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CHAPTER I

Introduction

For Euclidean spaces, Whitney [Whi57] developed geometric integration theory
to integrate “functions” over “sets” in such a way that the integral depends on how
the set is positioned in R™. In this theory, the sets over which one integrates are flat
chains (limits of polyhedral chains under the so-called flat norm), and the functions
one integrates over these chains are flat forms. Flat forms are L*-differential forms
with L*-exterior derivatives. The flat norm of such a form is the maximum of the
L*>-norm of the form and that of its derivative. Since flat chains can be thought
of as L'-functions on R", it is natural to consider flat forms as dual to flat chains,
where the action of a form on a chain is given by integration. Moreover, this duality
respects the norms: the space of flat forms endowed with the flat norm is isometric
to the space of flat cochains with the norm dual to the flat norm on chains. This
fundamental result was proven by Wolfe in 1948 (see [Whi57]).

In [Ada08], Adams extended the theory of flat chains from R™ to Banach spaces.
In this thesis, we define flat partial forms in a Banach space, and prove that the
space of these forms is the dual to Adams’s space of flat chains. We consider only
Banach spaces over R.

A similar duality result is true in the case of sharp forms (forms with Lipschitz



continuous coefficient functions) and sharp cochains (linear functionals on so-called
sharp chains); namely, the space of sharp forms is dual to the space of sharp chains.
The proof of this fact in the Euclidean case can be found in Whitney [Whi57].
In [Nol86], Noltie extended this result to Banach spaces.

The current paper is part of the recent efforts to generalize geometric measure
theory beyond Euclidean space. In particular, currents in metric spaces have been
the subject of recent investigation. Roughly speaking, currents in Euclidean space
are linear functionals on differential forms. In 2000, Ambrosio and Kirchheim [AKO00]
developed a theory of currents in metric spaces as linear functionals on “tuples” of
Lipschitz functions. Following this, Lang [Lan| developed a variant of this theory, and
Wenger [Wen05], [Wen07] generalized the isoperimetric inequality found in [AKO0]
and studied convergence properties of metric currents.

Generalizations of chains, which can be regarded as “pre-dual” to forms, have
also been investigated. In addition to Adams’s paper on chains in Banach spaces,
De Pauw and Hardt have defined and studied rectifiable and flat chains in metric
spaces (see [DPH]).

Our goal is to identify the dual space to the space of flat chains with a space
of suitably defined differential forms. The key idea in our definition of a partial
form is the following. Instead of defining a k-form as a function that maps points
in a Banach space V to k-covectors (alternating k-linear maps from [V]* to R) as
in [Car70], we view a form as a function from a subset of the product space V x [V]"
to R. We require that such a function, or measurable partial k-form, be measurable
when restricted to any horizontal or vertical slice in the product space, and that it
satisfies some multi-linearity conditions on finite-dimensional affine subspaces of V'

(see Definition IV.4). This relaxation of the standard definition allows us to consider



forms which may not be smooth and to define an equivalence relation between partial
forms.

In this work we consider only global measurable partial forms. Using Fubini’s
theorem, one can show that a measurable partial form on a finite-dimensional space
is also a classical measurable differential form on that space (see Section 4.2).

We extend many standard geometric concepts to this setting: we define the wedge
product of two partial forms (see 4.6) and an exterior differentiation operator d on
(locally integrable) partial k-forms mapping partial k-forms to partial (k4 1)-forms.
Our exterior d is defined in a weak sense so that Stokes’s Theorem holds when the
forms act by integration on polyhedral chains (see 4.5). Finally, we define an L*®-type

norm on partial k-forms by

[Floo := sup {esssup{le(Vwk)l}},

wkCv | pewk

where the supremum is taken over all k-dimensional affine subspaces W* of the
Banach space V and vy« denotes the unit mass* k-vector (see 2.3) whose components
span W*. Equipped with this norm, we define the flat norm on the space of partial
forms as in the Euclidean setting to be || F||, := max{||F ||, ||dF||«}. The space of
flat partial forms consists of those partial forms with finite flat norm. Here, even
though our L*°-type norm does not agree with the L*-norm in R", the resulting
space of flat partial forms in R™ agrees with classical flat forms in R"™.

Our main result is that the space of flat partial forms is the dual space to Adams’s

space of flat chains.

Theorem 1.1. The space of flat partial k-forms endowed with the flat norm is iso-
metric to the space of bounded linear functionals on flat k-chains with the norm dual

to the flat norm on chains.



A priori, a partial form need not be defined for as many points in the product space
V x [V]¥ as a classical differential form. However, using Theorem I.1 and techniques
from [BLOO], we prove in Chapter VII that a flat partial form in a separable Banach
space V' is defined for “many” points in the product space, and hence is not too far

from a classical form (i.e., a function from V' to Hom(A;V,R)).

Theorem 1.2. Let F' be a flat partial form in a separable Banach space V. There
exists an Aronszajn-null set N in' V' so that for allp € V\ N and all v € AV, the

point (p,v) is in the domain of F.

In the Euclidean setting, flat chains and forms are invariant under bi-Lipschitz

maps. Our final result (see Chapter VIII) is in this direction.

Theorem 1.3. In a Banach space, flat partial k-forms pull back to flat partial k-

forms under Lipschitz maps.

To prove Theorem 1.3, we show that polyhedral chains push forward to flat chains
under Lipshitz maps.

A long-term goal of this project is to apply it to the question of the bi-Lipschitz
embeddability of a general metric space in R¥ (see [HS02], [HK], and [HPR]); Theo-
rem [.3 indicates that flat forms are stable under Lipschitz mappings and hence are
natural objects to consider in this study.

Another interesting open question is the relationship between partial differential
forms and the metric chains and currents defined in [AKO00], [Lan] and [DPH] in a

Banach space.



CHAPTER II

Preliminaries

2.1 The spaces A,V and A*V

Given a Banach space V', we denote the k-fold product of V by [V]¥ =V x ... x V.
For aset X C V, xx:V — {0,1} is the characteristic function of X, defined by
xx(z) =1 for x € X and xx(z) = 0 otherwise. Let C([V]*) denote the free vector

space over [V1]¥, ie., C([V]¥) := spang{X{(1,..00)} : (V1,...,0) € [V]F}. The vectors

.....

(ylayQa"wyk)_/\(ylv"'7x§7"'7yk)_N’(ylu"'?xéa'-'ayk)u

where y; = Azt + pal, for i = 1,... k, together with the vectors

(ylvaa s 7yk:)

where y; = y; for some i # j generate a subspace G C C([V]¥). The space of k-
vectors on a Banach space V', denoted A,V is the quotient space C([V]*)/G. Denote
the equivalence class of the k-tuple (v1, ..., v,) in this quotient space by v A« A vg.
We define a function p: [V]* — A,V that maps a k-tuple in [V]* to its equivalence

class in the quotient space ApV:
(2.1) w(vg, .o, o) i=vp A A

for all (vy,...,v) in [V]*. A simple k-vector is an element of A,V that lies in the

image of the map p. The space AV, together with the map u, has the following



universal property. If f: [V]¥ — R is an alternating k-linear map, then there is a
unique linear map w: AV — R with the property that f = w o pu.

Towards defining the dual space to AV, we endow A,V with the quotient topology
7 induced by p. In other words, U of AV is in 7 if and only if p~(U) is open in
[V]* under the product topology.

Suppose that f: [V]*¥ — R is an alternating k-linear map. As in [Car71], the

k

continuity of f with respect to the product topology on [V]* is equivalent to its

boundedness with respect to the norm || - ||cartan, Where

| flcartan := sup{|f(z1,...,xp)| 2 €V, x| < 1,i=1,... k}.

Lemma II.1. Let f: [V]*¥ — R be an alternating k-linear map, and let w: AV — R
be the map for which f = w o u. The continuity of f with respect to the product
topology on [V]¥ is equivalent to the continuity of w with respect to the topology T on

ALV

Proof: The proof immediately follows from the definition of the topology 7. The
function f is continuous if and only if for each open U C R, f~!(U) is open in the

product topology. Since f~1(U) = ' o w™(U), w is continuous. O

Definition II.2. The space of k-covectors on V', denoted A*V | is the space of linear

maps from A,V to R that are continuous with respect to .

By the universal property of A,V and Lemma II1.1, A*V is isomorphic to the space
of alternating k-linear functions f: [V]¥ — R that are continuous under the product
topology on [V]*.

For ¢ € AV and w € A*V| we use the notation w(yp) = (w, ¢) = (p,w).

General references on the spaces A,V and A*V are [Gre78], [Fed69], and [Car71].



2.2 Norms on A,V and A*V

In a Banach space V', the space of k-vectors of elements in the dual space V* can
be viewed as a subspace of the space of k-covectors in V' in the following way. Let
fis---, fr be elements of V* and define the action of f; A --- A fr on the simple

k-vector v1 A ... A vy by

<f1 VANRIIRNVAN fk,’Ul FANWA ’Uk> = det((fl,v]))

This action is well-defined because the determinant is alternating and multilinear.
We then have a natural dual pairing Agx(V*) x AV — R given by
O N A A Ay =D Y (A At ol A A,
i j i

In [Gro83], Gromov defines two norms, mass and mass®, on the space of simple
k-vectors. In this work we are more interested in the mass* norm, but since the mass
norm is used to construct the mass* norm, we review both definitions in this section.

Essentially, the mass of a simple k-vector is the infimum over all its simple rep-
resentations of the product of the lengths of its components. The precise definition
follows.

Let V be a Banach space and suppose that v = v; A--- Ay, € A,V is a nonzero
simple k-vector in A;V. One can show (see Lemma I1.6) that if 0 # v € A,V and
v=u A ANup = wy A+ Awyg, then span(ug,...,ux) = span(wy, ..., wg). We
denote the unique (oriented) subspace spanned by the components of v by T, :=
span(vy, ..., Uk).

If v € A,V is simple and L : T, — T, is any linear transformation, it induces a
linear transformation on the one-dimensional space A,T, given by vy A -+ A vy +—

L(v1) A -+ A L(vg). This induced transformation is just multiplication by a scalar,



defined to be the determinant of L, det(L). Thus, for all vy A--- A v, € ALV, we

have L(vy) A -+ A L(vg) = det(L) - vy A -+ A vy

Definition I1.3. Let v be a simple k-vector. If v # 0 then the mass of v is given by

the following infimum:

k
|V]|m = inf{H |Lv;|y : L: T,, — T, linear, det L = 1}.
i=1

If v =0, define ||v||n := 0.

Gromov uses mass in the dual space V* to define the mass™* of a simple k-vector.

The following characterization of mass* comes from [APT04].

Definition II.4. Let V be a Banach space and v a simple k-vector in A V. The

mass™ of v is

(2.2) V]| m* == sup{(v, &) : £ € A V™ simple, ||€||lm < 1}.
For any simple k-vector v, Gromov proves [Gro83, p. 30] that

(2.3) [l < [[7flms < e(R) |2,

where c(k) = k*/2.
Gromov’s mass* extends to a norm on the entire space A,V of k-vectors (see [APT04]).

We note that in fact, that one can actually extend mass* to all k-vectors using equa-

tion (2.2).

Lemma IL.5. The quantity ||v|,* := sup{(r,&) : & € AV* simple, ||&]|m < 1}

defines a norm on the space A,V of k-vectors on V.

Proof: That ||cv||m* = || - ||v||m* for any ¢ € R follows immediately from the fact



that A,V* is a subspace of A*V . For the triangle inequality, let v, i € A,V. Then

[V + pllme = sup{(v + p, &) : § € AgV™ simple, [|€][m < 1}
= sup{(r,&) + (1. &) : £ € AV simple, [|€]|ln < 1}
< sup{(r,§) : £ € A, V" simple, [|¢]lm < 1}
+sup{(u, §) : £ € AV" simple, [[{]lm < 1}

= ¥l + [l el

To see that || - ||, is finite, let v € A,V. Then v = Y.~ v%, where v/ is simple
for i from 1 to N. For any simple £ € A V* and all i = 1,..., N, (1, &) < ||[V]|m*-
Thus, (v,&) < 3, [V |lm*, 0 ||V||m* is finite.

Let v = 3N vl A---Avi be a nonzero k-vector in A,V. Let W = span{v’}. Then
v € AW, Since v # 0 and W is finite dimensional, there exists a simple covector
E=& N NE& € AW so that (v,€) > 0. We may assume that &y = 1 for
i=1,...,k Extend each & by the Hahn-Banach theorem to a functional & in V*
with norm one and set € := & A---A&. Then [|€]|m < |&1] -+ [&] =1 and (v, &) > 0,

S0 ||V]|m* > 0. O

We can then define the comass™ of a k-covector w € A*V to be the dual to the
mass* norm:

[wller = sup{(w,v) - v € AV, [[v][mx < 1}

2.3 k-directions

We normalize the space of k-vectors using the mass* norm. A simple k-vector
whose mass™* is one is called a k-direction.
We note that each oriented k-dimensional vector subspace P of V' (i.e., each

element of the oriented Grassmannian of V') corresponds to a unique k-direction
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vp in the following way. An orientation of P consists of a choice of a basis and

an ordering of the basis elements. By definition, two ordered bases (v1, ..., v) and
(w1, ..., wy) of Pinduce the same orientation if and only if v A+ - - Avg = Awi A+ - - Awy,
for some A > 0. Thus, if the orientation of P is given by (vy,...,v;), then we define

vp, the k-direction of P, to be

N Ul/\"'/\Uk
oA A gl

Up .

