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ABSTRACT

The report contains a description of the design procedure
and of the apparatus as constructed, an exposition of the pertinent
theory under the simplifications of linear analysis and preliminary
results for one configuration.

OBJECTIVE

The aim of the present work on supersonic Jet mixing is
to determine the effects of various factors such as stagnation
temperature and pressure, Mach number, Reynolds number, and
boundary-layer thickness on the mixing process and origin of dis-
turbances forward of the Jet lip.
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INTRODUCTION

The current study of supersonic jet mixing, on which this is an in-
terim report, has for its objective the deteymination of the effects of vari-
ous factors, such as stagnation temperature and pressure, Mach number, Reynolds
number, and boundary-layer thickness, on the details of the mixing process and
on the propagation of disturbances forward of the jet lip. We are restricting
ourselves for the present to the two-dimensional mixing of two supersonic
streams over a wide range of the above variables; however, the experimental
apparatus can readily be adapted to the study of supersonic-subsonic and even
- subsonic-subsonic mixing.

This report is a description of the design procedure and of the
apparatus as constructed, an exposition of the pertinent theory under the sim-
plifications of linear analysis, and preliminary results for one configuration.
The voluminous literature on Jjet mixing is referred to only insofar as it ap-
plies directly to the specific problems being investigated. Extensive bibli-
Ographies on mixing phenomena are available,l,z so it did not seem necessary
- to relist the many references.

DESIGN CONSIDERATIONS AND DESCRIPTION OF APPARATUS

The mixing phenomena are studied in the region downstream of the
lip at which two supersonic streams merge. The supersonic streams are gener-
ated by means of a double-~corner nozzle as shown in Fig.. 1. Figure 2 is a
photograph of the setup with one side of the settling chamber removed, showing
a side view of the honeycomb. Figure 3 shows the two channels with one of the
tunnel side plates removed.

The double channel is 4 in. wide and the vertical dimensions of the
upper and lower streams are respectively 4 in. and 2 in. The nozzle blocks
are made of normalized SAE 1045 steel which gives a yield strength of approx-
imately 50,000 psi. The coordinates of the contoured nozzle blocks are those
obtained from Reference 3 and permit a variation of Mach number in each chan-
nel of from 1.4 to 4.0 by translation of the lower block with respect to the

upper block.

In order to insure sufficient strength in the tip of the cantilevered
middle nozzle block, it was necessary to rotate the lower contour of the mid-
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dle nozzle block 1°. This causes the secondary jet to impinge on the main
jet at an angle of 1°, This inclination is in addition to that prescribed by
the rate of boundary-layer growth, which amounts to about 1.5°. The total
inclination is therefore 2.5°, Since both streams are supersonic, the small
degree of nonparellelism of the main streams will be adjusted by the shocks
and expansions at the lip.

The construction involved modification of the corner nozzle developed
under contract No. AF 33(038)-23070. The lower contour and the center block
were adapted to the existing upper contour.

The maximum stress in the middle nozzle block, assuming a uniform
air load of 5.psi, occurs 1-3/L4 in: upstream bf the Iip 4nd has a 'value ofO3L00
psi. The deflection of the lip, which is .025 in. thick, is .026 in. under
this load. It should be mentioned here that the load of 5 psi:isscdnsiderably
larger than the actual load since, when the two nozzles are in operation, the
static pressures on the upper and lower surfaces of the middle nozzle block
are nearly equal, even though their ratio may be high.

The contours of both nozzle blocks were checked with a vernier
height gauge by measuring from a fixed, ground, flat surface. In addition,
the curvature of all the contoured surfaces was checked with the curvature
gauge of Reference 3.

The nozzle blocks were aligned by setting the angles of the straight
portions in the throat and in the test section at the values indicated in Ref-
erence 3, and at the same time setting the test-section height to the proper
value. This alignment was accomplished with the vernier height gauge and an
inside micrometer. Each nozzle block was then pinned to its slide rails using
3/8-in,-diameter dowel pins so that no rotational motion of slide rail with
respect to nozzle bloeck was possible. In spite of these precautions, some
upward motion of the bottom nozzle block was detected in the early runs so
that i1t was necessary to add an extra brace to this nozzle block.

