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ABSTRACT

The synthesis of position/force trajectories for compliant motion is an
important task for the control of industrial robots in assembly tasks. The posi-
tion and orientation of the manipulator can be specified by a set of six linear
independent constraints. Some are caused by contact with other objects (natural
position constraints) and the others are applied artificially (artificial position con-
straints). Since the uncertainties and the modeling errors make the exact natural
position constraints incomputable, a set of contact forces (artificial reaction-force
constraints) is servoed to implicitly reflect their effects. Two mappings, T-C and
C -PF, are defined which derive the nominal position trajectory P(¢) and free-
dom decomposition function $(¢) from the attributes of a given task, and then
the desired artificial position and reaction-force constraints. In the T-C map-
ping, for an insertion task, the convex operand shrinks to a line and the three 2-
D cut-diagrams of the concave operand are derived and expanded correspond-
ingly. The nominal position trajectory is determined from these expanded cut-
diagrams. Three 2-D trapezoids are defined to model the uncertainties. The inter-
sections between the trapezoids and the cut-diagrams are checked to determine
the values of freedom decomposition function S(¢). Consequently, in the C-PF
mapping the time sequences of the artificial position constraints and artificial
reaction-force constraints are derived from the nominal position trajectory and
the freedom decomposition function.
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1. Introduction

Most manipulator tasks will likely require some form of compliant motion
control which is defined as the ability to modify the manipulator motion based
on sensed contact forces during the motion. Compliant motion is a common
phenomenon in robot tasks and occurs when the position of a manipulator is
constrained by the task geometry. Previous work on active compliant motion
control focused on controlling the manipulator to follow the desired
position/force trajectories as closely as possible and can be divided into two
categories: hybrid position/force control [7-9] and explicit feedback control
[5,11].

The hybrid position/force control consists of separate position and force

control loops. For a given task, the input to the controller is the desired posi-

tion and force trajectory set points in the C-frame!. The robot motions in the
C-frame are partitioned into position and force constraint subsets and the con-
troller servos each degree of motion freedom, position or force, by a feedback
loop. Unlike the hybrid position/force control, the explicit feedback control
approach uses a force control law which relates the deviation of the hand posi-
tion or velocity to the required force applied to the hand. Both methods require

correct synthesis of the position and/or force trajectory which will lead the

! C-frame: Compliance frame [8-9] is an orthogonal coordinate system in the Cartesian
space. The frame is so chosen that the task freedoms are defined to be translation along and ro-
tation about each of the three principal axes.

Position /Force Trajectory 3
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robot to complete its assembly task. This paper addresses the problem of gen-

erating position/force trajectory for the hybrid position/force control scheme.

Current manipulator trajectory planning methods focused on position tra-
jectories [1,5,6]. For compliant motion control, a force trajectory is required as

well. Mason [7] developed a formal approach to derive velocity and force con-

straints from a C-surfacet, not the partitioned position and force trajectory set
points for the hybrid position/force controller. Since the C-surface is task

dependent, his method is not completely general.

For any robot task no matter whether it is a gross motion or compliant
inotion, there exists an ideal nominal position trajectory which must be followed
by the manipulator to complete the tdask. This trajeétory can be viewed as a set -
of six linear independent constraints to eliminate the six degrees of freedom in a
six-dﬁmensional configuration space which consists of all possible positions and
orientations of the manipulator. Thes:e position constraints can be partitioned
into two subsets of constraints. They are natural posstion constraints which
occur due to contacting with other objects and artificial position constraints
which are applied artificially. Due to uncertainties and errors present in the
modeling of the objects and the manipulator, obtaining the natural position con-
straints exactly may be impossible. However, natural positioﬁ.constraints can
be indirectly represented by artificial reaction-force constraints because contact

is always associated with reaction force. Therefore, the task of designing a

% C-surface is defined on a C-frame. It is a task configuration which allows only partial posi-
tion freedoms. Along its tangent is the positional freedom and along its normal is the force free-
dom [7].

4 Position /Force Trajectory
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position trajectory which will lead the robot to complete an assembly task can
be decomposed into defining two subsets of constraints, artificial position con-
straints and artificial reaction-force constraints. Their combined effect to the

controller should be equivalent to that of the ideal nominal position trajectory.

This paper extends Lozano-Perez's shrink-expand approach [6] and com-
bines it with a 2-D geometric cut-diagram approach to derive a 3-D
position/force trajectory for the hybrid position/force control scheme. The
problem of automatic synthesis of position/force trajectory can be expressed as
a mapping T -PF (task to position/force mapping) which in turn consists of two
submappings. They are T-C submapping (task to configuration space map-
ping) which derives a nominal position trajectofy P(t) and a freedom decompo-
sition function S(t) from the attributes of a given task and C-PF submapping
(configuration space to position/force trajectory mapping) which derives the
artificial position constraints and the artificial reaction-force constraints from
the P(t) and S(t).