For an affine oriented k-plane P, let Py be the subspace parallel to P that passes
through the origin, i.e., if p € P, then Fy = P — p. In this case, define vp := vp,.
Given a k-direction v = v; A - -+ A vy, we say that an affine subspace W of V is a

v-superplane if T,, C Wy, where W) is parallel to W and contains the origin.

Lemma II.6. Given a k-vector v € AV, there is a unique minimal subspace W, 1min
of V' for which there exists a representation v = sz\il V' so that W, i 15 a V'~

superplane for all 1 <7 < N.

The subspace W, min is called the envelope of v in V.
Proof: Suppose that W and U are both subspaces of minimal dimension as in the

statement of the lemma. Thus, there exist representations

V:Zwi/\---/\wQ:Zu{/\---/\u{C,
i J
where span{w! } = W and span{u’,} = U. Let d = dimW < dimU = D and let
¢ =dimW NU. We will show that ¢ = d.

Choose a basis vy, ...,v, of WNU. Then choose d— ¢ additional linearly indepen-
dent vectors {wy, ..., wq_¢} C W\U so that By = {wy,...,W4_g,v1,...,0} is a basis
of W. Similarly, choose {1, ..., up_s} C U\W sothat By = {uy,...,up_¢,v1,...,0}
is a basis of U. Note that by construction, the vectors {w;} and {u;} are linearly

independent. We assume the basis vectors all have norm one.
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Thus,
BW—i-U == {wl, e, Wa—p,Upy e oo, UD_p, U1y .. ,Ug}
is a basis of W + U, and we have the dual basis
~ ~ ~x% ~% * *
{wy, ..., wh_,uy, ..., Up_p V], 0, }

of the space (W + U)*, where as usual w;(w;) = 1 and w}(z) = 0 if x is any other
basis element, etc.

Renaming vy = wg_gy1, ..., = Wy, we have the following basis for ApW:
{wr=wy N Nw;, T ={1<iy <--- <ip <d}}.

We rewrite v in terms of this basis:

where A; € R.

To reach a contradiction, suppose that ¢ < d. Since W was a minimal subspace,
there exists a multi-index I’ = {1 <1} < --- <} < d} with ¢} =1 where Ay #0. In
other words, the dual element wj, = f&;k,l A--- ANwj has the property that (w},v) =

k

Ar # 0. On the other hand, by construction wj(z) = 0 for all z € U, so

(W, v) = <w;,,zu{ Ao A ug>
J

= Z(@?,u{/\/\ui)
J
= 0’

a contradiction. O

Remark 11.7. We define the mass* of o' = (vy,...,v;) € [V]* by

0] = (@) e = Mo A== A Vg
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2.4 John’s theorem

In the remaining chapters, we will often use the fact that up to a factor of V/k,
the norm of any k-dimensional Banach space is comparable to the Euclidean norm
in R,

We may identify a k-dimensional Banach space V* with R* equipped with a
different norm than the standard Euclidean norm |-|5. Denoting this norm by ||y, we
have V¥ = (R*,|-|y+). The closed unit ball in V¥ is then By« := {x € R" : |z|y» < 1}.
Since By« is a closed symmetric convex set with nonempty interior in R*, John’s
theorem implies (see [Bal97]) that if £ is the maximal ellipsoid contained in By,

then
(2.4) £ C Byr C VEE.

This property of the maximal ellipsoid inside By«, due to Fritz John, implies the

following theorem.

Theorem I1.8. Given any k-dimensional Banach space V¥, there exists a \/k-bi-

Lipschitz linear isomorphism L: RF — V.

Proof: Let |- |¢ denote the norm on R whose unit ball is the ellipsoid £ given
by John’s theorem. The identity map I: (R¥,|-|yx) — (R¥,|-|¢) is then a v/k-bi-
Lipschitz isomorphism. A change of coordinates ¢ mapping the (orthonormal) axes
of £ to the standard Euclidean basis vectors will map £ to the unit sphere. Under
this change of coordinates, (R¥,| - |¢) is R¥ with the Euclidean norm. Take L to be

the map pol. [



CHAPTER III

Flat Chains in Banach Spaces

In this section, we review a few definitions and facts about flat chains in Banach
spaces from [Ada08] and prove some lemmas that are needed for our study of partial

forms.

3.1 Polyhedral chains

We start by defining a k-dimensional simplex in a Banach space V.

Definition III.1. A k-dimensional simplex ¢ in V' is the convex hull of £+ 1 affinely
independent vectors vy, . .., v in V', together with an orientation. We call this convex
hull the support of o. The vectors vy, ..., v, are the vertices of o. An orientation of

o is a choice of orientation of the affine k-plane containing o.

Any (non-degenerate) oriented k-simplex ¢ in V' lies in a unique oriented affine
k-plane P, which we call the k-plane of 0. The k-direction of the k-plane P, is
the k-direction of o, denoted v,. We note that the k-direction of o describes the
orientation of o.

We denote by [vy, ..., vg] the simplex with vertices vy, ..., v, and orientation

(v —vo) A+ A (g — vp)
(1 = o) A== A (vk = vo) [l

Vg =

13
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The simplex with the same vertices but the opposite orientation is denoted by
—[vo, ..., vK]. A refinement of the simplex ¢ is a finite formal sum of simplexes
> o, that satisfies the following properties. First, the union of the supports of the
simplexes {0;} must equal the support of o. Second, the orientation of each simplex
o; must match the orientation of o. Finally, the simplexes {0;} must be pairwise
disjoint except on sets of k-measure zero.

We can now define the space of polyhedral k-chains in V.

Definition ITI.2. Consider the free real vector space Sy generated by k-dimensional
oriented simplexes in V. Let Gy be the subspace of Sy generated by elements of
the form o + (—o) and o — > 0;, where ) o; is a refinement of o. The space of
polyhedral k-chains in V', denoted Py (V'), is the quotient Sy /Gy.

The boundary do of a k-simplex o = [vp, ..., vg] is the (k — 1)-chain

k
00 =Y (=1)[vo, - - Vic1, Vi1, - - - Vkl.
1=0

Extend the boundary operator is linearly to S so that the boundary of the polyhedral

k-chain P = Zf\il \;o; 18

As usual, 000 is equivalent to the zero (k — 2)-chain.

The boundary operator descends to an operator 9: Pr(V) — Pr_1(V) on the
quotient space Py (V).

A simple polyhedral k-chain A is an element of Sy /Gy that has convex support
and can be represented as a sum of consistently oriented simplexes with pairwise
disjoint interiors, i.e., A is a convex, oriented polyhedron.

The following definition of k-dimensional mass, denoted |- |, on simple polyhedral

k-chains is from [Ada08, p. 3.
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Definition III1.3. The mass of a O-dimensional polyhedral chain A in a Banach space
Viis |Alp := inf{d>_|N] : A = > No;}. If Ais a simple k-dimensional polyhedral

chain for k£ > 0, the mass of A is inductively defined to be

(3.1) Al := sup [ [AN 7 (2) |51 da,

Here, AN f~1(z) is the slice of A by f at x as defined in [Ada08]. For a simple k-
chain A, these slices are again simple chains of dimension k or lower. If the dimension
of a slice is k, then we define the (k — 1)-mass of the slice to be co. In this case all
other slices will have mass zero, so [, |[A N f~(x)]x—1 dz = 0. If the dimension of a
slice is less than (k — 1), we define its (k — 1)-dimensional mass to be zero. When
the dimension k is clear we will simply write |A| instead of |Aly.

We note that the quantity |A| does not change if the supremum in equation (3.1)
is instead taken over the smaller set of maps f € V* with || f|| = 1. For every f € V*

with 0 < || f|| < 1, themap f := %f as unit norm and |[ANf~!(z)| = |Aﬂffl(ﬁ)|.

Hence, [, [AN fYz)|de < [i |[AN f~1(x)|dz, so

|A| = sup /R]Aﬂfl(x)]d:v.

Adams proved that the 1-dimensional mass of a simplex [a, 0] is its length, |[a, b]| =
|b—aly.

We extend mass to a norm on all polyhedral £ chains in the following way. The
mass of a polyhedral k-chain A is the following infimum, taken over all representations

of A as finite sums of simple chains:

(3.2) Al = 1nf ) " [Nillos : A=) Mot
=1 =1
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3.2 Haar measure

For a polyhedral chain A, denote by A + p the translation of A by p € V. We

show below that Adams’s mass is translation invariant.

Lemma I11.4. For all k > 0, k-dimensional mass is translation invariant on simple

polyhedral chains.

Proof: We use induction on k. Clearly mass is translation invariant for simple 0-
chains. Let k£ > 1 and let A be a simple polyhedral chain. For any p € V', f € V*,
and y € R, the slice of (A+p) by f at (y+ f(p)) is the translation (by p) of the slice

of A by f at y. By the induction hypothesis,

/R AN (1) dar = /R (At p) 0 F (@) de.

Taking the supremum of both sides of the previous equation over all functionals

f eV with || f|| <1 gives |Alx = |A+ plk, as desired. O

In fact, any sequence of functionals which approaches the supremum for A in

equation (3.1) will also approach the supremum for any translate (A + p) of A.

Corollary IIL.5. Let k > 1 and A be a simple polyhedral k-chain. Suppose that

(f;) C V* is a sequence of linear functionals with || f;|| = 1 for all i and that

lim [ |ANf(2)]e1 do = |A|.
R

Then

lim (A+p)N fi_l(x)\k,l dx = |A+ p|.

1—00 R ’
Proof: Suppose that (f;) C V* is a sequence of linear functionals with || f;|| = 1 so
that

1—00

lim [ AN f7 Y (z) |k dz = |A|.
R
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Then

A+pl = sup / (A+p) Mg (@) da
R

gev™
lgll<1

— s [ 1ANg @l do
R

= lim [ |ANf7 (2)|k-1 d2

= lim [ [(A+p) N fi(@)[p- da.

1— 00 R

]

The following is a corollary to Adams’s Scaling Lemma ([Ada08, Lemma 2.4]).

Lemma IT1.6. Let P be an oriented, affine k-plane, k > 1, and fiz a basis {vq, ..., v}
of P. Let Q be the parallelepiped with support {Zle Aivi 0 < X < 1} and orienta-
tion vy A ... ANvg. Let (f;) CV* be a sequence of linear functionals with || f;|| = 1 for

all i so that
lim [ |@N f[l(as)\k_l dr = |Q)|.
71— 00 R

For g € R with ¢ > 0, let Q) be the parallelepiped with support {q Zle Av; 0 0 <

A < 1} and orientation vy A ... Avg. Then |Q,| = ¢*|Q| and

lim [ ]Qq N £ (2)|e—1 dz = Q.
1—00 R

Proof: Let P, Q, Q,, and (f;) C V* be as in the lemma statement. By the proof of

the Scaling Lemma in [Ada08, p. 5], |Q,| = ¢*|Q|, and for each f € V* with ||f|| = 1,

/‘quf_l(ﬂf)‘k1d$:qk/|Qﬂf_1($)|k1d[B.
R R

Hence,

lim ’Qqﬂfi_l(.f)’k_l dr = |Qq‘l~c
R

1—00
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Proposition II1.7. (Construction of Haar measure from mass.) Let P be an ori-
ented, affine k-plane, k > 1, and fiz a basis {v1,...,vx} of P. Let Q be the par-
allelepiped with support {Zle Aiv; 0 < X < 1} and orientation vy A ... A vg. Let

(f;) C V* be a sequence of linear functionals with || f;|| =1 for all i so that

lim |Qﬂf Y @) |pe1 dz = |Q|g.

1—00

If A is a simple polyhedral k-chain in P, then the sequence (f;) also approaches the

supremum of the mass integral for A:

li [ 14017 (2) |5y dz = |Alr.

1—00

Moreover, there exists a Haar measure M* on P for which M*(A) = |A|y.

Proof: We use induction on k. For k£ = 1, the lemma follows from the fact that the
Adams mass of a simple polyhedral chain is its length.

For k > 1, let P, @, and (f;) C V* be as in the lemma statement. For ¢ € Q
with ¢ > 0, let ), be the parallelepiped from Corollary II1.6, and let B denote the

countable collection of parallelepipeds
B = {Qq+T1U1+"‘+TkUk 1q,T1,...,T € Q}

Let A be a simple polyhedral k-chain in P. We may represent the interior of A
(denoted int A) as a countable union of elements of B, so that int A = (J;2| B; where
B; € B, B; C int A, and the sets B; are pairwise disjoint except on sets of k-measure
Z€ero.

