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INTRODUCTION

A1l well-known fatigue strength and fatigue life distributions
predict similar responses in the 10% to 90% range of failure.(l) These
distributions differ markedly only at their tails, where existing data
are too meager to permit establishing a statistically significant difference
between actual and predicted response. Fatigue distributions are therefore
argued on the basis of minor differences in goodness-of-fit of the majority
of data. Consensus is the Weibull and the extreme value distribution are
best suited to describe most fatigue life responses. However, limited
data(2’3’h> presently consensus for strength response.

Sufficient data to narrow the selection of possible strength
distributions is particularly difficult to generate because strength sample
size requirements are more stringent, viz., strength response is quantal.
Multiple specimen fatigue testing therefore appears to be the most practical
approach to generating the large amount of data required. This paper
describes two such tests on miniature fatigue specimens and shows that
despite minor experimental difficulties the multiple specimen test
approach can be used to generate consistent strength data quite rapidly.

These data are not markedly skewed and thus can be described conveniently

by the logistic function.



MULTIPLE SPECIMEN COUPONS

Coupons used in both series of tests described herein were sheared
from a single 20 gage 1100-H14 aluminum sheet., Assemblies suitable for ma-
chining were fabricated by bolting groups of about thirty coupons between
l/h inch plates. Fach assembly was then milled to the dimensions appearing
in Figure la. The finishing cut was approximately 0.003 inches.

All cantilevers were parallel to the direction of rolling. In
this direction 1100-H1k aluminum sheet has an ultimate tensile strength of
17,000 psi, a yileld strength of lh,OOO psi and an elongation of 9%.(5)
Young's modulus (E) is approximately 107 psi.

Prior to testing each cantilever was inspected on both sides of
the coupon in the vicinity of the 0.031 inch fillets for surface scratches
or other blemishes. Only unblemished cantilevers were regarded as speci-

mens in subsequent analyses.



HIGH FREQUENCY TESTS

A 1200 1bv MB electronic shaker was used to conduct forced vibra-
tion fatigue tests at approximately 1,000 cps. Figure 1b shows the coupon
assembly used in these tests. Spacers were recessed 0.005 inches to avoid
fatigue crack initiation enhanced by fretting. Individual allen screws
secured each cantilever firmly between the top and bottom support plates.

6

Forty cantilevers per assembly were simultaneously vibrated for 10~ cycles
at a fixed table amplitude. The teét was then stopped and specimens with
fatigue cracks determined using dye penetrant.

Table 1 lists typical test data. The natural frequency of each
cantilever was determined within about 2 cps by varying shaker excitation
frequency at low g levels. These data were then used to select a test fre-

quency somewhere in the range 0.96 < f/f < 0.98, depending on the ap-

n,ave
proximate proportion of cracked specimens desired. Corresponding test ac-
celeration for each run was selected to produce a uniform value of table
excitation amplitude.

Figure 2 summarizes the high frequency data. This response appears
symmetrical on (integrated) normal (curve) co-ordinates for stress ampli-
tudes computed using f/fn and ignoring damping and cyclic dependent effects.
Similar forced vibration tests by Bender and Hamm(u) also appear symmetrical.
In their tests start of failure was indicated by a change in natural frequency.

The logistic function is shown in Figure 2 for comparison. This

sigmoidal curve more accurately describes the extreme observations (P =0

and P = 1) plotted using Berkson's 2N rule.



DISCUSSION OF HIGH FREQUENCY TESTS

Forced vibration fatigue testing of multiple specimens required
control of table amplitude rather than specimen amplitude because speci-
men amplitude varied from cantilever to cantilever despite strict dimen-
sional tolerances. There was therefore no direct control of stress or
strain amplitude for individual specimens.

Test time was too short to measure more than a few cantilever tip
amplitudes. These measurements, however, did show that tip amplitude changed
during testing. In fact, even uncracked specimens displayed some decrease
in natural frequency during testing. This change was very small for f/fn
ratios about 0.95 but increased fairly rapidly as f/fn increased. In a
number of cases uncracked specimens tested at f£/f ratios about 0.98 experi-
enced larger incremental decreases than specimens cracked at lower valuesof

f/f This slight overlap in incremental change was the primary reason that

n*
dye penetrant was used to establish failure for data analyses.