In the T-C mapping, for an insertion task, an algorithm similar to
Lozano-Perez’s shrink-expand approach is used to shrink the convex object
grasped by the manipulator into a line with one of its end points at the origin of
its body attached frame. This origin is called the nominal center. Then, the 3-D
nominal trajectory planning is done on the three 2-D cut-diagrams of the other
relevant object. The uncertainties cause a larger region of possible contact.
These uncertainties are represénted by three 2-D trapezoids. By checking the

intersections between the trapezoids and the three 2-D cut-digrams, a piecewise

Position/Force Trajectory 5
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constant vector function S(¢t) is determined which represents the partition of
the six position constraints into artificial position constraints and natural posi-
tion constraints. S(t¢) as well as the nominal position trajectory P(t) serve as
inputs to the C -PF submapping which is responsible for determining the artifi-
cial position and reaction-force constraints. In the C-PF submapping, a time
sequence of every element of the artificial position constraints and artificial
reaction-force constraints is determined according to the corresponding element
of the freedom decomposition function S(¢). The outcome of this mapping is a
time sequence of artificial position constraints P,(t) and artificial reaction-force
constraints F,(t) which are ready to serve as reference inputs to the

position/force servo loops.

In thelnext section, the concepts of T-C and C-PF mappings are defined
and discussed. A geometrical knowledgé base which provides the geometric
inforﬁation of the objects in the workspace to the T-C mapping is bfiefly
described in Section 3. Then the algorithms of T-C and C-PF mappings are

described in Section 4, followed by conclusions in Section 5.

2. T-C and C-PF Mapping Concepts

In this section we formulate the problem of generating position/force tra-
jectory for the hybrid controller by two mappings ( T-C and C-PF mappings )

and introduce some related concepts.

A configuration space is a generalized coordinate system used to specify

certain entity. Therefore the position and orientation of an arbitrary object in a

6 Position /Force Trajectory
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3-D space can be specified by a six-tuple P = (p, ,p, ,9,,4¢, ,9, ,¢;) in 2 6-D
configuration space C, where p,,p,, and p, are displacement along the
X ,Y, and Z axes, respectively, of the base frame and ¢, ,gq, , and ¢, are
angular displacement about the the principal axes of a frame whose axes are
parallel to the base frame and whose origin is at (p, , p, , p,). In other words,
the six orthogonal constraints specify the position and orientation of an object

in a 3-D space.

Similarly forces and torques in the configuration space C in the ba,se frame
can be represented by a six-tuple F =(f, ,f,,f,,r, ,7,,7,) where f,,f,,
and f, are the forces along the X , Y, and Z axes, respectively, of the base
frame and r, ,7, , and r, are the torques aboﬁt the principal axes of a frame
whose axes are parallel to the base frame and whose origin is at (p, ,p, , p,)-
All these possible six-tuples form anotheli" configuration space, called force confi-
gura';;ion space C,. However, it is not independent and is associated with the
configuration space C.

The following definitions are important in discussing the T-C and C-PF

mappings.

Position freedom in configuration space: A degree of configuration space is said
to possess position freedom if the motion along this degree (i.e. the motion along

or about the corresponding principal axis of the base frame) is free.

" Reaction-force freedom in configuration space: A degree of configuration space

is said to possess reaction-force freedom if the reaction-force along this degree

Position/Force Trajectory 7
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(i.e. the reaction-force along or the reaction-torque about the corresponding
principal axis of the base frame) can take any value within some assumed

domain.

Natural position constraint: A position freedom of degree in configuration space
of an object under consideration will be eliminated by contact with other
objects, or in other words, constrained by the task geometry. This constraint is
called natural position constraint on the object, while the object is said to be

natural position constrained on the degree of configuration space.

Artificial posstion constraint: A constraint artificially applied to a degree of con-
figuration space of an object under consideration to eliminate the position free-
dom of that degree. The object is said to be artificial position constrained on the

degree of configuration space.

Natural reaction-force constraint: A reaction-force freedom of configuration
space of an object under consideration will be eliminated by absence of contact
on that degree with other objects. The corresponding reaction force can not
take any arbitrary value besides zero or certain value of friction. This constraint
is called the natural reaction-force constraint on the object, while the object is
said to be natural reaction-force constrained on that degree of configuration

space.

Artificial reaction-force constrasnt: A constraint artificially applied to a degree
of configuration space of an object under consideration to eliminate the

reaction-force freedom of that degree. The object is said to be artificial

8 Position /Force Trajectory



RSD-TR-1-85

reaction-force constrained on the degree of configuration space.

For every robot task, there exists a time sequence of six orthogonal con-
straints in the configuration space, which specifies the positions and orientations
where the manipulator must be if the task is successfully executed. This time
sequence of constraints is called ideal nominal position trajectory. If we could
derive‘ such trajectory by some algorithms and we had an ideal controller which
could drive the manipulator without any error, then the robot could perform
any assembly task as precisely as possible. Unfortunately, with uncertainties
and modeling errors, it is impossible to derive such an ideal nominal position
trajectory from a set of uncertain data. What we can do is to derive a time
sequence of six constraints in the configuratioﬁ space based on the available
uncertain data to approximate the ideal nominal position trajectory. The trajec-

tory resulted from this approximation is called nominal position trajectory.