By Fubini’s theorem and the existence of (k — 1)-dimensional Haar measure, for

any f € V* with || f|| = 1 and almost every x € R,

(33 IAﬂf’(Im—((UB)ﬂf 7| = BN @l
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Thus,

Al = sup/|Aﬂf_1(x)|k_1dx
ifie 7

. sup/Z\B A @l da

fEV®
l7lI=1

(3.4) = sup Z/\B N f ) |p1 do
(s

(3.5) = iliriloZ/ |B; N f7Y() |51 dz
(3.6) = Z}Lm/yB N f7 (@) |jey da
(3.7) = Y 1Bl

J
Equations (3.5) and (3.7) follow from Corollary III1.6, and equations (3.4) and (3.6)

follow from the Lebesgue Dominated Convergence Theorem.

Also, by equation (3.3),
> Bl = illr?oZ/]B N £ (@) |j1 da
J
i ) ﬂf‘1<w>\k_1dfﬂ

= lim \Aﬂf Y2 |1 do.

We construct the Haar measure M* on P by Caratheodory’s approach (see [Roy88]),
using the parallelepipeds B instead of the Euclidean rectangles used to construct
Lebesgue measure on R". For any set £ C P, we define the outer measure (MF*)*
by

(M*)*(E) == inf{> |B| : B; eBEcUB}

JEN

A set £ C P is M*-measurable if for every S C P,

(MP)*(S) = (MF)(SUE) + (MH)"(S\ E).
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In this case, (M*)(E) := (MF)*(E). By construction, the measure M* assigns to
any simple polyhedral k-chain a measure equal to the Adams k-dimensional mass of

the chain. O

By the uniqueness of the Haar measure, the measure M* (defined in Proposi-
tion I11.7) on any fixed k-plane P is equal to a constant multiple xp of the Hausdorff
measure H* on P. By Corollary IIL5, if the k-planes P and R are parallel, kp = kg,
otherwise the constants kp and kg may be distinct. Since parallel k-planes have the
same spanning k-direction v, kp depends only on v, so we refer to this constant as
K.

The remarks above yield another the interpretation of the mass of an arbitrary
polyhedral chain. If A is a polyhedral chain with representation A =3"" , \;0; as a
weighted sum of disjoint simple polyhedral chains o;, A is naturally associated with
a function f: V — R where f is the corresponding weighted sum of characteristic

functions of the simple chains o;,

fa=> " Xix(oy).

Then we have

n

(3.8) Al = [ fadat =S In ol

=1

showing that the infimum in equation (3.2) is not needed if one considers only disjoint
representations of A.

S. Wenger pointed out to the author that the volume norm on a k-dimensional
affine plane in V induced by Gromov’s mass™ norm is equal to the volume norm M¥*

induced by Adams’s mass norm.

Lemma IIL.8. (Wenger’s Lemma) Let v = vy A -+ A vy be a simple k-vector in

ALV, and let A = A, = {Zle tiv; : 0 < t; < 1} be the parallelepiped spanned by
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the components of v with the same orientation as v. Then the mass™ of v equals the
Adams mass of A, that is,

[l = Al

Proof: Let v = vy A--- A v, be a simple k-vector in AV, and let A = A, be the
parallelepiped spanned by the components {vy,..., v} of v. By the definition of

Adams mass,

|A| = sup / AN f; 1(3:1)\ dxy
fiev* JR
I f1ll=1
= sup / sup / AN f7 @) N fy ()| daoday
freV* JR f2eV* JR
[l f1ll=1 [l f2ll=1

A priori, the choice of fy depends on the point x; € R. Thus

(3.9) sup /R sup /R|Aﬂ (@) 0 fy )| dogday

fiev* faEV*
lf1ll=1 | f2ll=1
> sup sup //|Aﬂf1 xl)ﬁf2 (x2)| dzodz.
f1eV* faeV*
I f1lI=1 || f2]|=1

Let P4 be the oriented k-plane containing A, and fix a functional f; € V* with

| f1ll = 1. By Proposition II1.7 we have equality in (3.9).
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Thus,
|A] = sup / sup /]Aﬂfl ) N0 (ag)| day L dag
fiev> frev*
||f1|| 1 I fxll=1

= sup --- sup /--~/\Aﬁfl1(951)ﬂ...ﬂfkl(xk)\dml...dxk
f1EV™ fkeV* JR R
Ifl=t  [lfel=1

= sup // AN fr @) N f g day - day,
fiev* JR R
Il fill=1
1<i<k

= sup |ANF~(p)|dp
F:V—RF RE

= )
fevelifi=1

= sup / XF(A) dp
RF

F:V—RF
F=(f1,-fx)
fieVrllfill=1
= sup  LF(F(A)).
= )
fievelifi=1
In the last equation above, L£F is Lebesgue k-measure on R¥.

For a linear map F': V — R F(A) is the parallelepiped determined by the vectors
F(v1),...,F(vg). Hence the Lebesgue measure of F'(A) is given by the determinant
of the matrix whose column vectors are F(v;) for i = 1,...,k, ie., LF(F(A)) =
det(f;(vi))-

Thus,

Al = sup{L*(F(A))}

= sup{(,&) E= LA ANfe, €V =1,1<5 <k}

= HVHm*
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In other words, Wenger’s Lemma says that the mass* of a simple k-vector v is
equal to the mass of the oriented parallelepiped defined by the components of v,

where the parallelepiped is viewed as a k-chain whose mass is defined as in [Ada08|.

3.3 Flat chains

Given a polyhedral k-chain o, we define the quantity |o|, as the following infimum,

taken over all polyhedral (k + 1)-chains 7:
ol,:= inf T| + |0 — O7l}.
olyi=__int {Irl+]o - 0r]}

Adams proved (see [Ada08, p. 13]) that if |P; — P|, — 0, then |P| < liminf |P}].
This lower semicontinuity property is then used to prove that |- |, defines a norm,
called the flat norm, on the space of polyhedral k-chains.

It follows from the definition of the flat norm that for any polyhedral chain o,

o], < lol.

Lemma IIL.9. The boundary operator 0: Pr(V) — Pr_1(V) is bounded in the flat

norm, and ||0| < 1.

Proof: For any polyhedral k-chain o, |0o|, < |o|,. To see this, choose € > 0 and

find a polyhedral (k + 1)-chain 7 so that
lol, > |7| + |o — 07| —e.
Then

|0al, < |o— 07|+ |00 —30(c — OT)]

< lo|, +e.

Since £ was arbitrary, [0c|, < |o|p. O
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The completion of the space of polyhedral k-chains under the flat norm, denoted
Fi(V), is the space of flat k-chains. Since the space of polyhedral chains is a linear
space, Fi(V') equipped with the flat norm is a Banach space.

Since the boundary operator 0 is bounded in the flat norm on polyhedral chains,

it can be uniquely extended to all flat chains.

3.4 Flat cochains

The space of flat k-cochains, denoted F*(V/), is the dual space to the Banach space
Fi(V). Since dual spaces are always complete, one may also consider the space of
flat k-cochains as the space of bounded linear functionals on the space of polyhedral
k-chains. If X is a flat k-cochain and A is a flat k-chain, we denote evaluation of the
functional X on the chain A by (X, A) := X (A).

The flat norm | - |, on the space of flat k-cochains is the dual norm to the flat

norm on flat k-chains:
| X, :=sup{(X,0) : 0 € Fr(V),|o|, < 1}.

There is a natural “coboundary” operator, denoted “d,” on cochains which is the
adjoint of the boundary operator on chains. More specifically, if X is a k-cochain,

then the cochain dX is the (k + 1)-cochain whose action on any (k + 1)-chain 7 is
(dX,T) = (X,0r).

Proposition II1.10. The coboundary operator is a bounded operator d : F*(V) —

FHUVY with [dX ], < | X],.
Proof: Let X € F*(V). For any 7 € Py,1(V) with |7], < 1, we have

(dX,7) = (X, 07) <[X], - |97], < |X], - [7], < |X],.
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Hence |dX |, < |X|,, so the coboundary operator d : F*(V) — F*1(V) is bounded.
[

One can also define comass as the dual norm to mass on polyhedral chains.

Definition ITI.11. The comass of a cochain X, denoted by | X]|, is
| X | :=sup{(X,0):0 € Py, |o| <1}
This definition yields another characterization of the flat norm on flat cochains:

Lemma I11.12. If X is a flat cochain, then | X|, = max{|X|, |dX|}.

Proof: Let X € F*(V).
We first show that | X|, < max{|X]|,|dX|}. Suppose o € Py(V). Then for all

TE Pk-l—l (V)7

(X,0) = (X,0—01)+ (X,01)
< (X,0—01)+ {dX,T)
< [X|:|o—0r|+[dX] ||

< max{[X], [dX[}(|o — o7] +[7]).

Taking the infimum over all such 7, we have (X, o) < max{|X|, |dX|}|o],, so | X, <
max{| X]|, |[dX]|}.

To show the opposite inequality, note that for all € > 0, there exists o € Pr(V)
with |o| < 1 so that

(X, o) > [X] —e.

Since |o], < 1, we also have

(X, o) < [Xs.

Hence, | X| — e < | Xy, and so | X| < | X].
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Similarly, for all £ > 0, there exists 7 € Py41(V) with |7| < 1 so that
(X, 07)| = [{(dX,T)| > |[dX]| —e.
Since |07, < |7] < 1, we also have
(X, 07) < |X].

Hence, |[dX|—¢ < | Xy, and so |dX| < |X],. This shows that max{|X]|, |dX|} < |X]|s.

O
3.5 Mass distortion under linear maps

Simplexes push forward in a natural way under (injective) linear maps. Let L :
V' — W be a linear map between Banach spaces and let 0 = [vy, ..., vx] be a simplex
in V. If L maps the affine plane P, into W, then [L(vy),..., L(vy)] is a simplex
in W and we define L(o) := [L(vp), ..., L(vg)]. If L is not injective on P,, then
the image L(c), when considered as a polyhedral k-chain, is equivalent to the zero
k-chain. We then define the pushforward of a polyhedral k-chain A =3%"._, \ \io;
by L(A) =", . nNL(0s).

Moreover, if L is an isomorphism, then L(Jdo;) = 0L(c0) for all i, so L(0A) =
OL(A).

The following lemma shows that the mass of a simple polyhedral chain P increases

by a controlled amount under a linear map.

Lemma II1.13. Let f: V — W be a linear map between k-dimensional Banach

spaces with operator norm || f|| and let o be a simple polyhedral k-chain in V. Then
[fol < 11 f1I¥]e]-
Proof: We use induction on k. The case k£ = 0 is trivial. For k& > 0, we assume

that f is injective since otherwise, the k-dimensional mass of fo would be zero. Now
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assume the lemma holds in dimension £ —1. Given f: V' — W we associate to every

linear map g € W* with [|g|| = 1 a map g € V* that has ||g|| < 1:

gr—g:= s
171
By the definition of mass,
[fol = sup [ [fong '(z)|de
foils ™
g =

fonNfog (m)‘ dx.

By the change of variables z = 77, and the fact that fon(fog 1) (2) = flong1(2)),

we have

|f0| = ~SU.p ||f|| |f0-r‘|(fog—1)(z)|dz
geWw™ R
llgll=1
= sup [|fl|l [ [flong™(2))]dz.
foies  F

Since each g with norm one corresponds to a g with norm at most one, the supremum

in the previous equation gets larger if we take it over all g in V* with norm one:

sup |IfIl [ [flong ' (2)]dz < sup || f]] |flong ' (2))]dz
. ficn F

Each slice f(g7'(2) N o) is a simple polyhedral (k — 1)-chain, so we apply the
induction hypothesis to obtain
ol < sup 171 [ Ao g ) dz = 171 ol
gev* R

lgll=1

]

Let P =) \o; € Pp(V), where the simple polyhedral chains {o;} have disjoint
interiors. Since |P| = > |\ - |oi], we can extend the result of Lemma III.13 to all

polyhedral chains.
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Definition II1.14. The fullness of a simplex o, denoted ©(0), is the ratio

S p—

" diam(o)*’
Given this definition of fullness, Lemma III.13 yields the following corollary.

Corollary III.15. Let f: V — W be a linear isomorphism between k-dimensional

Banach spaces and let o be a k-simplex in V. Then
O(fo) =2 CO(0),

where C = C(| £l 11, k) > 0 depends only on || ], ILf~"]|, and k.

Lemma II1.16. Given a linear isomorphism f:V — W between n-dimensional
Banach spaces and a k-dimensional polyhedral chain P C Py(V'), [ does not increase

the flat norm of P by more than a constant factor:
[f P < CUFILR)IP,-

Proof: Let ¢ > 0. There exists a (k + 1)-chain Q € P**(V) such that |Q| + [0Q —

P| <|P|, + . By Lemma III.13,

FQI < A1 Q)

and
£(0Q = P)| < | fII*]0Q — P|.
Since f and the boundary operator 0 are both linear and f is an isomorphism,

f(0Q — P) = 0(fQ) — fP. Thus,

0(fQ) = fP| < C(If], k)|0Q — PI.
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Putting these inequalities together gives
[fPl, < [fQI+10(fQ) — fP|

max{[[f|1*, [I£1*'} - (1Q +0Q — PI)

< C'(IfILR)IPI + &)

IA

Since € was arbitrary, |fPl, < C'(||fl], k)| P]s- O
3.6 The mass of a flat chain

So far we have only used mass for polyhedral chains. In [Ada08], Adams defines

the mass of a flat chain A to be the quantity
|A| ;= liminf | ;.
P]—>bA

In other words, |A| is the smallest number with the property that there exists a
sequence (F;) of polyhedral chains converging to A in the flat norm whose masses
converge to |A|.