The settling chamber is of B/h-in.;steel plate in order to stand
the higher stagnation pressures which will be encountered in a later phase of
the test program. There are two inlets into the settling chamber as shown in
Fige 2. One is a 4-in.-diameter opening in the upstream end, and the other
is a 6-in.-diameter opening in one side. The 4-in.-diameter opening leads to
a 3-in. air-operated control valve which is used for throttling the air in the
settling chamber to the proper stagnation pressure. The 6-in. Opening leads
to a by-pass around the 3-in. valve. A 6-in. gate valve is in this by-pass so
that the fairly high pressure drop across the 3-in. valve may be reduced for
certain running conditions. The air which enters the settling chamber must
pass through a l-in.,-square by 9-in,-long honeycomb which straightens out the
flow prior to its entry into the secondary nozzle.
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Both channels are sealed along the side walls with inflatable seals
made of 1/8-in.-diameter rubber tubing. Due to structural difficulties, it is
impossible to continue these inflatable seals to the very tip of the middle
nozzle block so that from the tip to a point upstream 18 in. from the tip,
this nozzle block is sealed by pressing felt between the nozzle block and the
window. .On the first few runs some leakage was present. However, by increas-
ing the pressure on the inflatable seals and applying vacuum wax at several
points, the leakage has been reduced to a point where it appears that no ill
effects are present in the region of supersonic flow.

The instrumentation in the settling chamber consists of one static-
pressure orifice located (Fig. 2) on the downstream end of the settling cham-
ber. In addition, a Weston dial-type thermometer is located in the downstream
end of the settling chamber.

Total-pressure profiles in the mixing region are obtained with a
.O41l-in,-0D stainless=5teel tube total head probe held in & probe“holder which
in turn is attached to the strut described in Reference 4. With this arrange-
ment, it is possible to make fairly rapid traverses of the Jet-mixing region.
The vertical height of the probe is determined by viewing the probe through
the window with a small telescope mounted on a height gauge.

RESULTS AND DISCUSSION

For the experimental results which are presented here, the upper
(4 in. x 4 in.) nozzle was set to give a Mach number of 2.5. The lower (2 in.
x 4 in.) nozzle was set to give a Mach number of 2,0. The stagnation pressures
in the upper and lower nozzles were, respectively, atmospheric and 12.5 in.
Hg absolute so that the static pressures in the two Jets were approximately
equalized at 1.72 in. Hg absolute. The schlieren photograph in Fig. 4 (hori-
zontal knife edge) shows the mixing region when the settling-chamber pressure
for the lower nozzle was 12.6 in. Hg absolute. The dark band which represents
the boundary layer on the upper surface of the middle nozzle block, and the
light band which represents the boundary layer on the lower surface of the
middle nozzle block, will be observed to leave the tip of the nozzle block and
persist for a considerable distance downstream. Two discontinuities arise at
the 1lip and one propagates into each stream. The white line which propagates
into the upper channel represents a small compression wave, The wave which
propagates into the lower channel consists first of a very faint light region
followed by a sharper dark band. This light region represents a slight expan-
sion of the gas followed by a small compression shock., A rather faint com-
pression wave may be observed in the lower left-hand corner of this photograph.
It will be noticed that the angle of inclination of this line, with respect to
the flow direction, changes considerably as the wave passes from the lower to
the upper jet.
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Figure 5 is a schlieren photograph of the flow when the settling-
chamber pressure is 17.0l in, Hg absolute. In this case a decided deflection
of the mixing region in the direction of the upper jet is apparent. Figure 6,
on the other hand, shows the flow with a settling-chamber pressure of 4,91 in.
Hg absolute. In this case the mixing region turns sharply toward the lower
channel.

Figure T is a plot of the ratio of the stagnation pressure behind a
normal shock wave to the stagnation pressure of the main jet (atmospheric pres-
sure) versus the vertical position of the probe as measured at several stations
upstream and downstream from the lipe.