At any time ¢, during the execution of a robot task, some of these required
six position constraints are applied by the task geometry. They are the natural
position constraints. Generally, the number of linear independent natural posi-
tion constraints is less than six. Several artificial position constraints should be
selected to constrain the remaining degrees of pbsition freedom. The total
number of natural position constraints, denoted as N,, and the tbtal number of

artificial position constraints, denoted as N, , satisfy the following relations:
0<N, <6 and N, =6-N,

When N, =0, it implies gross motion; while when N, = 6, it implies that the

Position /Force Trajectory 9
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grasped object is not movable. In an ideal case, these artificial and natural posi-
tion constraints should form the ideal nominal position trajectory and serve as
reference input to the robot controller. Since artificial position constraints are
designed by the operator and are known exactly in advance, they can serve as
the reference input to the controller easily. However, natural position constraints
exist naturally and can be detected only with certain degree of uncertainty,
which disqualifies them to be the reference input. This is the reason why the
ideal nominal position trajectory can not be derived exactly. A solution to this
difficulty is to indirectly servo the natural position constraints. Since the natural
position constraints are caused by contact with other objects and the contact is
always associated with reaction force, the (éacticn force along the degree of con-
figuration space, which is x'xatural position constrained, can indirectly provide
natural position constraints to the controller. The desired reaction force is the

artificial reaction-force constraint.

The artificial position constraints can be extracted from the nominal posi-
tion trajectory which is an approximation to the ideal nominal position trajec-
tory. And the rest of the nominal position trajectory can be considered as an
approximation of the natural position constraints and can be mapped to the
desired artificial reaction-force constraints by a proper mapping. Since the same
contact can generate different contact forces, the relation from natural position
constraints to artificial reg.ction-force constraints is of one-to-many. There is a
class of sets of artificial reaction-force constrﬁints which can serve as an indirect

input to replace the natural position constraints. This multiplicity makes it

10 Position/Force Trajectory
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possible to substitute the artificial reaction-force constraints derived from the
nominal position trajectory for those from the ideal nominal position trajectory.
In most cases, force control is used as an indirect position control to make the
actual position trajectory of the manipulator to approach the incomputable

ideal nominal position trajectory.

Let us now formulate the above concepts by two mappings. Let

C = a six-dimensional configuration space, based on a Cartesian frame, B-
frame for short.

P(t)= a point in C at time ¢. It is a six-tuple
(pe(t), 2y(), 22(8), 2, (2) g, (8) , 4 (2)):

S = the set of all possible S(t) which is a freedom decomposition function,
S(t)es.

T = the set of all possible T which is a.task, T€eT.

C a subspace of C, which consists of all those degrees in C which are

npn =
natural position constrained with the rest of the degrees having zero ele-
ments, e.g. C,, = {(p; ;P ,0,¢.,9,0) | p,py,0.,9 ER}.

P,(t) = a point in C,,, which represents the natural position constraints.

C, = (C, )‘L, the orthogonal complement of C,,. It consists of all those
degrees in C which are artificial position constrained with the rest of the
degrees having zero elements, e.g.

Cap ={(070ypz ,0,0,(1,) I P: 94 ER}

P,(t) = a point in C,,, which represents the artificial position constraints.

Position/Force Trajectory 11
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C, = asix-dimensional force configuration space associated with C.

F(¢))= a point in C; at time ¢. It is a six-tuple
(F:(t), £y(t), 1.(8), 7(2), my(2), 7. (2)).

C,; = a subspace of C,; consisting of all those degrees which are artificial
reaction-force constrained with the rest of the degrees having zero elements,
eg. C,, ={(0,0,f,,0,0,7,)| f,,7. €ER }.

The problem of automatic synthesis of position/force trajectory can be

expressed as a mapping T-PF:

T-PF:T — C, X C,

It consists of two submappings. The first is called T-C submapping which
derives a nominal position trajectory P(t) (not the ideal nominal trajectory,
which can not be derived exactly) and a freedom decomposition function S(t)
from the attributes of a given task. The second is the C ~PF submapping which
derives the artificial position constraints P,(t) and the artificial reaction-force

constraints F,(¢) from P(¢) and S(¢). That is:

T-PF = C-PF o T-C
T-C: T - CXS

C-PF: CXS — C, X Cy

where o denotes the left composition of functions. Notice that P(¢) can be
uniquely represented as a sum of two points P,(t) € C,, and P,(t)€ C,

because (C,, )‘L= C,, in the space C . Obviously, P,(t) is the natural position

12 Position/Force Trajectory
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(1) The combinational operators used in this GKB are +° and -* which are the
regularized set union and difference, respectively, of the sets of points in

Cartesian space, that is,

A +°' B = closure (interior (A U B))

A -' B = closure (interior (A - B))

where A. , B are sets of connected points in a Cartesian space, closure(4 ) is
the closure of the set A and interior(A ) is the interior of the set A .

(2) Every solid feature of an object is prefixed by a +°, while every hollow
featurg is prefixed by a -*.

(3) All the primitive solids are convex. Therefore an instance of a primitive solid

or a set of them connected by +°’s represents a feature itself if it is a solid

one, or the solid one which has the same boundary as the feature if it is a
hollow one (see Figﬁre 1).