By the lower-semicontinuity of mass proven in [Ada08], this definition of mass

agrees with Definition III.3 on polyhedral chains.



CHAPTER IV

Partial Forms

4.1 Motivational remarks

With an eye toward generalization to the Banach space setting, we begin with a
discussion of Wolfe’s duality theorem in Euclidean space. We first recall the definition

of a flat differential form.

Definition IV.1. Let w: R® — AFR” be a measurable differential k-form, i.e., a
differential form that can be written as w(z) = > a;,.. ;, (x)dz;, - - - dx;,, where the
sum is taken over all increasing sequences 1 < iy < --- < i < n and the coefficient
functions a;, ., (z) are measurable. If the coefficients are also locally integrable, one
defines the distributional exterior derivative dw of w to be the (unique) measurable

(k + 1)-form that satisfies

/dw/\'r]:(—l)kﬂ/w/\dn
Q Q

for every smooth compactly supported (n — k — 1)-form 7, if such a form exists. We

say that w is flat if both [|w|[o < 00 and [|dwl|e < o0, where

||w||00 .= esssup ||w($)||comass-
zeR?

In this case, the flat norm of w is

w]ly := max{|w(|oo, [[dwlloc}-

30
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In the preceding definition, two forms w and W’ are equivalent if and only if
lw — W'|lee = 0. For more details, see [Whi57] and [Hei05]. Whitney’s proof of this
fact uses a technique similar to Lebesgue differentiation to produce the differential
form associated to a given flat k-cochain.

Let X be a flat k-cochain, and fix a point p € R™ and a k-direction v € A R"™.
Let W be the v-superplane containing p. Consider sequences (o;) of oriented, n-full
simplexes in W that have p as a vertex, carry the same orientation as W, and whose
diameters decrease toward zero. Let Dx(p,v) be the following limit, if it exists for

every such sequence (o;):

(4.1) Di(p, ) = Tim 527

s Y

Whitney proves that one can obtain a flat differential form from these limits. We

restate this result (Theorem 5A from [Whi57, p. 261]) below.

Theorem IV.2. (Whitney) Let X be a flat k-cochain in RY, d > k. Then there is
a set Q of full measure in R? such that for each p € Q, Dx(p,v) is defined for all
k-directions v, and is extendable to all k-directions v, giving a k-covector Dx(p).
The function Dx : R — AFR? is a bounded, measurable k-form in R?. Furthermore,
for any k-simplex o in RY, Dx is a measurable k-form on the affine k-plane P,, and
(X,0) = [ Dx.

The same facts are true for the cochain dX. Also, ||[Dx|le = |X| and ||Dix||cc =

dX]|.

Wolfe’s theorem (Theorem 7a, 7b, and 7c from [Whi57, pp. 263-5]) asserts that we
can isometrically identify the space of flat k-forms with the space of flat k-cochains

in R™:
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Theorem IV.3. (Wolfe) Suppose that w is a flat k-form in R™. Then there exists
a flat differential k-form @ such that ||w — Ol = 0 and there exists a unique flat

k-cochain X so that for every simplexr o C R",

/U@:<X,o>.

Furthermore, the flat norms of X and w are isometric, i.e., |wl, = ||©], = | X

In order to generalize Wolfe’s theorem to the Banach space setting, we must first
define a differential k-form on a Banach space V. One natural definition (see [Fed69,
p. 17]) would be to define a form to be a map w: V' — Hom(A;V,R). However, in
order to define a flat form, we desire some notion of equivalence classes of differential
forms, and in a general Banach space there is no natural measure on V that we
can use to construct equivalence classes. More importantly, we would like to use the
Lebesgue differentiation approach outlined above to define the form associated with a
k-cochain. However, this approach only gives a well defined action almost everywhere
on every affine k-plane in the direction of that k-plane. In finite dimensions one can
use Fubini’s theorem to conclude that almost everywhere the action is defined in
every direction (thus proving Theorem IV.2). However, if dim V' = oo, this approach
would not prove even for a single p in V' that w(p)(v) is defined for every k-vector

v, which is necessary for all points p in the domain of w.

4.2 Partial forms

For a classical differential form w on a Banach space V', given a point p € V', w(p) is
a linear map from A,V to R. By the universal property discussed in Chapter II, this
linear map corresponds to a unique alternating k-linear map on the product space

[V]¥. We overcome the difficulties mentioned in the preceding section by defining
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a partial form to be a certain type of function on a subset of the product space
V x [V]F.

Let V be a Banach space, and F': U — R a function on a subset U of the product
space V x [V]. For a point @ = (vy,...,v;) € [V]¥, define the set Uy C V by Uy :=
{p € V : (p,v) € U} and the horizontal slice function by Fy := F(-,7) : Uy — R.
For a point p € V, define the set U, C [V]* by U, := {v € [V]¥: (p,v) € U}. The

vertical slice function is F, := F(p,-): U, — R.

Definition IV.4. Let V be a Banach space, and F': U — R a function on a subset
U of the product space V x [V]*. The function F' is a measurable partial k-form on

V' if it satisfies the following three properties.

(i) For each ¥ € [V]*, Fy is a Borel function, i.e., preimages of open sets are Borel.
(ii) For all p € V, F, is Borel.

(iii) (Multilinearity conditions) For any d-dimensional affine subspace W? C V with
d > k and almost every point p € W, the set [W§]* is in U, and the restriction

of F, to [W{]* is alternating and k-linear.

Notation I'V.5. Let F' be a measurable partial k-form, and p, vy, ...,vx € V. Denote
T = span{vy, vy, ..., v }. If [T]* is in U, and the restriction of F}, to [T]* is alternating
and k-linear, then for any xq,..., 2 and y1,...,yx in T with x1 A ... Axp = y1 A

Ay =v e NT,

F(p,(x1,...,28)) = F(p, (v1, .-, yk)),

so we write

F(p,v) == F(p, (z1,...,7k)).
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In the case that V' = R", the space of measurable partial k-forms coincides with

the space of classical measurable k-forms.

Remark 1V.6. Every partial form can be regarded as a collection of differential forms
on finite-dimensional affine subspaces of V' that agree almost everywhere on the
overlap of the subspaces.

Let F be a partial k-form on V' and let W C V be a d-dimensional affine subspace
of V with d > k. There exists a Borel function wy: W — A¥W, with the following
property. At almost every point x € W, the k-covector wy () satisfies (ww (), a) =
F(z,a) for all @ € AyW,. The function wy is a differential form on the subspace W.
The collection {wy, : W C V'} of these forms has the property that if W and W' are
affine subspaces with dim(W NW') = r > k, then wyrw = wy H™-a.e. on W N W’

However, given such a collection of forms on all finite-dimensional affine subspaces
of V, it is not clear whether one can produce a single function which satisfies all the
conditions of a partial form and agrees with each original form almost everywhere

on the domain of the original form.

Given a partial form F': U — R in a Banach space V' and an affine subspace W of
Vi let U = UnN(W x [W]¥). We define the restriction of F' to W to be the function
Fyw : U — R given by Fy (p,v) = F(p,?) for all (p,v) € U'. We note that almost

everywhere in W, (F), is equal to the form wy (p) from Remark IV.6.

4.3 The comass norm

In this section we endow the space of partial forms with the so-called comass
norm; this norm will be used to define equivalence classes of partial forms and, in
Section 4.7, to define the flat norm on partial forms.

We define the comass, or L*>°-norm on partial forms using the k-dimensional affine
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subspaces of V.
Let F' be a partial k-form. Fix an oriented k-dimensional affine subspace W C V.
By property (iii) of a partial form, for almost every point p € W, F}, is alternating

and multilinear on [W]*. Hence, we may define

(4.2) | F||co,w = esssup | Fp,((v1, ..., k)],
peW

where vy A --- A v, = vy is any representation of the k-direction of W*.
The comass of the partial k-form F' is then the following, where the supremum is

taken over all k-dimensional affine subspaces of V:

(4.3) [Flloo :=sup [|F'[|oowe-
Wkcv

Remark IV.7. The norm || - ||« from equation (4.3) does not match the standard
definition of the comass in Euclidean space. Classically, the comass of a k-form

w: R™ — AFR™ is defined to be

HWHOO := €8Ssup Hw(p)“comass'
peER™

Here ||w(p)||comass represents the Euclidean comass of the k-covector w(p) as defined
in Appendix A. We note that the classical comass of a k-form in R™ can be strictly
less than the comass of such a form with our definition, as shown in the following

example.

Example IV.8. Let w: R? — A'R? be the 1-form

w((z,y)) = xqoy () dy,

where (z,y) € R? The partial 1-form F associated to w (i.e., the partial form F for

which w,(v) = F(p,v)) is given by

F((l’,y), <a7 b)) =b- Xﬂ(x)a
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where (x,y) and (a,b) € R?. As a Euclidean 1-form, ||w||«c = 0, but as a partial

form, || F||s = 1.

If F: Ur — R and G: Ug — R are partial k-forms, let U := Ur N Ug and define
F+G:U—Rby

(F + G)(p, V) :== F(p,v) + G(p,v)

for all pairs (p,v) € U. The function F' + G can easily be seen to satisfy conditions
(i)—(iii) of a partial form. Furthermore, if a € R, we define the function aF': Up — R
by

(aF)(p,?) :=a- F(p, 7).

The function aF is also a partial form. We define an equivalence relation on partial

forms that associates two partial k-forms F' and G if and only if ||F' — G| is zero:
F~G & |F — G|l =0.

Since the comass given by equation (4.3) can be larger than the classical L>*-norm of
a form in R", the equivalence classes determined by equation (4.3) are smaller than
those obtained classically.

The following lemma shows that the space of measurable partial k-forms on V

equipped with this equivalence relation is a linear space.

Lemma IV.9. Let F': Ur — R and G: Ug — R be partial k-forms. Suppose that
F: Uz — R and G: Uz — R are partial k-forms such that F e [F] and G € [G].

Then the partial form F+G is in the equivalence class [F + G].

Proof: Define the set U C V x [V]* by U := Ur N Ug N Uz N Ug. For almost every
point p € W and every ¢ € [Wyl¥, (p,7) € U, and F,, G,, ﬁp, and CNJP are alternating

and multilinear in @ by property (iii) of Definition IV.4. Let H = ((F+G)—(F+G)) :
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U — R. For any (p,v) € U,

H(p,%) = (F(p,9)+G(p, 7)) — (F(p, )+ G(p, 7))

= F(p, U) o ﬁ(p7 ?7) + G(p, U) o G(p, U)

Let W be a k-dimensional affine subspace of V. Since F' € [F], we have ||F — F||o =

0, so
esssup{ F'(p, vw) — ﬁ(]% vw)} =
peW
Similarly,
esssup{G(p, vw) — CN;(]% vw)} =
peW
Hence,

esssup{H (p, av)} = esssup{F(p, 1) = Fp,vaw) + Glp o) = Glp. )} =

pEW
[
We now show that, equipped with the equivalence relation given above, || - ||« is
a norm.
Lemma IV.10. || - ||« is a norm on the space of finite-comass partial k-forms.

Proof: Clearly, |AF|lc = |A|-||F||oo for any A € R and any partial form F. It is also
clear from the definition of the equivalence relation on partial forms that if || F'||, = 0
then F is equivalent to the zero form 0 : V x [V]* — R that maps (p, ) — 0. To
show the triangle inequality, suppose F' and G are partial k-forms. For p € V', denote
as usual by U, the subset of [V]* for which (F' +G), is defined. Similarly, let U} and
U, denote the domains of the functions F, and G, respectively. For all p and all
v e Uy,

(F' + G)(p,v) := w(p, ¥) + n(p, V).
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Thus, for a fixed k-dimensional subspace W* in V with k-direction vy = vi A- - - Ay,

set Uy = (v1,...,vx) so that

|F 4+ Gllwwr = esssup{(F + G),(Uw) : Uw € Up}

peEWE
< esssup {F,(Uw) : Ow € Uy} + esssup {G,(0w) : tw € U}
peWk peEWk

= N Fllocwr + |1Gllo,w-

We then have

(4.4) |F+ Gl = sup [[F+ G|leows
Wkcv
(4.5) < sup ||Fl|lcown + sup [|Gloown
Wkcv Wkcv
(4.6) = [[Fllec + 1G]l
This shows that || - | satisfies the triangle inequality and is a norm on the space of
partial forms that have finite comass. Il

The comass of a partial form F' bounds the comass of the partial form restricted

to any finite dimensional subspace W" of V: || Fiyn||co < || F||co-
4.4 Locally integrable partial forms act on polyhedral chains

In order to integrate a partial forms over polyhedral chains, we consider pullbacks

of partial forms under affine transformations.

