; February 11, 1957.
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tube, which has a thickness of 0.050 inch compared to a mean diameter

of 0.507 inch. It was found nonreproducible, confusing results were
obtained at frequencies where the match VSWR was worse than approximately
1.15. Because of this no experimental impedance measurements are pre-
sented for the shielded helix for which the VSWR averaged around 1.50.
Figure VIII.4 shows both the experimentally measured points and the
sheath helix impedance calculated using the measured DLF. Good agreement

between the theoretical and measured values was obtained.

F. Hollow-Beam Gun

A schematic drawing of the hollow-beam guns used in tubes No. 1,
2 and 3 is shown in Fig. VIII.5. The center anode electrode in these
tubes was held by a spoke spot-welded to the inside of the outer anode
below the cathode assembly. Because of assembly difficulties with this
.method, tube No. 3 will have the center electrode held by three 0.005-
inch-thick molybdenum tabs going directly to the outer anode. Figure
VIII.6 shows a picture of the latter gun, which is identical to the
previous guns except for the different support method for the center
anode.

This gun is a conventional immersed, rectilinear-flow Pilerce gun
which was designed to operate with the focus electrodes at cathode
potential. The cathode-anode distance was chosen to give a microper-
veance per square of 0.13 and a total microperveance of 5.9. The
cathode is a Phillips type B with a mean radius of 0.507 inch and
emitter thickness of 0.025 inch. The electrodes are molybdenum cyl-
inders held by supports attached to a Vicor disk which can be seen in
Fig. VIII.6.

The diode characteristics of the gun are shown in Fig. VIII.T.

A current of 3 amperes corresponds to a current density of = 10 amps/cmg.
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FIG. YIII.6 UHF HOLLOW-BEAM GUN.
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The perveance drops from 6.5 micropervs to 4 micropervs as the voltage

is raised from 6 to 10 kv. No evidence of voltage breakdown has been

noted at voltages up to 11 kv.

G. Tube Design
The electrical parameters resulting from the design procedure

outlined in Section C using the helix and beam described previously

are shown in Table VIII.Z2 below.

TABIE VIII.2

Summary of Electrical Design Parameters

Vo = 6 kv up, = 5.9 a = 0.376 inch
Iy = 3.1 amps up = 0.11 Ty = 0.254 inch
ug/c = 0.153 Jo = 10 amps/cm® enr A = 0.308 cm®
Freq. (mcs) 300 400 500 600 700 800 900
ka 0.06 0.08 0.10 0.12 0.14 0.16 0.18
DIF 0.726 ~ 0.756 0.788 0.82 0.82 0.82 0.84
vo/c 0.089 0.895 0.090 0.090 0.0905 0.0915 0.0930
ya 0.675 0.895 1.11 1.335 1.55 1.75 1.94
kr 0.0405 0.0540 0.06T4 0.0809 0.0944 0.108 0.121
7To 0.455 0.603 0.749 0.900  1.05 1.18  1.31
F=F,F> 0.43 0.4k 0.49 0.53 0.52 0.51 0.51
K(ohms) 260 182 147 112 81.1 60.8 6.5
YA 0.054  0.0716 0.089 0.107 0.124 0.140 0.155
R 0.115 0.1k 0.16 0.18 0.195 0.21 0.225
Wy /> 0.430 0.392 0.358 0.337 0.320 0.294% 0.285
C 0.239 0.228 0.218 0.214 0.191 0.183 0.179
QC 0.39 0.38 0.36 0.34 0.40 0.39 0.38
b 3.01 3.12 3.21 3.27 3.61 3.66 3.63
X120 3.70 3.58 3.40 3.35 3.30 3.28 3.27

b -0.69  -0.46 -0.19 -0.08 0.31 0.38 0.3%6
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N(L=8 inches) 1.33 1.77 2.22 2.66 3.08 3.54 4.00
CN 0.318 O0.404 0.484 0.570 0.588 0.647 0.716
Max. Gain (db) 8.2 10.8 11.2 11.8 6.5 5.5 5.0

It should be pointed out that a slight change in voltage can be used
to raise and optimize the gain vs. frequency curve, as will be shown in

a later section.

H. R-F Transitions
Farly in the development of this project it was planned to use
pin matches in which the coaxial center conductor was connected to the
helix through pins passing through the glass eﬁvelope. Experiments
using this method were rather disappointing. Even with a closely spaced
shield surrounding the helix it appeared the helix impedance at the low-
frequency end was too high to match into a 50-chm coaxial line. For a
shield-to-helix radii ratio of 1.5 the calculated helix impedance de-
fined on a power, current basis’ varies from approximately 200 ohms at
300 mec to 125 ohms at 900 mc. By stretching out the last two turns a
fairly good match (VSWR < 2) could be obtained from 500 to 900 mc.
Because of the marginal performance obtained with this method
of coupling it was decided to try a coupled-helix transition. A series
of tests was made on coupled heliceg with different TPI's and outer
shield diameters. All units had an I.D. = 1.10 inch, which is slightly
larger than the glass envelope used. They were supported by a closely

fitting glass tube which slid into the brass shield (see Fig. VIII.8).

