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The general objective of t h i s  program was to generate data on 
the kinematics and response of human surrogates in  a r e a l i s t i c  automobile 
impact environment. The program used a t e s t  configuration consisting of 
an idealized hard seat  representation of a car  seat  w i t h  a three-point 
harness res t ra in t  system. Three di f ferent  severity levels  of crash t e s t  
conditions were used. The human surrogates tested i n  t h i s  program were 
f i f t e en  male cadavers, a Hybrid I1 (Part  572) Anthropomorphic Test Device 
and a Hybr id  I11 ATD recently developed by GM. I n  addition, mathematical 
simulations of the response and kinematics of a 50th percentile male 
occupant were performed a t  the three levels  of crash severi ty,  us ing  the 
MVMA Two-Dimensional Crash Victim Simulator. The data that  has been 
produced by t h i s  program represents one of the most comprehensive and 
extensive documentations of whole-body response t o  date. The primary 
u t i l i t y  of the data is fo r  comparing the s imi la r i t i e s  and differences i n  
response and kinematics of the various types of human surrogates and i n  
pointing out areas that  need improvement i n  both anthropomorphic t e s t  
devices and mathematical models. 
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Each \\hole Pody Response test was conducted following 
certain procedures which were developed during the early 
phases of the program. As the program progressed, pore 
efficient procedures and methods were established and the 
protocol was refined accordingly. 

The followinq sections describe the grotocol 3 f  
conducting a \ iBR test. Though i t  is oriented to tests using 
human cadavers, this protocol applies as well to the anthro- 
ponetric test devices (du~ninies) used in the research 
proqran. The sequence of tasks includes the design of the 
experiment, subject and sled preparation, conducting the 
test and finally, performing a post-test examination. 

Cesiqn Of E x p r  inent - 
The test configuration for all h I ? H  tests is shown in 

Fiqure 1. The subject, which approximates 50th percentil~ 
male, was seated for a frontal impact in a GK-supplied test 
fixture and was restrained by a three-point belt syster 
instrumented with load transducers in a driver's side confi- 
guration. Every attempt was made to comply with the 
recuirenents desribed in the diagram. 

Three lcvela of i17nact severity were used in the )*EF 
grogram. The low-severity tests corres~onded to 16.5-m~h 
sled velocity chanqe, ant: to a 1 -  constant deceleration 
level, The internediqte-severity tests h a d  twice the 
kinetic energy of the low-severity ones, which corresponds 
to 23.3 vph velocity change and 18 q deceleration level. 
Finally, the kinetic energy of the mid-severity tests was 
doubled for the hiqh-severity tests, by adjustina the 
velocity change to 33 nph and the sled deceleration level to 
2Li 9 ' s .  Tvnical s l e d  pulses for these three severitiss are 
g i v e n  i n  F i g u r e  2.  

Design Zf Experiment 
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F I G U R E  2. TYPICAL LOW, I N T E R M E D I A T E  A N D  H I G l i  
S E V E R I ' I ' Y  SLED D E C E L E R A T I O N  PUL,SES . 



Once a  c2daver became a v a i l m 2 b l e  f r o n  t h ~  - F~,natomy 
C'enart!nent, i t s  s u i t a h i l i t y  f o r  a  ~ E I ;  run w 3 s  i n v e s t i f r ; a t t ? j ;  
,~.SL::, r;r~l.'.~ s u i : j ~ ~ c k s  ~1nnr - r~7 :< i~a t ing  5 L 7 t : )  nnrc;.r?t i l e  r;..?lt3 were 
s s l e c t e a ,  anL< o n l y  i f  t h e  integrity of t n e  s k e l e t a l  
s t r u c t u r e  woulz r e r u l t  i n  r e a l i s t i c  wholc body k i n e r s t i c  
r e scons?  i n  t ! ~ e  3 - y i n t  lhelt t e s t s  b e i i q  con?ucte : l .  " 'os t  o f  
t n s  czdaver s  t e s t ? a  ;"ere  unembalzed, s i n c e  ~ f ~ k z l ~ i i n o  i s  
known t o  a f f e c t  hurnan t i s s u e .  

k i t h  t ! ~ e  a v a i l 3 b i l t y  and s u i t a b i l i t y  of s u b j e c t  
e s t a b l i s h e d ,  t h e  t e s t  s e v e r i t y  l e v e l  9 2 s  s c l ~ ~ c t e d  n e x t ,  i n  
c o n s u l t a t i o n  with C;,:i?I: F-' iosciences Cenartment pe r sonne l .  
rr: ,.i,e , purpose o f  th is  procedure  w a s  t o  e n s u r e  Jn even 
d i s t r i b u t i o n  o f  :;ood ; i l t a ,  by ex3~r i n i n g  r e s u l t s  f r c ! r  
n r e v i o u s  t e s t s  a n d  consider in:^ t h e  o v e r a l l  o b j e c t i v e s  of tne  
sinole Eody Resnonse Research program. 

S u b j e c t  P r e p a r a t i o n  

The procedure  i s  i n i t i a t e d  by a c a l l  from t h e  finatorny 
Cepartment t o  n o t i f y  HSRI t h a t  a s u i t a b l e  cadaver  i s  
a v a i l 3 b l e .  Three H:;HI ~ e r s o n n e l  would then b r ing  t h e  
s u b j e c t  t o  t h e  Eiomedical  Labora tory  f o r  p r e p a r a t i o n .  Th i s  
i n c l u d e s  t h e  follo~princj t . 2 s k ~ :  

*Obtain t h e  s u b j e c t  rneaical h i s t o r y  an3 c u r r e n t  
weight .  

* S a n i t a r i l y  ? r e p a r s  t h e  cadaver  by c l o s i n g  a l l  body 
open ings ,  

)Obtain a l l  a n t h r o p o v e t r i c  measurements, 

- I n s t a l l  3 mounts on t h e  s k u l l  f o r  t h e  9-acce lerometer  
package a n d  r eco rd  f i x t u r e  dimensions. T h e  f i x t u r e  shown i n  
F igure  3 ,  is  used t o  l o c a t e  and a l i g n  t h e  t h r e e  mounts shown 
i n  f i g u r e  4 .  

* I n s t a l l  t h o r a c i c  and p e l v i c  a c c e l e l e r o m e t e r  mounts 
shown i n  F i g u r e s  5 and 6 .  

-Remove head f i x t u r e  when a c r y l i c  is  s e t .  I n s t a l l  
l e a d  p e l l e t s  a s  x-ray t a r g e t s  on 3 t r i a x i a l  noun t s  and  4 
ana tomica l  landmarks.  

E X P L R I K E N T A L  PROCEDURES 



FIGURE 3. FIXTURE FOR LOCATING AND ALIGNING THE 
THREE HEAD TRIAXIAL MOUNTS. 

Subject Preparation 



WHOLE BGCY RESPONSE 

FIGURE 4. THREE TRIAXIAL MOUNTS RIGIDLY 
ATTACHED TO THE SKULL. 

EXPERIMENTAL PROCEDURES 



APPENCIX A 

FIGURE 5 .  THORACIC ACCELEROMETER MOUNT. 

S u b j e c t  P r e p a r a t i o n  



WHOLE BOCY RESPONSE 

FIGURE 6. PELVIC ACCELEROMETER MOUNT. 

EXPERIMENTAL PROCEDURES 



~ P ~ ; I c c  cadaver  i n  wood mock-seat f o r  x- rayinq ,  and 
t.apc s e c u r e l y  i n  p o s i t i o n .  P o t a t e  t h e  x-ray t a b l e  t o  a 
v e r t i c a l  ? o s i t i o n ,  

' -Obta in  two o r thogona l  x-rays of t h e  head showing 
seven p e l l e t s  on each ,  and record  approximate t a b l e - t a r g e t s  
d i s t a n c e s .  

-Ob ta in  o v e r l a p i n g  l a t e r a l  whole body x- rays  i n  mock 
s e a t  w i t h  s c a l i n g  t a r g e t s  a l o n g s i d e .  

- R o t a t e  t h e  x-ray t a b l e  t o  a  h o r i z o n t a l  p o s i t i o n ,  and 
p l a c e  cadaver  on t a b l e  i n  prone  p o s i t i o n ,  

r Obta in  o v e r l a p i n g  f r o n t a l  whole body x- rays  w i t h  
s c a l i n g  r a q e t s  a l o n g s i d e ,  

>Re tu rn  cadaver  t o  c o o l e r  f o r  o v e r n i g h t  s t o r a g e ;  c l e a n  
s u r g e r y  and x-ray a r e a s .  

-Next morning, remove cadaver  from c o o l e r  and p l a c e  on 
s u r g e r y  t a b l e  f o r  f i n a l  p r e p a r a t i o n ,  

-Dress  cadaver  i n  v i n y l  sweat  su i t  then  i n  c o t t o n  
underwear,  Spray a r e a s  between s k i n ,  v i n y l  and c o t t o n  
s u r f a c e s  w i t h  Scotch  adhes ive  s p r a y  t o  i n c r e a s e  f r i c t i o n .  

- P l a c e  socks  and g l o v e s  on cadaver  and t a p e  s e c u r e l y  
t o  underwear,  P l a c e  hood over  c a d a v e r ' s  head and s t i t c h  t o  
underwear,  

-P lace  p repa red  cadaver  on gurney and t a k e  t o  s l e d  l a b  
f o r  t e s t i n g .  

S led  P r e p a r a t i o n  

The p r e p a r a t i o n  of t h e  HSRI s l e d  ( F i g u r e  7 )  f o r  a  L'SR 
t e s t  i s  c a r r i e d  o u t  s imul t aneous ly  w i t h  cadaver  p r e p a r a t i o n .  
T h e  t a s k s  involved  a r e  l i s t e d  below i n  t h e  g e n e r a l  o rde r  i n  
which they  a r e  accomplished:  

*P lace  t h e  LiFF s e a t i n g  buck (GF-supplied) on the  HSTI 
s l e d .  

- I n s t a l l  ali t jnment b locks  on t h e  slecl a n d  nush t h e  
buck a g i a n s t  thein. Fas t en  buck s e c u r e l y  t o  s l e u .  

Fled P r e p a r a t i o n  



WHOL,E FODY RESPONSE 

FIGURE 7 .  HSRI IMPACT SLED FACILITY. 

EXPERIMENTAL PROCEDURES 



*Prepare the belts by painting white stripes on 

shoulder belt, assembling the buckles, and setting the belt 
lengths with a 1M-1S load applied. Install prepared belts 
on the WBR buck and anchor properly. 

-Check the availability of thoracic, qelvic, acromion 
and femur photographic tarqets, and fabricate any required 
targets. These are shown in Figures 8, 9, 18 and 11. 

-Move sled to ?rogramrner's T-zero position to check 
ghotographic coverage. Align overhead reference; position, 
aim and focus the high-speed cameras; install reference an? 
scaling tarnets on front of sled; finally, install run 
identification number on front, top and sides of sled. 

-Install airway pressurization tank and tubing on 
sled. 

Instrumentation Preparation 

This includes preparation of transducers, amplifiers 
and recording equipment to be used in the test. The tasks 
to be accomplished during this phase are: 

-Prepare the instru~entation data sheet by assigninq 
the variables to be recorded to specific transducers and 
tape channels. 

rAssen?ble Acceleronetors on mounting blocks to make 
three head triaxial, one thoracic triaxial and one pelvic 
hiaxial assemblies. 

-Check polarities of accelerometers. Assisn positive 
sensitivity if acceleration in a qiven anatomical direction 
produces a oositive output; otherwise, assign a negative 
sensitivity. 

-Plug all transducers into assigned channels on sled 
oatch panel. Connect sled p a t c h  pannel to assigned 
amnlifiors. Turn amplifiers on. 

D pdjust a11 transducers to correct excitations. 
Select anlifiers correct gains. Check and adjust all 
transducers for zero balance. 

*Connect a ~ ~ l i f i c r s  outputs to Visicordcr. Check 
visually responsc of a11 transducers to input. Repair or 
reolacc iefective or ~allunctionning transducers. 

Instrumentation Preparation 



\?HOLE BODY RESPONSE 

FIGURE 8. THORACIC PHOTOGRAPHIC TARGETING. 

EXPERIMENTAL PROCEDURES 



A P P E N D I X  A 

FIGURE 9. PELVIC PHOTOGRAPHIC TARGETING. 

Instrumentation Preparation 



WHOLE BODY RESPONSE 

FIGURE 10. COMPONENTS OF ACROMION PHOTO-TARGET. 

EXPERIMENTAL PROCEDURES 



APPENDIX A 

FIGURE 11. COMPONENTS OF FEMUR PHOTO-TARGET. 

Instrumentation Preparation 



-Connect a n p l i f i e r s ,  v e l o c i t y  transducer, d i q i t a l  :ate 
and t i n e  b a s e  o u t o u t s  t o  i n p u t  p o r t s  o f  a s s iqned  t ane  
channe l s .  

* I n s t a l l  t a p e  r e e l s  on r e c o r d e r s  and i n d s x  thei;: jus t  
beyand c r e v i o u s  t e s t .  Program d i g i t a l  a a t e  t o  ciesired q a t e  
d u r a t i o n .  c c t  t ime hase f requency t o  l f l C $  H z .  

-Compute g r o s s  weight  o f  s l e d .  C a l c u l a t e  s l e d  
? c c e l c r a t o r  a n d  n r o q r a r n e r  Dressu res .  De te rv ine  .qnd a d j u s t  
3e l2v  s s t t i n o s  o f  t e s t  sendencinq c o n t r o l  r e l z v s .  

1:un Seauence - 

Once a l l  p r e p a r a t i o n s  have been concluded,  t h e  a c t u a l  
t e s t  may be i n i t i a t e d .  The p r e - t e s t  a c t i v i t i e s  a r e  c a r r i e a  
~ u t  on and o f f  t h e  s l e d .  The on-s led  f i n a l  2 c t i v i t i s s  a r ? :  

* L i f t  cadaver  from ju rney  w i t h  overhead c r a n e .  :iuhile 
suspended,  i n s t a l l  t h o r a c i c  and p e l v i c  acce le romete r  ass?!?- 
b l i e s  and t h e  co r re spond inq  pho tograph ic  t a r 7 e t s .  

-Lower cadaver  o n t o  s e a t  of  PUDR buck and a t t a c h  l a o  
a n d  shou lde r  b e l t s  t o  hold h i m  i n  p l a c e .  

r I n s t a l l  t h r e e  head t r i s x i a l  a c c e l e r o m e t e r s  a t  t h e i r  
a s s iqned  nounts .  Route and s t r a i n - r e l i e v e  t r a n s d u c e r  
c a b l e s .  

I n s t a l l  acromion and femur t a r g e t s .  Loop a s t r i n q  
around l e g s  t o  ma in ta in  a  13-inch s e p a r a t i o n  between c a n t e r s  
o f  knees.  S t a p l e  3 p h o t o - t a r g e t s  t o  upper s t r i p e d  s e c t i o n  
o f  shou lde r  b e l t .  At tach  head acce le romete r  p h o t o - t a r g e t s ,  
i f  s p e c i f i e d .  

-Tension l a p  b e l t  t o  10 - lb  p re load .  Adjus t  back 
s u p p o r t  t o  c l e a r  t h o r a c i c  t r a n s d u c e r  mount. Push cadaver  
a g a i n s t  back s u p p o r t .  Tens ion  s o u l d e r  b e l t  t o  l a  l h s  
p r e l o a d .  C a r e f u l l y  p o s i t i o n  cadaver  i n  p o s i t i o n  a g a i n s t  
s e a t  back us ing  two s i n g l e  s t r i p s  of 1/2-inch maskins t a p ? ,  
one a c r o s s  c h e s t  and  one a c r o s s  head. P l a c e  1/2- inch t h i c h  
s tyrafoam board on t o p  of c a d a v e r ' s  t h i g h s  t o  s u p 2 o r t  
w r i s t s .  

D P e c h e c k  t h e  1 B - l h  p r e l o a d s  on l a n  and shou lde r  b e l t s .  
Geasure and r ecord  anchor o r i e n t a t i o n s .  

E X P E R I M E N T A L  PROCEDURES 



- P u s h  s l e d  t o  programmer's T-zero p o s i t i o n  f o r  f i n z l  
check,  F i n a l  focus  and aim cameras. Take p r e - t e s t  s e t u n  
photographs.  

r P u s h  s l e d  down t o  a c c e l e r a t o r .  Adjust  programmer t o  
s p e c i f i e d  p r e s s u r e  from n i t r o g e n  tanks .  

*Using d u c t  t a p e ,  s e c u r e  shoulder  b e l t  t ens ionn ing  rod 
i n  t ens ionned pos t ion .  In t roduce  s l a c k  i n  shoulder  b e l t  by 
backing o f f  t ens ionn ing  n u t  a  3-inch d i s t a n c e  along t h e  rod. 
P lace  smal l  c u t  i n  t h e  t ape  t o  f a c i l i t a t e  r e l e a s e  of 
shou lde r  b e l t  s l a c k  under impact. 

r Using a  paper punch, punch a  round h o l e  i n  each s t r i p  
of masking t a p e  hold ing  cadaver  head and c h e s t  t o  s e a t  back. 
Recheck t h e  cadaver  p o s i t i o n n i n g  and i n s p e c t  s l e d  t o  ensu re  
a l l  t o o l s  and l o o s e  i tems have been removed. 

T h i s  comple tes  t h e  on-sled a c t i v i t i e s ,  a f t e r  which t h e  
t e s t  s e t u p  i s  not  d i s t u r b e d  u n t i l  impact time. The f i n a l  
s t e p s  taken  b e f o r e  t h e  a c t u a l  f i r i n g  of t h e  s l e d  c o n s i s t  of 
t h e  fo l lowing o f f - s l e d  a c t i v i t i e s :  

-Check, and a d j u s t  i f  n e c e s s a r y ,  a m p l i f i e r s  s e t t i n g s  
and z e r o  ba lances .  Record about  one minute of ze ro - l eve l  
s i g n a l s  on analog t ape .  Turn s l e d  pa tch  panel  swi tch  t o  
"CALM p o s i t i o n ,  and tape- record  about  1 minute of t r ansduce r  
c a l i b r a t i o n  s i g n a l s ,  Return pa tch  pane l  swi t ch  t o  " R U N "  
p o s i t i o n .  Turn on t h e  t ime base u n i t .  

-Charge s l e d  brake system t o  s p e c i f i e d  p res su re .  
Attach winch c a b l e  t o  s l e d .  Engage s l e d  t o  a c c e l e r a t o r  
p i s t o n .  Open a c c e l e r a t o r  p i s t o n  a i r  bleed va lve ,  Winch 
s l e d  back i n t o  launch p o s i t i o n .  Remove winch c a b l e  from 
s l e d .  I n s t a l l  t r i p  wi res .  

* F i n a l l y ,  c l o s e  a c c e l e r a t o r  p i s t o n  bleed va lve ,  Check 
programmer and a c c e l e r a t o r  p r e s s u r e s .  ~ n i t i a t e  launch 
sequence. 