Definition IV.11. Given a partial k-form F and an affine k-plane P, let L be
an orientation-preserving affine isomorphism from R* to P. Then F(x,vp) is well-
defined for almost every x € P. The pullback L*F is a top-dimensional differential

form on R* given by the formula

L*F(y,ex N+ Neg) := F(L(y),vp).
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The pullback L*F is defined on almost every y € RF.
Suppose that L is another orientation-preserving affine isomorphism from R* to
P. The pullback L*F is also a top-dimensional differential form on R¥, and can be

again pulled back under the map T' = L~'o L. Then we have
T*(L*F)(y) = L*F(T(y)) = F(L o T)(y),vp) = F(L(y),vp) = L"F(y).

Thus, if L*F' is locally integrable, so is L*F. We use this fact to define a locally

integrable partial k-form.

Definition IV.12. A partial k-form F' is locally integrable if for every affine k-plane
P there exists an affine isomorphism Lp from R* to P so that the pullback L F is

locally integrable.

Hence, a locally integrable partial k-form has an intrinsic integral over simple

polyhedral chains ¢ in V' given by these pullbacks. In particular, if P is the k-plane

/F::/ L*F,
o L;,lo'

where the integral on the right-hand side is taken with respect to Lebesgue k-measure

containing o, then

LF on R¥. This integral is well defined by the preceding remarks.
Hence, a locally integrable partial k-form F on a Banach space V' acts in a natural

way by integration on k-dimensional simplexes ¢ in V:

(F,o) :—/UF<oo.

In the following lemma we show that one can actually regard the action of ' on o

*

as integration in V' with respect to Adams’s mass measure (Gromov’s mass*-measure)

on k-dimensional planes.



40

Lemma IV.13. If F is a locally integrable partial k-form and o is a k-simplex in

V., choose Uy = (v1,...,v) € [V]¥ so that vy = vy A -+ Avy,. Then

(F,o) = /F(n ¥,) dM*(p),

where M¥ is the k-dimensional mass* measure on the affine k-plane containing o.

Proof: Fix an affine isomorphism L from R* to the affine k-plane P containing o.
We first use Wenger’s Lemma to calculate the pushforward of the measure H* under

L; i.e., we calculate the constant C for which L,H* = CMF*. (Note that C' depends

on the k-direction v, of 0.) Let (e1,. .., ex) be the standard orthonormal basis of R*.
Then the measure of the k-simplex [0, e, ..., e is
1

— =H"0,e1,...,ex] = LHF[L(er), . . ., L(ex)]-

On the other hand, by Wenger’s Lemma, the Adams mass of the simplex

[L(0), L(er), ..., L(ey)] is
(4.7) I[L(0), L(er), - .., L(ey)]| = %HL(el) A A L(ew) |l

Since L,H*[L(ey), ..., L(ex)] = C|[L(e1),. .., L(e)]|, we conclude that

1

=T A A L)

Then

<F70> =
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However, for almost all p € o,

F(p, (L(ex), - -, Llex))) = [[(L(er), - - Lex)lm - F(p, U5)-

Thus

[P0 L) d L)) = o) Ae ALl [ F .5 dLH) )
— [P i)

completing the proof. 0

Corollary 1V.14. For any polyhedral k-chain A,
(4.8) [(F, A < [A] - [ Floo-
Proof: The statement follows from Lemma IV.13 equation (3.8) O

The following lemma shows that if two locally integrable partial forms act identi-

cally (by integration) on all polyhedral chains, the forms are equivalent.

Lemma IV.15. Suppose that Fy and Fy are locally integrable k-forms such that for

all polyhedral k-chains 7, (Fy,7) = (Fo, 7). Then Fy ~ Fy, i.e., |[F) — Fy||o = 0.

Proof: Let P be a k-plane with k-direction v = vp and let L: R¥ — P denote the
Vk-bi-Lipschitz linear isomorphism given by Theorem II.8. As in Definition IV.11,
the pullbacks L*F, and L*F, are measurable, locally integrable functions on R¥. As
classical top-dimensional forms (i.e., functions on R¥), d(L*F}) = d(L*F,) = 0.

By assumption, for any polyhedral k-chain 7 in R¥,

/L*Fl :/ F :/ F, :/L*FQ.
T L(T) L(T) T

The Euclidean flat form (L*F; — L*F3) is identified with the zero cochain via

Wolfe’s theorem (see Section 4.1), since for any 7,

<L*F1 — L*FQ,T> = /L*Fl — L*FQ = 0.

T
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Again by Wolfe’s theorem, the flat norm of L*F; — L*F; as a flat differential form is

zero, and so

(4.9) |L*Fy — L*Fy||o := esssup{(L*F; — L*F3)(x)} = 0.

z€Rk

Equation (4.9) implies that (F}), — (Fy), = 0 almost everywhere on the affine

k-plane P. Since P was arbitrary, ||(F} — F3)||ec = 0, so F} ~ F. O
4.5 The exterior-d operator

In this section we define the exterior derivative of a locally integrable partial form.
Not every locally integrable partial form will have a derivative, but if the derivative
exists, it is defined (up to equivalence class, see Lemma IV.15) by its action on

polyhedral chains of the appropriate dimension.

Definition IV.16. Suppose that F' is a locally integrable k-form. Then dF' (if it
exists) is the locally integrable (k4 1)-form such that for all polyhedral (k+1)-chains

T,

(4.10) (dF,T) /dF / (F,0T).
or

To show that the exterior-d operator is well defined, suppose that F; and F5 are
equivalent partial forms (i.e., [|[F} — 5| = 0) and that dF; exists. If 7is a (k+ 1)-
chain, then F} = F; almost everywhere on 071, so (dFy,7) = (F,0T) = (F,,07), so
dFy is the exterior derivative of F5.

Suppose F' and G are locally integrable partial k-forms for which the (k + 1)-
forms dF and dG exist. Since the action of forms on polyhedra is linear, the partial

(k + 1)-form d(F + G) exists and equals the partial (k + 1)-form dF + dG, since for



43
all polyhedral (k + 1)-chains T,

(d(F +G),7) = (F+G,0r)
= (F,07)+ (G,0r)
= (dF,7)+ (dG,T)

= (dF +dG,T).

Thus, the exterior d operator is linear. Furthermore, equation (4.10) implies that
d*F = d(dF) = 0, because 91 = 9(07) = 0 for any polyhedral (k + 1)-chain 7.
Remark TV.17. Our notion of an exterior-d operator is motivated by the concept of a
weak derivative. Recall that for u,v € L'(R), v is the weak derivative of w if for every
continuously differentiable, compactly supported test function ¢, [, u(t)¢'(t)dt =
— Jav(t)e(t) dt.

In the setting of partial forms, we require equation (4.10), that the exterior deriva-

tive satisfy Stokes’s theorem for all test polyhedra.

4.6 The wedge product of partial forms

Let S,, be the symmetric group consisting of all permutations of the set {1,2,... n}.
If o is a permutation in S,, we denote the sign of ¢ by sgn(o).

Suppose that F': Upr — R is a measurable partial k-form and G: Us — R is a
measurable partial /-form according to Definition IV .4.

Towards defining the wedge product of the forms £’ and G, we first define a set U C
V x [V]**¢ which will be the domain of this wedge product. A pair (p, (v1,. .., V)

is in U if and only if for all permutations o € Sk,

(p, (UU(l), S ,Ug(k))) e Ur and (p, (Ug(k+1), o ,Ua(k+g))) € Ug.
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The function F'A G: U — R is then defined by the formula

(4.11) (F AG)(p, (1, ..., V) i=

(] g > sgn(0) - F(p, (Vo(1), - Vor))  G(0: Watksn)s - - - Vo(rn);
0ESk+2e
where p,vy,..., 0610 € V.

We now show that F' A G satisfies the conditions for a partial form. Property (i)
is clear; for any @ = (vy,...,v5¢) € VE (F A G)y is a Borel function. To see
property (ii), let p € V. Since both F, and G, are Borel, the function (F' A G), is
Borel.

To show property (iii), fix an affine space W with d > k+¢. If spanwvy, ..., vge C
W¢ (i.e. W9 is a U-superplane) then for all permutations o € Sy, W% is both a
(Vo(1), - - - » Uo(k))-superplane and a (Uo(k+1); - - - , Vo(kte))-Superplane. Hence by prop-
erty (iii) for F' and G, for almost every p € W< and every ¥ € [V]*, the values
F(p, (Voq1), - - Vor))) and G(p, (Vo(k+1), - - - » Vo(k+e))) are defined for all permutations
0 € Sk, 50 HYW4\ Uy) = 0. Furthermore, by construction, at almost every point

p € Wi (F AG), is alternating and (k + ¢)-linear on [W]*+*.

4.7 The flat norm on the space of partial forms

We are now ready to define the space of flat partial k-forms, denoted F*(V/).

Definition IV.18. Let F' be a partial form for which the exterior derivative dF
exists. The form F' is a flat partial form if and only if ||F||« and ||dF||« are both

finite.

We note that the definition above implies that flat forms are locally integrable.

Given a flat partial k-form F' € F*(V), we set

[E]ls = max{[| Fl|oo, [[dF oo }-
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By the linearity of the exterior-d operator and the fact that comass is a norm on
locally integrable partial forms, || - ||, is a norm (called the flat norm) on the space
of flat partial k-forms.

The following lemma discusses restrictions of flat partial forms in a Banach space

to finite-dimensional subspaces.

Lemma IV.19. Let F' be a flat partial k-form on the Banach space V' and suppose
W is a finite-dimensional subspace with dimension at least (k+ 1). Then both Fy
and (dF)w can be regarded as classical flat forms Fy: W — A*W and (dF)w: W —
AW FPurthermore, the exterior derivative (in the sense of distributions) of Fy is

the form (dF)w, i.e., d(Fw) = (dF)w.

Proof: That Fyy and (dF )y can be regarded as classical flat forms Fyy: W — AW
and (dF)w: W — A* 1 follows from property (iii) of Definition IV 4.

Let d be the dimension of WW. By pulling back to R? and applying Wolfe’s theorem
(Theorem IV.3), Fyy has a well defined trace on every k-dimensional affine subspace
of W and is associated with a unique k-cochain X for which (X,0) = [ Fy. The
exterior derivative of F' in the sense of distributions, denoted d(Fy, ), is a function

d(Fyw): W — AF1IV that satisfies Stokes’s theorem for any polyhedral (k+ 1)-chain

[ [

By Wolfe’s theorem (again pulling back to Euclidean space), d(Fy ) corresponds

7in W:
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to a unique flat cochain Y with

o) = farw)

This shows that d(Fw) = (dF)w as cochains; hence they are equivalent as (k + 1)-

dimensional differential forms.

Corollary IV.20. Let F' be a flat partial k-form on the Banach space V' and suppose
W is a finite-dimensional subspace with dimension at least (k+1). Then || Fyn||, <

1£]]s-

Proof: By definition, ||Fw|loo < ||F|lco and ||(dF)w ||oo < ||dF||oo- Thus,

[Ewlly = max{[|Fw oo, [ld(Fw)lloo }

IA

max{ || Fyw | oo, [[(dF)w [|oo }

IN

max{|[Floo, [|dF]|oo }

= (£

]

In Proposition IV.23 below, we show that the wedge product of flat partial forms
is a flat partial form, a fact which gives the set of flat forms the structure of a graded

algebra. To do this we need the following two lemmas.
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Lemma IV.21. Let F' and G be partial k- and £-forms, respectively. Then
[1F'AGllos < C(k, O Fllos |Gl

Proof: It suffices to show that for any (k + ¢)-dimensional affine subspace W in V,
|F' A G||s,w is bounded above by a constant that is independent of W.

Let W C V be an affine subspace of dimension (k+/). For almost every p € W+,
sup{F,(n) : o € MeWo, [|pallmmx = 1} < [[F'l|o,w,

sup{Gp(7) =7 € AWo, 7l = 1} < |G locw,

and [Wy]*** is contained in the domain of (F' A G),.

Let p be such a point and let v be a (k + ¢)-direction. Fix vy, -+, vg4e in V so0
that |v;] = 1 for i = 1,...,k + ¢ and so that v = v3 A -+ A vg4e. Then for every
permutation o € Siis, Vo) A+ AUgr) is a k-direction and vy(gq1) A« A Ug(htr) is
an (-direction.

Hence,
(FAG)p(vr, -+ 5 Urte)
1
= m Z SgIl(O’) . Fp(va(l) FANRAN Uo(k)) . Gp(va(k+1) VANAN Ua(k+€))-

Because the partial forms F' and G both have finite comass, for almost every p in

W, (F ANG), is defined for every v € Ay W and

(F N G)p(v1 VANRIERIA Uk+g)

1
= (k? + 4)' ngn<0) ’ Fp(va(l) ARERWA Ua(k)) : Gp(vg(k+1) VANIAN Ua(k—‘ré))

1
F .
<k+e>!0<k»f>§u olloe - 1Gloc

IN

= Ok, O] Fplloo - 1Gpll oo
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for every (k + ¢)-direction vy A -+« A Ugip in Ay WV,
This shows that || FAG|| et < || F|lco,w - ||Glloow for every (k4 £)-dimensional

affine space in V', which proves the lemma. O

Lemma IV.22. (Leibniz rule for differential forms.) If F is a flat partial k-form

and G s a flat partial {-form then
d(FAG)=dF NG+ (—-1)*F A dG.