When a task command, which is represented by the five attributes, enters
the geometrical knowledge base, it will provide the following data for the T-PF
mappi‘ng:

(1) operand = a subset of features in the object with one of the features being
the feature-operand and with the rest being those directly connected with
the featﬁre—opei‘and.

(2) B-frame = the frame which is the base frame of the configuration space C in

the given task. Generally it is the body attached frame of the feature-.

Position /Force Trajectory 15



RSD-TR-1-85

operand which is fixed during the execution of the task and is represented by

a 4 X4 HTM H,, relating the B-frame to the global reference frame.

(3) P(0) = the initial state of the body attached frame of the operand to be

moved with respect to the B-frame.

(4) P(T) = the goal state of the body attached frame of the operand to be

moved with respect to the B-frame.

(5) H,y1(0) and H,,,(0) = the HTMs which represent the body attached frames
of the operands.

All the objects present in the assembly workstation are constructed as a graph.

Each object or its feature is liﬂked to another through the lower pair relation or

some other relations, if they exist. The GKB will be modified immediately after

the completion of a subtask. This involves the modification of attachment rela-

tions and the various homogeneous traﬁéformation matrices of the objects or

features involved.

4. Algorithms of the T-C and C-PF Mappings

This section describes algorithms for the T-C and C-PF mappings based
on the concepts developed in the previous sections. However only cylindrical and
prismatic insertions are dealt with here because they form a majority of assem-

-bly tasks. Figure 2 gives an example of a peg-hole insertion task.

16 Position/Force Trajectory
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constraints given by the task geometry and P,(t) is the corresponding artificial
position constraints. Furthermore, every point P,(¢) in C,, has an associated
subset F,(t) C C,;. Each element F,(t)€ F,(t) specifies a set of reaction
forces (torques) along the degrees which are natural position constrained in the

configuration space.

3. Geometrical Knowledge Base (GKB)
In this paper, a given task is represented by the following attributes:
1. Feature-Operand = key names of the features relevant in the task.

2. Grasp position = a homogeneous transformation matrix Hj, relating the

hand frame to the body attached frame of the grasped operand.

3. Goal state = P(T), a six-dimensiqnal vector in the configuration space.
Some of its elements can be ‘“‘don’t care.” In this way, the goal state actu-
ally expands to a subset in the configuration space C and no longer a single
point.

4. Attachment type = relation between two feature-operands, it may be one
of the lower pairs: cylindrical, prismatic, planar, screw, spherical, and revo-
lute.

5. Specification = a miscellaneous part, which may specify the speed of the
hand or magnitude of contact force or torque, etc.

Other relevant information about the task and its environment are supplied by

the GKB.

Position/Force Trajectory 13
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The ‘‘geometrical knowledge’’ are represented by the constructive solid
geometry (CSG) scheme associated with primitive instancing. In this representa-
tion scheme, every object is represented by a tree. The root is the key name of
the object (parts) é,nd a pointer linking to a homogeneous transformation matrix
(HTM) relating its local coordinate frame to the global reference coordinate
frame. The second level non-terminal nodes are the key names of the feature
classification (e.g. holes, cubes, etc). The third level non-terminal nodes are the
key names of the features of the object (e.g. hole A, slot B, etc) and a pointer
linking to a HTM relating the body attached frame of the feature to the object’s
local coordinate frame. The forth level non-terminal nodes, if exist, are the com-
binational operators'. The terminal nodes arev the instances of the primitive
solids. They represent the features of the object by themselves or through com-
binational operators. A particular instance of the primitive solid is indicated by
the key name of the solid and a tuple of specified parameters. The location of

the body attached frame will be defined according to these rules:

(1) The frame is always defined on the central line of the feature with one of the

principal axes parallel to the central line.

(2) For all concave features, there is a “‘mouth.” The Z-axis of the frame should

pass through the mouth.

The combination of the instances of primitive solids follows the following rules:

' Combinational operators are the regularized Boolean operators operating on primitive solids
[10].

14 Position/Force Trajectory
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4.1. T-C Mapping

The objective of the T-C mapping is to derive nominal position trajec-
tory P(t) and freedom-decomposition function S(¢) from the attributes of a
given task. In an insertion task, th‘ere' are two feature-operands, one is solid
and the other is hollow. In the following discussion, we name the operand
which contains the solid feature-operand as operandl and the other which con-
tains the hollow one as operand?. Furthermore, we assume that bperandl is
grasped by the manipulator and is to be moved in completing the task, while
operand2 is fixed in the workspace. The body attached frame of the hollow
feature operand is selected as the B-frame. If these assumptions can not hold
true for some insertion tasks, then appropriate’transformations can be found to

transform these tasks into their equivalent counterparts which satisfy the

assumptions.

4.1.1. Deriving nominal position trajectory P(t)

The 3-D nominal position trajectory P(t) is obtained by three coherent
but separate steps. First, the three 2-D cut-diagrams of operand2, G,,, G,

and G,,, on the X-Z ,Y-Z, and X-Y planes, respectively, of its body

zy)

attached frame H,,, are computed. Second, operandl shrinks to a line L (
with one of the principal axes of its body attached frame parallel to the Z-
axis of H,,, at the goal state), while G,,, G,,, and G,, expand correspond-

and GE,

.y, Tespectively. Third, a 3-D nominal position

ingly to GE,,, GE,,,

trajectory is planned on each U-V plane (uv = 2z, yz, 2zy) with the criterion

Position /Force Trajectory 17
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that L,, representing operandl will not intersect with GE,, representing
operand?2.