Af te r  t h e  s l e d  comes t o  a  complete s t o p ,  t h e  t e s t  crew 
examines a11 t r a n s d u c e r s  and t h e i r  c a b l e s  f o r  appa ren t  
damages. P o s t - t e s t  photographs a r e  then taken.  Using the  
v i s i c o r d e r ,  a  quick  look is  taken a t  t he  recorded s i g n a l s  t o  
n o t e  any f a i l u r e s .  F i n a l l y ,  a l l  c a b l e s  and t r a n s d u c e r s  a r e  
disengaged from thhe  cadaver ,  which i s  then taken t o  t h e  
s u r g e r y  room f o r  autopsy  and x-rays.  

R u n  Sequence 



The c a d a v e r  9 o s t - t e s t  examination conc ludes  t h e  actual 
t z s t ,  and the job of 3nalyzing all test r e c o r d s  begins. 
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CIGITAL SIGNAL PROCESSING 

N. M. Alem 

Introduction 

The complexity of experimental measurements in 
biomechanics research has become so great, that an equally 
sophisticated signal processing system is required to handle 
the resulting analog signals. 

With the availability of digital computers, this task 
is greatly simplified. First, analog signals are converted 
to digital ones, which are then digitally filtered and 
prepared for presentation and/or analysis. 

The HSRI signal processing package is described in the 
following oages. It comprises two seperate phases: the 
analog-to-digital (A-D) conversioq ~ h a s e ,  and the digital 
filtering phase. Currently, the HSRI system is capable of 
A-D sampling rates from 400 to 25Gflg Bertz, and of lowpass 
digital filtering cutoff frequencies from 2 8  to 9120 Hertz. 
With this operating range, a wide variety of signals can be 
handled, from impact data lasting few milliseconds and con- 
taining frequencies as high as several kHz, to non-impact 
data lasting several hundred milliseconds, and in which only 
frequencies as low as 5 0  Hz would be kept. 

Analog-to-Digital Conversion 

The first operation in signal processing is to convert 
all analog signals into digital form. In general, the 
electrical transducer siqnals are tape-recorded , and the A- 
P process is carried out after the test has been conducted 
by clayinq the taoe back into the A-0 unit, which is cont- 

Analog-to-Digital Conversion 
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r o l l e d  by a  < : ; < ~ i t a l  computer.  

I t  1s n e c e s s a r y ,  t h e r e f o r e ,  t o  s tudy  c a r e f u l l y  t h e  
c a r z n e t e r s  of  t h e  t e s t  I n  o r d e r  t o  d e f i n e  the  r eco rd inq  a n 3  
; layback t a p e  s ~ e e d s  t h a t  w i l l  r e s u l t s  i n  t h e  d e s i r e d  [ r e -  
ouenc7/ c o n t e n t s  and s a n p l i n g  r a t e s .  S ince  t h e  ana l07  
s i ? n 2 l s  c o n t a i n ,  i n  g e n e r a l ,  f r e q u e n c i e s  h ighe r  than the  
s a n 2 l i n g  r a t e ,  a l i a s i n g  e r r o r s  may r e s u l t .  To e l i m i n a t e  
t h e s e  e r r o r s ,  t h e  ana log  s i g n a l s  a r e  e l e c t r o n i c a l l y  f i l t e r e d  
5 e f o r e  they  a r e  digitized, by p a s s i n g  them throuah lowpass 
ana log  f i l t e r s ,  des iqned  s p e c i f i c a l l y  f o r  t h i s  ourpose .  

T h e  Sampling P rocess  - 
The o p e r a t i o n  of sampling may be  viewed a s  a forrr of 

impulse modulat ion.  ~ c c o r d i n g l y ,  i f  an ana log  s i q n a l  x ( t )  
i s  sampled a t  e a u a l  t ime i n t e r v a l s  of T seconds ,  t h e n ,  t h e  
sar ,? led  s i g n a l  x Y ( t )  may be r e p r e s e n t e d  a s  a t r a i n  o f  
impu l ses ,  g iven  by 00 

where 

The d i g i t a l  s i g n a l  x * ( t )  i s  no t  con t inuous  i n  t ime ,  b u t  
a  seauence  of numbers taken  a s  t h e  v a l u e s  of x ( t )  a t  t = n T .  
The i n v e r s e  of t h e  sampling i n t e r v a l ,  1 / T ,  i s  c a l l e d  t h e  
sampling r a t e ,  u s u a l l y  g iven  i n  Her t z .  

To recover  t h e  o r i g i n a l  con t inuous  x ( t )  , t h e  d i g i t a l  
s i g n a l  x " ( t )  i s  passed  through an i d e a l  lowpass f i l t e r  of 
bandwidth e q u a l  t o  h a l f  t h e  sampling r a t e .  The recovery  is 
e x a c t  i f ,  and only  i f ,  t h e  F o u r i e r  t r ans fo rm of t h e  c o n t i -  
nuous x ( t )  i s  i d e n t i c a l l y  z e r o  o u t s i d e  t h e  c e n t r a l  s t r i p  of 
p l u s  o r  m i n u s  h a l f  t h e  sampling r a t e .  T h i s  band i s  known a s  
t h e  Nyquist  band, and h a l f  t h e  sampling r a t e  i s  known a s  t h e  
Nyquis t  f requency.  

The e x a c t  r ecovery  i s  g u a r a n t e e d  by t h e  s a m ~ l i n q  
theorem, which s t a t e s  t h a t  a s  lonq a s  t h e  sampling r a t e  i s  

DIGITAL SIGNAL PROCESSING 



a t  l e a s t  t w i c e  t h e  h i q h e s t  f r e q u e n c y  c o n t a i n e d  i n  t h e  c o n t i -  
n u o u s  s i g n a l ,  i t s  r e c o v e r y  from t h e  d i g i t i z e d  s i g n a l  w i l l  be  
e x a c t .  The i m p l i c a t i o n  o f  t h i s  t h e o r e v  i s  t h a t  i f  we sample  
a t  t h e  r a t e  1/T, s u f f i c i e n t l y  h i g h e r  t h a n  t h e  t l y q u i s t  f r e a u -  
e n c y ,  t h e n  we can  r e t r i e v e  t h e  o r i g i n a l  s i g n a l  by u s i n g  t h e  
i d e a l  i n t e r p o l a t i o n  o a e r a t o r ,  which h a s  t h e  i m p u l s e  r e s p o n s e  

Then,  t h e  r e c o v e r e d  s i g n a l  x O ( t )  i s  u i v e n  by 
5e 

A g a i n ,  x o ( t )  w i l l  be i d e n t i c a l  t o  x ( t )  i f  t h e  a n a l o q  
s i q n a l  i s  b a n d - l i m i t e d  t o  t h e  N y q u i s t  band. To g u a r a n t e e  
t h i s ,  t h e  a n a l o g  s i g n a l  ~ u s t  be e l e c t r o n i c a l l y  f i l t e r e d ,  
p r i o r  t o  t h e  A - 0  p r o c e s s ,  t o  e l i n i n a t e  a l l  f r e q u e n c i e s  above  
t h e  N y q u i s t  r a t e .  I f  p r e - c o n v e r s i o n  f i l t e r s  were  n o t  u s e d ,  
a l i a s e d  f r e q u e n c i e s  may b e  c o n t a i n e d  i n  t h e  d i g i t i z e d  
s i g n a l s ,  and t h e  r e c o v e r y  would n o t  be  e x a c t .  

The A-D c o n v e r s i o n  u n i t  a t  HSRI d i g i t i z e s  1 4  c h a n n e l s  
~ i ~ r u l t a n e o u s l y ,  w i t h  1 3 - b i t  f u l l  s c a l e  r e s o l u t i o n .  Thus ,  2 
5 - v o l t  s i g n a l  i s  c o n v e r t e d  t o  t h e  number 1824 o r  2'; x h i c h  
c o r r e s p o n d s  t o  a b o u t  5 m i l l i v o l t s  r e s o l u t i o n  o f  t h e  a n a l o g  
s i g n a l .  I t  i s  f e l t  t h a t  t h e  r e s u l t i n g  a c c u r a c y  i s  
s u f f i c i e n t ,  s i n c e  most  t r a n s d u c e r s  and a m p l i f i e r s  c a n n o t  be 
a d j u s t e d  t o  b e t t e r  t h a n  t h i s  amount. 

A n t i - A l i a s i n g  F i l t e r s  

The s a r n p l i n s  r a t e s ,  r e q u i r e d  i n  b i o m e c h a n i c s  r e s e a r c h ,  
v a r y  w i t h  t h e  t y p e s  of  s i g n a l s  b e i n q  g e n e r a t e d .  To p r o v i d e  
f u l l  f l e x i b i l i t y  i n  a  s i g n a l  p r o c e s s i n g  s y s t e m ,  v a r i a b l e -  
r a t e  A-D u n i t s  and v a r i a b l e  a n a l o g  f i l t e r s  m u s t  be used  f o r  
a n t i - a l i a s i n g .  

T h e  sa re  f l e x i b i l t y  i s  p r o v i d e d  by t i m e - e x p a n s i o n  o f  
t h e  r e c o r d e d  a n a l o g  s i g n a l ; ,  t h a t  i s ,  by r e c o r d i n q  t h e  
s i g n a l s  a t  one  t a n e  sgee:j, and  p l a y i n q  t h e m  back a t  a n o t h e r .  
Thus  t h e  d e s i r e d  $arnpl i n g  r a t e  i s  o b t a i n e d  by r n a n i p u l a t  i n ?  
t h e  t a p e  s p e e d s ,  w h i l e  u s i n g  a f i x e d - r a t e  A-C s a r p l i n g  and 

~ n t i - A l i a s i n g  F i l t e r s  



f lxed- f requency  anaolg  f i l t e r s .  

T h e  t a c s  specd3  on rest I R I G  t a p e  r e c o r d e r s  ran,;? f r o p  
1 - 7 / 3  t o  1 2 C  i n c h e s  p e r  second ( I ? ? ) ,  a l l o h i n ?  t ime 
e x ~ a n s i o n s  31-13 r e d u c t i o n s  of 2 ,  4 ,  8 ,  1 6 ,  3 2  and 6 4  t i r , e s  
t h ?  o r i g i n a l  z i ! ~ a l s .  The f i x e d  sampling r a t e  of tne  F?:JRI 
P-f conver s ion  u n i t  was s e l e c t e d  a t  4 C G  l ! z ,  s o  t h a t  t i x e  
exy,ansions woul3 r e s u l t  i n  e q u i v a l e n t  s a n ? l i n c  r a t e s  of E ? G ,  
1632, ? 2 ! J J ,  6 4 f l i ? ,  128fi:j and 2 5 6 g i 3  Ez. 

Since  t h e  s a ~ p l i n g  r a t e  of t h e  A-D u n i t  is  f l x e a  a t  4i1r 
kz, t h e  a n t i - z l i z s i n q  ana loq  f i l t e r s  m u s t  a l s o  have Elxea 
c u t o f f  f r e q u e n c i e s ,  s o  t h a t  a l l  f r e q u e n c i e s  above the  
Nyauis t  r a t e  of 202 Hz a r e  p r a c t i c a l l y  e l i ~ i n a t e d .  T+e 
d e s i g n  of t h e s e  a c t i v e  low-pass f i l t e r s  m u s t  t h e r e f o r e  be 
based on t h e  2 4 0  H z ,  and m u s t  t a k e  i n t o  account  t h e  s low 
r o l l o f f  of t h e  g a i n  a t  t h e  c o r n e r ,  which i s  t y p i c a l  of a l l  
ana loq  f i l t e r s .  

The a n t i - a l i a s i n q  f i l t e r  choccn a t  HSKI i s  t h e  
Eurr-Erown 57G7-LP4L-1009 low-pass a c t i v e  f i l t e r .  T h i s  a 
l i n e a r  phase ( P e s s e l ) ,  4-pole ( - 2 4  dP/oc tave )  f i l t e r ,  w i t h  
c o r n e r  f requency a t  1LlQ Hz. The log-naqni tude  v e r s u s  
f re f fuency re snonse  cu rve  f o r  t h i s  f i l t e r  i s  shown i n  F iyure  
1. The c h o i c e  of a Besse l  f i l t e r  was based on t h e  d e s i r e  
t o  have a  l i n e a r  r e l a t i o n s h i p  between t h e  phases  of t h e  
i n p u t  and o u t p u t  s i g n a l s .  Fur thermore ,  t h e  co rne r  f reauency 
of  100 Hz,  which c o r r e s p o n d s ,  i n  a  4-pole Besse l  f i l t e r ,  t o  
an a t t e n u a t i o n  of 2 4  dB a t  t h e  d e s i r e d  Liyquist r a t e  of 2 0 8  
Az, a l s o  co r re sponds  t o  an a t t e n u a t i o n  of 3 dB a t  6 7  Iiz, 
w i t h  f l a t  r e sponse  ( 0 . 5  dE) up t o  on ly  33  82. T h i s  means 
t h a t ,  f o r  t h i s  f i l t e r ,  t h e  a c c e p t a b l e  passband i s  0-33 h z  
and t h e  s t o p b a n d ' s  low edge i s  2 0 0  H z ,  w i t h  a t r a n s i t i o n  
band of 33-280 H z .  Sharp-corner  d i g i t a l  f i l t e r s  may be used 
t o  e l i m i n a t e  f r e q u e n c i e s  i n  t h e  t r a n s i t i o n  band. The r e s u l t  
i s  an e f f e c t i v e  d i g i t i z i n g  and f i l t e r i n q  scheme. 

A bank of 1 4  of t h e s e  Burr-Grown f i l t e r s  a r e  used a t  
HSRI a s  a n t i - a l i a s i n g  f i l t e r s .  The 14-channel t a p e  ou tpu t  
i s  passed through t h i s  bank b e f o r e  i t  i s  t r a n s m i t t e d  t o  t h e  
P.-I? u n i t .  Tape speed r e d u c t i o n s  a r e  used t o  tilne-expand the  
s i g n a l s ,  t h e r e b y  i n c r e a s i n g  t h e  sampling r a t e  and t h e  
co r re spond ing  passband. With t h e  use of t h e s e  f i l t e r s ,  t h e  
d i g i t a l  s i g n a l s  a r e  gua ran teed  t o  have no s i g n i f i c a n t  
a l i a s i n g  e r r o r s .  

The A - D  conver s ion  computer proqram, developped a t  
I ! ,  d i c j i t i ze r ;  1 4  c h a n n e l s  s i rnu l t ancaus ly ,  and produces 3 

f i l e  on d i ~ ? i t a l  t ?qe  which c o n t a i n s  a l l  1 4  c h a n n e l s  in raw 
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FIGURE 1. GAIIG-FkEQUENCY RES FOriSE OF 'L'EC WRR- 
EEO!t,?d 5707-LP4L-1  9i7!: L C I i P A S S  A C T I V E  
FI J.'I'PF. 
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f o r ~ r .  1 s c t u a l  s a ~ r ? l i r l g  p r o c e s s  i s  s t a r t e d  and s t o p s e i l  
w i t h  two 5 d - n i c r o s e c o n d  e l e c t r i c a l  n u l s e s  t r a n s m i t t e d  t o  t h e  
A - C  u n i t  on s e s e r 2 t e  c h a ~ n e l s  t o  i n d i c 3 t e  t h e  b e g i n n i n g  sn5  

, e n d  o f  t h e  u s e f u l  d a t a .  To g e n e r a t e  t h e s e  two n u l s e s ,  t h e  
n ~ r ! ~ a l  p r o c e d u r e  i s  t o  r e c o r d  on o n e  t s o e - ? h 3 n n c l  a s c u a r e  
" ' ? a t e " ,  which i s  i n i t i a t ? 3  ~ e c h a n i c a l l y  ( by  a s w i t c h )  jus t  
b e f o r i .  t h e  test :  i s  a h o u t  t o  t a k e  p l a c e .  Ti:e t i i l r a t i o n  of t h e  
o a t e  i s  c o n t r o l l e d  by a  orogramfiiablc e l e c t r o n i c  c i r c u i t  
b u i l t  a t  RSII, Cur in7  y l i y b a c k ,  t n i s  ? 3 t e  i: g a s s e d  t h r n u ~ h  
a  d i f f e r e n t i a t o r - d i s c r i i n i n a t o r  c i r c u i t ,  a l s o  b u i l t  a t  A S F I ,  
t a  n r o d u c e  t h e  f i r s t  p u l s e  a t  t h e  h e g i n n i n u  of t h e  q a t e  on 
o n e  c h a n n e l ,  and t h e  s e c o n d  p u l s e  on a n o t h e r  c h a n n e l  a t  t h e  
end of  t h e  q a t c .  

Once a l l  t h e  d e s i r e d  t e s t s  a r e  c o n v e r t e d  and s a v e d  on 
s e n e r s t z  f i l ? s ,  a n o t h e r  nrogram i s  run  t o  s o r t  o u t  t h e  
c h a n n e l s ,  p e r f o r m  d i g i t a l  f i l t e r i n g  and c o n v e r t  t h e  d a t a  t o  
p h y s i c a l  u n i t s .  

U n t i l  r e c e n t l y ,  f i l t e r i n g  o f  r e c o r d e a  s i q n a l s  h 3 s  
t y p i c a l l y  been  c a r r i e d  o u t  u s i n g  a n a l o g  f i l t e r s .  !f;ith t h e  
d e v e l o p m e n t  o f  d i g i t a l  c o m p u t e r s ,  a  s h i f t  from t h e  
t r a d i t i o n a l  a p p r o a c h  t o  s i g n a l  p r o c e s s i n s  h a s  been t a k i n q  
p l a c e .  F e c a u s e  o f  t h e i r  f l e x i b i l i t y  and v e r s a t i l i t y ,  
d i g i t a l  c o m p u t e r s  were  o f t e n  u s e d  t o  s i l n u l a t e  a n a l o g  
p r o c e s s i n g  s y s t e m s  f o r  t h e  p u r p o s e  o f  s t u d y i n g  t h e  
c h a r a c t e r i s t i c s  o f  t h e s e  s y s t e m s  b e f o r e  commi t ing  t h e n  t o  
h a r d w a r e .  

T h u s ,  e a r l y  work on d i q i t a l  f i l t e r i n g  was c o n c e r n e d  
w i t h  t h e  ways a n a l o g  f i l t e r s  c o u l d  be a p p r o x i m a t e d  on 
d i g i t a l  c o m p u t e r s .  T h i s  work i n v i t e d  r e s e a r c h e r s  t o  
e x p e r i m e n t  w i t h  i n c r e a s i n g l y  s o p h i s t i c a t e d  a l g o r i t h m s ,  which 
had no a p p a r e n t  p r a c t i c a l  a p p l i c a t i o n s ,  b u t  r e q u i r e d  t h e  
e v a l u a t i o n  o f  t h e  F o u r i e r  t r a n s f o r m  of  t h e  i n n u t  a s  w e l l  as 
t h e  i n v e r s e  t r a n s f o r m a t i o n  o f  t h e  l o g a r i t h m  of  the  
t r a n s f o r m e d  o u t p u t .  