One of the primary objectives of this test was to determine whether
stacking of two or more coupons one upon the other (separated by spacers)
would give consistent results. It was established in preliminary tests that
acoustical effects became pronounced at approximately 1000 cps (f/fn about
.99) when the natural frequencies of any two stacked cantilevers differed
by more than 5-10 cps. In this situafion the cantilever with the higher
natural vibrated with a larger amplitude than the cantilever with the lower

natural,... just the opposite to expected behavior. Thus, before commencing

the final series of tests, spacer thickness was increased from 0.02 to 0.0k



-5=

inches and an upper bound of 0.985 was placed on f/fn . To explore the pos-
sibility that smaller acoustical or mechanical coupling effects still in-
fluenced these data, a Kolmogorov-Smirnov "d" test was applied to the over-
all response divided into two groups: (1) response pertaining only to stacked
specimens with natural frequencies that differed by 5 cps or less, and (2)
response pertaining to stacked specimens with nsturals that differed by more
than 5 cps. No difference could be established between these two compared
responses (or betwen either group and the over-all response) at the .20
level of significance. It thus appears that several coupons can be stacked
one upon the other in future tests to facilitate rapid generation of data.
For example, if a datum point corresponding to a probability of failure of
0.01 is desired, this point with a weight Npg of two can be generated in

a single test employing ten stacked coupons.



LOW FREQUENCY TESTS

A modified version of the high frequency coupon was used in the
low frequency fatigue tests., All cantilevers were 1 1/8 inches long and
each machined assembly was slit along the dashed line in Figure la. Thus
each low frequency coupon had ten or fewer specimens depending on the number
of blemished cantilevers.

Tests on these coupons were conducted at 28 cps using an All-
American HA-25T horizontal shaker and the test set up shown schematically
in Figure 3. Individual coupons were sandwiched between support plates
and tightly secured by an allen screw at each cantilever. The edges of
these support plates were recessed 0,010 inches to avoid fretting in the
vicinity of possible fatigue cracking, Each coupon was subjected to 105
cycles at a fixed range of deflection.

Dynamic table travel was measured with vernier calipers using an
optical interference technique similar to the vibrating wedge. Four such
measurements were averaged to establish dynamic range. BEstimated accuracy
is 0.0002 inches. A plot of static table travel versus crank rotation
angle facilitated setting the knife edges at the centerline of static range
of deflection, Maximum over-all error in knife edge settings is estimated
at 0.0007 inches.

Following testing all unbroken specimens cantilevers were dye
checked and qualitative data recorded for crack severity. Figure 4 shows
the qualitative criteria used., Failed connotes fatigue cracks origniated

at both fillets on each side of the coupon and traversed (almost) the entire
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width of the specimen, but did not propagate to the neutral fiber. Severely
cracked infers that fatigue cracks originated at both fillets on each side
of the coupon and propagated until at least one-half the specimen width
displayed cracking. Figure 5 shows these test results plotted on logistic
co-ordinates. Extreme observations are denoted by datum points with arrows.
The range of nominal strain for tightening knife edges was 9%
greater than for the untightened or simply-supported condition. Although
little difficulty was encountered in uniformly reproducing this 9% figure
for either the top or bottom cantilevers, it was quite difficult to achieve
uniform tightening from top to bottom. This difficulty represents the
major problem associated with these low frequency tests. Considerable pre-
liminary testing was required to achieve fairly uniform tightening. As a
final check, the knife edge impressions on the tip of each specimen were

examined to confirm that each specimen had been gripped properly.



DISCUSSION OF LOW FREQUENCY TESTS

These tests are remarkably suited to analysis discerning position
effect in failure using the binomial distribution. Preliminary tests on
coupons with twenty cantilevers (Figure la) showed that the top specimens
failed more often than the bottom specimens. Thus table motion was cor-
rected by overhauling the bearings and the‘coupon was cut in two to lower
the centroid of the rocking force. Subsequent tests showed that one side
failed more often than the other. Accordingly, the fixture was stiffened
and bearing collars were added to restrain sidewise table motion. When
continued testing finally showed no discernable position effect, the data
reported was taken.