The most striking feature of these traverses is the small rate of
expansion of the mixing region. The thickness of the double boundary layer
0.42 in, upstream from the lip is about 0.73 in., while the thickness of the
mixing region 10.72 in. downstream from the lip is about 0.87 ins, giving an
angle of spread of only about 047 degrees. The velocity ratio, which deter-
mines the rate of spread of an incompressible mixing region (Referénce 5),
was 0.9 for these measurements.

While the stagnation pressures and calculated Mach numbers indicated
that the static pressures of the two streams were equalized, one must conclude
from the schlieren picture of Fig. 5 and from the corresponding measurements
of Fige. 7 that the static pressure in the lower Jet was slightly higher than
that in the upper. Static-pressure measurements have not yet been made for
this configuration.

One also notes in the traverse 0.42. in. upstream from the lip that
the pressure increases near the surface., Check points confirmed the two points
nearest the surface in the upper traverse. Until further investigation, one
can only remark that a pressure increase near the upper surface is consistent
with a higher static pressure in the lower Jjet since some upstream propagation
of the higher pressure would take place.

THEORY OF COMPRESSIBLE TURBULENT MIXING

Many analyses of turbulent mixing, all of them phenomenological,
have appeared since the first analysis by Tollmien® using Prandtl's mixing-
length concept. All the theories involve assumptions and approximations,
most of which cannot be segregated, so that a theory either agrees or does not
agree with experiment; if it does not, the point of breakdown of the theory
cannot in general be determined because of the number of simplifications which
have been introduced.
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Perhaps the simplest theories available are those proposed by
Prandtl and Reichardt,”»® as a result of which the momentum equation takes
the form of the heat-conduction equation. With similar simplifications and
Prandtl number equal to unity, the energy equation also reduces to the heat-
conduction equation with the stagnation temperature as the dependent variable.
The theories contaln two parameters, one of which must be evaluated from the
observed rate of spread of the mixing region and the other establishing the
origin of the coordinate systems«

Surprisingly, the superposition of effects implied by the linearity
of the differential equations appears to be borne out in practice, for those
cases which have been investigated.® Chapman and Kbrst,lo for instance, in-
vestigated the mixing of a compressible jet with still air and Weinstein® in-
vestigated the mixing of a low-speed Jet in a moving stream. In both experi-
ments, superposition appears to be realized.

The study for which this is an interim report will be a severe test
of superposition because the boundary layers are thick, and there are gradients
of both static and stagnation temperatures normal to the flow. In the above
references, neither the boundary layer nor compressibility effects were large,
so the results were not a very vigorous test of the superposition principle.

In a mixing region, it is standard practice to' adopt Prandtl's
boundary-layer approximations, to neglect all pressure gradients, and to as-
sume that viscosity is constant. Therefore, the equation of motion takes the

form

du . U 4 you - v Xu

3t Sx & 5 (1)

where u and v are instantaneous velocities, v = p/p is the kinematic viscos-

ity Letu = U + u', where U is the mean velocity with time and u' is the

velocity fluctuation. Similarly, v = V + v'. Then Equation 1 becomes,

after taking mean values,
ox 3y ody \' &y ) p ox ’

where the bar signifies mean value with time. In this theory, variations and

fluctuations in density are neglected.

Equation 2 has been simplified in two ways. In both ways, the terms

v U 3 (out2)
dy’ ox !

and the laminar friction term pdU/d y are neglected. Then, Equation 2 becomes

5
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- . 13 (euwvr)
= b . (3)

Now, =-pu'v' is the Reynold's stress in the xy plane. Reichardt®8
approximates it by setting

2
purvt = - AT) (3a)
oy
and Equation 2 becomes
3(U?) | 24 F () (1)
ox - p oy2 '’

where A is a mixing coefficient to be evaluated from experiment. This is the
final form of the differential equation used in References 5 and 9 for incom-
pressible Jets.