I n  1 9 6 5 ,  an  e f f i c i e n t  a l g o r i t h m  f o r  c o n p u t i n q  t h e  
F o u r i e r  t r a n s f o r m  was d i s c l o s e d ,  and became known a s  t h e  
F a s t  F o u r i e r  T r a n s f o r m  o r  F F T ,  The FFT z l l o w e d  implenen-  
t 2 t i o n  o f  a l q o r i t h i n s  which were  o t h e r w i s e  t ime-consumin? ,  
even on t h e  f a s t  d i f j i t a l  c o m p u t e r s .  < i i n c e  t h e  P F T  i s  
i n h e r e n t l y  a d i s c r e t e - t i m e  c o n c e n t ,  i t  was u s e d  t o  p r o c e s s  
d i s c r e t e - t i m e  s i q n a l s  and i n v o l v e d  n r o p e r t i e s  t h a t  were  
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e x a c t  i n  t h e  d i s c r e t e - t i m e  domain; t h u s ,  t h e  E F T  was not 
merely an approximat ion  of t h e  cont inuous- t ime Four i e r  
t r a n s f o r m ,  b u t  had i t s  own mathematics  and o r o c e r t i e s .  

F s  a  consequence of t h e  E F T ,  many s i g n a l  o r o c e s s i n ?  
concep t s  had t o  be r e fo rmula ted  t o  conform t o  t h e  e x a c t  
na themat i c s  of d i g i t a l  s i q n a l s .  4mong t h e s e  concentua l  
changes was t h e  r e a l i z a t i o n  t h a t  d i g i t a l  f i l t e r s  were no 
longer  mere approximat ions  of t h e  w e l l  developed analog 
f i l t e r s .  For i n s t a n c e ,  i t  was not  p r a c t i c a l  t o  t a l k  of t h e  
s l o p e  of t h e  maqintude resnonse  ( e .g . ,  - 2 6  dE/decade) of a 
f i l t e r ;  i n s t e a d ,  one t a l k s  of t h e  a t t e n u a t i o n  of a s topband,  
a  r i p p l e  i n  t h e  a a i n  of t h e  passband,  and of t h e  t r a n s i t i o n  
width of t h e  band between nass  and s t o p  bands,  

The i ~ p l i c a t i o n  of t h e s e  concep tua l  chanaes i s  t h a t  
many i n d u s t r y  and qovernment s t a n d a r d s  cannot  be i n t e l l i -  
q e n t l y  a p p l i e d  t o  d i g i t a l  f i l t e r s .  4n example i s  S o c i e t y  of 
Automotive t n q i n e e r s  i n s t r u m e n t a t i o n  g u i d e l i n e  SAE-J2lla,  
wnich s p e c i f i e s  t h e  "channel  c l a s s "  f i l t e r s  t o  be used on 
t r a n s d u c e r s  s i q n a l s  i n  t h e  impact of a n t h r o ~ o m e t r i c  ducn ies ,  
The recommended p r a c t i c e  i n  SAE-J2lla i s  t o  use f i l t e r s  
wnich have a  passband r i p p l e  of U.5 dB,  a common t o l e r a n c e  
i n  commercial ana log  f i l t e r s ,  which can be r educa l  e a s i l y  t o  
8 . B 1  dB i n  a  d i q i t a l  f i l t e r ,  Another recommended p r a c t i c e ,  
a l s o  based on ana log  f i l t e r s ,  i s  t o  a l low t h e  -3 d8 p o i n t  
( c o r n e r  f r equency)  t o  be a s  much a s  1.65 t h e  c u t o f f  
f reauency.  I n  d i g i t a l  f i l t e r s ,  t h e  co rne r  f reauency can be 
made a s  low a s  1 ,05  t h e  c u t o f f  f requency;  t h u s ,  t h e  g a i n  of 
Channel C l a s s  lOQ8,  which has  a  c u t o f f  f requency of 1 Q O O  Hz ,  
i s  al lowed t o  be above -3  dB u n t i l  a  co rne r  f requency of 
1G50 B z ,  whi le  i n  d i g i t a l  f i l t e r ,  t h e  g a i n  can drop  below - 3  
d B  a t  t h e  "co rne r  f requency' '  of 1125 Hz. 

C u r r e n t l y ,  t h e r e  is  no " s t a n d a r d "  f o r  d i g i t a l  f i l t e r s  
f o r  biomechanics a p p l i c a t i o n s ,  s i m i l a r  t o  5AE-J211ab U n t i l  
such s t a n d a r d  o r  g u i d e l i n e  i s  e s t a b l i s h e d ,  YSRI w i l l  fo l low 
a ? r a c t i c e  t h a t  i t  has  developed f o r  des i7n  and implemen- 
t a t i o n  of d i q i t a l  f i l t e r s ,  based on i t s  exoer i ence  i n  
b ionechan ics  i n s t r u m e n t a t i o n .  The fo l lowing  s e c t i o n s  
d i s c u s s  i n  g e n e r a l  t e r n s  some of t h e  s r i n c i p a l s  involve(1 i 7  
d i q i t a l  f i l t e r i n g ,  and d e s c r i b e  t h e  p r a c t i c e  c u r r e n t l y  
fo1lowe:l a t  tfSRI, 
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A. l i n e a r  t i i r e - i n v a r i a n t  systerr! which t r a n s f o r m s  an 
i n o u t  s i g n a l  i n t o  an o u t p u t  may be viewed a s  a f i l t e r .  A 

d i q i t a l  f i l t e r  i s  a syster?, which o p e r a t e s  on 3 d i l ~ i t a l  
s i s n a l ,  g iven  a s  a sequence of numbers, u s u a l l y  d e r i v e d  f ro i?  
an ana log  s i g n a l  by p e r i o d i c  samplinq. S i n c e  a  d i g i t a l  
f i l t e r  i s  a d i s c r e t e - t i m e  sys tem,  t h e  z - t r ans fo rm n a y  be  
use6  t o  d e s c r i b e  i t s  t r a n s f e r  f u n c t i o n ,  d e f i n e d  a s  t h e  r a t i o  
of t h e  

I n  t h e  d i s c r e t e - t i m e  domain, t h i s  r e l a t i ~ n s h i ?  c a y  be 
w r i t t e n  a s  a d i f f e r e n c e  e q u a t i o n  re la tin:^ t h e  ou tqu t  
seauence  t o  t h e  i n p u t  one r\l 

I t  is  c l e a r  from t h i s  r e l a t i o n  t h a t  t h e  o u t p u t  y ( n )  depends 
on t h e  de layed  i n p u t  x ( n - k ) ,  a s  w e l l  a s  t h e  de layed  o u t u u t  
y ( n - k ) .  I f  t h e  feedback e l emen t s ,  c h a r a c t e r i z e d  by t h e  5- 
c o e f f i c i e n t s ,  a r e  a l l  z e r o ,  t h e  o u t p u t  may then  be w r i t t e n  
a s  a weighted suc of de layed  i n p u t  

i = o  - 
Such a system would be c a l l e d  a non- recur s ive  one ,  s i n c e  the  
o u t p u t  does  not  depend on p r e v i o u s  v a l u e s  of t h e  r e s u l t i n g  
o u t p u t  i t s e l f .  

The r e sponse  of a d i g i t a l  f i l t e r  t o  a un i t - impu l se ,  
which d e f i n e s  t h e  f i l t e r  c o e f f i c i e n t s ,  may have a f i n i t e  
i u r a t i o n ,  i n  which c a s e  t h e  f i l t e r  i s  c a l l e d  a  E i n i t e -  
i n p u l s e  r e sponse  ( F I R )  f i l t e r .  I f  t h e  impulse r e sponse  i s  
of i n f i n i t e  d u r a t i o n ,  a s  i n  ana log  sys t ems ,  t h e  d i q i t a l  
f i l t e r  would then  be c a l l e d  an i n f i n i t e - d u r a t i o n  impulse 
response  ( I IR)  one. The d u r a t i o n ,  o r  l e n g t h ,  of t h e  d i g i t a l  
f i l t e r  i s  de termined by t h e  number N of c o e f f i c i e n t s  used t o  
d e s c r i b e  i t s  i n p u l s e  response .  In  p r a c t i c a l  a o p l i c a t i o n s ,  
one m u s t  d e a l  w i t h  a f i n i t e  number of c o n s t a n t s  t o  d e s c r i b e  
e i t h e r  system. An IIR f i l t e r  m u s t  t h e r e f o r e  be expressed  3 s  

a r a t i o n a l  f u n c t i o n ,  whi le  an F I R  f i l t e r  may bc r e p r e s e n t e d  
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Consider  a ~ e r i o d i c  seyuence x ( n )  , w i t h  r ~ e r i o d  N,  s o  
t h a t  x ( n )  = x ( n + k h )  f o r  any i n t e g e r  k .  A d i s t i n c t i o n  shoull-l 
be made between p e r i o d i c  and a p e r i o d i c  sequences.  I n  
q e n e r a l ,  most s i g n a l  p r o c e s s i n q  systems d e a l  w i t h  a s e c t i o n  
of an a p e r i o d i c  s i g n a l .  T h i s  p o r t i o n  may be cons ide red  a s  
one p e r i o d  of a  p e r i o d i c  s i g n a l ,  w i t h  per iod  equa l  t o  t h e  
d u r a t i o n  of t h e  a v a i l a b l e  ? o r t i o n ,  S ince  the  z - t ransform of  
t h e  p e r i o d i c  f u n c t i o n  does not  e x i s t ,  one may use the  
F o u r i e r  t r ans fo rm t o  d e a l  w i t h  i t .  I t  i s  p o s s i b l e  t o  
c o n s i d e r  t h e  c o e f f i c i e n t s  of t h e  F o u r i e r  s e r i e s  r e p r e s e n t i n g  
one per iod  a s  a  p e r i o d i c  sequence ,  sampled i n  t h e  f recuency 
donain .  The d u a l i t y  between t h e  e a u a t i o n s  d e f i n i n g  t h e  
c o e f f i c i e n t s  i n  terms of t h e  i n p u t  s i g n a l ,  and those  
p e r m i t t i n g  r e c o n s t r u c t i o n  of t h e  s i g n a l  f r o n  i t s  Four i e r  
c o e f f i c i e n t s ,  l e a d s  t o  t h e  d e f i n i t i o n  of a  t r a n s f o r n - p a i r  
known a s  t h e  d i s c r e t e  F o u r i e r  t r ans fo rm o r  DFT. 

Given an i n p u t  sequence of f i n i t e  d u r a t i o n ,  i t  i s  
~ o s s i h l e  then  t o  r e p r e s e n t  i t  a s  one pe r iod  of a  p e r i o d i c  
seGuence. The E F T  of such f i n i t e  N-duration sequence 
co r re sponds  t o  N e q u a l l y  spaced samples  of t h e  u n i t  c i r c l e  
i n  t h e  z-domain, T h i s  a s s e r t i o n  a l l o w s  d e a l i n g  w i t h  
" s t r i p s "  of of a p e r i o d i c  s i l - ~ n a l s . ,  and t h e  use of t h e  EFT 
f o r  d e s i g n i n g  and irnplernei~ting d i g i t a l  f i l t e r s ,  u s in7  
powerful  t e c h n i q u e s  t h a t  have been r e c e n t l y  developed,  

S p e c i f i c a t i o n  Qf C i q i t a l  Filters -- 

[ l o s t  of t h e  f i l t e r s  used i n  biomechanics r e s e a r c h  a r e  
lowpass f i l t e r s ,  wi th  a d e s i r e d  c u t o f f  f r eauency .  A lowpass 
d i q i t a l  f i l t e r  approximates  a n  i d e a l  resoonse  which cannot  
be u h y s i c a l l y  achieved .  T h u s ,  such a  f i l t e r  i s  s p e c i f i e d  by 
g i v i n g  t o l e r a n c e  l i-nits  a s  shown i n  F igure  2 ,  

A 1ow;ass d i g i t a l  f i l t e r  i s  t h e r e f o r e  s c e c i f i e d  by 
q i v i n q  t o l e r a n c e  on t h e  passband r i p p l e ,  i n  which t h e  
magnitude of  t h e  r e sponse  m u s t  be u n i t y  ( z e r o  ~ 1 5 )  w i t h i n  an  
e r r o r  of E l ,  by  g i v i n q  t h e  s topband i n  which t h e  nagn i tude  
of t h e  response  v u s t  be z e r o  w i t h l n  an e r r o r  O2, and by 
g i v i n g  t h e  upoer l i ~ i t  of t h e  passband an3 t h e  lower l i p i t  
of t h e  s tonband.  T h i s  d e f i n e s  a  t r a n s i t i o n  b a n d  i n  which 
t h e  ~ a i n  d rops  s ~ ~ o o t h l y  from u n i t y  t o  z e r o ,  h n y  f i l t e r  
whose ~ a g n i t u d e  recLmnsc f a l l s  w i t h i n  t h e s ?  limits woul\j 
t hen  c e e t  t h e  s 3 e c i f i c a t i o n s .  S i n c e  d i g i t a l  s i g n a l s  c o n t s i n  
no f r e q u e n c i e s  h ighe r  than h a l f  t h e  sa8n?l ina  r a t e ,  

S p e c i f i c a t i o n  O f  D i g i t a l  F i l t e r s  



FIGURE 2. DIGITAL FILTER SPECIFICATIONS 

s p e c i f i c a t i o n  o f  t h e  e d g e s  o f  t h e  t r a n s i t i o n  band may be 
done  i n  f r e q u e n c i e s  n o r m a l i z e d  t o  t h e  s a m p l i n g  r a t e ,  s o  t h a t  
t h e y  r a n g e  f rom 9, t o  0.5, F u r t h e r m o r e ,  t h e  t o l e r a n c e s  may be 
s p e c i f i e d  i n  g a i n s  so t h a t  i n s t e a d  o f  u n i t y ,  t h e  p a s s h a n d  
w i l l  be B dB w i t h i n  D l  d B ,  and t h e  s t o p b a n d  a a i n  w i l l  
t y p i c a l l y  be  - l a g  dB,  

I I R  V e r s u s  F I R  F i l t e r s  - - 

The p rob lem o f  d e s i g n i n g  a  d i g i t a l  f i l t e r  whose 
m a a n i t u d e  f a l l s  w i t h i n  t h e  p r e s c r i b e d  limits s t a r t s  by 
s e l e c t i n g  t h e  t y p e  o f  f i l t e r ,  IIR o r  I on  which t h e  
d e s i g n  p r o c e d u r e  would depend .  Each t y p e  h a s  i t s  a d v a n t a g e s  
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and s h o r t c o m i n q s ,  The i n f l n i t e  i n p u l s e  r e sponse  f i l t e r  1: 
u s u a l l y  d c r l v e d  from ana loq  f i l t e r s ,  f 3 r  which d e s i g n  
r e t h o d s  and p r o c e d u r e s  a r c  w e l l  deve loned ,  and most of which 
a r e  based on s l m p l e  c losed- form fo rmu la s .  T h u s ,  d e s i q n  of 
IIF d i q i t a l  f i l t e r s  can a c h i e v e  e x c e l l e n t  magnitude r e sponse  
a t  t h e  expense  of n o n - l i n e a r  phase  r e s p o n s e ,  

I n  ~ o s t  b iorcechanics  a p p l i c a t i o n s ,  t h e  ohase  
r e l a t i o n s h i ?  between v a r i o u s  s i g n a l s  i s  of g r e a t  impor tance ,  
I t  i s  t h e r e f o r e  d e s i r a b l e  t o  have a s imp le  phase  r e s p o n s e ,  
such  a s  t h e  l i n e a r  phase  of F I R  f i l t e r s .  Fu r the rmore ,  F I P  
f i l t e r s  d e s i g n  t e c h n i q u e s ,  s u i t a b l e  f o r  d i g i t a l  computer 
a g p l i c a t i o n s ,  a r e  now a v a i l a b l e  and w ide ly  used ,  and r e s u l t  
i n  optimum f i l t e r  r e s p o n s e s  i n  magni tude and phase ,  

Yost of F I R  f i l t e r  d e s i g n  t e c h n i q u e s  a r e  i t e r a t i v e  i n  
n a t u r e ,  s i n c e  cosed-form d e s i q n  fo r inu las  do n o t  e x i s t ,  
iiowever, t h e  wide a v a i l a b i l i t y  of d i g i t a l  com?uters  and t h e  
e x i s t e n c e  of a  theorem t o  f i n d  an o p t i m a l  f i l t e r ,  make t h e  
i t e r a t i o n  p r o c e d u r e  a p r a c t i c a l  n a t t e r ,  

The c h o i c e  was m d e  a t  HSRI t o  use  F I R  f i l t e r s .  The 
f l e x i b i l i t y  and d e s i r e d  r e s p o n s e  of t h e s e  f i l t e r s  was no t  
s u f f i c i e n t l y  o f f s e t  by t h e  s i l ~ ~ p l i c i t y  of t h e  IIR f i l t e r s ,  
The development  of a s i g n s 1  p r o c e s s i n g  sys tem a t  HSFI  
i n c l u d e s  t h e r e f o r e  f i l t e r  d e s i g n  and  implementa t ion  phases .  
The d e s i g n  metho3 i s  based on an a l q o r i t h m  p u b l i s h e d  by 
P a r k s  and PicClellan i n  1972,  The r e a l i z a t i o n  of t h e  f i l t e r  
user, t h e  F a s t  F o u r i e r  Trans form (FF'l ' )  a n d  r e s u l t s  i n  2 

p h a s e - t r a n s p a r e n t  a l g o r i t h m .  

O p t i m u m  F I R  F i l t e r  Cesiqn -- 
The d e s i q n  of an F I R  f i l t e r  is  a  g r o b l s ~  3 f  

a n p r o x i m a t i o n ;  t h a t  i s ,  s i v e n  an i d e a l  f r equency  r e s p o n s e ,  
t h e  nroblem i s  t o  f i n d  t h e  b e s t  app rox ima t ion  t o  t h a t  
r e s c o n s e .  

An F I R  f i l t e r  r a y  be d e s c r i b e d  e i t h e r  by i t s  f r e a u e n c y  
r e s o o n s e  o r  by i t s  i m u l s e  r e sponse ,  Although rrany a e t h o d s  
?xist  t o  d e s i g n  such  f i l t e r s ,  o n l y  one w i l l  be d i s c u s s e d .  