Proof: The proof proceeds by reducing to the Euclidean case where the Leibniz
rule holds. Let 7 be a (k + ¢ + 1)-dimensional simplex and W an affine subspace
containing 7. Then (F'A G)w = Fy A Gy, and by Lemma IV.19, d(Fw) = (dF)w

and d(Gw) = (dG)w . We also have the usual equation

d(F A G)w = d(Fw) A Gw + (=1)"Fiw A d(Gw).

Thus,
(d(Fw) A Gw + (=1)*Fw A d(Gw)), ) = ((F A G)w, 7).
Hence,
((dF NG+ (-D)*FAdG),T) = (F AG),0T),
and so d(F A G) = dF A G+ (—1)*F A dG. O

Proposition 1V.23. Given a flat k-form F and a flat (-form G, the (k + {)-form

F NG is flat.

Proof: By Lemma IV.21, ||[F' A Glloc < co. By Lemma IV.22 and the triangle
inequality, ||d(F A G)||eo < ||dF A Glloo + ||F' A dG||oo- Since both F and G are flat,
all four of the following quantities are finite: ||F|loo, [|Glloos [|dF |00, [|[dG]|oo- Thus,

by again applying Lemma IV.21, ||[d(F A G)|| < 00, and hence F' A G is flat. O
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Remark 1V.24. Proposition 1V.23 provides a rich source of examples of flat partial
k-forms. Any bounded Lipschitz function f: V — R is a flat 0-form, and for any such
f, df is a flat 1-form. Hence, if f1,..., fi are Lipschitz functions, then df; A--- A dfy

is a flat partial k-form.



CHAPTER V

Embedding the Space of Flat Partial Forms into the Space
of Flat Cochains

In this section we will define a linear isometric embedding from the space F¥(V)
of flat partial k-forms to the space F*(V) of flat k-cochains.
We first note that a locally integrable partial k-form F' induces a linear functional

X on the space P,V of polyhedral k-chains by

XFa / / pavﬂ dM )

for every polyhedral k-chain o. If F is a flat partial k-form then the induced linear
functional Xr is bounded in the flat norm. We define the map ¥ : F¥(V) — F*(V)

by F'— Xp. Note that for 7 € Py,

(X, 7) / dF — / (X, O7) = (dX e, 1),

SO XdF = d(XF)
The map V¥ is clearly a linear map, since the integration action of a form on a

polyhedral chain is linear. We now show that W is an isometry, i.e., that || F||, =

| Xy

Theorem V.1. The map ¥ : F*(V) — FX¥(V) defined above is a linear isometric

embedding.
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The proof follows directly from Lemma V.2 and Lemma V.4.
Lemma V.2. If F is a flat partial k-form, then | Xg|, < ||F||s.

Proof: First, we note that for arbitrary polyhedral chains ¢ € Py and 7 € Py1,

(Xp,0) = (Xp,0—071)+ (Xp,07)

_ / F+/ F
o—0T or

= / F+/dF
o—0T T

< N Flloo - lo = 07| + [|[dF[|oo - I7]

< max{||Fllo, [[dF]loc} - (Jo = O7[ + [7]).
Since this is true for all 7 € P41,

(F,0)

IN

max{[| Fl|oo, [[dF oo } - inf(jo — 7] + |7])

< [E1s - lols
[l

In order to prove the other inequality (|Xg|, > || F|,) we first prove some inter-

mediate results.

Lemma V.3. Let F' be a flat partial k-form. Then

sup || Fl[eowr < | Xpl.
wWkcv

Proof: By Definition II1.11, | Xp| = sup{(Xp,0) : 0 € Py, |o| < 1}. If we consider

only k-simplexes ¢ in V| the supremum decreases, so

| Xr| > sup{(Xp,o): 0 asimplex, |o| <1}

X
= sup {<|Z—’|0> toa simplex}

(Xp,0i)

—2O'Z'CWk,Ui\ZE}}.
|77

(5.1) > sup sup {limsup{

WkCV zeWk 1—00
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In inequality (5.1), the limsup is taken over all sequences of simplexes (o) in Wk
containing x as a vertex, with fullness bounded away from zero, and whose diameters
decrease toward zero. This quantity decreases still more if the second supremum is

replaced with an essential supremum:

XF,0;
(5.2) | Xr| > sup esssup {limsup {<|F—’U> cop CWE o\, x}} )

WkCV zeWk 1—00 z|

As noted in Section 4.7, Fyy is a top-dimensional form on W = W* with

[Ew lloo = (1 loo,w-

We equip W with a Euclidean norm by identifying W with R¥. We denote k-
dimensional Lebesgue measure on W by | - |g := £F(). Fix a mass*-k-direction
v € AW and normalize v by its Euclidean mass |v|s to obtain a Euclidean k-

direction ﬁ Define a (top-dimensional) Euclidean k-form FE : W — R on W

by
FE(2) := Fy <x, V—W>
v 2
By construction, ||F{f /e = mHFWHoo < co. Hence, F is a Euclidean flat form on

W (with the Euclidean norm), so by Wolfe’s theorem (Theorem 7c¢, [Whi57, p. 265])
F is equivalent to the form ﬁfi defined by

(Xp,0)

\Uz'|E

FP(z) :== lim {

' :aicwk,ai\x},

i—o00

where the limit, which exists for almost every x € W, is taken over all sequences of
simplexes (o;) in W containing z as a vertex, with fullness bounded away from zero,
and whose diameters decrease toward zero. This shows that || FEZ e = || FE||so-

Since Wenger’s Lemma (Lemma I11.8) implies that |o;|p = |vw|g|oi|, the function

Fy on W defined by

Fy(z) := lim {M Loy CWE o\, x} = (|vw|p)FE ()

!Uz‘\
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is defined for almost every p € W.

Hence,

Fwllo = lwle - [1F0lle
= lvwle | Fylle

= [[Fwllo-
Since by equation (5.2), | Xp| > || Fw [l = [|Fw oo = |Fllocw,

| Xr| 2> sup [|Flleowr = [[F]oo-
Wkcv

Lemma V.4. ||F|, < || XF|-

Proof: By the definition of the comass norm || - ||, we have the equality
(5:3) 171 =] sup [Pl s [[dF oo |
Wkcv Wkticv

The terms on the right-hand side of equation (5.3) are bounded above by Lemma V.3:
sup ”FHOO, wk < |XF’7
Wk

and

sup [|dF ||, wier < [Xgp| = [dXF|.
Wk+1

Combining the two preceding inequalities with equation (5.3) and applying

Lemma III.12, we have
[ Ely < max{|Xp|, |[dXp|} = [Xpl,

as desired. O



CHAPTER VI

Wolfe’s Theorem in a Banach Space

In the last chapter we showed that there is a linear isometric embedding ¥ from
the space F*(V) of flat partial k-forms to the space F*(V) of flat k-cochains.

The main result of this chapter is the following theorem.
Theorem VI.1. The map V¥ : F*(V) — F*(V) is surjective.

Theorem I.1, the Banach space analog to Wolfe’s theorem, follows from Theo-
rem VI.1 and the results of the previous chapter.

We will show that U is a surjective map by finding, for each flat k-cochain X, a
flat partial k-form F'yx with the property that ¥(Fyx) = X.

Let X be a flat k-cochain, and fix a point p € V and a k-direction v € A V. Let
W be the v-superplane containing p. Consider sequences (o;) of oriented simplexes

in W that satisfy the following three properties:
1. for all 7, o; has one vertex at the point p and has the same orientation as W,
2. as i — oo, oy — 0,
3. there exists n > 0 so that O(o;) > 0 for all 1.

Let Dx(p,v) be the following limit, if it exists for every such sequence (o;) of sim-

o4
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plexes:
X
(6.1) Dx(p,v) := lim < | ’U‘Z>
1—00 o;
In the case that v is a nonzero simple k-vector we define Dx(p,v) := |v|Dx (p, ‘—Z|),

if v is the zero vector, we set Dx(p,v) = 0. This construction is analogous to that
of Whitney in the Euclidean case; see Section 4.1.

We now define a set U C V x [V]* and a function Fx: UxV* — R, which will turn
out to be the partial form we seek. The set U consists of those pairs (p, ¥') for which
the limit Dx(p, u(¥)) exists and is finite. (Recall that p(vq,...,vg) = vy A+ A vg.)

The function Fly is given by

Fx(p,v) :== Dx(p, u(0)).
Theorem VI1.2. Fx is a partial k-form.
We begin by proving that the horizontal slices of F'x are Borel.

Proposition VI.3. Suppose that X is a flat cochain in a Banach space V. Then
for all (vy,...,v) = T € V¥ the restrictions (Fx)g: Us — R defined by (Fx)s(p) =

Fx(p,7) = Dx(p,v1 A\ --- ANwyg) are Borel functions.

Proof: We will first show that the set Uz is Borel. Let v = (vy,...,vx) be a k-
tuple such that v = v; A -+- A v has unit mass. Let o C span{vy,...,v;} be a
nondegenerate simplex containing the origin. Now, for p € V, let T,0 denote the
simplex o translated by p. In particular, 7,0 has fullness ©(c) and one vertex at the
point p.

Define the map ¢g,: V — R by

9o(p) == (X, T,0),
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and define

1

9o (p) = mgo (p) .

For any choice of v and any subsequent choice of o, we show that the map g, is
continuous, and hence, that g, is continuous.

For a unit vector 4 € V and § > 0, set p’ := p + du. Denote by 7 the (possibly
degenerate) (k + 1)-dimensional prism that is the convex hull of T,0 and T},0, and
orient 7 to match the orientations of —7,0 and T,y0 on those simplexes. We can

bound the flat norm of 7,0 — T)yo using the (k + 1)-chain 7:

T,0 —Tyol, < [(Tpo—Tyo)— 01|+ |7|

< Cipl6(k + 1) diam(o)** + §|o]].
Thus,

19:(p) — 9. (P)| = [X,Tpo) — (X, Tyo)
= (X, Tpo —Tyo)|
< X [Tho — Tyol,

< |X], - Cp((k + 1) diam(c)*™ + |o]) - 5,

50 |95(p) — 9-(P')| — 0 as 6 — 0.

This shows that g, is continuous. Since |o| is constant, the normalized function
Jo = ﬁgg is also continuous, and hence a Borel function.

As a k-dimensional linear subspace of V', P, is separable. Fix a countable dense
set () of points in P, and consider the set of ordered k-tuples of elements in ().
Define the set G, to consist of oriented k-simplexes with vertices 0, x4, ..., ), where

(x1,...,71) € [Q]*. Note that each oriented simplex with one vertex at zero cor-

responds in a natural way to an equivalence class of k-tuples. Here, two k-tuples
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(vi,...,v) and (wy,...,wy) are in the same equivalence class if they contain the
same set of & points and if there exists a permutation o of sign +1 so that v; = wy()
for all 7. Since the set of k-tuples is dense, the (countable) set G, of simplexes gen-
erated by the set of ordered k-tuples chosen above is also dense (with respect to the
mass norm) in the set {[0,vy,...,vx] : v1,...,vx € P,} of simplexes in P, with one
vertex at 0. To see this, let S = [0,vy,...,v,] be a simplex with vy,..., v, € P,
and choose sequences (x}), ..., (z¥) in Q with ] — v; for 1 < j < k. The sequence
(S;) = ([0, z}, ..., 2F]) of simplexes approaches S in Hausdorff measure and hence in

the mass measure.

For n € R*, let G,, := {0 € G, : ©(0) > n} and define the function D% : V x

AV — R by
(6.2) D% (p,v) := liminf irglf 9s(D)-
m—oo o&€Yyn
lo|<1/m

Similarly, define Dy : V x AV — R by

(6.3) Dx(p,v) = limsup Sup ()
m—0o0 o€Yu,n
lo|<1/m

For fixed v and 7, the functions D% and EWX are Borel functions of p. We see
that the subset of V' where D% (-,v) < oo is Borel, so the set where D% (-,v) = o0
is also Borel. Similarly, the subset of V' where D% (-,v) > —oo is Borel, so the set

D

where D% (-,v) = —oo is Borel. In addition, the set in V' where D% (-,v) = Dx(-,v)

is Borel. Thus, the subset
SVJ] = {pe V N <QT)](<paV> :m(pvlj) < OO}

is Borel.