Step 1: Find the cut-diagrams of the concave operand. Due to the
representation of objects in the GKB by the CSG scheme, the task of comput-
ing the cut-diagrams of operand? in its X-Z , Y-Z, and X-Y planes can be
decomposed into computing the cut-diagrams of its component primitive
solids by divide-and-conquer approach. The final result.is obtained by recom-
bining these sub-cut-diagrams using the same CSG regularized operators. The
divide-and-conquer approach greatly reduces the computational complexities

of computing the the three cut-diagrams of operand2 and can be described by

the procedure CUT_DIA.

procedure CUT_DIA (operand?2)
If (operand2 = single instance of a primitive solid)
then
Gy , Gy, Gyy —  cut  diagrams of operand2 on
XZ ,YZ , XY planes, respectively.

else

divide operand?2 into sI op 32, where 81 and s2 are subso-
lids with almost equal number of instances of primitive
solids.

Gzz ’ G
end_if
return (G,, , Gy, , Gyy)

G

3y

—~ CUT_DIA ( s1) op CUT_DIA ( 52)

yz ?

end_procedure

‘whereop € {+°,-'}

The correctness of the divide-and-conquer procedure can be proved by induc-

18 Position/Force Trajectory
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tion (see Appendix A). The resultant cut-diagrams are denoted as:
G,, = -the cut-diagrams of the operand2 on the U-V plane
= ¢yy By 01’.1 Cus B2 0p2 =+ 0py_y €4y By,
where B,, = instance of primitive solids, m =1,2,---n, 0p; € { +°,-" },
and c,, B, = the cut-diagrams of the instance B, on the U-V plane,

represented by a set of parametric function pairs:

(uy =1 u(t) , vi=1F1t1)
(ue = [ aa(ts) , va= [ 2(ty))

(v = Friltk) » vk = fkoltx))

where uv =2z ,yz ,2y. The f,;,i =12,---,K;j5 =12 are so selected
that when one point travels along the curve with increasing ¢; the interior of
B,, lies on the left of the point.

Step 2: Shrink-expand on operandl and the cut-diagrams. In this
step, the operandl is shrunked into a line which is coincident with one of the
principal axes of its body attached frame H,,,(T) and parallel to the Z-axis
of H,,,. The line L is then projected onto the X-Z, Y-Z and X-Y planes
of Hy,; as L,, ,L,, and L,,, respectively. Then, the cut-diagrams of
operand2, G,,,G,, and G,, expand correspondingly to GE,, , GE,, and
GE,,, respectively. Like operand2, operandl may consist of several instances
of primitive solids combined by regularized set operators. Hence it can be

represented as

operandl = A, op; Ay 0py *** 0Pp_1 Ap

Position/Force Trajectory 19
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and the shrinking of operandl can be decomposed into the shrinking of 4;’s
too.

Consequently, the expansion of operand2 can be decomposed into m
sub-expansion of G,,, G,,, and G,, corresponding to the shrinking of 4,’s,
1 =1,2- ,m so that the computational complexities can be greatly
reduced. The final expanded cut-diagrams corresponding to operandl, denoted

as GE,, , GE,,, and GE,,, are defined in the following assertion:

Assertion 1.
Assume operandl = A, op, Ay 0py **° 0pp_y Ap
m -
Then GE,, = |y GE;yy ; wv =122 ,yz ,2y
i=1
where GE,,, is the expanded G,, corresponding to A; , uv = zz ,yz ,zy. The
proof of Assertion 1 can be found in Appendix B. Based on above discussion,

we define a divide and conquer procedure SHR_EXP to implement the

shrink-expand task with details omitted.

procedure SHR_EXP (G,,, operandl )
If (operand1 = instance of a primitive solid)
then

GE,, + expansion of G,, according to the shrinking of
operandl;

else

divide operandl into C, op C,, where C; and C, are subso-
lids with almost equal number of instances primitive solids.

GE,, —~SHR_EXP(G,,,C,) |J SHR_EXP(G,,,C,)
end_if

20 Position /Force Trajectory
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return GE,,
end_procedure

Step 3: Find nominal position trajectory. In this step the nominal posi-
tion trajectory P(t) = (p,(t),p,(t),p,(t), ¢ (t), ¢ (t), g, (t)) defined with
respect to the frame H,,, is to be obtained from the cut_diagrams GE,,,

GE

> and GE, . These cut-diagrams provide the information of natural posi-

tion constraints. Deriving P(t) from these cut-diagrams consists of four

phases:

(1) Define a set of position nodes, { N;,N,, - -+ , Ny }, on a 3-D Euclidean
space as well as their projections on the X-Z ,Y-Z, and X-Y planes,
{Niuw ;N2u, , *** y Ny }, wv = zy,yz,2z such that for all N, : N,
¢ GE,, and N; is visible! to both N;_, and N;,;, § =2, --- , T-1, and
N, = origin(H,,(0)), Ny = origin(H,, (T )); where origin(H) = the origin
of frame H in the B-frame.