T h i s  u e s i g n   neth hod i s  based  on a p ? r o x i ~ a t i n ?  t h e  i d e a l  
rna:jnitude f r e c u e n c y  r z s o o n s e  w i t h  one t h a t  h a s  s p 3 c i f i e 5  
~ n a a n i t u d e s  a t  s e l e c t e d  f r e q u e n c i e s ,  T h u s  a lowpass  FIF 
f i l t e r  w i t h  d u r a t i o n  ZS, is  s p e c i E i ~ 3 d  by (14-1) /2  po i i l t s  
e q u a l l y  spaced  i n  t h e  f r equency  domain,  w i t h  room f o r  

Optimum F I R  F i l t e r  Ces ign  



ad jus tmen t  betwezn samples.  ?'he response  between s a m ~ l c s  i s  
obt.ained by t b n  i . l e a l  i n t e r p o l a t i o n  o p c r s t o r .  T h e  ~ T C U ~ S C  

r2sgonse  i s  o b t s i 7 e d  by u s i n q  t h e  i n v e r s c  J i s c r e t e  F o u r i s r  
t r ans fo rm ( I C F T ) .  ?'he ~ r o c e d u r e  is  t o  coinpare t h e  f requency 
re s?onse  of t h p  ?e:;i,qnec! f i l t e r  t o  t h e  ide3 l  res ;>ons? ,  then 
i t e r a t e  u n t i l  t h e  2 r r o r  i s  s a t i s f a c t o r y ,  

I t  may be shown t h a t  t h e  a a q n i t u e e  r e soonse  of the 
,.:esiqned f i l t e r  c o n t a i n s  r i p ~ l e s  i n  t i le  oassband ~ n j  
s topband,  which nay  have "peaks"  o f  v a r i o u s  ~ ? q n i t u d e s .  4n 
e c u i r i - c l e  des ign  uses  a s ? t  of we igh t s  t o  f o r c e  t h e s e  pesks 
t o  be equa l  i n  t h e  two Sands of t h z  l o w ~ a s s  f i l t e r .  These 
we igh t s  a r e  d e r i v e d  from t h e  s p e c i f i c a t i o n s  of D l  and C 2 .  
T h e n ,  t h e  o o i n t s  where t h e  peaks occur  (minimax) would no 
longer  be e q u a l l y  spaced i n  t h e  f reauency domain. 

In 1 9 7 2 ,  Parks  and McClellan r e fo rmula ted  a  t h e o r e r  of 
approximation theory  t o  show t h a t  a unique ontimum f I h  
f i l t e r  e x i t s .  The f i l t e r  i s  optimum i n  t h e  s e n s e  t h a t  ti?? 
e r r o r s  a r e  t h e  lowes t  ~ o s s l b l e  maximum ? r r o r s  i n  t h e  
psssband and s topband.  Subsequen t ly ,  F 'cClel lan and Parks 
~ u b l i s h e d  i n  1973 " A  Computer P rogra r  f o r  Ces iqninq  O p t i ~ u r  
FIF Linear  Phase E i ~ i t a l  F i l t e r s , "  i n  which they  o r e s z n t e 3  3 

q e n e r a l  a l g o r i t h m  f o r  t h e  3 e s i ~ n  of a l a r ~ e  c l a s s  of the55 
f i l t e r s .  The d e s i g n  Droqrap a t  RSFI i s  l a r g e l y  based on 
t h i s  a l g o r i t h m ,  b u t  was w r i t t e n  t o  i n t e r a c t  w i t h  t h e  user  
and s i m ~ l i f y  t h e  iL2put of s n e c i f i c a t i o n s  and decis ion-making 
on t h e  accep tance  of  t h e  r e s u l t i n g  f i l t e r .  Fur thermore ,  
p o s t  a o p l i c a t i o n s  a t  IISRI r e q u i r e  t h e  use of lowpass 
f i l t e r s ,  hence t h e  s h o r t  HSFI v e r s i o n  which lirrits t h e  
d e s i g n  t o  t h i s  c l a s s .  

The a v a i l a b i l t y  a t  HSRI of ?errnanent co~npu te r  f i l e s  and 
t h e i r  immediate a c c e s s ,  a l l o w s  t h e  s t o r a g e  o f  t h e  v a r i o u s  
des igned  f i l t e r s  on a  mas ter  f i l e  c o n t a i n i n 7  t h e i r  impulse 
r e sponses .  %hen a  d i g i t a l  f i l t e r  w i t h  c e r t a i n  frequency 
re sponse  i s  needed, a s e a r c h  of t h e  master  f i l e  i s  made t o  
de te rmine  i f  i t  has  a l r e a d y  been des iqned.  I f  t h e  d e s i r e d  
r e sponse  i s  not  met by an e x i s t i n a  f i l t e r ,  a new one i s  
des iqned  and s t o r e d  on t h e  master  f i l e  f o r  l a t e r  r e f e r e n c e .  

C u r r e n t l y ,  t h e  d a t a  p r o c e s s i n g  r equ i remen t s  a t  HSRI a r e  
pet by a "bank" of 18 lowpass F I R  d i g i t a l  f i l t e r s .  T h e  
n o r ~ n a l i z e d  c u t o f f  f requency ranqes  f r o n  0.615 t o  Q . 3 5 6 ,  s o  
t a a t ,  f o r  a 3280-Hz sampling r a t e ,  t h e  lowes t  f requency-  
c u t o f f  would be 1 6 0  Hz, and  t h e  h i g h e s t  would be 1148 Hz. 
I f  f i l t e r s  w i t h  c u t o f f  Ereyuencies  o u t s i d e  t h i s  range a r c  
d e s i r e d ,  t hen  a p p r o p r i a t e  samplinq r a t e s  a r e  s e l e c t e d  t o  
2 1 1 0 ~  f i l t e r i n n  a s  low 3s  2 0  H Z  a n d  a s  h i q h  a s  912P) H z .  
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TABLE 1. CUTOFF F R E Q U E N C I E S  O F  10 DIGITAL 
FILTERS AT THE 7 POSSIBLE SAMPLING 
RATES. 

SAMPLING RATES ( H Z )  

The a n a l o q  s i g n a l s  a r e  i n i t i a l l y  d i g i t i z e d  a t  t h e  
sa rnn l inq  r a t e  which a c c o m o d a t e s  t h e  h i g h e s t  c u t o f f  
f r e q u e n c y .  The s a m p l i n g  r a t e  i s  s u b s e q u e n t l y  r e d u c e d  f o r  
t h o s e  s i g n a l s  which must  be  f i l t e r e d  a t  lower  f r e q u e n c i e s  
t h a n  a l l o w e d  by t h e  i n i t i a l  s a m p l i n g .  T h i s  i s  done  by 
s e l e c t i n g  e v e r y  2nd o r  e v e r y  4 t h  p o i n t .  S i n c e  t h i s  is  
a n o t h e r  form of  sa rn? l inq ,  i t  w i l l  be a s s o c i a t e d  w i t h  a new 
l \ !yau i s t  r a t e ,  which is  1 / 2  o r  1 / 4  t h e  o r i g i n a l  S y g u i s t  r a t e .  
T t l i e r e f o r e ,  p r i o r  t o  " s k i 7 p i n g "  p o i n t s ,  t h e  d i g i t a l  s i a n a l  i s  
f i l t e r e d  t o  e l i m i n a t e  a l l  f r e q u e n c i e s  above  t h e  new : ; y a u i s t  
r a t e .  Two a n t i - a l i a s i n g  d i g i t a l  f i l t e r s  were  d e s i g n e d  f o r  
t h i s  p u r ? o s e :  a n e  t o  be  u s e d  f o r  sa[v .? l ing  e v e r y  o t h e r  p o i n t ,  
t h e  o t h e r  f o r  s a m p l i n g  e v e r y  f o u r t h  p o i n t .  By c a s c a d i n g  

Optimum F I R  F i l t e r  Des ign  



t h e s e  f i l t e r s ,  a v e r y  f l e x i b l e  s c h e m e  f o r  d i q i t a l  f i l t e r i n g  
i s  a c h i e v e d .  

T h e  1 8  d i g i t a l  f i l t e r s  w e r e  d e s i g n e d  i n  t h e  n o r m a l i z e ( - i  
f r e q u e n c y  d o ~ a i n ,  a n d  t h e r e f o r e ,  t h e  edqes o f  t h e i r  
t r a n s i t i o n  b a n d s ,  i n  H e r t z ,  w i l l  d e ~ e n d  o n  t h e  s a m p l i n g  
r a t e ,  P o s t  o f  t h e  d e s i g n  e f f o r t  w e n t  i n t o  o b t a i n i n q  
c o c s i s t c n t  r e s p o n s e  f o r  a l l  f i l t e r s ,  w h i l e  p a i n t ? i n i n q  a 
m e d i u m - l e n g t h  i m p u l s e .  ?'he c u t o f f  f r e q u e n c i e s  w e r e  s p r e a d  
u n i f o r m l y  o v e r  t h e  s p e c t r u m  o f  i n t e r e s t .  P a n d p a s s  r i n n l e  
w a s  n a i n t a i n e d  a t  a b o u t  0 . a 5  d B ,  a n d  s t o p b a n d  a t t e n u a t i o n  
w a s  d e s i g n e d  a t  1 f l G  d B ,  T h i s  r e q u i r e d  v a r y i n q  t h e  w i d t h  o f  
t h e  t r a n s i t i o n  b a n d  f r o m  2 t o  1 . 2 5  times t h e  c u t o f f  
f r e q u e n c y ,  a n d  r e s u l t i n g  i n  " c o r n e r "  f r e q u e n c i e s  ( - 3  3 E )  
v a r y i n q  f r o m  1 . 2 5  t o  1 . 0 5  times t h e  c u t o f f  f r e q u e n c y ,  The  
l o g  m a q n i t u d e  v e r s u s  f r e q u e n c y  c u r v e s  f o r  t h r e e  t y p i c a l  
f i l t e r s  a r e  shown i n  F i g u r e s  3 ,  4 a n d  5. T h e  f u l l  r a n q e  o f  
a v a i l a b l e  f i l t e r s  i s  g i v e n  i n  T 3 h l z  I ,  w h i c h  g i v e s  t h e  
c u t o f f  f r e q u e n c i e s  o f  t h e  1 8  f i l t e r s  a t  t h e  7 p o s s i b l e  
s a m c l i n q  r a t e s ,  
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FI(;UFE 3.  FFECLJENCY RESPONSE OF FILTER 4 1  FCF 
3200-HZ SAMPLING RATE.  

SAMPLING= 3200 HZ, NCOF=56 0- 
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SRMPLING= 3200 HZ. NCOF=gO 

FREQUENCY UIERTZI 

- 3 1 1  I 

FIGURE 4 .  FREQUENCY RESPONSE OF FILTER # 9  FOR 
3200-HZ SAMPLIKG RATE. 
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SAMPLING= 3200 HZ, NCOFs30 

FIGURE 5 .  

FREQUENCY mrn 

FPECUEPICY RESPONSE OF FIL-TER # 1 S  FGF. 
3200-HZ SAMPLING RATE. 
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riqital filter ina can be accomplished with a relatively 
h iah efficiency by employiilg the Fast Fourier trans for,^ 
(FF'?) alclor i t!i7 tonether with a concant known 3s sectionincl. 
Tr2ditional .?ethocls of filterinq involvinq 3 direct con- 
voldtion procedure are co~,putationslly cxcessivc in both 
t i ~ e  and space. The FFT serves to reciuce computation tine 
while sectioning eases computer memory require~~ents. 

The central operation involved in filtering an input 
sisnal x(n) consists of convolutina x(n) with the filter 
irrnulse resnonse h (n) producing an outout si(3nal y (n) . 

W 

= zw * R b )  = t r ( k ) ~ ( f i - k )  (1) 

y=-00 

In application at HSRI, both the input siqnal and imnulse 
response have finite nonzero duration. Specifically, there 
are inteqers !< and N with M<N (usually V < < N )  such that 

The convolution in (1) then reduces to 
t J - 4  

Eased upon the number of nontrivial ,~ultiplications 
necessary, direct evaluation of y(n) as in (2) requires 
order 14M time. Furthermore, the straightforward evaluation 
of (2) would require storing the entire nonzero portion of 
x(n) in computer memory. Hence, order N storage rust be 
available, 

A more efficient approach to filterinq is based upon 
results of the Discrete Fourier Theory. hith u(n) as a 
periodic sequence of period P, the Ciscrete Fourier 
trans for^ pair is given by 

DIGITAL S I G f J A L  PPOCESSI rJC: 



P I X  A 

For t h e  i ~ p l a r r ~ c n t a t i o n  of high speed convo lu t ion ,  a 
c e n t r a l l y  impor tant  r e s u l t  i n  t h e  D i s c r e t e  Four ie r  Theory i s  
t h a t  po in twise  m u l t i p l i c a t i o n  i n  t h e  f requency domain ( 3 )  
co r responds  t o  p e r i o d i c  or  c i r c u l a r  convo lu t ion  i n  t h e  t ime 
domain ( 4 ) .  That  i s ,  i f  u ( n )  anci u l l ( n )  3 re  p e r i o d i c  
sequences of pe r iod  P w i t h  U ,  ( k !  and Ug ( k )  a s  t h e i r  E i s c r e t e  
F o u r i e r  Transforms a s  i n  ( 3 )  then 

S ince  t h e  FFT  a lgor i thm can conpute e i t h e r  of t h e  t r a n s f o r -  
mations ( 3 )  o r  ( 4 )  i n  o rde r  P(log,P) t ime ,  t h e  p e r i o d i c  
convo lu t ion  on t h e  r i g h t  hand s i d e  of ( 5 ) ,  denote3  by 
u ,  ( n )  @ ul ( n )  , can a l s o  be computed i n  o r d e r  P(loq,P) t ime. 

I t  n u s t  be recoqnized t h a t  t h e  FFT a lgor i thm a p p l i e s  
on ly  f o r  p e r i o d i c  sequences ,  Furthermore,  t h e  above 
convo lu t ion  which can be computed i n  o r d e r  P(1og P )  t ime i s  
a o e r i o d i c  c o n v o l u t i o n ,  s i m i l a r  b u t  by no means i j e n t i c a l  t o  
t h e  l i n e a r  convo lu t ion  :r ( n )  *h ( n )  i n  ( 2 )  . 

Fy a  s u i t a b l e  manipula t ion  of t h e  i n p u t  s i g n a l  x ( n )  3 n d  
t h e  i n p u l s e  response  h ( n ) ,  FFT nay be u t i l i z e d  and t h e  
l i n e a r  convo lu t ion  ( 2 )  e x t r a c t e d  from a c o l l e c t i o n  of 
n e r i o d i c  convo lu t ions .  To perforr t  t h c  convo lu t ion  ( 2 )  w i t h  
both t i n e  and space  economy, t h e  s i g n a l  x ( n )  i s  f i r s t  
s e y ~ e n t e d  i n t o  s e c t i o n s  of l e n g t h  L>M. Each s e c t i o n  i s  then 
viewed a s  one pe r iod  d e f i n i n g  a p e r i o d i c  sequence of per iod  
I, The v a l u e  of t h e  impulse resnonse  h ( n )  aver  t h e  ranae 
[ O , L - 1 1  s i ~ ~ i l a r l y  d e f i n e s  a p e r i o d i c  sequpnce of ~ e r i o 3  I ,  
Cerived sequences d e f i n e d  by t h e  s e c t i o n s  of x ( n )  a r e  then 
c i r c u l a r l y  convolve,i w i t h  t h e  p e r i o d i c  scauence 3cf ine- l  f r t , ~  
h ( n ) .  T h e  o o r t i o n  of each c i r c u l a r  convo lu t ion  r e p r e s e n t i n g  
a l i n e a r  c o n v o l u t i o n ,  t h e  l a s t  L - " t 1  v a l g c s  of a 
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r z p r e s e n t 3 t i v e  ? ? r l o c i ,  i s  then  e x t r z c t e d .  F i n a l l v ,  t n e  
l l ~ e a r  convo lu t ion  e x t r ' ? c t i o n s  a r e  p i ece3  tonet i le r  t o  f o r r  
t r , . ?  con; 12 LC 1 l r - ~ f ? ~ r  convo lu t ion  ( 2 )  . 

T h e  s p e c i f i c  fiieti~otl of s e c t i o n i n 7  t h e  s i g n a l  x ( n )  i s  
r ~ f s r r e ~ 3  t o  a s  t h e  ave r l an - save  iretho$, sines each s e c t  i o n  
o v e r l a p s  t h e  p r e c e i i n g  s e c t i o n  by M-1. n o i n t s ,  2nd  oroduces  
L - f : t l  ~ ~ e a n i n g f  ul v a l u e s  J E  t h e  1 i n e a r  c o n v c l ! ~  t i o n .  I . , i  t h  s ,  
deno t ing  t h e  f i r s t  s e c t i o n ,  s, t h e  s e c o n d ,  a n d  s o  on,  we 
h:?v-.. 

( n o t e  t h a t  x ( - ~ t l )  =x  ( - ~ t 2 )  = . . . =x (-1) = g )  

Each s e c t i o n  s t  i s  then  used t o  g e n e r a t e  a p e r i o d i c  seouence 
x+(n )  of pe r iod  L c h a r a c t e r i z e d  by i t s  v a l u e  over  t h e  s i n q l e  
~ e r i o d  [O,L-l] . 

x, ( n )  = x (n -Nt l )  
x ,  ( n )  = x (ntL-2Mt2) 

S i m i l a r l y ,  t h e  i n p u l s e  r e sponse  h ( n )  g e n e r a t e s  a  p e r i o d i c  
sequence K ( n )  o f  p e r i o d  L c h a r a c t e r i z e d  by i t s  v a l u e  over 
[ a , L - l ]  a s ,  

-. 
h ( n )  = h ( n )  - O(n6L-1 
( n o t e  t h a t  h ( Y )  =h ( b l t l )  = . . = h  ( L . - 1 )  = 0 )  
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- 
l$dow since e a c h  of t h e  sccruenccs x, (n) ,x, (n), ... , h a )  is 
periodic with common ?eriod L, the circular convolutions 

can each be performed usinq the FFT alqorithm in order 
Ll(loo L) time. ' Finally, we construct the linear convolution 
(2) froin the collection of circular convolutions (6). It 
can be seen that 

Y ( 0 )  = x ( 0 )  *h(v) = x - 1  9 Ti (n-1) 
v (1) = x(l)*h(l) = x, ( M )  h ( P I )  ? 

( 7 )  

Y (L-l:) = x (L-M) *h (L-1') = Xe (L-1) ax (L-1) 
y (L-Ftl) = x ( L - P t l )  *h (L-Rt1) = x, (M-1) 9 h (P-1) 
y (L-Ft2) = x (L-Mt2)" ( L - M t 2 )  = X, (M) @ h(E) 

Each circular convolution x. (n) @ x ( n )  in (7) can be 6 ~crforrned in order L ( l o q , L )  time an contains 1,-?4+1 useful 
values of the linear convolution x(n)*h(n). Hence, the 
overall computing time behavior of the overlap-save nethod 
of FFT convolution is order NL,(log L\)/(L-Frtl) . '3y selectirlcr 
L such that E : < < L ' < < ~ ~ ,  the above coriputing time behavior 
approaches order N(log&L) which will in turn be less than 
order :dM -- the behavior resulting from a direct evaluation 
of the linear convolution (2). Furthermore, since each 
circular convolution as in (6) reuuires only order L 
cornuter memory, the internal memory reauirements are eased. 
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APPENDIX A 

3-D X-RAY TECHNIQUE 

N. M. Alem 

General 

The diverse studies of impact and motion of human 
subjects and human analogues result in mechanical quantities 
described in reference frames which vary from one instru- 
mentation method to another. 

