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INTRODUCTION
 

Group theory is a branch of mathematics that studies, of course, the structure and behavior of "groups."  A mathematical group is composed of a
set of elements and a group operation (call it "multiplication" and denote it as *); the set is closed under multiplication--combining elements using
multiplication never leads outside the group.  It is a closed system.   In addition to being closed, a group G with operation *:

 
has an identity element I such that a*I = a
is associative:  a*(b*c) = (a*b)*c
is such that each element a has a unique inverse a' where a*a' = I

In addition, if the elements of G commute, a*b = b*a, then G is said to be a commutative group.
 

Group theory is a highly abstract subject; its abstraction level makes it possible to prove powerful theorems without the clutter of application to obscure thought
processes.  However, for those wishing to apply the powerful results to other subjects, it may be helpful to visualize the groups geometrically or in some other
way.   

 
Groups that characterize symmetric structure are often those that are employed elsewhere.   For example,  W. Pauli employed a particular group of symmetry
classes in a physics application associated with particle spin [W. Pauli, 1940].

 "In the following paper we conclude for the relativistically invariant wave equation for free particles: From postulate (I), according to which the energy must
be positive, the necessity of Fermi-Dirac statistics for particles with arbitrary half-integral spin; from postulate (II), according to which observables on
different space-time points with a space-like distance are commutable, the necessity of Einstein-Bose statistics for particles with arbitrary integral spin. It has
been found useful to divide the quantities which are irreducible against Lorentz transformations into four symmetry classes which have a commutable
multiplication like +1,-1,+ε,-ε with ε2=1."

CONVENTIONAL VISUALIZATION OF THE KLEIN FOUR GROUP (VIERGRUPPE)
 

One of the easiest groups to visualize is the one that Pauli used:  the Klein Four Group (named for the German mathematician who discovered it, Felix Klein). 
Often that group is denoted as V4.  One way to visualize it is to describe it as the motions of a non-square rectangle.  One may flip the rectangle from left to right

Sandy Arlinghaus
New Stamp



or from top to bottom.  One may also rotate it through 180 degrees.  All of these motions leave the position of the rectangle unchanged.  Figure 8a-d illustrates the
process in four frames.

 Figure 8a.  A rectangle with labelled corners. 
Motions of the rectangle will be described by
change in position of the corners.  This
configuration of the labels is the base
configuration and will be the identity, denoted:
(1)(2)(3)(4) meaning that all four corners are
fixed.

 

 Figure 8b:  left-right flip.  With respect to the
base configuration in Figure 8a, the label 1
goes to where 2 had been and vice-versa. 
The label 4 goes to where 3 had been and
vice-versa.  This motion is denoted as (12)
(34) meaning that 1 goes to 2 and 2 goes to
1.  Also, that 3 goes to 4 and 4 goes to 3.  The
motion is confined within parentheses.

 

 Figure 8c:  top-bottom flip.  With respect to the
base configuration in Figure 8a, the label 1
goes to where 4 had been and vice-versa.  The

 Figure 8d:  right-left flip and top-bottom flip--
rotation through 180 degrees.  With respect
to the base configuration in Figure 8a, the



label 2 goes to where 3 had been and vice-
versa.  This motion is denoted as (14)(23)
meaning that 1 goes to 4 and 4 goes to 1. 
Also, that 2 goes to 3 and 3 goes to 2.  The
motion is confined within parentheses.

label 1 goes to where 3 had been and vice-
versa.  The label 2 goes to where 4 had been
and vice-versa.  This motion is denoted as
(13)(24) meaning that 1 goes to 3 and 3 goes
to 1.  Also, that 2 goes to 4 and 4 goes to 2. 
The motion is confined within parentheses.

 

The representation of these motion using numerals is referred to as a permutation representation.  To combine motions, multiply the
permutations.  For example, to multiply the right-left times the top-bottom motions, multiply their associated permutations as follows.

 
(12)(34) * (14)(23) = (13)(24)

 
where the multiplicative actions is read as:  1 goes to 2 (to the left of the *) and then 2 goes to 3 (to the right of the *) so that all together, 1 goes
to 3.  That action is then written as (13 .  To close the parentheses, start with 3 (to the left of the *):  3 goes to 4 and then 4 goes to 1 so all
together, 3 goes to 1.  Now, (13) is closed.  Then, let's see where 2 goes.  Start with 2 to the left of the * where 2 goes to 1.  To the right of the
star, 1 goes to 4, so all together 2 goes to 4.  Check also that 4 goes to 2:  4 goes to 3 (to the left of the *) and 3 goes to 2 (to the right of the *) so
all together 4 goes to 2.  Thus, we have (24).  The final result of the multiplication is (13)(24).

Figure 9 shows a multiplication table for all four of these motions.  It
shows that the system is closed under the operation of *.  There is
an identity element; each element has an inverse; and the
associative law holds.  Thus, this system is a group.  It is also a
commutative group:  note the symmetry about the main diagonal.  It
is this group that is known as the Klein Four Group.

 *
 

(1)(2)(3)(4) (12)(34) (14)(23) (13)(24)
(1)(2)(3)(4)

 
(1)(2)(3)(4) (12)(34) (14)(23) (13)(24)

(12)(34)
 

(12)(34) (1)(2)(3)(4) (13)(24) (14)(23)
 (14)(23)

 
(14)(23) (13)(24)

 
(1)(2)(3)(4) (12)(34)

(13)(24)
 

(13)(24) (14)(23) (12)(34)
 

(1)(2)(3)(4)
Figure 9.  Permutation representation of the Klein Four Group: 
multiplication table.  Multiplication takes place as entry from left-hand
column times entry from top row.