(2) Define a set of straight lines, {(N,, Nj), (Ny, N3), ... , (Nr_y, N7 )}, which
forms the nominal p_osition trajectory of the nominal center of operandl.
This trajectory is the position part (p,(t), p,(t), p.(t)) of the P(t).

(3) Define a set of orientation nodes corresponding to the position nodes, {M,,
M, ..., Mz}, where M; = (q,(t), q,(t), q.(t)). These orientation nodes
are defined in such a way that with the nominal center at

(ps(t), py(t), p,(t)), the line L,,, L, and L,, will not intersect with the

' N; is said to be visible to N;_; if there exists a straight line from N;_; to N; which will
not overlap with GE,,, .
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GE,,, GE,,, and GE

2y 1 respectively, and with Ml = (qz (0) y Oy (0) y 4z (0))7

the initial orientation of operandl with respect to the B-frame (H,,,) and
My = (¢,(T), q,(T), q,(T)), the orientation of the goal state with

respect to the frame H,,,

(4) Define a  set of  straight lines in  angular  motion,
{(M,, M), (Mg, M), -+ - (Mg_y, My)}, which forms the orientation part of

the nominal position trajectory P(t), (¢.(t), q,(t), ¢.(¢)).

In this paper we do not consider the collision between operandl and other obsta-
cles besides operand2. Under this assumption, we select only three nodes for each
insertion task: N; = (p,(0), p,(0), p,(0)), initial position of the nominal center
with respect to the B-frame; N, = (p.(¢;), py(¢1), p.(t,)), a point on the Z-axis
of the frame H,,, which is visible to N,; and Ny = (p,(T), p,(T), p.(T)), the
goal state of the nominal center with reséect to the frame H,,,. It is desired to
have (q.(t), q,(t), g:(t)) reach its goal state (¢,(T), ¢,(T), ¢,(T)) before the
nominal center reaches N,. The resultant nominal position trajectory can be

expressed as a piecewise linear vector function,

P(t)=(p,(t),p,(t),p,(t),q,(t), q(t), q.(t)), where

pi(0) + T‘I(p.-(tl)—p.-(o» . Ny N,

pi(t)=
; No— Nr

p:(tl) + = (pa(T) ps(tl))
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Q;(O)"'Ttl(‘I;(T)-Q.‘(O)) M, — M,

ilt)=
(t) %(T) i My — My

where s =z ,y,z2.

4.1.2. Algorithm for Freedom Decomposition Function S(t)

Strictly, if the line L,, which represents operandl on the U-V plane of
the frame H,,, is on the boundary of GE,, (i.e. touch with one point or whole
line, but not intersect with ), then operandl is under natural position con-
straints at some degree of the configuration space. Even in some region where
L,, does not contact with GE,,, the natural position constraints may still
exist. This is due to the uncertainties which will bring operalidl and
operand?2 in contact if the free space between operandl and operand?2 is not
big enough to tolerate the uncertaiﬁties. These uncertainties will cause
op-erandl to deviate from P(¢). On the U _v plane, the result is that the line
L,, will deviate from its nominal position and orientation. In order to handle
these uncertainties, we use a ball B,,, to represent the uncertainty of the posi-
tion of the nominal center and a cone C,,, to represent the uncertainty of the
orientation of L,, on the U~V plane. They are combined into an uncertainty
trapezoid, T,,,, -

Let &, = (u,, v,) be the nominal position of the nominal center and
® = (u , v) be the position of the nominal center. Then the uncertainty ball

of the nominal center is defined to be
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B, [®o] = { ® € U-V plane: d (d, ¢;) < r}
where r is the radius of the ball and d_(®, ®,) is a metric function defined on
the U-V plane,
doo(®, ®o) = max{ |u-uo|, |v-vy] }

Let ¥, be the nominal angular displacement of L,, on the U~V plane and ¥
be the angular displacement of L,,. Then the uncertainty cone of the orienta-

tion of L,, is defined to be
Cuve [¥o] = { ¥ € [0, 2m): (¥, ¥p) < 4}
where s is a small positive angle and
dy(¥, Vo) = | V-V, |

" The uncertainty trapezoid T,,,, [®o, %] is the combination of B, [®,] and

Cus [¥o] and is given as

Tuors [Pos Yol = {Lu (®, ¥): ‘I’ € Byyr [0g] and ¥ € Cy, [¥o]}
where L,, (®, ¥) represents the line L,, with its nominal center at ¢ and angu-

lar displacement of ¥. Figure 3 gives illustrations of B,,, [®], C,.. [¥o], and

Tum [CPO ’ \1’0]'

Obviously when L,, ($,, ¥,) moves along the nominal position trajectory,
some L,,,,'(<I>, V) € Ty [P0, ¥o] might contact, or even intersect, with 'GE,",.
Therefore operandl is natural position constrained at some degree of confi-
gur.ation space. The freedom decomposition function S(t) reflects such

occurrence of natural position constraints and is defined as
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S(t)=1(s,(t), 85(t),85(t),8,(t),s5(t), 24(t)), Where

-1, casel
o, case 2
5(t) = ;
1, case 3
2, case 4
where:

case 1 = natural position constraint occurs on the direction against the %

degree of the configuration space,
case 2 = -no natural position constraint occurs on the i* degree of the confi-

guration space,

case 3 = natural position constraint occurs on the direction along the i
degree of the configuration space,

case 4 = natural position constraint occurs at both directions along and

against the ¢** degree of the configuration space.