In order to ensure precise comparison of mechanical 
responses between subjects, it is necessary to refer all 
results to a "standardn anatomical frame which may be easily 
identified. On the other hand, it is impractical to require 
that transducers be aligned with this anatomical frame since 
this would create problems which may not be satisfactorily 
solved. 

An alternative is to mount transducers in an arbitrary 
and convenient reference frame, then describe the transfor- 
mation necessary to convert the data from this frame to the 
desired anatomical one. 

The following sections describe a three-dimensional x- 
ray technique which has been developed at HSRI to obtain the 
orthogonal transformation matrix between the instrumentation 
and anatomical reference frames. The technique was devel- 
oped for the HSRI measurement method of 3-D head motion, but 
may be applied to any general instrumentation hardware. 

General 



WHOLE EODY RESPONSE 

Anatomical Reference ---- Frame 

A widely adopted anatomical reference system for the 
human head is the one based on the skull's Frankfort plane, 
defined by four easily identifiable landmarks, and the head 
midsagittal plane, as shown in figure 1. 

Midsgittal 

FIGURE 1. H E A D  ANATOMICAL REFERENCE SYSTEM, 
BASED ON T H E  SKULL'S FRANKFORT AND 
MIDSAGITTAL PLANES. 



A P P E N D I X  A 

The anatomical i-axis is defined along the intersection 
of t h e  Frankfort and midsagittal planes in the posterior-to- 
anterior (P-A) direction. The j-axis is defined along the 
line joining the two superior edges of the auditory meati, 
in the right-to-left (R-L) direction. This j-axis, which 
lies in the Frankfort plane, is perpendicular to the midsa- 
gittal plane at the "anatomical center" which is taken as 
the origin of the anatomical frame, Finally, the k-axis is 
defined as the cross-product of the unit vectors of i- and 
j-axes, and therefore, will lie in the midsagittal plane 
perpendicular to the Frankfort plane, and will be in the 
inferior-to-superior ( I -S )  direction. 

Thus, the anatomical reference frame , k  can be 
completely defined once the 4 anatomical landmarks are 
specified. 

Instrumentation Reference - Frame 

The method used at HSRI to measure the 3-D motion of 
the head employs nine accelerometers mounted on the head in 
three clusters, Each cluster is a triaxial unit which 
measures the components of the acceleration vector at its 
center in 3 orthogonal directions, which are the same for 
the other two clusters, These orthogonal instrumentation 
directions are arbitrarily chosen for convenience of 
mounting, and are such that the centers Q1, Q2 and Q3 of the 
three triaxial clusters will lie on the axes El, E2 and E3 
of the instrumentation frame, at known distances R1, R2 and 
R3 from the origin P, a s  shown in figure 2. 

Given the coordinates of the origin P, and those of two 
points Q1 and 92, the unit vectors El and E2 are determined 
by normalizing the distances PQ1 and PQ2. The third unit 
vector E3 is then obtained by cross-multiplying El by E2. 
However, it is experimentally more practical to supply the 
coordinates of all three points 01, 42 and Q3, as well as 
the distances from them to the origin P, then compute the 
coordinates of other points necessary to define the instru- 
mentation frame completely in the 3-D space, 

Instrumentation Reference Frame 
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Laboratory Reference Frame - 
It is desired to describe the instrumentaion ( E l t E 2 , E 3 )  

in t e r m s  of the anatomical (i,j,k) unit vectors: 

where [El is an orthogonal transformation matrix made up 
with the 9 unknown direction cosines. This matrix may be 
determined by first expressing each of (EltE2,E3) and 
(i, j,k) in terms of an arbitrary frame (I,J,K) : 

then eliminating the ( I , J , K )  between the two expressions to 
obtain the matrix [El : 

Since [U]  and [V) are determined from coordinates of 
several points, the arbitrary frame (I,J,K) will simply be 
the laboratory frame in which these coordinated are 
measured. The x-ray method used at HSRI to measure these 
points automatically defines the laboratory frame. 

Calibration pf Object Space 

An x-ray image of an object is simply its shadow on a 
2-D plane, generated by a near-point source of x-rays, The 
purpose of calibration is to obtain two of the 3-D labora- 
tory coordinates, either (x,z) or ( y , z ) ,  of the object 
point, given its 2-D film coordinate8 (u,v) and the third 
distance D along the missing coordinate, 

A typical x-ray setup is simplified in the diagram of 
Figure 3, In this setup, the x-ray table is vertical, and 
the film cassette is located behind the table at a distance 
B. The distances from the table to the source and the 
object are A and D, respectively, For any single point, it 
is possible to develop relationships between the distance D, 
the film coordinates U and V,  and the true coordinates X and 
2 .  

3-D X-RAY TECHNIQUE 
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instrumentation 7 t 

anatomical 1 

y inertial (lab.) - 

FIGURE 2 .  INSTRUMENTATION REFERENCE FRAME, AND 
THE LOCATION OF THE THREE TRIAXIAL 
ACCELEROMETERS FOR THE HSRI 3-D 
MOTION MEASUREMENT. 

The film radial distance R i s  determined from the U and 
V measurements by 

a n d  t h e  a n g l e  b e t w e e n  R a n d  the I-axis i s  g i v e n  by 

Calibration O f  Object Space 
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FIGURE 3 .  SIMPLIFIED D I A G R A M  OF X-RAY SETUP. 

3-D X-RAY TECHNIQUE 
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  he true radial distance r, unknown at this stage, may 
be obtained from geometric properties. Thus, 

in whicn the groups of distances are constants and depend 
solely on the specific x-ray setup. Therefore, 

Assuming geometric similarities, the angle that the true r 
makes with the I-axis sould be the same as the one made by 
the film R, calculated by equation (5). The object-space 
coordinates x and z may therefore be determined from 

Calibrating the object-space means determining the 
constants S and . This may be accomplished by accurately 
measuring the distances A and B. An alternative is to x-ray 
an array of targets whose radial distances and distances 
from the table are known, measure their film U and V to 
determine the film radial distances R, then perform a 
multiple regression analysis to determine the correlation 
constants oc and . This procedure was carried out and 
results are shown in Figure 4. It should be pointed out 
that these constants are specific to the HSRI x-ray 
table/source configuration. 

from the magnitudes of and 4 ,  it is clear that the 
target-table distance, to be measured during the x-raying, 
does indeed effect the accuracy of computation, but to a 
small extent, It was found that D may be measured to the 
nearest 1/2 inch without changing significantly the 
calculated coordinates. 

X-Raying Procedure 

The HSRI 9-accelerometer instrumentation for 3-D motion 
analysis of the head, is characterized by seven points, 
which determine the relationship between the anatomical 
reference frame and the instrumentation one. The coordi- 
nates of these points must be determined in an arbitrary 

X-Raying Procedure 
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FIGURE 4 .  CALIBRATION OF HSRI X - R A Y  S E T U P .  
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laboratory frame, The method is to mark them with seven 
distinguishable lead pellets then x-ray the targeted head to 
obtain two orthogonal radiographs which can then be analyzed 
as a stereo-pair. 

Seven lead pellets are implanted at the three triaxial 
centers and at the four anatomical landmarks, These pellets 
must be visible and identifiable on both x-rays, and their 
coordinates on the film must be obtained. It is necessary 
therefore to be able to locate the origin of the film 
coodinate system, called the principal point, and defined as 
the trace of the central ray on the film. To accomplish 
this, an array of 4 lead pellets were installed on a plexi- 
glass plate which is machined to fit over the source unit's 
window, so that the central ray passes through the center of 
these points. Their images are then used to construct the 
principal point. The K-axis is determined by hanging a 
plumb weight with a soldering wire along the vertically 
positionned x-ray table. This leaves a line which would 
always be vertical, regardless of the orientation of the 
cassete, Thus, laboratory reference frames (1,K) and (J,K) 
may be accurately determined on the film. 

Rather than place the instrumented head in two 
orthogonal x-ray fields aand obtain simultaneously the 
stero-pair, one x-ray field is sufficient to produce the 
pair of radiographs. The idea is to rotate the subject 90 
degrees between takes, so that in effect, the laboratory 
frame is rotated, and two orthogonal radiographs are 
produced. During x-raying, the distances from the x-ray 
table to each of the seven targets are measured and recorded 
for later analysis, Since some pellets may not be visible, 
an estimate of the corresponding distance is made as 
accurately as possible, 

The outcome of the experimental phase is a set of 
( X , Z , D )  and (Y ,Z ,D )  for the seven points. The next phase is 
to compute the true laboratory coordinates using the 
calibration constants obtained above, then use these points 
to reconstruct the anatomical and instrumentation matrices 
to determine their relative position, A typical example of 
these measurements is given in Figure 5. 

X-Raying Procedure 
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I X-RAY DATA ( 

alpha beta  

Acatom i ca l  

DATE : BY:  - 
REMARKS: 

Instrumentat ion 

-- - - 
MEASURED  DIMENSION^) 3. r 4 8 ) 4,, 4631 4. i35-I 

FIXTURE 
ARM I 

Are these measured from edger? D 

FIGURE 5 .  EXPERIMENTAL MEASUREMENTS FOR X-RAY 
ANALYSIS. 
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Anatomical Frame Reconstructio~ 

The anatomical reference frame is -completely defined in 
the laboratory frame, given the true ( x , y , z )  coordinates of 
the two superior edges of the auditory meati P1 and P2, and 
the two infraorbital notches P3 and P4 as shown in Figure 1. 

The anatomical center C is defined as the mid-point 
between P1 and P2, and the anatomical j-axis is defined as 
the norm of the left-to-right distance from P2 to PI: 

Let M be the mid-point between P3 and P4, Then, the i- 
axis is defined as the norm of the posterior-to-anterior 
distance from C to M: A . 

Finally, the k-axis is defined as the cross-product of 
the unit vectors of i- and j-axes, and will be in the 
inferior-to-superior direction: 

Thus, the direction cosines of each unit vector are 
determined and the matrix [V] of equation (2) is completely 
defined, Since it is derived from experimental measure- 
ments, the elements of this matrix will carry some errors, 
and will be slighltly non-orthogonal, A correction scheme 
was developed to render this matrix orthogonal and is 
described in a later section, 

Instrumentation - Frame ~econstruetion 

The direction cosines of the three unit vectors , 
and of the instrumentation reference frame are easily 
determined once its origin P is located in laboratory frame, 

Given the ( x , y , z )  coordinates of the 3 triaxial centers 
Q1, Q2 and 03,  and their distances R1, R2 and R3 from the 
origin P, it is proposed to compute the coordinates of P, 
Because of the quadratic nature of these distances, solution 
of the equations giving these distances as square-roots of 
sums of squares, yields two distinct locations of P, only 
one of which is correct, A solution based on geometric 
properties is therefore used to obtain a single location, 

Instrumentation Frame Reconstruction 
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FIGURE 6. CONSTRUCTION OF ORIGIN P. 
t h e  correct one. 
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Consider the diagram of Figure 6, which depicts the 
instrumentation frame, its origin P and the three triaxial 
centers 01, Q2 and 43. The origin P must lie at the inter- 
section of three spheres, centered at Q1, Q2 and 93, with 
respective radii of R1, R2 and R3. 

Consider spheres [Ql;Rl] and [Q2;R3], In order for P 
to exist, they must intersect along a circle whose center is 
H1, located on the line connecting Q1 and 02, and whose 
radius is the distance from H1 to P, The third sphere 
[Q3;R3], which is orthogonal to each of the first two, must 
intersect the above circle at right angles; that is, the 
line from Q3 to P must lie in the plane of that circle, and 
must be tangent to it at point P. 

Thus, the plane 93-P-H1 is perpendicular to line 01-Q2, 
and therefore, this line must be perpendicular to all lines 
contained in that plane; in particular, line 41-02 is 
perpendicular to line Q3-H1. It may be concluded that line 
Q3-H1 is the height of the triangle 01-92-43 at base 92-41. 
Similar arguments lead to conclude that the other two 
heights of this triangle are Q1-H2 and Q2-H3. Since all 
three heights of any triangle intersect at a common point, 
this intersection is called point G, 

Finally, since line 91-42 is perpendicular to plane Q3- 
H1-P, it must also be perpendicular to all lines in this 
plane, and in particular, to line P-G, Similarly, lines Q2- 
Q3 and 03-91 are perpendicular to line P-G. Therefore, it 
may be concluded that P-G is perpendicular to plane 01-92-Q3 
so that point G is the orthogonal projection of origin P on 
this plane. 

With these geometric properties established, the 
problem of locating the origin P may be broken down in 
smaller problems of line-plane intersections. A single 
subroutine was written to solve this intersection problem, 
to be be called as needed. 

Given an arbitray plane defined by a point (xi,#, , 3 , )  
and the direction cosines of a normal vector ( 9 ,  ,b, , C ,  ) ,  the 
normal form of the equation of the plane is given by 

and given an arbitrary line defined by a point ( 7 ~ , , 3 , , & )  
and its direction cosines ( 4  b , ) ,  the parametric form of 
the equation of the line is given by 

Instrumentation Frame Reconstruction 
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The intersection point , of the line with the 
plane must lie on both of them; therefore, it must satisfy 
both equations (12) and (13). Thus, 

which may be solved for to yield 

The parameter is precisely the distance, along the 
line, between the line's particular point and the 
intersection point. Once is is computed from (IS), it is 
substituted back into (14) to yield the desired (z,2,$) 
coordinates of the intersection. 

The computational procedure for locating origin P 
starts by locating H1 as  the intersection of line Q1-Q2 with 
plane 03-H1-P, both of which have known direction cosines 
and particular points. This is repeated for points H2 and 
H3. 

Next, point G is located as the intersection of line 
Q3-Hl and plane Q1-H2-P. The location of G may alternately 
be obtained as the intersection of line 01-H2 with plane Q2- 
H3-P, or as the intersection of line Q2-H3 with plane Q3-H1- 
P. The average of the three methods is taken to minimize 
experimental errors. 

Finally, the direction cosines of line G-P are obtained 
from the cross-product of any two lines connecting Q1, 92 
and 43. The proper order must be observed so that point P 
would be located on the correct side of 01-02-03 plane. 
Thus, the direction cosines (u,,U,,Y3) of this unit vector 
are obtained from 

To complete the required information, the magnitude of 
line G-P must be computed. The length lGPl may be obtained 
by solving the right-angle triangle Q3-G-P, given points Q3 

3-D X-RAY TECHNIQUE 
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and G on one side of the 90-degree angle, and R3 a s  the 
hypothenus. This same magnitude may also be obtained from 
either triangle Q1-G-P or Q2-G-P, Again, all three methods 
are used and averaged to minimize experimental errors, The 
final step in locating origin P is to use the parametric 
equations of line G-PI given the magnitude IGPI and the 
line's directions cosines ( u , , u t , u 3 )  computed from equation 
(16) : 

xc = X, + I G P \  U~ 

Once the origin P is located, and given the locations 
of the three triaxial centers, the direction cosines of the 
instrumentation unit vectors may be obtained by normalizing 
the distances P-91, P-Q2 and P-Q3. This determines 
completely the matrix [U] of equation (1). With the 
anatomical matrix [V] known, the laboratory reference frame 
may be eliminated as described in equation (3) to obtain 
matrix [El necessary to convert all data from the instru- 
mentation frame to the anatomical one. 

Orthoqona* Correction 

The computational method described above has been 
programmed and typical output is shown in Figure 7, It is 
clear that the resulting matrices are not perfectly ortho- 
gonal, This is to be expected, since experimental readings 
always carry some error. The non-orthogonality may be 
eliminated by a perturbation scheme which is described 
below. 

The scheme is based on the property that the product of 
an orthogonal matrix times its inverse is the unity matrix. 
Since the inverse of an orthogonal matrix is equal to its 
transpose, the orthogonality check is made on the product of 
the matrix times its transpose. The perturbation scheme 
forces this product to become the unity matrix, 

Given the uncorrected matrix [El of direction cosines: 

Orthogonality Correction 
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procedure is repeated to obtain a "more orthogonal" matrix. 
Typical output from the perturbation program is given in 
Figure 8. 

It was found that 5 iterations were required for the 
worst case in which the off-diagonal terms were as high as 
0.18, In all cases, none of the unit vectors were perturbed 
by more than 4 degrees in space, an amount which could 
conceivably be produced by measurement errors. It should 
finally be pointed out that the orthogonality of the final 
perturbed matrix does not imply that it is the true 
transformation; instead, this matrix remains an experimen- 
tally-produced one, and therefore, will carry some 
measurement error, be it orthogonal or not. 

Translation Of - w n s  

The transformation matrix obtained above describes the 
rotation of the instrumentation frame relative to the 
anatomical one. The translation between the two frames may 
be described by specifying the components of the vector 
between their origin in the anatomical reference frame; 

which may be computed from 
---b - 
c p  = O P  - 0 c  

then expressed in the anatomical frame, From the 
definitions of vectors OC and CP, 

A A A 
A --+ ---+ Z , ~ X Z  + Jl+ Ldz - a,+sl K 
o c  = [ O ~ + O P ~ ~ , ' Z  = 2 2 J+ -- 2 ( 2 4  1 

therefore, 

To obtain the components of CP in the anatomical frame, 

Translation Of Origins 
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the laboratory frame is eliminated to yield 

Summary 

The three-dimensional x-ray technique, described in the 
above sections, results in a complete description of the 
location and orientation f an arbitray instrumentation 
reference frame relative to a standard anatomical one. The 
procedure was developed for the head, but can easily be 
adapted to any body segment. 
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MEASURERENT OF 3-D MOTION 

N .  M. Alem & G. L. ~olstein 

General 

The general three-dimensional (3-D) motion of a rigid 
body (R.B.), described by its six degrees of freedom, may be 
determined by means of nine linear (translational) accele- 
rometers which are properly mounted on the R.R. in three 
clusters. The nine accelerations are mathematically manipu- 
lated to produce the angular acceleration and velocity 
vectors of the R.E., its orientation in 3-D inertial 
(laboratory) space, the absolute translational acceleration, 
velocity and position vectors of an arbitrary point on the 
r igid body. 

Each one of the three clusters is a triaxial accele- 
rometer (or triax) which measures 3 orthogonal components of 
the acceleration vector of its "center." In general, these 
orhogonal instrumentation axes are arbitrarily chosen for 
convenience, and threfore, do not coincide with the 
"anatomical" reference frame in which the motion is to be 
described. It is assumed that the transformation natrix 
between the instrumentation and anatomical frames is known, 
so that the analysis is conducted on the anatomical compo- 
nents of the three acceleration vectors. Furthermore, it is 
assumed that the position vector of each triax center is 
known relative to an arbitrary point, which is taken as the 
origin of the anatomical reference frame. 