Chapman and Korst, following Pai,'! use a different linearization of
Equation 2, -They write, instead of Equation 3a,

pu'v' = - ¢ ?rg )
and, instead of UdU/dx, they write

U1+Ug_a£
2 dx

i.e., they replace U by the average value of the two streams (Fig,.8), thus
assuming that the variation of U is small. Then Edquation 2 becomes

U = 2¢ azU (6)
ox o(Ur + Uz) oy2

Equations 4 and 6 are of the same form, the coefficients on the right being
assumed to be functions only of x, Ug/Ul, and (possibly) Mg/Ml. Whichever
differential equation is used, the boundary conditions on U and U2 will be
similar. From here on we work with Equation 6, but the results are equally
applicable to Equation 4 and at this point we cannot predict which will de-
scribe better the experimental results.

Korst, Page, and Childs'® write the solution of Equation 6 for the
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mixing of a compressible fluid with still air, In the following, we extend
their results to the mixing of two streams as shown in Fig. 8.

The two streams have different (supersonic) Mach numbers (My and Ms),
static pressures (plO and psg), velocities (Uip and Usp), boundary-layer thick-
nesses (81, and ®p,), and stagnation temperatures (To, and To,)s The two
streams merge at the lip, and aft of any shocks and expansions the ambient
pressures become p, and the directions of the two streams are again parallel,
making an angle with their original directions determined by the ratio of their]
original ambient pressures., The initial conditions for the mixing are taken,
as shown in Fig. 8, just downstream from the shocks and expansions at the
lipe* We write

g:%’.z_,x=}6<_2_,¢>=¥g,x=%_.
Then EBquation 6 becomes
X _ 2¢ Fo (7)
oX pUzd2 (A + 1) o2
Now, write
¢ = cxaguz-"‘;lpf(x). (8)

In Reichardt's analysis8 € is taken proportional to x for the case of

8, = 8 = 0. Korst, Page and Childs'® insert f (X) in Equation 8 and this
analysis approaches Reichardt's at a great distance from the lip if we postu-
late that £ (X) + 1las X =+ o, Let

X
¢ = X)) = f X £(x) ax , 9)

where ¢ is a constant to be determined. Then

o - o .

*¥The initial conditions are taken just downstream from the lip because this
theory for the mixing cannot possibly take into account the distortion of the
boundary-layer velocity profiles caused by the flow around the 1lip resulting
from static-pressure differences between the two streams or by the shocks and
expansion originating at the lip. Figure 7, described in the previous sec=
“tion, shows, however, that this distortion is not great for small static-pres-
sure differences,

T
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and Equation 7 becomes

) 20
T 10)

Equation 10 is the differential equation for heat condition with unit transfer
coefficient. The solution of that equation for the proper boundary conditions
becomes immediately applicable to the mixing problem.

In terms of the physical variables, the initial conditions are:

y <-81, U = Us
y > %2, U Uz
0 <y < 8,U = Ud2"(y)
8y <y < 0,U = Ui’ (y)
and throughout U = Us @' (y).
Let 81/85 = wand ' (y) = © (t). Then, with ¢ = O as the

initial point, the initial and boundary conditions for the solution of Equa-
tion 10 are

®(o,t) = Nfor ~o» < ¢ < -

o(0,t) = 0,(¢) for = < ¢ < O

0(0,¢t) = 0(t) for 0 < ¢ < 1 (11)
o(0,t) = lforl < ¢ < o

<I)(§, “°°) = A

<I>(~§, fe) = l}forg > 0

Letting n = gc.g., N2 = gl-g-, and 1 = Z\-/_"-‘g s Wwe have

-2 = Slamag - = X2,
aft e
The solution of Equation 10 satisfying conditions in Equations 11
is
1
0(01, 82, N1y M2, 1) = 5 [1 + erf (g - n2)]
M o

-l-—f (ﬂ-@-\)e BB M- ert(m)] - —f 1(IR)e PP (12)
,\/-Tf N-Nz2 -N1 nl
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Z
f P28
6]

®1(t) and o5 ({) are the measured initial distributions, and 1; and 1 are
functions of x, ¢ and £ (X). The quantities ¢ and f(X) must be determined
from experiment.

where

mlij

erf(z) =

Equation 12 is a solution of Equation 6 with boundary conditions in
Bquations 1l. It 1s also a solution of Equation 4 with a redefinition of &3
and 9o in terms of U% instead of U. Only experiment can determine which (if
either) describes the mixing process for two parallel supersonic flows with
initial boundary layers.