The freedom decomposition function S(¢) is determined by checking the
intersections between the both edges of T,,,, and GE,, with uv = 2z,yz, and
zy planes. Then s;(¢t) s are assigned with proper values according to the
intersection checking. The resultant S(¢) is a piecewise constant function
which reflects the different subtask periods of the given task, e.g. gross

motion subtask, compliant motion subtask, etc.

4.2. C-PF Mapping

The C-PF mapping is to derive the artificial position constraints and the

artificial reaction-force constraints from the nominal position trajectory P (t) |
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and freedom decomposition function S(¢). These constraints serve as the input
to the hybrid controller. In general, the configuration space is represented as
C = {(ps) Py, P:y 9ss Oy» &) | Psy Py, Py 45, 9y, ¢; ER } and C,,, C,,, and
C,; vary with the task. For instance, in the insertion task shown in Figure 2,

the C,,, C,,, and C,; subspaces are represented as:

c (©,0,0,0,0,0) e,
np T ;
{(p”py’O,Qz ngxo)lp,,py,qz,qy ER} ytE[tl,T]
C,y = © stefo, ]
ap ; t
{(0,0,p,,0,0,q9,) | p;,9. ER} ;¢ € [t,,T]
{(©,0,0,0,0,0) st €ty

C, = :
, {(f,,fy,o,f,,fy,()) l f: :fy’rz ) Ty ER} ’teltl’T]

At any time ¢, a point P°(¢) on the ideal nominal position trajectory is the
sum of the two points P,(t) € C,, and P/f(t) € C,,. Hence, the ideal nominal
position trajectory P°(t) can be uniquely represented as the sum of the time
sequences of artificial position constraints P,(¢) and natural position con-
straints P,(t), P*(t) = P,(t) + P,(t).

The first step of C-PF mapping is to derive the time sequence of con-

straints, P,(t) € C,,, from the nominal position trajectory P(¢). Since the

ap )
artificial position constraints are artificially selected, it will not be affected by

uncertainties. Therefore P, (t) extracted from P (¢) is equivalent to P,(¢),
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Py(t) = (T(s4(¢), ps(¢)), T(a5(t), py(2)), T(ss(t), p,(t)),
T(s4(t), g:(¢)), T(as(t), qy(t)), T(s6(t), g:())

where:

p(t) ¢ G [t‘l!‘2) and O(t) =0
T(s(t), p(t)) =

otherwsse

and s(t) is an element of S(¢) and p(t) is the corresponding element of P(¢).

The next step of C-PF mapping is to derive the time sequence of artifi-
cial reaction-force constraints F,(¢). Since the relation from the natural posi-
tion constraints to artificial reaction-force constraints is of one-to-many, F,(t)
actually is only the function of freedom decomposition function S(t). Therefore
F,(t) can implicitly represent the natural position constraints part of the ideal

nominal position trajectory and defined to be
Fo(t)=(Qay(t)), Qa()), Aag(t)), B ,(t)), Das(t) ), Dsg(t)) )

where:

+f; ;t € [ty, to)and 5;(t) =2
-fi ;¢ €[ty ty)and 5(t) =1

+/i st € [ty, t,) and o;(t) = -1

0 ;t €[ty, ty) and 5;(t) =0

\

and f; is the desired contact force either given by the task attributes or an

arbitrary small positive number.
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The final outcome of the T-PF mapping serves as the reference input to
the hybrid position/force controller with the artificial position constraints ser-
voed by the position feedback loops and artificial reaction-force constraints ser-

voed by the force feedback loops.

6. Conclusions

In this paper, the concepts of compliant motion is developed and discussed.
Based on the concepts, Lozano-Perez’s shrink-expand approach is combined with
a 2-D cut-diagram approach to derive the nominal position trajectory from
which the artificial position and artificial reaction-force constraints are derived
to serve as the reference inputs to the hybrid position/force controller. The syn-
thesis of position/force trajectories for compliant motion was realized by two
mappings, T-C and C-PF, which are defined to derive the nominal position
trajectory P(t) and freedom decomposition function S(¢) from the attributes of
a given task and then the time sequence of the artificial position constraints and

artificial reaction-force constraints from the P (t) and S(¢).
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Appendix A

The geometrical knowledge about an operand, as described in Section 3, is

represented as follows:

O = any operand,

F or F; = any feature,

A or A; = any instance of a primitive solid,

op; €{+",-"},

where +° and -° are regularized set union and difference, respectively.