In the following sections, the kinematic equations of 
motion will be developped, their solution will be presented, 
then validated with actual and hypothetical motions. 

General 
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Kinepatics Of Angular Motion -- --- 
Consider the rigid body shown in figure 1. The anato- 

mical reference frame ( is u s e d  to express the 
position vectors of the triax centers Q1, Q2 and Q 3  relative 
t o  an arbitrary reference point Q0: 

FIGURE 1. COORDINATE SYSTEMS AND THE NINE ACCE- 
LERATIONS USED I N  3-D MOTION 
ANALYSIS. 

MEASUREMENT OF 3-D MO'FION 



The mea .rement of nine accelerations defines the 
acceleration vectors at Q1, Q 2  and Q3 which may be expressed 
in the anatomical frame: 

The same acceleration vectors, given in equation ( 2 ) ,  
may be calculated from the kinematic equation of motion of a 
rigid body, given the translational acceleration vector of a 
body reference point and the angular acceleration (and 
velocity) vectors of the R.B. :  

where U, W and A are angular acceleration, velocity and 
translational accereration vectors, respectively. These 
three vectors are unknown and must be determined as:  

Vector-equation (3) represents 9 scalar equations, in 
which the unknowns are the components of equations ( 4 ) ,  (5) 
and (6). Note however that the an~ular velocity is simply 
the integral of the angular acceleration, which means that 
there is a third-order redunduncy in these equations. 

Least-Squares Solution 

The first step towards the solution of equation (3), is 
to write it in matrix form. The position vectors Pl, P2 and 
P3 are replaced by column matrices { ~ l } ,  I P ~ }  and F 3 j g i v e n  - 
by: 

Least-Squares Solution 



, The acceleration vectors - Al, - A 2  and A 3  a r e  r e p l a c e d  bv - 

The angular acceleration U and velocity k vectors are 
also replaced by the c ,  -dmn matrices {U) and {KT: 

The cross-products, of the type PxU and hxP, given in 
T - -7 - 

equation ( 3 )  are re-written by introducing the skew- 
symmetric matrices [ P i ] ,  [Pl], [ P 2 ]  ANC [ P 3 ]  defined by:  

-WK -PK PJ 

[ N ]  = [:. -11 and i.1 = [ ; -PI! 

-WJ - P J  P I  0 

It may be shown that a cross-product of two vectors is 
equivalent to the product of the skew-symmetric matrix of 
the first, times the colmun matrix of the second. hit11 
these definitions and properties, equation (3) nay he re- 
written in the following form: 

which may further be combined in a single equation: 

where {a) and { v )  are 9x1 column matrices, and [p] is a 9x3 
matrix, defined as follows: 

MEASUREMENT OF 3-D MOTION 
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Equation (8) is a set of nine scalar simultaneous 
equations in six unknowns. The redunduncy may be eliminated 
by realizing that, because of the experimental errors 
inevitably present in the nine acceleration measurements, 
the left-hand side of this equation is never exactly zero, 
but rather a small error 9x1 matrix {el: 

In order to minimize the measurement-induced errors, 
consider the sum of squares of these errors, given by the 
quadratic form {e)'[c]{e}, where {s}' is the transpose of 
{e), and [ c ]  is the matrix of co-variances, It may be 
assumed that the errors are independant and have equal 
variances; then, the matrix [cl may be replaced by the unit 
matrix, and the quadratic form in question becomes {e)'{ej. 

This square error will have a minimum when its partial 
derivatives with respect to the six unknowns are zero; 
i. e., when 

where "d" denotes a partial differential operator. It turns 
out that it is not necessary to expand equation (ll), since 
the same equations resulting from the expansion are obtained 
directly by another approach, as will be shown later, 

Eauation (18) may be expanded as 

which may be shown to be equivalent to 

Using the prime (I) to indicate the transpose of a 
matrix, the partial derivative of {el' with respect to {U} 
becomes: 

which can be substituted in equation (12): 

Least-Squares Solution 
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or the final form 

- [ ? I  ' {a1 + [ P I  ' [pl I u j  - [ p ]  ' {vj = a (14) 

This final form involves { A }  and {u) as unknowns. ~t 
is possible to follow a similar procedure by differentiating 
with respect to {A} to obtain another set of equations; 
however, the procedure is greatly simplified if the refe- 
rence point Q0 is selected to be the centroid of Q1, Q 2  and 
C3. One such simplification is that the unknown acccele- 
ration vector { A }  is directly obtained from 

Another sinplification is that the first term of 
equation (14) drops out leaving only three unknowns: 

which may be solved for { u }  by pre-multiplying it by tho 
inverse of the { U )  factor, resulting in 

This equation is a set of three simultaneous differen- 
tial equations in which the unknowns are the angular 
velocity components WI, WJ and WK and their derivatives the 
acceleration components UI, U J  and UK. All other terms in 
this equation are either constant or known from accelero- 
meter measurements, The solution may be obtained by 
numerical integration and the resulting angular accele- 
rations and velocities are the best estimates, in the least- 
squares sense, of the true solution, 

Angular Motion 

Once the angular acceleration and velocity vectors are 
computed, the next phase is to define the orientation in 
inertial (laboratory) reference frame of the rigid body. 
This may be done by determining three Euler angles as 
functions of time. These angles define a direction cosines 
matrix which describes the rotation of the anatomical frame . -  - 

( i , i , k )  relative to an initial orientation coincidinq with 
the laboratory frame (I - ,ZfK) : 

M E A S U R E M E N T  OF 3-D MOTION 
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I =  [El I ~ J K I  (18) 

The three Euler angles are defined as follows: The 
first rotation is a yaw (PSI) about the initial K-axis, 
resulting in an intermediate frame. The second rotation is 
a pitch (THETA) about the new J-axis, resulting in yet 
another new frame. The last Totation is a roll (PHI) of - 
this last frame about its I-axis. This results in the final 
(itit&) - frame. To define She matrix [ E l ,  let 

S 1  = sin(PS1) S2 = sin (THETA) S3 = sin(PH1) 

C1 = cos(PS1) C2 = cos (THETA) C3 = cos(PH1) 

and let " * "  

[El = 

denote a scalar multiplication; then, - 
c1*s2 s1*c2 2 1 

In order to solve for the three Euler angles, consider 
their time-derivatives, denoted by W1, W2 and W3. It may be 
shown that the angular velocity vector W, obtained from the 
solution of equation (17), is the sum of-three angular rate 
vectors which have magnitudes of FI1, W2 and N3, and which 
may or may not be orthogonal: 

Equation (20) may be projected on the three moving ana- 
tomical axes (itit&) so that the anatomical components WI, 
WJ, and WK are written as sums of contributions from Wl, W2 
and F13: 

The unknowns in this equation are the Euler angles, 
represented by their sines and cosines, and their rates W1, 
W2 and W3, while the anatomical components PiI, hJ and WK of 
the angular velocity are known. Solving for the unknowns 
yield the following differential equation: 

Angular i4otion 



Equation (22) rllay be numerically integrated to yield 
the three Euler angles and their rates. Note that no 
solution exists when C2=3, i.e., when the oitch THETA. is 
exactly 90 degrees. This case, known as the "Gimbal lock," 
may be avoided by either switching to another set of Eulsr 
angles, or by a numerical algorithm which "jumps" over this 
critical value. 

By solving for the Euler angles, the three rotational 
degrees of freedom are completely specified. 

Translational Motion 

The next and final phase of 3-D motion analysis is to 
determine the translational acceleration, velocity and 
position vectors of an arbitrary point on the R.E. with 
respect to the inertial laboratory (I,J,K) reference frame. - - -  
The first step is to determine the laboratory components 
XDD, YDD and ZDD of the acceleration vector of body-point E l  
then integrate them once to obtain the velocity components 
XD, YD and ZD, which may be inteqrated again to obtain the 
laboratory coordinates X I  Y and Z of the desired body-point 
B . 

Consider an arbitrary point I3 on the rigid body whose 
coordinates with respect to the moving anatomical frame are 
contant and known: 

PB = PBI i t PBJ i t P B K  k - - - 
Given the angular accelration U of the R.B., its 

angular velocity W, and the acceleration A of the reference 
point Q0 ( taken as origin,) all expressez in the anatomical 
frame, the absolute acceleration of point 0 is given by: 

AB = A t UxPB t W x W x P B  - - - - a - -  

When this equation is expanded, the components ABI, AEJ 
and ABK of the acceleration - 1  A B  along the anatomical frame, 
are determined, so that 

MEASUREMENT OF 3-D MOTION 
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A B  = A B I  i + A B J  i +ABK k - - - 
This same vector may be written in terms of the laho- 

rstory ( I , J , K )  - - -  reference frame as 

A B  = XDD I + YDD J + ZDD K - - - - 
where XDD, YDD and ZDD are to be determined. To compute 
these unknowns, recall that, since the Euler angles have 
been determined, the transformation matrix [El given by 
equation (19) is completely determined; thus, the unit 
vectors i, j, and - k may be expressed in terms of the - I, - J and 
K vectors, using equation (18). Substitutinq these - 
expressions in equation (25) yields 

= { ABI A B J  ABK ) [El 

Once the time histories of XDD, YDD and ZDD have been 
calculated, the absolute velocities XD, YD and ZD may be 
obtained by simple integrations. Finally, these are in turn 
integrated to give the laboratory coordinates X, Y and Z of 
the body-point B in question. 

With this, the three translational degrees of freedom 
of the rigid body are completely specified. 

Input Requirements 

The 3-D analysis presented in the previous sections is 
carried out at HSRI by the computer program "NINACC" which 
calls several subroutines to perform the various phases of 
the analysis. The current version of "NINACC" is 
interactive with the user who can control the progress of 
the analysis from a computer terminal. 

Input to the program is prepared ahead of run time and 
stored on disk and digital tape files. At run time, the 
program prompts the user to specify the locations of the 
various input data, and after reading it, asks for verifi- 
cation and/or modification. The input data may be divided 
accordinq to the method and source of preparation into three 
groups. 

Input Requirements 
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G R O U P  1: The first grou? of data is required to transform --- -- 
the acceleration data from the instrumentation 
reference frame to the anatomical one. It 
consists of the 9-element orthogonal transfor- 
mation matrix, the anatomical coordinates of the 
origin of the instrumentation frame, the locations 
of the three triaxial accelerometers centers in 
the instrumentation frame, and the anatomical 
coordinates of an arbitrary body-point whose 
translational motion is to be studied. 

GROUP 2: This group consists of 4 sets (3 components each) -- 
of the initial values of the anatomical angular 
velocity, the inertial (laboratory-referred) Euler 
angles, the inertial translational velocity of the 
body-point of interest, and the correspondi2g 
position. 

GROUP 3: This group is the time-histories of 9 accele- -- 
rometers readings. These are originally analog 
transducer outputs which have been converted to 
digital signals, It is necessary to ensure that 
the analog-to-digital conversion process and the 
filtering of the signals (analog and digital) do 
not introduce any phase shift between one signal 
and the others. 

The first two groups are usually obtained from high- 
speed movies and x-ray films. The methods used must produce 
three-dimensional orthogonal components of velocities and 
positions. Such methods have been developped at HSRI and 
their applications have produced satisfactory results. 

Programming Considerations 

The 3-D analysis program "NINACC" calls special subrou- 
tines to perform the various phases of input, computations, 
and output. These subroutines are listed below, along with 
brief descriptions of the functions they perform. 

1. NINACC Controls the calling sequence. 

2. X9RCON Reads the two groups of constants described 
in the pervious section. 

MEASUREMENT OF 3 - D  MOTION 
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3. X 9 R A C C  Reads the diqitized siqnals of 9 acce11.- 
rolneters. 

4. X9PREP Transforms all data into the anatomical 
frame; prepares the constant matrix of 
equation (17); com2utes the acceleration of 
the reference point Q0, given by equation 
(15) ; outputs the raw 9 acceleration 
readings. 

5. C91000 Calls "SXHPCG" to integrate the angular 
accelerations given by equation (17) , which 
calls at each time step "C9FCT" to compute 
the right-hand side of the equation, 
integrates one time step, then returns the 
integrated values to "C910UT" to record them; 
outputs the time-histories of angular motion 
when integration is completed. 

6. X9200FI Calls "SHPCG" to integrate the Euler rates, 
qiven by equation (22), which in turn calls 
I1C92FCT" and "C920UTW; outputs the Euler 
rates and angles when integration is 
completed. 

7. X93000 Selects a body-point with user's help; 
calculates the anatomical accelerations of 
that point; calculates the inertial 
components using equation (27); calculates 
the Gadd Severity Index (GSI) and the Head 
Injury Criterion (HIC) numbers; outputs the 
results of calculations; and repeats this 
procedure for another body-point. 

8. X9400Q Integrates the inertial accelerations of the 
last body-~oint selected above, using 
"SXHPCG", "X94FCV" and "X940UV"; integrates 
the resulting velocities using "SXHPCG", 
"9X4FCP" and "9X40UP"; outputs the transla- 
tional velocities and positions. 

The numerical integration routine "SXHPCG" called above 
is a modified version oE the IBK routine "HPCG". The 
modifications were necessary to force output at specified 
and equal intervals of time, and to simplify the list oE 
input arguments. The numerical method used for integeration 
is best decribed by quoting from the "HPCGn description, 
given in the IBM System/350 Scientific Subroutine Package, 
Version 111, publication number GH 20-0285-4: 

Progranming Considerations 
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"These subroutines use Hamming's modified 
predictor-corrector method for the solution 
of general initial-value problems. ,.,to 
obtain an approximate solution of a general 
system of first-order ordinary differential 
equations with given initial values. It is 
a stable fourth-order integration procedure 
that requires the evaluation of the right- 
hand side of the system only two times per 
step. This is a great advantage compared to 
other methods of the same order of accuracy, 
especially the Funge-Kutta method, which 
requires the evaluation of the right-hand 
side four times per step, Another advantage 
is that at each step the calculation proce- 
dure gives an estimate for the local trun- 
cation error; thus, the procedure is able, 
without significant amount of calculation 
time, to chose and change the step size h. 
On the other hand, Hamming's predictor- 
corrector method is not self-starting; that 
is, the functional values at a single 
previous point are not enough to get the 
functional values ahead. Therefore, to 
obtain the starting values, a special Runge- 
Kutta procedure followed by one iteration 
step is added to the predictor-corrector 
method." 

Except for the SSP routine "HPCG," all subroutines were 
developped at HSRI and coded in Fortran-IV to be run on MTS, 
the Michigan Terminal System. Therefore, many input/output 
subroutines are system-dependant and are designed to process 
data generated at HSRI and make use of MTS support routines; 
However, the final output is saved on unlabeled magnetic 
tape in card image (EBCDIC characters,) and may be read and 
post-processed at any computer installation. 

Validation: Hypothetical MO t ion 

The 3-D motion measurement method, described in the 
prev'3us sections, may be validated by comparing the calcul- 
late" motion against what is known to be the true one. The 
procedure is to generate nine acceleration readings 
resulting from a precisely known motion, and "feed" them to 
the analysis proqram " N I N A C C '  which will predict the 3-D 
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motion. It is difficult to generate a precisely known 
general 3-D motion in the laboratory; however, it is simpler 
to simulate such a motion where all 6 dearees of freedom are 
variable functions of time, These may be prescribed by 
closed-form mathematical functions, which are at least 
twice-differentiable. 

This section describes a validation procedure in which 
a hypothetical motion is imposed on a hypothetical rigid 
body, by specifying closed-form functions for the 3 
rotations and 3 translations, The 3-0 analysis is performed 
in reverse order to generate exact time-histories of various 
quantities that the "NINACC" will generate. Knowing the 
exact motion, the readings of nine hypothetical accele- 
rometers are simulated by computing the acceleration vectors 
at their centers, These "readings" are then used as input 
to " N I N A C C "  analysis program to compute the motion, which is 
finally compared to the exact one. 

The mathematical function selected to describe each of 
the six degrees of freedom has the general form: 

where # I  and 4.~ are frequencies (Hertz) of the t ~ o  
sinusoidal components, and S, is the amplitude (inches or 
radians) of either component, This form is continuous, and 
has a continuous first t ime-der ivat ive (velocity) given by 

This velocity is also continuous, and has an acceleration 
which is zero at t=0, given by 

TO simulate a general 3-D motion, 6 amplitudes and 12 
frequencies must be specified. The simulation presented in 
this validation is based on the values given in table I, 
which completely specify the rigid body motion. To generate 
the 9 acceleration readings, the distances R1, F 2  and R 3  of 
the triaxial centers to the origin were given as 3.8, 4.0 
and 5.0 inches, respectively, Finally, a sampling rate of 
1600, Hertz was specified to generate tabular t h e -  
histories of these signals. This rate must be at least 
twice the highest frequency contained in the digitized 
signals. 

Validation: Hypothe tical Plot ion 
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X Y Z Y A\; P I C  R O L L  ------------------ ---I-------------- 

An~litude: 25. 7 .  20. 20. 1 5 .  2 5 .  

1st Freq.: 2.0 l a @  4.0 12. 7.0 8.0 

2nd Freq.: 3.5 5.0 2.5 4.0 13. 0.5 ....................................... 

Table 1. Arnpli tudes (Inches or Degrees) and 
Frequencies (Hertz) of the Six 
Degrees of Freedom of the Simulated 
3-0 Motion. 

Once the positions, velocities and accelerations of the 
3 translations and 3 rotations have been s~ecified, as in 
table 1, the various time-histories are computed and saved 
in appropriate files for later comparisons. Thus, the 
translational positions and velocities of the origin, in the 
inertial (laboratory) frame, are saved as shown in figure 2. 
Given the Euler angles and the inertial translational 
accelerations of the origin, its anatomical components may 
be computed, and both types are saved in one file, which is 
plotted in figure 3. The Euler angles and their rates, 
shown in figure 4, are saved in a third file. These are 
used to compute the angular velocities and accelerations 
which are also saved and plotted in figure 5. Finally, 
given the complete description of motion, and the distances 
R1, R 2  and R 3 ,  the "readings" of the 9 accelerometers are 
computed, and are shown in figure 6. 

Given the 9 accelerometer nreadings" and their loca- 
tions and orientations on the rigid body, the "NINACCw 
program was called to perform the 3-D motion analysis. The 
program then produced 4 output files containing the various 
qroups of variables describing the 3-D motion. These files 
were plotted and compared to the exact time-histories 
described in the previous paragraph. The various plots were 
so similar that it was not possible to distinguish graphi- 
cally between the exact and calculated ones. Therefore, 
plots of the calculated motion are not shown here. Instead, 
the differences between calculated and exact motions were 
calculated point-by-point and plotted in figures 7, 8, 9 and 
10 
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3-0 TRRNSLRT IONS 

FIGURE 2. TRANSLATIONAL POSITIONS A N D  VELOCI- 
TIES OF THE ORIGIiq OF THE SIMULATED 
3-1! MOTION. 