In order to investigate temperature fluctuations, we may write in
the energy equation for the form (p. 612 of Reference 13)

l Bp _ k 2 u2)
Dt (C L1 + '—'> = 5-65'55;' <CpTl T O x5 (13)
where Ty is the ambient temperature, ¢ is the Prandtl number (¢ = Cp p/k),
and
D o) o d

]-)—_t-=gt-+u&'+Vyyo

As in Equation 1 we neglect pressure fluctuations and we set

U +u,v = V + v',T = T + T',andp = EE-.

(1)

We substitute these relations in Equation 1% and take mean values. Then,

o
]

-y s F) . e
ax (C T + 2 Tt )t ou SE'(CPT + Uu')

—

12 .
V%(CPT+§Ui+u_2_) + v %(CPT' + Uu')

kR > U . u'2]
s @er) e lo@er) ¢ o ¢ owr 4 ok
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If we assume that the incompressible continuity equation 1s approximately
valid, the expression

ou' ov! ' Ju’ M.— ro=
Cp[a—}z— + gy-le + {BX + Sy JUU = 0

is added to the left side and T' is neglected in the numerator in the right,
then the equation becomes

S d o, w? d = > =
I:Uax'l'vgy'][cpT +§—+—-2-—]+ Cp&-uT +Cp5-}7vT

O (ywr? d (o) - k¥ U2 we
+ 5 (bu'®) + 5 (Vuv') = 55;'552 Cpl + o = * 0 _5—]f (15)

In this equation we neglect u'2 compared with U2,
o0 T d (12
Cp S u'T and ¢ $(0ur®)

compared with the other two turbulent transfer terms, and V g_ ( ) compared
with U g_ ( ). Further, we set Y

X
V'T' = - _kt_.a.i
pC_ oy
D
r. (16)
€ oU
u'vl - - —
Py
Then Equation 15 becomes
2 2 2 C.€
U§_<CT + EJ._) - _k__i__(cpm + of) y 5 @T + _£_U>.
ox \ P 2 eCy oy2 2 eCy oy2 \\P ki
If we write the turbulent Prandtl number gy = Cpe/kt and neglect laminar
transfer compared with turbulent, we get
d By | & P 2

10
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: 2
Now let g = 1, U = (Ur + Uz)/2 and write Colo = CpT + g— ,» where T, is
the stagnation temperature. Then
3T, 2k, 3T, (18)
ox pcpuz(x + 1) oy2

This equation is identical in form with Equation 6. Further, the
boundary conditions on T, are given by Equation 11 with only a change in the
symbols. Hence, within the framework of the above simplifications, Equation
12 describes the spreading of the stagnation temperature as well as of the
momentum. The difference in the rates of spread of heat and momentum caused
by the deviation of the turbulent Prandtl number from unity will be taken into
account by a change in the factors to be evaluated by experiment.

The above theories will be applied to the results presented in the
previous section and to other test results to be obtained for velocity and for
temperature distributions in the mixing regions.

FUTURE PROGRAM

The future program consists of the following items:

1. Total head and stagnation-temperature profiles and optical sur-
veys in the mixing regions and in the vicinity of the lip for a representative
series of Mach number and static-pressure ratios through the entire range
possible with the apparatus.

2. Pressurization of the air supplies of both Jjets up to at least
45 psi absolute.

3. Introduction of boundary-layer control on one or both center-
block surfaces to simulate higher Reynolds numbers.

4, Investigation of the feasibility of velocity-fluctuation measure-
ments in the mixing region.

11
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