Then

O=F or O =F op, Faopy '~ opp_y Fpyy
(A-1)
F=A or F=A,0p Ayopy, -+ op_y Ay,

Since A is always convex, a hollow feature can be represented as
A+ "A+" - +°A)

while a solid feature can be represented as
+'(4 +° A+ -+ +° A)

Noting the following identities,

A1+. (A2 +‘ A3)EA1+. A2+. A3
A - (A" A=A, -" A, A,
+'A=A

Eq. A-1 can be rewritten as
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0 =A or 0 =Al op1A2 op2 ¢ e op”_l A” (A‘2)

Assertion 2

For any arbitrary 3-D operand O represented as in Eq. A-2, the 2-D cut-

digrams, G,,, wv = 2z, yz, and zy planes of H,,,, can be decomposed as

Guw =CwAi0pycyyAgopy * - 0py_ €y A, (A"3)
where ¢,, A; is the cut-diagram of an instance of the primitive solid A4; at the
U-V plane.

proof;

Assertion 2 can be proved by induction.
1. basic step:
Assume O = A, +° A,

0, A;, A, C U where U is a 3-D Cartesian space.

vé e U:

b0 «—>decA,+' A,

—> o€ (C;(A, U A,) where C;(-) represents closure( interior())

> (P€EA,UA,) and (P (A, UA,)-Ci(A,UA)))

> (P€A; or PEA,) and (P ¢E(A,UA4,)-Ci(A,UA4,))

(A-4)
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Now, if we restrict & € P to a 2-D plane in U, then,

d€P and PEO0 => &€ cpO

PEP and €A, => P € cpA,
®EP and d€ A4, => dPEcpA,

where ¢pO, cpA,, and cpA, are the cut-diagrams of O, A,, and A, on the plane
P, respectively.

Then A-4 becomes

VOEP:PEcpO &> (D EcpA, or ®E cpA,) and

(z €((cpA, U cpA,) - Ci(cpA, U cpAy)))

> dEcpA, +° cpA,
=> ¢p0 =cpA, +’ cpA,
Similarly, we can prove
O =A,-"A; => cp0 =cpA, -’ cpA,

Therefore

O =A,o0p, Ay =>> ¢pO = cpA, op, cpA,

where op € {+° ,-°}

2). Assumption step:

Assume
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O =A,0p Agopy - opy oAy,
== ¢p0 = cpA, 0p, cpAy 0py * - 0py_y Ay,

holds true.

3). Induction step:

O =A yo0pyAgopy---0py_g Ay 0p,y Ay
= (A1 opy Agopy - ° 0p,_ Au-l) 0p,_1 Ay

= B op,_; Ay,

=> ¢p0 = cpB op,_; cpA,

=>> cp0 =cp(A 0py Ay opy " - 0p,_2 Aa_y) OPs_; €PA,
=>> cp0 = cpA, op, cpA; 0p; ““* 0ps_3 cPA,_y OPy_y CPA,

(A-5)
Since P is any arbitrary 2-D plane in the 3-D Cartesian space, the induction A-5
holds true on the X-Z, Y-Z, and X-Y planes of the body attached frame H,,,.

Q.E.D.
Consequently, the correctness of the divide-and-conquer procedure CUT_DIA

described in Section 4 is the direct result of the Assertion 2.
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Appendix B

Assertion 1 in Section 4 is restated here for convenience.

Assertion 1

Assume operandl = A, 0p, Ay 0p; " 0Pppm_1 Am (B-1)

Then GE,, = |J GEjyy ; v =2y ,yz ,22
i=1

where GE,;,, is the expanded G,, corresponding to A; ,uv =zz ,yz and zy

planes of H,,,, and op; = +* 1.

roof:
m
1. First we prove that ¢ € GE,, => ® €|J GE,,,, wWhere & =(u,v) is a
i=1
point in the U-V plane.
® € GE,, means that if operandl is put at a position such that L,, passes
through ¢, then operandl will collide with operand2 on the U-V plane. The
collision point at least belongs to one of the A;'s. Therefore

¢ € GE;y,, § €{1,2,---,m} so that

b€ GE, = b€ CJ GEiyy - (B-2)
i=1

m
2. Next we need to prove that ¢ € |J GE;,, => ¢ € GE,,
=

' The object which operandl belongs to might have some hollow features. However, in an
insertion task, the feature-operand of operandl and its direct neighbors are solid ones. Therefore
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m
¢ €y GE,, means that ¢ belongs to at least one GE,,,. We denote it as

§ =1

GE,,,, corresponding to A;. Therefore, if L,, passes through ¢ = (u, v), then

A; will collide with operand2 on the U-V plane and so will operandl, since A;

is a solid part of operandl. Therefore

€ | GEy => ®€GE, (B-3)

From B-2 and B-3, we conclude that

GE,, = U GEy uy = 2z , yz , 2Y.

i =1

QED.

the combinational operators in Eq. B-1 are all +°s.
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Figure 1. An object which is the Combination of Solid and Hollow Features
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Figure 2. An Example of Peg-hole Insertion
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Figure 3(a). The ball B, [§)
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Figure 3(b). The cone C,,, [¥,)
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Figure 3(c). The trapesold T, [®,.9,]

Figure 3. (a) The ball B,,, [®,].

(b) The cone C,,, [¥,].
(¢) The uncertainty trapezoid T,,,, [®,, ¥,
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