V a l i d a t i o n :  Hypo the t i ca l  Motion 
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FI G U R E  3 .  H Y P O T H E T I C A L  T R A N S L A T I O N A L  A C C E L E R A -  
T I O N S  O F  O R I G I N  I N  I N E R T I A L ( F 1 X E D )  
A N D  A N A T O M I C A L ( M O V 1 N G )  FRAMES. 
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FIGURE 4 .  

2% sb i lh rb 
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3-0 ROT AT IONS 

E U L E R  ANGLES AND THEIR RATES FOR THE 
HYPCTtlE'TICAL 3-D MOTION, G I V E &  IY 
I N E R T I A L  FRAME. 

Validation: Hypothetical Potion 



F I G U R E  5. 

t : : : : : : : : : : : : : * : : : : : : : : : : 1  
0 I 50 A 100 1s 
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3-0 ANGULAR MOTION 

HYPOTHETICAL ANGULAR V E L O C I T I E S  AND 
A C C E L E R A T I O N S ,  A L O N G  T H E  MOVING ANA- 
T O M I C A L  FRAME, 
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FIGURE 6. S I M U L A T E D  READINGS OF NINE ACCELE-  
ROMETERS USED AS I N P U T  TO "NINACC" TO 
C O K P U T E  T H E  3-D MOTION. 

Validation: Hypothetical Motion 
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T I E  ( CIS#: 1 

DEVIATION CALCULATED - EXACT 

FIGURE 8. DEVIATIONS OF "NINACC" OUTPUT FROM 
THE EXACT MOTION GIVEN IN FIGURE 4, 

Validation: Hypothetical Motion 



kI!OLE EOCY RESPONSE 

DEVIATION CALCULATED - EXACT 

F I G U R E  9 .  D E V I A T I O N S  OF " N I N A C C "  O U T P U T  FROM 
THE E X A C T  MOTION G I V E N  I N  FIGURE 3. 
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OEVIATION = CALCULRTEO - EXRCT 

F I G U R E  l a .  PEVIATIONS OF " N I N A C C "  OUTPUT FROM 
TEE EXACT M O T I O N  G I V E N  I N  F I G U R E  2. 
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h t iCLE EOCY KCSPCNSE 

The above hypothetical example represents a 3-C notion 
with magnitudes of the same order as those encountered in a 
typical non-impact head motion. In this example, the devia- 
tions of the angular accelerations were of the order of 2. 
rad/s over magnitudes of the order of 3 8 0 0 .  rad/s, The 
ratio of these two numbers may be used as a auantitative 
measure of the relative accuracy of the analysis, which is 
of the order of 0.87% for the angular accelerations. 
Similarly, the orders of accuracy are 0 .10% for angular 
velocities, 0.88% for Euler angles, 0.47% for translational 
accelerations, 0.18% for velocities, and finally, @.lkl% for 
displacements. 

Such accuracies are not typical of engineering measure- 
sents because no experimental errors were involved in gene- 
rating the acceleration readings. The above-descibed 
deviations result solely from two source: truncation errors 
due to the finite length of a computer word, and the 
approximation (round-off) errors in the numerical integ- 
rstion procedure. These are negligeable when compared to 
the experimental errors associated with actual measurements 
in real experimental situations. 

Validation: Experimental Motioh 

In order to produce a precisely known, yet general, 3-0 
rigid body motion in a laboratory, elaborate mechanisms must 
be constructed to vary simultaneously the six degrees of 
freedom in a controlled fashion. For validation purposes, 
it is much simpler to let an instrumented rigid body undergo 
an unknown general motion and measure the acceleration 
vector at an arbitrary body-point using a triaxial accele- 
rometer; then, using the 9-accelerometer package, predict 
the acceleration vector at the same point and in the same 
moving directions. 

Such an experiment was included in a full Whole Body 
Response sled run, test number 77B001, which was conducted 
to measure the 3-D motion af an embalmed cadaver head. In 
addition to the 9-accelerometer package, the head was 
instrumented with a triaxial accelerometer which was mounted 
inside the head at the base of the skull, and the brain was 
substituted by a jelly-like substance. The location and 
orientation of the triax relative to the head anatomical 
reference frame were determined using the HSRI 3-D x-ray 
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FIGURE 11. ACCELERATIONS AT THE BASE OF THE 
S K U L j L ,  TEST 778001. TOP 3 CURVES ARE 
F I E A S U R E D  DIRECTLY. BOTTOM CNES ARE 
CGFIPUTEU BY "NINACC. " 

Validation: Experimental Motion 



technique, described elsewhere in this Ap?endix. After the 
test was conducted, the 12 transducer signals were digitized 
and the "NINACC" program was run to predict the acceleration 
c o ~ ~ o n e n t s  along the sensitive axes of tile triax, and at its 
center. 

These accelerations are shown in figure 11. The top 
three curves are directly measured with the triaxial accele- 
rometer; the bottom three are indirectly computed by 
"1<INACCN using the 9 acceleration signals. The aqrec~ent 
between the two sets of curves is striking; however, the 
deviations between the actual and coo?uted ones are signifi- 
cantly larger than those obtained in the hypothetical 
example of the previous section. Quantitative evaluation of 
these deviations may be best summarizsd by connutins the f i I C  
and GSI of both resultants. The HIC numbers were 696 f ~ r  
the actual resultant, and 694 for the calculated one, The 
CSI's were 880 and 873 for the actual and calculated resul- 
tants, respectively. 

These deviations may be attributed to the errors corn- 
rriited during ~ounting, x-ray analyses, transducer calib- 
rations and other phases of signal ?recessing. Therefore, 
is may be concluded that the accuracy of the 3-D motion 
analysis method is limited by the transducers themselves and 
the expermimental techniques used to 7enerate the required 
input to "NINACC." 

Limitations -- Of The Method 

An in-depth investigation of the accuracy of this and 
other 3-D motion measurement methods is underway at HSRI. 
Some of the influencing factors are discussed briefly in 
this section. The accuracy of any analysis based on experi- 
mental measurements depends mainly on the errors commited 
during the instrumentation of the experiment. These errors 
may be divided into 4 major groups, according to their 
sources and types. 

TYPE 1 - -  MISALIGNMENT & MISLOCATION. These errors are due 
largely to the mechanical mounting of the accele- 
rometers and to the 3-D methods for measuring 
their locations and orientations, relative to the 
anatomical frame. Another source of this type of 
errors is the physical seperation between the 
seismic masses of the 3 uniaxial elements, which 
are used to annroximate a s i n q l e  triaxial accele- 
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rometer. A third source is the manufacturing 
process where the alignment is usually not 
quaranteed to be better than within 0.5 degrees, 
Finally, the cross-axis sensitivity of the sensing 
element, an inherent property, result in errors 
which may be shown to be equivalent to misalign- 
ment arrors, 

TYPE 2 - -  MIS-CALISRATION. Most calibration procedures 
cannot guarantee perfect accuracies in converting 
volts into physical units. Errors could be made 
at any point in the neasurement chain which 
includes transducers, signal conditionners, tape 
recording and  layb back amplifiers, A-to-D 
converting unit, and the analog and digital 
f ilterinq processes, 

TYPE 3 -- - NOISE. The transducers' signals contain high 
frequency components which do not result from 
rigid body motion per se, These could be internal 
to the signal equipments, such as 
amplifier noise and cross-talk between channels, 
or external from mechanical vibrations of the 
mounts at sove of their resonnant frequencies, 
Most of this noise can be filtered out; however, 
the lower harmonics and other lower frequencies 
may be at or below the actual motion's frequ- 
encies, In this case, the noise cannot be 
filtered out without altering the real signal; 
thus, the noise-to-signal ratio becomes an 
important factor in the accurate measurement of 3-  
D motion, If these noise-related errors are 
random-like in nature, then their effects on the 
accuracy is minimized by the least-squares method 
presented earlier. 

TYPE 4 - -  ZERO-BIAS. This type of errors result from mis- 
adjustment of the equipment during calibration, 
testing, recording, playback and A/D conversion 
processes, Although this type of error can be 
delt with by forcing the pre-test portion of the 
digitized signal to zero, and adjusting the 
remaining portion accordingly, the problem is not 
completely solved since a drift in on amplifier 
can cause an unknown and variable zero shift. 
Furthermore, an exact 3-2 analysis must take into 
account the acceleration of gravity, which is 
neglected when all signals are zero-adjusted, 
This may be tolerated if the motion being measured 
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produces accelerations which are r1uch higher than 
that of gravity, Otherwise, the initial 
orientation of each acceleron~ter, relative to the 
gravity field, must be known in order to correct 
for gravity, 

It is difficult to point out one source of error that 
is ~ o s t  damaging to the accuracy of 3-D motion analysis; 
however, it is safe to state that excerimental ?rrors are 
inevitable, and to conclude that one can only attempt to 
minimize their effects, first in the laboratory by careful 
instrumentaion, then during analysis by using a least- 
squares technique. 

Summary 

By proper measurements of 9 linear accelerometers 
embedded in the moving rogid body, the six degrees of 
freedom of 3-D motion may be completely determined, at the 
acceleration, velocity and displacement levels. The 
equations of motion are derived by minimizing the error of 
measurement, in the least-squares sense, The accuracy of 
computed motion is limited by the accuracy of the experi- 
mental measurements, and the signal processing techniques 
used to prepare the input to the analysis program, 
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APPENDIX A 

FAST ALGORITHM FOR COMPUTING "HIC" 

G. L. Holstein & N .  M. Alem 

Background - 
The current Federal Motor Vehicle Safety Standard 208 

(FMVSS 208) requires that the Head Injury Criterion (HIC) be 
used to evaluate the severity of impact to the head of a 
passenger in an automobile crash [ I ] .  The HIC is a weighted 
impulse criterion which requires the knowledge of the resul- 
tant translational acceleration of the head's center of 
qravity as a function of time. Secause of the complexity of 
its definition [ 5 ] ,  the RIC is best obtained with the aid of 
a digital computer. 

Even with the speed of digital computers, numerical 
evaluation of the HIC is a lengthy and costly proposition, 
if approached in a straightforward manner, However, a 
clever use of HIC properties reduces computation time. Some 
of these properties were explored by Chou and Nyquist [3] 
for half-sine, triangular, trapezoidal and square accele- 
ration pulses. 

The objectives of this presentation are to further 
explore these properties, introduce new ones, offer formal 
proofs to all these properties, and then finally, use them 
to outline a fast and efficient algorithm for computing the 
NIC of a given resultant acceleration pulse. 

Introduction -- - 
Prior to the use of HIC as required in FVVSS 2 8 8 ,  the 

severity of impact to the head was determined by the Gadd 
S e v e r i t y  Index (GSI). For a given resultant acceleration 
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profile of duration T, the GSI is defined by 

where O and T are t h e  beginning and e n d  of the acceleration 
pulse in seconds, and A(t) is the pulse itself g i v e n  in 
standard g  units. 

The definition of HIC for the same A (t) is somewnat 
similar to that of the GSI, For any two time instants u and 
v in the interval [ B I T ]  such that 

let H(u,v) be a function defined by 

HIC is then defined as the maximum value of Y(u,v) over its 
domain of definition ( 2 ) ,  i.e. the maxic~um of H ( u , v )  cal- 
culated for all possible (u,v) combinations, subject to the 
constraint (2). That is 

HZC = 

The HIC, then, is a function of the acceleration pulse A(t), 
and may alternately be written as HIC(A). To facilitate the 
writing of subsequent mathematical expressions, other 
functions and notations are introduced. Thus, let S(t) be 
the "severity function" defined by 

so that the GSI of A(t) is simply the value of S(t) for t=T; 
i.e. 
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Also, let V(t) be the "velocity function" defined by 
A 

so t ' k ~ t  the function H(u,v) may be written simply as 

If the acceleration A(t) were given as a continuous 
analog signal, it would be impossible, in general, to 
compute HIC(A) since il(u,v) must be computed for an infinite 
number of (u,v) combinations. In practice, however, A(t) is 
given as a finite collection of N samples, defined for N 
discrete time instants, Q=tl<t2<...<tN=T, usually equally 
spaced over the [0,T] interval. The actual HIC of the 
continuous signal may then be approximated by 

which approaches the true HIC as N approaches infinity. A 
straightforward computation of HICN(A) requires N(N-1)/2 
evaluations of H(u,v) with an equal number of comparisons of 
the resulting values, It is possible to reduce computation 
time, while retaining the accuracy of approximation, by 
taking advantage of the ~~athenatical properties of the HIC 
expression. These properties are develoned below. 

PROPERTIES OF THE H I C  - - -- - 
It is assumed in the following sections that the 

function A (t) is a nonnegative continuous function of time 
on the interval [@,TI. The functions H(u,v), S(t), and V(t) 
are then defined from A(t) as above. Three fundamental 
properties are presented below, The first one has already 
been discussed in [ 3 ] ,  but is included here for the sake of 
completeness. 
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i ; H Q L E  P O D Y  P E S P O N S E  

PronerQ I :  A ( t )  And Lim,its O f  lntegrati~t;on - - -  -- --- --- - - -  

I f  H ( u , v )  a c h i e v e s  i t s  maximum va lue  a t  
t h e  t ime p a i r  u * v *  , where  u *  i s  
g r e a t e r  than  z e r o  and v* i s  l e s s  than  T I  
t hen  A ( t )  has  t h e  same v a l u e  a t  u *  a s  a t  
v* .  F u r t h e r n o r e ,  t h i s  common v a l u e  i s  
p r e c i s e l y  3/5 of  t h e  ave rage  v a l u e  o f  
A ( t )  over  t h e  i n t e r v a l  [ u * , v * ] .  'That i s  

T h i s  p r o p e r t y ,  d e r i v e d  i n  r e f e r e n c e  [ 3 ] ,  has  two 
impor tan t  consequences which a r e  d e r i v e d  below a s  
c o r o l l a r i e s .  

COROLLARY 1, The common v a l u e  of A ( t )  a t  t h e  t i m e s  u* and 
v* m u s t  be l e s s  than  o r  equa l  t o  3/5 of t h e  
g l o b a l  maximum, A M A X ,  of A ( t ) ,  That  i s  

The i n e q u a l i t y  may be d e r i v e d  by app ly ing  t h e  Mean 
Value Theorem which a s s u r e s  us  t h a t  t h e r e  e x i s t s  a  p o i n t  t *  
i n  t h e  c l o s e d  i n t e r v a l  [u* ,v*]  such t h a t  A ( t * )  i s  equa l  t o  
t h e  ave rage  of A ( t )  over  t h i s  i n t e r v a l ,  B u t  c l e a r l y ,  A ( t * )  
must be l e s s  than  o r  e q u a l  t o  AMAX, t h e  g l o b a l  maximum of 
A ( t ) ,  Combining t h e s e  two f a c t s  w i t h  ( 1 9 )  y i e l d s  t h e  
d e s i r e d  c o r o l l a r y .  

COROLLARY 2. Let  D be any upper bound f o r  v*-u* and E! be 
any nonnega t ive  lower bound f o r  H I C ( A ) .  Then 
t h e  common v a l u e  of A ( t )  a t  u* and v* must be 
g r e a t e r  than  o r  e q u a l  t o  3/5 of t h e  r a t i o  B / D  
r a i s e d  t o  t h e  2/5 power, That  is 

From t h e  assumpt ion  [ 4 < B g H I C ( A ) ,  wc h a v e  
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By raising both sides to the 2/5 power, and by isolating the 
expression representing the average of A(t) over [u*,v*], we 
obtain 

\/(4 - V(u'.' 
m*- k 

* 

which may be combined with equation (10) to yield 

But since D&vR-u*, the above inequality reduces to the 
second corollary given in (12). 

PROPERTY - 11: Upper Bound Of MIC --- 
If A(t) is restricted to any sub- 
interval [tl,t2] of its domain [0,T], 
the IiIC of A(t) for this sub-interval, 
denoted by HIC(A,tl,t2), must be less 
than or equal to the function ~(t)"" 
integrated over the sub-interval, 
Furthermore HIC(A, tl, t2) can equal the 
later integral if and only if A(t) is 
constant in value over the sub-interval 
[tl,t2]. That is 

with equality if and only if A(t) is 
constant over [tl, t2] . 

Since A (t) restricted to the sub-interval [tl, t21 
remains a continuous nonnegative function, it will clearly 
be sufficient to establish this property in the special case 
where [tltt2] coincides with [0,T]. The proof is based upon 
Holder's Inequality ( 4 1  which states that given numbers p 
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!*;HOLE EODY F E S P O h S E  

a n d  q such that u>l and l/p + l/q = 1, together with 
functions E and F defined on an interval [arb] such that 

1 E lP and 1 F 1"- have finite Lebescjue integrals over [ a ,  b ]  , 
then 

(1 4 
a 

e 4 
with equality if and only if I E l  /IF1 is constant almost 
everywhere in [ a ,  b] . 

To apply Holder's Inequality, fix two points u and v such 
that O<u<v<T, and let 

p=5/2, q=5/3, a=u, b=v 
E (t) =A (t) for all t in [u,v] 
F (t) = (v-u)-"' for all t in [u,v] 

Then substitute these expressions into (14) to obtain 

with equality if and only if IA(t)l is constant almost 
everywhere in [u,v] . 