The purpose of the failed and severely cracked designations is to
describe the progress of fatigue cracking. These responses are subject
to error in establishing p observed because it was relatively difficult
to distinguish between failed, severely cracked, and cracked in a consis-
tent manner using dye penetrant techniques. Crack propagation data shown
in Figure 4 pertain to measurements made on cracked specimens from various
coupons tested at different ranges of deflection. The heavy line represents

the range of crack length measurements for six to eight specimens.

-8-



LEAST-SQUARE ANATYSES OF DATA

Existing strength data were least-squares fitted to the integrated
normal curve, the logistic function, the extreme value distribution, and
the Weibull distribution, using techniques presented elsewhere(6) . Table 2
lists mean-square errors associated with fitting these four distributions
to various fatigue strength data. These mean square errors for both high
and low frequency tests compare favorably with corresponding errors for
single specimen testing. Thus the multiple specimen approach to strength
testing appears valid.

Two different methods were used to fit the strength data in Table 2.
The first methods avoids the problem of treating extreme observations by
simply ignoring data for which p observed is either zero or unity. Accord-
ingly, the remaining data pertain almost exclusively to values of p between
0.05 and 0.95. Corresponding mean square errors are therefore quite similar
for each of the four distributions considered (as evidenced by the first
three rows of Table 2) and many such sets of strength data are required for
meaningful comparison. Considering all eleven sets by Cummings, Stulen,
and Schulte on various materials the logistic function displays a smaller
mean square error than the weighted integrated normal curve in nine cases.
If either distribution is equally valid, the probability that one or the
other would display this behavior is only 0.033 + 0.033 = 0.066. There is
therefore some engineering justification to preferring the logistic function

to the integrated normal curve.
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The second method is more expedient. It is based on the notion
that extreme observations must be used in analysis because these data are
not only as valid as the other data, but are situated in the primary area
of interest. Thus Berkson's 2N rule is used to plot at least one extreme
observation on each tail (when available and of sufficient weight) and the
corresponding least-squares analysis treats the total collection of datum
points. Results of this approach are typified by the mean-square errors
listed in the bottom six rows of Table 2. Further support for the logistic
function is derived from noting that inclusion of extreme observations sel-
dom affects the mean-square error for the logistic function, but often af-

fects the errors for the other three distributions.



P-5-N SURFACE

The logistic function can be coupled with the S-N curve to des=-

cribe the P-5-N surface analytically. First the logistic function

1
F= . -(O%BS) (1)

is rewritten as

P
1-p)

1]

O£+BS=B(.O_‘+S) (2)

L
no 5

Then using the condition that S = SSO when P = 0,50 to adduce that

S50 = - a/B, Equation (2) can be interpreted as

Zn(z¥§) = 8(8 - 85, (3)

The logistic parameters in Equation (3) are P, the slope of the linear trans-
form on logistic paper and 850 , the median strength for a given fatigue life.
In turn, substituting S50 from a S-N curve of the form S50 =~ Sy =A N

yields the expression: .

n(E =)= B(S - sy - A W) ()

Figure 6 compares slices through this analytical surface to the response

reported by Bender and Hamm.
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CONCLUSIONS

1. Despite experimental difficulties with multiple specimen
testing, this approach appears to be the answer to generating large amounts
of fatigue strength data. The primary problem remaining is to establish
a more accurate approach to measuring and describing fatigue cracking.

2. Strength response does not appear to be markedly skewed.

It therefore can be approximated by either.the logistic function or the
integrated normal curve, apparently somewhat more accurately by the former.

3. The logistic function can be coupled with the S-N curve to
develop an explicit expression for the P-S-N surface. This expression
should suffice to describe most responses in probability ranges remote to

the tails of the distribution.

]2



-1%-

} 0.03( R
/_
O O
() (::) <::> C)
| O O
0.25 ]
1 0 0
575 | °c o
0.25 o) 0 (A)
f o .
O C
o O O o
| - - 0
Eymmmt
T L ~—0.25 0.005—+|<—1.00 —
594
= - )
| 0.033=T i -
T = == (8)
I i 5
L/ 7777777777777
MOTION
S = AMPLITUDE SHAKER TABLE‘L

#

Figure 1. (A) Multiple Specimen Coupon.
(B) High Frequency Test Coupon Assembly.