The set Uy (the domain of the function Fy) is clearly contained in S, for all
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n > 0, so
Uz C ﬂ SM 1.
=1

On the other hand, suppose p € (2, S, 1 and let (7;) be a sequence of simplexes
in P, whose diameters shrink to zero and such that each simplex 7; contains the
point p and has fullness greater than 7. Approximating each simplex 7; in the mass
norm by a sequence of simplexes O';- and using a diagonalization argument, one can
show that the limit Dx(p, v) exists and equals the limit D% (p,v) = D% (p,v). Thus,

Us D21 S,,1, and so

Qs

/=1

=

This shows that Uy is Borel.
To see that the function Fj is Borel, note that at any point p in Uy, D% (p,v) =

E; (p,n) for every fixed n. Hence, we may define the function D% : E, x A,V — R

by
(6.4) D% (p,v) := lim sugp 9o (p).
m—oo  seg.
©(0)>n

‘U|mass<1/m

Since D% (p,v) is Borel for the fixed k-direction v and fullness 7,
(Fx)s(p) = Dx(p,v) = lim DY'(p,v)
is also a Borel function. It follows that (Fy )z is a Borel function for all #in V*. [

Towards proving Theorem VI.2, we prove the following proposition, which will be
used to prove that Fx satisfies properties (ii) and (iii) of a partial form. The propo-
sition, whose proof relies on Theorem II.8, essentially says that if two k-directions
a and 3 are sufficiently close in the mass* norm, then they can be represented as
a=1u N---ANu and g = v A --- A v, where the components of o are “almost

orthogonal,” as are the components of 3, and where for each ¢, u; is close to v;.
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Proposition VI1.4. For k > 0, there exists a constant B = B(k) > 0 depending
only on k so that the following is true. Let o, be k-directions in AV such that

|l = B||mx < B. Then there exist uy, ..., u and vy,...,vx in 'V so that
(1) o =uy N+~ Nug and §=vy A+ A g,

(11) for all A\y,..., \x € R,

k 1/2 & 1/2
’)\1U1++)\kuk‘v ~ (Z)\?) and ’)\1U1+"'+)\kvk|v ~ (Z)\?) s

i=1 i=1

with similarity constants depending only on k,
(1i1) for all i in {1,... k}, |u; — vi|ly < c(k)|la = Blm*

Let v = vy A -+ Avg be a simple k vector in AV and L : W — V an injective
linear map between finite-dimensional Banach spaces. We denote the vector L(v) :=
L(vi)A---AL(vg). If v € AV is an arbitrary k-vector with representation v = > \;i;
where each v; is simple, let L(v) := > \;L(v;). Furthermore, suppose ¢ € W*. We
define L( € V* to be the composition L := (o L%

The following lemma is the first step in proving Proposition VI.4.

Lemma VI.5. Let a and (3 be k-directions in AV, P, :=span{u; : i = 1,... k},
and Py := span{v; : i = 1,...,k}. Let V¥ = span{P,, P3} and d = dimV°". Let
L: RY — VP be the V/d-bi-Lipschitz John map from Theorem I1.8. Then there exists

a constant C depending only on k so that
(i) gllellmr < IL7H @) [lmr < Cllatllms,
(it) Gllor = Bllms < IL7H @ = B) = < Cllar = Bllm=.

Proof: By definition

][ = sup{(a,&) : E =& A N, &G € VT |&lv < 1}
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Suppose that ¢; € (RY)* fori = 1,...,k all have |Gil(may« < 1. It suffices to show that

(L7H(@), G A A G| < ek el

Since L is a v/d-bi-Lipschitz map,
| LGl (vasy- < \/;l!Ci|(Rd)* <.

By the Hahn-Banach theorem, we may extend each L{; to a linear functional [jzl on

5]

E = d=*/2(L¢ A -+ A LG). Then the

ve <Vd Let § = LA AL

V with |L¢; e

S

mass of £ is bounded by 1:
A2 LG A - A Ll < dM?|LG| -+ | LG < 1.
Thus we have the following estimate:

(L H@), G A AGY = [{a LG A~ A LG
= [, LG A -+ AL

< d"?|{e, )]

IN

A" 72| | -

Since k < d < 2k, let C' = (2k)*/2. Then we have || L™ () ||m* < C|c||m*-
A similar argument using ¢; € (V)* with || (vesy- < 1 for i = 1,...,k shows
that for C' = (2k)*2, ||a|lm* < C||L7'(a)||m+. This proves part (i) of the lemma.

Part (ii) is proven in the same manner. O

Lemma VL.6. The norms || - ||m+ and | - |2 on AyR?, d > k are equivalent up to a

factor that depends only on k and d.

Here, the norm | - |5 refers to the Euclidean mass norm on k-vectors described in

Appendix A.
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Proof: Let {ey,...,eq} be the standard orthonormal basis of R?. Then B = {e;, A
o Aej, 11 <y < -+ < < d}is an orthonormal basis of AR? (with respect to
the norm | - |2) and for every b € B, |bls = ||b||m* = 1. Let | - |; denote the L' norm
on A;RY, and let | - |o denote the L™ norm on A;R?. By the triangle inequality, for
any v € AyR?,
Wl = |2l
After uniquely representing v as Y | A;by for by € B and applying the definition of the
mass™ norm we have
[l > max{Ar} = [V]oo.
Thus, by John’s theorem,

1

Ve

where C' = (Z) ]

V]2 < Voo < [Vt < Il < VClvls,

Proof of Proposition VI.4: Throughout the proof, we abuse notation and use c(k)
to denote a constant depending only on £, although the specific constant referred to
may be different in different instances.

As in the Lemma VL5, let V* = span{P,, P3}. Let d < 2k denote the dimension
of V5. Let L: R — V* be the v/d-bi-Lipschitz John map from Theorem II.8.
Denote the simple k-vectors L™*(a) and L™1(8) by L™} (a) = o/ and L7Y(B) = 3,

’ /

and let the associated k-directions be af, := o and Bl = T3 By Lemma VL5,

lo = Bl = I1L7H (@ = B)lm= < ()l = Bl

Combined with Lemma VI.6, this implies that

o = B2 < e(k)lla = Bllm=.



62

Choose the constant B so that
(6.5) |a6 — ﬁ(’)|2 <1

whenever ||a — f||m+ < B. Thus, for a and § with ||o — §||m* < B, the orthogonal
projection mapping from the plane determined by the k-direction af to the plane
determined by (] is an isomorphism. Moreover, by [Whi57, 1.15], inequality (6.5)
implies that the angle 6 between the k-planes L' Py and L™! P, satisfies cos > 1/2.

We now choose specific representations of the k-directions «f and ). To do
this, choose an orthonormal basis ey, ..., e, of the (Euclidean) plane L™'P, = P,
spanned by the components of . (Choose this basis so that e; A -+ A e, has the

same orientation as «’.) Since Wenger’s Lemma implies that [le; A -+ A eg||m* = 1,
e=e N Nep = .

Let p be the Euclidean projection of R? onto the plane L™'Ps = Pg, and denote
x; = p(e;) for i = 1,..., k. The vectors x,...x; form a basis of P;-15, which we

normalize as follows:
T
(g A - e e A g ) 5

so that ||[Z7 A -+ ATg||m* = 1. Then
f::gj‘_l/\.../\x_k:ﬁé_

Inequality (6.5) allows us to bound the quantity ||z A -+ A 2g||m*; by [Whi57, 1.15]

and Wenger’s lemma,

1 1

6.6)  llwr A- Awpllwre = lIp(en) A - Aplen)llme = Sller Ao Aerllme = 5
We push the vectors eq,...,ex and Zy,...,7; forward by the map L and re-
normalize to obtain the vectors uy, . .., ug and vy, . . ., vy from part (i) of the statement

Lei Lz; fori=1,... k.

—==i__ and v; = —(——
YL ()| VL@ ||

of this proposition: Set u; =
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By construction, ||u; A« - Aug||m* = 1, 80 @ = ug A+ - - Aug. Also, for Ay, ...\, € R,

|>\1U1 4+ 4+ /\kukh/ >~ |L71<)\1'LL1 + -+ )\k’uk)|Rd

= ’)\1L71(u1) + -+ )\kal(uk)\Rd

A S G
S SRS W S
VIIL(€) || m* VL) [m* | pa

>~ |/\161 + -4 )\kek|Rd
1/2
— (k) (Z A?) .

In the preceding sequence, (6.7) follows from Lemma VI.5.
Since vy A« - - Avy has unit mass*, vy A---Av, = £/, and since « and [ are close in
mass*, v; A---Avg = 8. Also, since T is a k-direction in R? and L is v/d-bi-Lipschitz,

Lemma VL5 implies that || L(Z)||m* == c¢(k)||T||m* = c(k). Thus, for A, ...\ € R,

|>\ivi|v g L_l Z )\ivi

R4

Z;
YRS —
2 VL) || e
> Z)\ifi

Furthermore, by inequality (6.6), &/[|z1 A -+ A 2g|lmr ~ 1, s0

Ra

Rd

This proves part (ii) of the proposition.
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Finally, for each ¢, we have

s — v L L7
U; — Vily = — —
YIEOTwe Y/ TE@ e |,

=k ’ei - x_i|Rd

— e — p(es)
Yl A A gl |
(6.8) ~ |ei — p(€i)|ga
< cb)lla’ = B'|w>

< elk)ller = Bl

Equation (6.7) holds because by Lemma VI.5, both ||L(e)||n* and || L(T)||n+ are

comparable to 1 with comparability constants depending only on k. Equation (6.8)

again uses the fact that {/||z; A -+ A 2|+ ~ 1. This shows that

i = vilv < (k) = |mx.
O

In the situation of Proposition VI.4, we can define a linear map =« from P, onto

the plane Ps by the following formula:
k k
i=1 i=1
By Proposition VI.4,
(6.10) [z = 7(x)|v < ck)]] - fla = Bllw:
for all x € P,.

Lemma VI.7. Let a and [ be k-directions in AV so that ||a — ]| is less than

the bound in Proposition VI.4. Suppose that o C P, is an n-full simplex of diameter
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at most 1 and one vertexr at 0. Let m be the map given in equation (6.9). Then

(o) o

7o) ol

(6.11)

S Ck,n : “Oé - ﬁ”m*;

b

where, in particular, C,, does not depend on the mass of o.

Proof: By the linearity of the map 7,

yea o o xea _71'0 71'0_ g
mol ~Toll, = [fwol ~Tol " 1ol Toll,
< trop,. ol =l | fro —ol
nol - Jol o]
< nof. Il =l | 1ro —ol,
7ol Jo] ol
lol = [ol|  Ixo —al,
o] o]

—|ma]|

Hence, assuming ||ov — ||+ is sufficiently small, it suffices to show that i o] and

|ro—al,

o1 are each bounded by a constant multiple of |l — B||m* depending only on k

and 7.
Part I: We first show that W is bounded above up to a constant factor by
|l = B|lm*. Let 0 = [0,21,...,2] and wo = [0, 721,...,7xK]. One may choose

|| = llo|=|ma]|

“normalized simplexes” ¢’ and 7o’ so that |0'| = 1 and ||0'| — |70 o]

as
follows. By the scaling lemma for mass from [Ada08], |\a| = \¥|o| for any positive

real scalar \. Thus,

g

L= || = 10 0o e ol ™).

and

To e — -

’|0|‘ = |o| = ([0, |o] Ve, ..ol l/kﬁxk]"
We denote the vertices of o’ by {z} :i=0...k}, where 2j = 0 and 2} = |o|~/*7z;.
Since

llel = lzall _ |lo| _ 7ol
o] ol ol |
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it suffices to show that the normalized simplexes o’ := [0, |o|V*zy, ..., |o| 7Y Fx,]

|~k 7z;] are close in mass, which we will accomplish

and o’ := [0, |o|V*7ay, ... |0
by bounding the Lipschitz constant of the map 7 and applying Lemma IT1.13.

By inequality 6.10,
1—c(k)[lor = Bllme < 7(2)] < 1+ c(k)llo = Bl

for all z in 0B(0,1) N P,. Thus, we can bound the operator norms of 7 : P, — Ps

and 771 : Py — P, by
||| ;== sup{|7(2)| : 2 € 0B(0,1) N P} < 1+ ¢(k)||a — B|m*

and
1 - 1
inf{|7(z)|: 2 € 0B(0,1) N Py} ~ 1 —c(k)|a — Bl

I~ =

First applying Lemma II1.13 to the map 7, we have
7o'l < (1+ e(k)lla = Bllme)"-
On the other hand, we apply Lemma II1.13 to the map 7! to conclude that
7 ()] < [l F|mo|

and hence that

> (1= c(k)lla = Bllwmr)".