 



GOOGLE GLOBE INTERPRETATIONS
  

The interpretation of this group as the motions of a rectangle suggests, perhaps, further
visualization of it on a sphere.  When that sphere is the globe, with north and south poles, then
the idea is that there is and East-West flip and a North-South flip, as well as rotation through 180
degrees.  It is a simple matter to put a rectangle on the transparent Google globe.  Figure 10
shows the rectangle from Figure 8a superimposed on the Google globe.  Naturally, one could
then superimpose the remaining rectangles but that would be of little interest.  Far more
interesting is to see what motions of the globe, when applied only to Figure 8a, will produce the
other elements of the Klein Four Group.

  
Figures 10a-d show the motions of the transparent Google globe that will produce the Klein Four
Group using the rectangle from above embedded on the globe's surface.



 Figure 10a.  The identity position shown on the part of the globe facing the reader.  The placemark balloons
show up only on the "front" of the globe.  Associated kml file applies to all frames of this figure.

 

http://www.mylovedone.com/SpatialSynthesisVol2Book2/escher/KleinViergruppe.kml


 Figure 10b.  The EW flip position emerges on the back of the globe when the globe is spun to move the
rectangle from 10a to the back.  Notice that the placemark balloons no longer show even though they are
turned on. 

 



 Figure 10c.  The top-bottom, or NS flip.  Notice that the orientation dial in the upper right corner as now
been rotated to the south position.  Thus, this NS flip is a product of the EW flip and rotation permutations--
as in the Table of Figure 9.  Again, the placemark balloons  show up only on the "front" of the globe.

 



 Figure 10d.  The rotation position shown on the part of the globe facing the reader.  The placemark balloons
show up only on the "front" of the globe.

 



When the rectangle is expanded so that the four vertices lie along a great circle as the joining
rectangle (Figure 11), then one might consider the Klein Four group in association with various
global transformations.



 Figure 11.  The four vertices of a rectangle lie along a single great circle.   The rectangle is centrally
symmetric.

 



Figure 12 displays the positions of the four vertices in various positions on the transparent
globe.  Vertices in back have labels that are smaller than those in front.   Spinning the globe in
various directions, with some vertices in front and some in back, creates the pattern of the four
vertices, when visualized as "flat", that arise in the motions of the rectangle in the plane.   Other
than overlapping labels or superimposed vertices (which change with vantage point), it is those
Klein positions, and only those, that arise from any rotation of the sphere.  Placement of a single
labelled rectangle on the sphere generates all Klein positions and no other non-trivial ones.



 Figure 12a.  Largest rectangle embedded on the surface of the Google Globe.  Identity position.  Associated
.kml file applies to all frames of this figure.

 

http://www.mylovedone.com/SpatialSynthesisVol2Book2/escher/KleinEarth.kml


 Figure 12b.  Largest rectangle embedded on the surface of the Google Globe.  East-west flip.
 



 Figure 12c.  Largest rectangle embedded on the surface of the Google Globe.  North-South flip.
 



 Figure 12d.  Largest rectangle embedded on the surface of the Google Globe.  Rotation of 180 degrees.
 



The Kleinian view of the globe, expressed in the theorem below, is the fundamental theorem of the abstract structure of the Earth-Sun system.  Perhaps it is not
surprising that the same four symmetry classes that were found to characterize particle spin more than half a century ago also characterize, in some sense, the
larger "particle" on which we live.

 

Theorem:  When this set of transformations, forming the Klein Four Group of a centrally symmetric rectangle inscribed in a great circle through
the poles of the Google Globe (Figures 12a-12d), is interpreted in the context of Earth-Sun relations, 

 
the East-West flip corresponds to the day night transformation on an equinox

 the North-South flip corresponds to the seasonal change from northern to southern hemisphere (the "V" in "Viergruppe" might also stand for
"Vivaldigruppe"!)

 the rotational transformation corresponds to the idea of identifying / interchanging antipodal points as well as to the natural combination of the
two above.

This closed system describes all the daily and annual fluctuation patterns arising from the sun's relation to the Earth.  It does not capture specific elements of
that relationship:  it does capture the basic concept of daily and annual change as part of a single closed system in a formal manner stripped to the bare
conceptual bones.  

 

Corollary:  The rotational transformation is a Möbius  strip transformation.  To glue antipodal points 1 and 3 together in the rotational transformation give one end
of the identity rectangle a twist and bing the 23 edge over to the 14 edge aligning 1 and 3; and, 2 and 4.  A Möbius strip is created.

 
Tobler (1961) noted one way to map the world on a  Möbius  strip.  That method did not display the full globe.  Later, Arlinghaus (1985) created the full map using
the strategy noted above.  It served as a base for making calculations in the world of art (Arlinghaus and Nystuen, 1986).

Corollary:  The East West flip is identical to the view of the Earth from inside the globe (Figures 13a-c).
 Thus star charts are terrestrial maps subjected to one element of the Klein Four Group.

 

http://www.youtube.com/watch?v=wKhH2hRa-WQ
http://www.youtube.com/watch?v=dggfA9Vo64U&feature=related


 Figure 13a.  The vertices 1 and 4 lie on the
Antimeridian (180 degrees longitude) while
the vertices 2 and 3 lie on the Meridian (0
degrees longitude).  Here the view of the
globe is from the outside.

 

 Figure 13b.  Inside out.  The vertices 1 and
4 lie on the Meridian (0 degrees longitude
corresponds to 00h right ascension).  East
and west are flipped by using the "sky and
earth" switch in recent versions of Google
Earth.

 

 Figure 13c.  Inside out.  The vertices 2 and
3 lie on the Antimeridian (180 degrees
longitude corresponds to 12h right
ascension).  East and west are flipped by
using the "sky and earth" switch in recent
versions of Google Earth.
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