The transition from coax to the coupling helix was made through an

7. Mathers, G., Kino. G., "Some Properties of a Sheath Helix with a
Center Conductor or External Shield", Tech. Rpt. No. 65, Electronics
Research Iaboratory, Stanford University; June 17, 1953.
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off-center slot cut in the end cap which permitted the center conduc-
tor of the coax to be tangential to the helix at the junction where they

were soldered together.

Best results were obtained with a coupler having the dimensions

listed below
TABIE VIII.?

UHF Coupler Dimensions

T.P.I.: 2.25
Inside diameter: 1.135 inch
Wire diameter: 0.080 inch
Shield diameter: 1.50 inches
Shield length: 2-5/8 inches
Turns: 5-1/2

Figure VIII.9 shows the VSWR vs. frequency for one coupler with
the main helix terminated in a matched load. It is seen that this

coupler has better than a 2:1 VSWR across the frequency band.

I. Experimental Results

The test setup for applying the peak voltage to this tube is
shown in Fig. VIII.1lO0. Most tests were run using a pulse length of
4 microseconds at a repetition rate of 250 pps. The beam current
transmission and interception ﬁere monitored using the average current
meters shown in the above figure. The peak cathode voltage was measured
with a Gertsch peak reading voltmeter connected across a 100:1 vacuum
capacltor divider, while the peak collector current was monitored by
measuring the voltage pulse across a precision one-ohm current-viewing

resister with a calibrated scope.
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There have been three tubes built so far, though essentially only
d-c tests have been made on the latest tube. A picture of tube No. 2
is shown in Fig. VIII.1ll and the same tube placed in its coupler assembly
is shown in Fig. VIIT.12.

Tube No. 1 had poor transmission (= 50 percent) and was unstable.
Strong forward-wave oscillations were observed near the band edges at
330 mec and 920 me. A peak oscillation power of approximately 5 kw was
obgerved at these frequencies. Subsequently the transmission became
even worse. When this tube was opened up it was found that the three
spotwelds holding the cathode assembly in place had failed, resulting
in a badly tilted cathode.

Tube No. 2 had much better transmission (90 percent) and fairly
extensive small-signal data were taken before this tube failed because
of a crack developing in the envelope near the gun.

Some results are shown in Fig. VIII.13, where small-signal gain
versus frequency is shown for two different voltages. This curve is for
the unshielded helix. It is seen that the gain is greater than 8 db
over nearly an octave bandwidth. Gain vs. voltage at a fixed frequency
of 650 me is shown in Fig. VIII.1lk for both the shielded and unshielded
helices. A maximum gain of 13 db was obtained at a beam voltage of
8.5 KV for the unshielded case, while 12 db was obtained for the shielded
helix at a beam voltage of 6.5 KV. The square root of the ratio of
these two synchronous voltages is approximately equal to the ratio of
the two cold phase velocities, as might be expected.

Figure VIII.15 shows the linearity up to a power output of 1200
watts at a gain of 13 db. Further output is limited by the present AIL

power oscillator, which has a maximum output of 60 watts after being
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I 15 30 60 100
INPUT POWER, WATTS

FIG.VII 15 POWER OUTPUT vs. DRIVE LEVEL FOR
UHF CRESTATRON. (FREQUENCY=650 mc,
V,=85KV, 1,35 amps, 4pu sec. PULSES,

250pps.)
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modified by increasing the plate voltage applied to the 2C39 output
tube by 500 volts.

During testing immediately previous to the failure of tube No. 2
a number of erratic characteristics were observed. Among these was a
gradual increase of average cathode current followed by a gradual de-
crease. IEquilibrium was then established when the average cathode cur-
rent was slightly below thé average collector current. This negative
anode current could result from secondary emission. Another, more
probable explanation is that the anode was either thermionically emit-
ting or simply collecting positive ions during the positive spike when
the cathode is positive with respect to the anode. The negative voltage
pulse applied to the cathode from the pulse transformer has a positive
overshoot at the trailing edge.

Initial d-c tests on tube No. 3 show a transmission of 75 percent;
all the intercepted current goes to the helix. This tube is being
continuously pumped using a small l-liter appendage pump. None of the
erratic behavior described above has been observed testing this tube.
Large-signal saturation measurements on this tube will begin soon,

since a 1l-kw Federal tube has recently arrived.

IX. GENERAL CONCLUSIONS

The particular topics of study discussed in this report represent
the major phases of the research program over the contract period. In
addition to these, various other particular studies have been carried
out. All of these investigations were directed toward obtaining a
greater understanding of the detailed operation of O-type electron

stream devices. Also considerable effort has been devoted to the



-221-

consideration of means of basically improving the performance of these
devices or finding new types of interaction which will be particularly
suited for some applications. Further study of many of these topics
along with several others will be carried forward during the next year
under a new contract, AF 30(602)-2303.

In particular it is planned to study the use of the Poisson Cell
in the design of both solid- and hollow-beam electron guns for O-type
devices, This Cell is a solid volume conducting medium which facili-
tates obtaining the solution to potential problems, including arbitrary
distributions of sources such as space charge.

The general class of beating-wave devices will be further in-
vestigated, particularly along the line of utilizing this type of inter-
action to obtain power tubes with relatively low noise figures.

The work reported in this report on phase focusing in traveling-

wave tubes will also be continued during the next year.
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