Y 

By observing that i (&-&jidt = 1 
u 

and recalling that A(t) is a nonnegative function, and using 
the previously defined functions V(t) and S(t), inequality 
(15) may be restated as 

Both sides of (16) may be raised to the 5/2 power to obtain 
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Since A(t) is continuous and nonnegative over [u,v], and 
since it is well known that two continuous functions which 
are equal almost everywhere on an interval are in fact 
identical, it is easily seen that IA(t) l is constant almost 
everywhere in [u,v] if and only if A(t) is constant in 
[u,vl 

Thus with the function H (u,v) as defined in ( 3 ) ,  and 
for an arbitrary pair (u,v) such that 0<u<v<T we have 

with equality if and only if A(t) is constant over the sub- 
interval [u,v], 

But, since A(t) is nonnegative, we have S(v)-S(u)(S(T) for 
any O<u<v<T. Therefore, from (18) , the HIC of A (t) over 
[BIT], which is precisely the maximum of H(u,v), is subject 
to 

It is clear that equality holds in (19) if the function A(t) 
is constant in value over [0,T]. Conversely, if the 
equality were to hold, then it may be concluded that A(t) 
must be constant over the interval [0,T]. That is if 

then A ( t )  must be constant over the interval [D,T]. To 
prove this converse, let u* and v* be a pair in the domain 
of definition for Fl(u,v) such that 
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Combining ( 2 0 )  and ( 2 1 )  g ives  

B u t ,  s i nce  S (v* )  -S (u*)(S ( T )  , we have from equat ion ( 2 2 )  

which may be combined w i t h  (18 )  t o  g ive  

and A ( t )  i s  cons tan t  over the  sub- in te rva l  [ u * , v * ] w  

T h i s  equat ion may be combined w i t h  ( 2 2 )  r e s u l t i n g  in  

Since 0(u*<v*<T, t h e r e  a r e  two poss ib l e  ca se s  t h a t  m u s t  be 
d e l t  w i t h .  The f i r s t  case  i s  when u*=0 and v*=T, i n  which 
case  i t  may be seen from ( 2 4 )  t h a t  A ( t )  is cons tan t  over 
[ O , T ] .  The second case  is  when u*>0 o r  v*<T; then,  equat ion 
( 2 5 )  f o r c e s  t he  continuous and nonnegative A ( t )  t o  be zero 
o u t s i d e  the  [u*,v*] i n t e r v a l .  Therefore ,  A ( t )  m u s t  a l s o  be 
zero  i n s i d e  t h i s  i n t e r v a l ,  s i nce  i t  is  continuous over a l l  
of [ @ , T I  and cons tan t  over the  s u b i n t e r v a l  [u*,v*] .  I t  may 
t h e r e f o r e  be concluded t h a t  i n  e i t h e r  case ,  A ( t )  m u s t  be 
cons tan t  over t he  e n t i r e  [0,T] i n t e r v a l ,  i f  t h e  GSI and the  
HIC a r e  t o  be equal .  
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PROPERTY 111: R e s o l u t i o n  Of H I C  -------- -- --------- - -- ---- 

S i n c e  t h e  A ( t )  i s  g i v e n  a s  a  d i g i t a l  s i g n a l  c o n s i s t i n g  
o f  N p o i n t s ,  u s u a l l y  sampled a t  e q u a l  i n t e r v a l s  o f  t i m e ,  i t  
i s  c o n c e i v a b l e  t h a t  t h e  a c t u a l  H I C  o c c u r s  f o r  t i m e  i n s t a n t s  
which f a l l  be tween t h e  s a m p l i n g  t i m e s ,  The q u e s t i o n  a r i s e s  
t h e n  a s  t o  t h e  p o s s i b l e  d i f f e r e n c e  between t h e  t r u e  H I C  and 
t h e  a p p r o x i m a t i o n  o b t a i n e d  a t  d i s c r e t e  t i m e  p o i n t s  f o r  which 
A ( t )  i s  g i v e n .  

S p e c i f i c a l l y ,  i f  H ( u , v )  i s  e v a l u a t e d  a t  two a r b i t r a r y  
~ o i n t s ,  ( u 1 , v l )  and ( u 2 , v 2 ) ,  i n  i t s  upper  t r i a n g u l a r  domain ,  
t h e n  how d o e s  t h e  m a g n i t u d e  o f  H ( u 1 , v l ) - H ( u 2 , v 2 )  r e l a t e  t o  
t h e  d i s t a n c e  i n  t h e  p l a n e  between t h e  two p o i n t s  ( u 1 , v l )  and 
( ~ 2 ~ ~ 2 ) .  The f o l l o w i n g  p r o p e r t y  d e a l s  w i t h  t h i s  q u e s t i o n .  

The a b s o l u t e  d i f f e r e n c e  between t h e  
v a l u e  o f  H ( u , v )  a t  o n e  p o i n t  i n  i t s  
domain and a n o t h e r  c a n n o t  be g r e a t e r  
t h a n  3 / f l  times AMAX,  t h e  g l o b a l  .naximum 
c i  A ( t )  o v e r  [ B I T ] ,  r a i s e d  t o  t h e  2.5 
power t i m e s  t h e  d i s t a n c e  i n  t h e  p l a n e  
be tween  t h e  two p o i n t s ,  T h a t  i s ,  g i v e n  
a n y  two p o i n t s  ( u 1 , v l )  and ( u 2 , v 2 )  i n  
t h e  domain o f  H ( u , v ) ,  t h e n  

s t h e  2-norm f u n c t i o n ,  e , g .  

To p r o v e  t h i s  p r o p e r t y ,  n o t i c e  f i r s t  t h a t  H ( u , v )  h a s  
c o n t i n u o u s  f i r s t  p a r t i a l  d e r i v a t i v e s  g i v e n  by 

and l *S 2-5 

V W -  V ( 4  \I (4 - v o  
Zb , [  v- CC ] -'*'[ ] ( 2 8 )  

L e t  ( u 1 , v l )  and ( u 2 , v 2 )  be any  two p o i n t s  i n  t h e  t r i a n g u l a r  
domain o f  d e f i n i t i o n  o f  ~ I ( u ~ v ) ,  Then,  a p p l y i n g  t h e  Yean 
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Value Tneore:n for functions of several variables [ 2 ] ,  we 
knox that there exists a point (uO,vO) on the line segment 
3eternined by (u1,vl) and (u2,v2) such that 

The Cauchy Inequality [2] may then be applied to equation 
(29) to yield 

The right-hand side of (30) consists of two terms, both of 
which are "norms" or "distances", To conclude the proof, 
the norn of the partial derivative pair will be shown to be 
no oreater than 3 / f i  AMAX'".  In fact it will be shown t h a t  
for any pair ( u , v )  in the domain of H(u,v) we have 

Fixing u and v such that O<u<v<T, we know by the Mean 
Value Theorem that there exists a t0 in the closed interval 
[u,v] such that 

N-U 

Then (27) and (28) may be rewritten as 

But since A(t) is nonnegative, it is clear from (32) that 
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Now define an auxiliary function Y(x), for x>0, as 

It is clear that 

By solving Y1(x)=O, we obtain for x30 the following 
inequality: 

which may be combined with (32) and (36) to yield: 

and combining this with (34) yields: 

F s i m i l a r  argument may be applied to the partial derivative 
of fi(u,v) with respect to v to show that it is bounded by 
the same upper limit: 

Combining inequalities (39) and (40) we establish the truth 
of (31), and consequently Property I11 is proven. 

As a result of this property, the HIC of A ( t )  may be 
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approached from below as closely as desired by increasing 
the digital sa~nplinq frequency, Thus if M=tl<t2<,.,<tN=T is 
an eaui-spaced partition of the interval [4,T] of step size 
d ,  and N I C d ( A )  is defined as in ( 9 ) ,  then 

c. 2- S 

Outline - Of Algorithm 

Given the resultant acceleration pulse A(t) as a set of 
N points sampled at equal intervals of time, the overall 
strategy in computing the FIIC of A(t) is to calculate a 
crude lower estimate, and then judiciously refine this 
estimate. 

PHASE 1 of the algorithm serves to co~lpute the velocity 
V(t) and severity S(t) functions, as defined respectively by 
equations (7) and (5) , for all N points. Immediately, the 
GSI of the pulse is available as the value of S(t) at the 
last point. The global maximum of A(t), AHAX, is also 
computed during this phase of the algorithm. 

PHASE 2 serves to obtain a crude low estimate of the 
HIC, This is done by reducing the number of points which 
define the pulse. It was found that a full search for the 
maximum of H(u,v) can be tolerated, if the total number of 
points in the A(t) is not larger than 21 samples, The 
number of combinations of (u,v) pairs is then 21(21-1)/2 or 
approximately 200 pairs, In practice, however, the number 
of samples which define the acceleration pulse is more 
likely to be about 300 points, which corresponds to a total 
of 300(300-1)/2 or about 45000 (u,v) pairs, Therefore, the 
crude estimate of HIC is obtained by selecting 21 points of 
A(t), equally spaced over the pulse duration, then computing 
the H(u,v) for all combinations to search for the maximum, 
This maximum is compared with H(O,T), and the higher value, 
HMAXG, is retained as the crude low estimate of the actual 
HIC. 

PHASE 3 of the algorithm serves to define an 
acceleration band in which the equality (16) could hold,' It 
is specifically assumed that the HIC occurs at a time pair 
(u*,v*) such that O<u*<v*<T. With A M A X  from P H A S E  1, 
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C o r o l l a r y  1 o f  P r o p e r t y  I g i v e s  a n  upper  bound,  R M A X ,  above  
whicil ( 1 L d )  could  n o t  p o s s i b l y  h o l d .  T h e  lower  bound i n  t h i s  
band is  o b t a i n e d  by i n v o k i n g  C o r o l l a r y  2 o f  P r o p e r t y  I ,  
g i v e n  by ( 1 2 ) .  H M A X G ,  f rom PHASE 2 ,  i s  used  a s  t h e  
n o n n e y a t i v e  lower  bound f o r  t h e  H I C .  I n i t i a l l y ,  T  i s  used  
a s  t h e  u p p e r  bound f o r  v*-u*. The lower  bound,  R M I N ,  below 
which ( 1 0 )  c o u l d  n o t  h o l d ,  i s  t h e n  computed.  R M I N  i s  t h e n  
u s e d  t o  s e a r c h  f o r  a  s u b i n t e r v a l  [ T l , T 2 ]  o f  [ 0 , T ] ,  s u c h  t h a t  
U *  and  v* a r e  b o t h  c o n t a i n e d  w i t h i n  [ T l , T 2 ] .  I n v o k i n g  
C o r o l l a r y  2 a g a i n ,  T2-T1 i s  used  a s  an  upper  bound f o r  v*- 
u* ,  r e s u l t i n g  i n  a n  improved e s t i m a t e  R M I N .  

I t  may be  shown t h a t  t h i s  lower  bound,  R M I N ,  c a n n o t  be  
l e s s  t h a n  3/5 o f  t h e  a v e r a g e  v a l u e  of  A ( t )  o v e r  t h e  e n t i r e  
p u l s e  d u r a t i o n .  The band f o r  which  e q u a l i t y  ( 1 0 )  c a n  h o l d  
i s  i l l u s t r a t e d  i n  F i g u r e  1. 

FIGURE 1. A C C E L E R A T I O N  BAND WHERE T H E  HIC &ILL 
OCCUR.  

O u t l i n e  Of A l g o r i t h m  



K I I O L E  BODY RESPONSE 

PHASE 4 s e r v e s  t o  de te rmine  r e g i 9 n s  i n  t h e  dopain o f  
Fi ( u , v )  where r e f i n e n e n t  of  t h e  e s t i m a t e  WVP-XG w i l l  t a k e  
p lace .  By invokinq P r o p e r t y  11, r e g i o n s  where f i ( u , v )  cannot  
exceed H M A X G  a r e  e l i m i n a t e d .  

The procedure  i s  t o  e l i m i n a t e  t h e  r i g h t  p o r t i o n  of t h e  
p u l s e  i n  which u cannot  l i e  t o g e t h e r  w i t h  t h e  l e f t  p o r t i o n  
i n  which v canno t  l i e ,  a s  shown i n  F i g u r e  2.  F i r s t ,  a t ime 
i n s t a n t ,  T l M A X ,  i s  computed such t h a t  GSI-S (TIFAX) >flPAXC and 
GSI-S(t)<HMAXG f o r  any t ime t > T l M A X .  Then by P r o p e r t y  11, 
H (u,v) ,<GSI-S ( t )  <II i ;AXG f 3 r  any TlMAX<t<u<v<T. I t  r r u s t  be  
concluded t h e n ,  t h a t  H ( u , v )  can be l a r g e r  than  HMPXC o n l y  i f  
u i s  l e s s  than  o r  e q u a l  t o  TIMAX. A s i m i l a r  arqument ,  us ing  
a t ime l i m i t  I'2?iI?d such t h a t  S (T2MIV) > l i P I A X G  a n d  S ( t )  ( H F i 4 X G  
f o r  any t<T2b!IN, w i l l  show t h a t  M ( u , v )  can be l a r q e r  t h a n  
IIPlAXG o n l y  i f  v  i s  g r e a t e r  than  o r  equa l  t o  T2MIN. 

FAST ALGORITHM FOR COMPUTING "HIC" 



The final "reduced" pulse consists of the reqions 
d c f i n e d  in PlIASC 4, restricted further by the band dcfined 
in PHASE 3. T h e  result of these elimination procedures is a 
qreat savings in the number of necessary evaluations of the 
function H(u,v). The HIC is then obtained by scanning only 
these valid regions, 

Outline Of Algorithm 



Program Listing 

The following is a listing of s u b r o u t i n e  "HICGSI" an:i 
an auxiliary partitioning subroutine "PAPTN".  These 
routines were written at FISH1 in Fortran-IV a n d  require no 
additional subroutines for their execution. 

P L ................................. 
SUBROUTINE HICGSI(A,N,DT,HIC,GSI) 

C ................................. 
C 
C INPUT: A (I) - RESULTANT ACCELERATION (G'S) 
C N - NUMBER OF SAMPLES 
C CT - SAMPLING INTERVAL (SECOEIDS) 
C OUTPUT: HIC - H E A D  INJURY CRITEPIOM 
C GSI - GADD SEVERITY INDEX 
C 
C 

DIMENSIOEJ A (36 l i l0 )  ,V (360g) ,S (3600) ,IXl(1@0) ,IX2 (1flM) 
C 

V(1) =o.g 
S (1) =0.0 
A M A X = A  (1) 
AL=A (1) 
A25L=AL*AL*SQFT (AL) 
F=0.5*CT 
DO 18 I=2,N 
AR=A (I) 
A25R=AR*ARfSQRT (AR) 
V(I)=V(I-1) t (ALtAR) *F 
S (I)=S (1-1) + (A25LtA25R) *F 
IF (AR.GT. AMAX) AMAX=AR 
AL=AR 
A25L=A25R 

10 CONTINUE 
GSI=S (N) 

C 
HMAXG=0.0 
NIP=N-1 
NIG=20 
IF (NIG,GT,NIP) NIG=NIP 
ESKP=NIP/NIG 
MNI=NSKP 
MXI=NIG*NSKP 
MNJ=1 
MXIl=MXItl 
DO 3 g  I=MNI,MXI,NSKP 
MXJ=MXIl-I 

FAST ALGORITHM FOR COMPUTING "HIC" 



L J V M \ . < = \ ~  . ; 
PO 2(i  J=P'P.IJ ,NXJ ,NSKP 
CV=V(I+J) -V(J) 
IF (DV.GT. DVMAX) DVEIIAX=DV 

. 28 CONTINUE 
DTG=I*DT 
AVE=CVMAX/DTG 
H=AVE*AVE*SQRT (AVE) *DTG 
IF(H.GT.NMAXG) HMAXG=H 

3 C  CONTINUE 
IF(NIG.EQ.NIP) GO TO 150 

C 
T=NIPfDT 
AVE=V ( N )  /T 
H=AVE*AVE*SQRT (AVE) *T 
IF(H.GT.HMAXG) HMAXG=H 

C 
RMAX=0.6*AMAX 
RMIN=0.6* (HMAXG/T) **L 4 
IT1=1 
IF(A(1) .GE.RMIN) GO TO 50 
DO 4(3 I=2,N 
IF(A(1) .LT.RMIN) GO TO 40 
ITl=I-1 
GO TO 58 

40 CONTINUE 
50 IT2=N 

IF(A(N) .GE.HMIN) GO TO 7 0  
DO 68 I=l,RIP 
IF (A (N-I) .LT,PMIii) GO TO 60 
IT2=R-Itl 
GO TO 70 

6 0  CONTINUE 
7C C= (IT2-ITl) *DT 

RMIN=0,6* (I-!MAXG/D) **0.4 
e 

ITlMAX=NIP 
DELT=GSI-IIMAXG 
DO 80 1=2,NIP 
IF(S(I),LT.DELT) GO TO 80 
ITlMAXzI-1 
GO TO 90 

8 d  CON?'ItJUE 
90 IT2P!IN=2 

DO 1 0 G  I=2,N 
IF (S (I) .LE.HMAXG) GO TO 160 
IT2MIN=I 
co TO l l a  

10kI  CONTINUE 

Program L i s t i n g  



!4HOLE CODY RPSPOP:SE 

C 
114 CALL P A R T P ~ ( A , ~ , I T ~ N A X , R M I N , R M A X , I X ~ , N X ~ , N P T ~ , I F L )  

IF(IFL.EQ.l.ORbNPT1.EQbO) GO TO 150 
CALL PARTN ( A ,  IT2MIN,N,RMIN,RMAX,IX2,~!X2,~~PT2, IFL) 
IF(IFL.EC.l.CR.FJPT2.EQ.O) GO TO 156 
IF(IXl(1) .GEb1X2(YX2) ) GO TO 158 

C 
LMAX=IX2 (NX2) -IX1(1) 
LYIN=l 
IF (1x1 (NX1) .LT. 1x2 (I.) ) LMINzIX2 (1) -1X1 (NX1) 
NSKP1=1 
NSKP2=1 
IF(NPTl*NPT2.LEb5Fl) GO TO 128 
NSKPl=NPT1/20 
NSKP2=NPT2/20 
IF (NSKPl.LT.1) NSKP1=1 
IF (RSKP2.LT.l) NSKP2=1 
MXSKP=.OB5/DT 
IF(MXSKP.LT.1) MXSKP=l 
IF(NSKP1,GT.MXSKP) NSKPl=MXSKP 
IF(NSKP2.GT.MXSKP) NSKP2=MXSKP 

C 
120 H4MAX=HMAXG**0.4 

DO 130 I=LMIN,LFAX 
S (I) =(I*DT) * *  (-8.6) 

130 CONTINUE 
DO 140 I=l,NX1,2 
NBl=IXl (I) 
NEl=IXl (Itl) 
DO 140 J=NBl,NEl,NSKPl 
VJ=V(J) 
DO 140 K=l,NX2,2 
NB2=IX2 (K) 
NE2=IX2 (Ktl) 
00 140 L=NB2,NE2,NSKP2 
IF(J.GE.L) GO TO 140 
H4= (V (L) -VJ) * S  (L-J) 
IF(H4,GTeH4MAX) H4MAX=H4 

140 CONTINUE 
C 

HIC=H4MAX**2.5 
RETURK 

C 
150 HIC=HMAXG 

RETURN 
C 

END 
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APPENDIX A 

C ................................................ 
SUBROUTINE P A R T N ( A t N B t N E t R M N t R M X t I X t N I X t N P T t I F L )  

C ................................................ 
DIMENSION A(3600) , IX (108) 
IFL=0 
NPT=0 
N I X = 0  
ISWL=O 
IF(A(NR) .LE.RMN.OR.A(NB) , G E M )  GO TO 1 8  
ISWL=l 
NIX=1 
IX (1) =NB 

C 
18 NBP=NB+l 

DO 48 I=NBP,NE 
ISWC=O 
IF(A(1) .LE.RMN) GO TO 20 
IF(A (I) .GE.RMX) GO TO 20 
ISWC=l 

20 IF(ISWC.EQ.ISWL) GO TO 40 
NIX=NIX+l 
IF(NIX.LE.100) GO TO 30 
IFL=l 
RETURN 

30 IX (NIX) =I-ISWL. 
IF(ISWL.EQ,~) N Y T = N P T + I X ( N I X ) - I X ( N I X - ~ ) + ~  
ISWL=ISWC 

40 CONTINUE 
C 

IF(1SWL.EQ.B) RETURN 
NIX=NIX+l 
IX (NIX) =NE 
NPT=NPT+NE+l-IX(N1X-1) 
RETURN 
E N D  

Program Listing 
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