PROPORTION CRACKED

0.998

0.995
0.99

0.98

0.95

0.90

0.80

0.70

0.60

0.50
0.40

0.30

0.20

0.10

0.05

0.02
0.0l

-1k -

)

DENOTES EXTREME
OBSERVATION

<
TQ.\.

| INTEGRATED
NORMAL CURVE

/

LOGISTIC FUNCTION

0.005 y

0.002

0.00!1

Figure 2.

30

40

50

60

70 80 S0

STRESS AMPLITUDE

2
SET/L
High Frequency Test Data (See Appendix A).



-15-

RANGE OF
l DEFLECTION

VAL DI IY4

.hhAh.R\l\

LSS S
“ LrLL gl

1

_
T777 777
VI VROV,

—\\.\ 7
V,ss7s 7

p— e er——

—1.00

S, Rp—

e

.00 —>
777 7 7
4 s 7 7/ ///

VN4

Vd
SHAKER TABLE
Low Frequency Test Set Up.

7

4

6 LAND

s S S S
Ll LL Ll

\\\\\\\\Na

¢ .ol
l

/
Figure 3.

AV A A A A A A

/

KNIFE
EDGES

b e




-16-

RS\PECIMEN HALF- WIDTH 1
0.125
/ FAILED
/ [
0.100 / 1
/ SEVERELY
/ / CRACKED
0.075 —
CRACK /
LENGTH- IN.
0.050 l/ /
' /
//
// // CRACKED
0.025 //‘ /,‘
Vg%
i
0.000580 0.85 0.90 0.95 1.00

RANGE OF DEFLECTION - MM.

Figure 4. Crack Length Criteria and Data.



PROPORTION

0.998

0.995
0.99
0.98

0.95
0.90

0.80

0.70

0.60
0.50

0.40
0.30
0.20

0.10

0.05

0.02
0.0l

0.005

0.002

-17-

P W
—( )t

L)
(
\

F—0

SEVERELY CRACKED

) 4
v
I L /

77

i Y
AL

A
4

FA}LE’D /

A/

i py |
J

4

4

BROKEN
/O

e

[y TN

/G

/I

O CRACKED

Bl l-l\

CISEVERELY CRACKED

AFAILED
OBROKEN

0.88

0.

0.92 0.96
90 0.94

1.00 .04
0.98 1.02 1.06

RANGE OF DEFLECTION-MM.

Figure 5. Low Frequency Test Data (See Appendix B).



PROPORTION FAILED

18-

/ 122 PIECES TESTED
AT EACH AMPLITUDE
0.99 /
AMPLITUDE=150 Ve
0.95 —
0.90}- A -
120 =2

0.80
0.70}- /5 i
0501 / o_p=—_ .
. MEDIAN
0.40|- ‘4 N
oxr | 4 e

' / 7
0.10H / /// i
0.05 / / // // Ve OBSERVED
o.0—/1f f /4/// // ,/ — —— COMPUTED

/ / 17/ /
[0] 20 50 100 200 500 1000 2000 5000 10000
FATIGUE LIFE —-KILOCYCLES
Figure 6. Comparison of Response Versus Prediction for

Data by Bender and Hamm.



-19-

TABLE 1

Typical Test Data. Natural Frequencies of

Individual Cantilevers, With Cracking Data.

Cantilever Position

Cantilever

Number

1

10

Top

1054 -X
1049-X
1049-X
1054 -0
1049-X
1049-X
1048-X
1049-X
1051-X

1058-0

Front

Bottom

1043-X
1040-X
10k2-X
1042-X
1043-X
104k -X
1046-X
1046-X
1051-X

1056-0

Top

1060-0

1060-0

1060-0
1062-0
1061-0
1058-0
1058-0
1058-0
1058-0

1065-0

Back

Bottom

1052-0
1052-0
1049-X
1052-0
1049-X
1049-X
1049-X
1050-X
1049-X

1058-0

Excitation Frequency = 1029.8 cps

X = Cracked, O = Uncracked
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APPENDIX A

High Frequency Test Data

Stress Amplitude Number Number
Specimens Specimens
6Et/L2 Tested Cracked
30-35 125 0
35-40 4o 0
40-45 43 2
45-50 56 1
50-55 o3 3
55-60 67 22
60-65 45 18
65-70 L , 37
70-75 4o 40
75-80 15 15
80-85 23 23

-20.
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