/
>
7o 2

Thus, [[ro’| = 1] < C(k) - [la = Bllm=, s0

ol = Iol]
R = el el

= 1= [=o’]]

< Ck) - [ler = Bl

This completes Part I of the proof.
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Part II: For the k-simplex o = [py, ..., px] and the projection m, let H(o) be the

(k + 1)-chain (see [Whi57, p. 257]):

k
H(o) := Z(—l)in,

=0
where 7; is the (k 4 1)-simplex [po, ..., pi;, ®(pi),- .., 7(px)]. By construction, H (o)

can be triangulated using (k + 1) simplexes of dimension (k + 1), each of which has

[l —Bllm*-(diam o)+

] , by [Ada08, p. 7] and Wenger’s Lemma.

mass at most c(k)

Similarly, if do = Zfill pj, where {p;} is a disjoint set of (k — 1)-simplexes, we

define the k-chain H(0o) := ) H(p;), where for each j, H(p;) can be triangulated

[l =Bl m* - (diam o)
(k)! '

using k simplexes of dimension k, each of which has mass at most ¢(k)

Since ¢ — o = 0H (o) + H(0o), we have

o —rol, = |9H(0)+ H(D0)),
< |OH (o)), + |H(30)),
< |H(o)|+ |H(00)
gl ol = e G
< clla = A2
< el = Bllwelol,
as desired. O

Using Lemma VI.7, we can now show that the vertical slices of Fy are Borel.

Proposition VI.8. Suppose that X is a flat cochain in a Banach space V. Then for
all p € V the induced maps (Fx),: U, C VF — R defined by (Fx),(0) := Fx(p,v) =

Dx(p,v1 A -+ ANwvg) are Borel functions.

Proof: We will show (F), is continuous with respect to the product topology on
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[V]*. Equivalently, we show that Dx(p,v) is continuous with respect to v in the
mass® norm.

Fix p € V. Suppose that o and 3 are k-directions in AV for which both Dy (p, a)
and Dx(p, ) exist and for which ||oc — |+ is less than the bound B from Proposi-
tion VI.4. Let m be the projection defined in equation (6.9).

Note that by Lemma III.13, if o is an n-full simplex lying in Pjs, then (o) is a
c(k)n-full simplex in P,.

Now let (0;) be a sequence of (én)—full simplexes in Ps that contain the point
p and whose diameters decrease to zero. Then the corresponding sequence (m(0;))
consists of n-full simplexes in P, containing the point p with diameters shrinking to

Zero.

By Lemma VI.7, for all i € N,

m(0;) o;

|7 ()] N H

< Chy - lla = Bl

b
Since Dx(p, o) and Dx(p, () exist, we can evaluate each limit using the sequences
(0;) and (7o;):

. <X, 7TO'¢> . <X7 Ui)
Dx(p, o) — Dx(p, = lim ————— 1
| X(p ) X(p ﬁ)| EENG) |7T0_Z’ AR ‘O-z’

— lim | x, 1% _ %
i—00 \moi| ol
T™Oo; 0;

|7T<7i\ |Uz"

< limsup|X], -

1—00

< X - Crplla = Bl

b

Since Dx(p,v) := ¢+ Dx(p,v/c), the limit Dx(p,-) is continuous in all simple
k-vectors, hence (Fx), is continuous on U,,.
If the set U, is also Borel, it follows that (F), is a Borel function. We show an

even stronger result, namely, the set U, is closed. Let @ := (a4, ..., a;) be a k-tuple
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in V* which is not in U, and let a := a; A -+ A ag. In particular, the limit Dx(p, )
does not exist.

We show that there exists € so that for all k-directions § with o — S|+ < €,
Dx(p, ) is not defined. Now, for some 0 < 1 < 1, there must be two sequences (o;)
and (7;) of n-full simplexes in P, containing p whose diameters decrease to zero such

that

Otherwise, since the flatness of X rules out the possibility that all sequences diverge
to oo, every such sequence would have to converge to ¢ = d, which contradicts our
assumption that Dx(p, a) does not exist.

Let Cj,, be the constant from Lemma VI.7 and B the constant from Lemma VI.4.
Let € < 1 max{|d — c|/2, Cy,| X |, B}, suppose that b= (by,...,b) is a k-tuple with
associated k-vector 3 := by A--- A by such that ||a — B||m* < €/(Cky|X]5). The map
7 is again the projection defined in equation (6.9). Thus, the sequences (7(0;)) and

(m(7;)) are n/-full sequences, where ' > 0. Then applying Lemma V1.7, we have

7'('(0'1) g
I N T
[w(o)l ol |, !
and hence
X, m(o; X, 0;
’< (00) X500 o= Bl - 1X]s < e
|7(0;)] |
Similarly,

antey _ )

m(@l Il

Combining the previous two inequalities, we have

‘ <X7 T‘-(O-i» <X7 W(Ti» ‘
()] m(m)| |

Thus, the limit Dy (p, 3) does not exist, and hence (U,)¢ is open. [

‘§C+€<d—6§'
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Proof of Theorem VI.2: Let X be a flat cochain in a Banach space V.

Propositions VI.3 and VI.8 show that Fy satisfies properties (i) and (ii) of a
partial form.

For d > k, fix an affine subspace W?. Since X is a flat k-cochain on V, it can
be restricted to a cochain Xy on W that acts on o € P(W) by (Xw,0) = (X o).
We equip AxW¢ with the Euclidean norm, | - |5, i.e., we identify W2 with R?. We
denote k-dimensional Lebesgue measure on W% by | - |g.

Fix a mass*-k-direction v € A, W¢. Let A denote the factor by which the Euclidean

mass |v|p of v differs from ||v||p*:

v
P V.
[ |
Let p be the Euclidean k-direction p := ﬁ Now, for any representation of p as
= ug A--- A ug, the simplex o, with vertices {uy,...,u;} has Euclidean volume

loule = 7. By Wenger’s Lemma, for any representation of v, the corresponding
simplex o, has Adams mass |0, | = ;. This implies that for any k-simplex o parallel

to v (i.e., any simplex lying in a k-dimensional v-superplane), we have
lo|g = Alo].

The cochain Xy on R4(= W) is flat, so by Wolfe’s theorem, it can be identified
with a (Euclidean) flat k-form By, on W9 The form fBx,, is obtained by a similar
limit process as in equation (6.1), as follows. For a Fuclidean k-direction on W, we

first define the limit DY _(p,v) by

wherever it exists. Here, each simplex o; must contain p and the sequence (o)

must have fullness bounded away from zero and diameters decreasing to zero. The
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superscript F is used to keep track of the fact that this limit normalizes by the

Euclidean mass of each simplex ;. If 0 # |v|s # 1, let

v

vl2
For almost every point p € W we have that (x, = D)E(W. By Theorem IV.2, for

almost every point p € W4, for every simple k-vector o € AW,

«
D)E(W(p»a) = |04|2'D§W (p, @)
6]
= Aoflwe - DE, (p 2
Jallo D%, (112 )
MX, o;
= e lim MO0
1= |0i’E‘
X, 0
— ol lim X200
«
— Jlaflue - Dx (p—)
Tl
= Dx(p,a).

laf2
[

In the above sequence of equations, A =
By Theorem IV.2, Df(w has the property that for almost every point p in W<, the
limit D (p,v) is extendable to a linear function on k-vectors v in AW Hence,

Fx satisfies property (iii) of a partial form. O
In the next lemma we prove that the comass of Fx is bounded by | X],.
Lemma VL.9. Let X be a flat cochain. Then ||Fx|s < |X],-

Proof: For all k-chains o € V,

(X,0) _ |X],-lol,

< | X
o

o]
Thus when defined, Dx(p,v) < |X], for all k-directions v. Let W = W* C V be a

k-dimensional affine subspace of V. At almost every p € W¥, for all (vy,...,v;) €
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[Wo]k>
Fx(p, (vi,...,vr) = [[ut Ao Avg|lmrDx (P, vw)
< loe A A vkl [ X
Since
[Pl = esssup 0ol 0e)
’ pew [[or A= Al
it follows that || Fx || wr < | X[, and hence that ||Fx|s < |X],. O

By Theorem IV.2 and the proof of Theorem VI.2, for any simplex ¢ C V, the

action of X on o is given by integration of the partial form F'x:

(6.12) (X, o) = /FX.

This action can be extended naturally to all polyhedral chains P € Py(V).

We now show that Fx is flat.
Theorem VI1.10. Fx is a flat partial k-form.

Proof: By Proposition I11.10, |dX |, < |X|, < oo, so the cochain dX is flat. Applying
Theorem VI.2 to the flat cochain dX, we conclude that Fyx is a partial (k+ 1)-form.
Applying Lemma VI.9 to the cochain dX, we have ||Fix|lc < |dX|,. Finally, by
equation (6.12), the integral of Fyx over a polyhedral (k + 1)-chain 7 is given by

J. Fax = (dX,7), so for all such 7,

/TFdX = (dX, 1) = (X,0r) = /8 F.

Thus, FdX = dFX

Since max{||Fx||co; |dFx ||} < |X]p, Fix is a flat partial k-form. O

By equation (6.12), U(Fx) = X, so we conclude that ¥ is surjective, proving

Theorem VI.1.



CHAPTER VII

Classical Differential Forms

If we start with a flat k-cochain X, then by the results of the previous section, X
can be associated with the partial differential form Fx, where Fx(p,v) = Dx(p,v)
for ¥:= (vy,...,v) and v := v A+ Ay

The domain of Fx is the set Uy C V x V¥ which is given by

Ux :={(p,V) : Dx(p,v) exists}.

For a given point p € V', we would like to know when D (p, v) exists for all simple

k-vectors v. We define the set Tx C V by
Tx:={peV:Dx(p,v) exists for all simple v}.
In Ty, Fx extends to a differential form differential form
wy: Ty — AV

We will show that if V' is separable, then the set T x is large, in the sense that its
complement is an Aronszajn null set.
For convenience, we recall the definition of an Aronszajn null set (see [BLOOJ).

For a Banach space V' and a nonzero vector y € V', we define the sets
A(y) :=={A CV : Ais Borel and H'(AN L) = 0 for all lines L parallel to y}.

73
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If {z,} C V is a countable (finite or infinite) set of nonzero vectors, then we define
A({z,}) :={A CV:Ais Borel, A = UA,, where A, € A(z,) for all n}.

Note that if {z,} C {y,} then A({x,}) € A({y.}).

Definition VII.1. A set A is Aronszajn null if A € NA({x,}), where the intersection

is taken over all sequences whose span is dense in V.

Theorem VII.2. Given a flat k-cochain X on a separable Banach space V', the set

V' \ Tx is Aronszajn null.

The proof is similar to the proof that the set of Gateaux non-differentiability of a
Lipschitz map from a separable Banach space to a space with the Radon-Nikodym
Property is Aronszajn null (see Theorem 6.42 in [BLO0O]).

Proof: If 7 = (v1,...,v:) € V¥, we define Dx(p, V) :== Dx(p,v1 A---Avg). Suppose
{z,} is any sequence of vectors whose span is dense in V. For j € N, define the
subspace

V; :=span{zy,...,x;}.

The subset D; C V' is the “good set” for V;:
D;:={p eV :Dx(p,v) is linear on A;V;}.

Note that for all 5, V; C V41 and D; D Djyq.
For y € V, consider the subset of V; obtained by translating the “bad set” for V;
by y:
[(VADj)+y]NV; =5
If pe [(V\Dj)+vy], then p—y € V\ D;. Thus there exists v = vy A+ Avg € AV

with the property that the limit Dx(p — y,v) does not exist (or the function is
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not k-linear in the components of v). Consider the cochain (X — y) defined by
(X —y,0) == (X,0+y). S, is the set where D(x_,(p,v) doesn’t exist for some
v € AV or where D(x_,)(p,v) is not linear in v. Since (X — y) restricted to Vj is a
flat k-cochain on the finite dimensional space V;, Whitney’s results [Whi57, p. 254]
show that there exists a flat form w that is defined almost everywhere in V; and is
equivalent (equal almost everywhere) to the restriction of D(x_,) on V;. Hence we

conclude that S; has Lebesgue measure zero in V;. By [BL00, Proposition 6.29],
VA\D; € A{zy,...,z;}) C A{zn}).

Then V' \ (N, D,) € A({z,}); as {x,} was arbitrary, V' \ (N,D,,) is Aronszajn null.

The fact that both V' \ D; and V'\ (N,,D,,) are Borel (which is necessary for these
sets to be in A({z,})) follows from the fact that D; is a Borel set for all j € N. (If
Jj <k, D; is the empty set.) We note that by definition,

D= () Us
ve[v;]k

where Uy C V is the set from Definition IV.4. Hence D; C (), Ug,. Let {w;} be
a countable dense set in [V;]*. By the proof of Theorem V1.2, the set U, is closed
for all p € V. If a point p € V is in [);2, Ug,, then the sequence {w;} is a subset
of U,. Since U, is closed and {u};} is dense in [V;]¥, U, D [V;]*. This shows that
D; 5 N, Ug,, so D; = (), Ug,. Since each Ug, is Borel (Proposition VI.3), D; is also
Borel.

We will show that V' \ Tx is an Aronszajn null set by proving that V' \ Tx =
V' \ (N,D,), or equivalently, that YTx = (N, D,). If a point is in Ty it must be in
every “good set” D, so Tx C (N,D,).

Assume that p € (N, D,). The limit Dx(p,v) exists for all k-vectors v = v; A

-+ AN vy with vy, ...,v C span{z,}. In other words (vq,...,v;) is in U, for all
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vy, ..., v C span{w,}. Since U, is closed and span{z,} is dense in V* U, = [V]*.

Thus, p € Tx, as desired. Il



CHAPTER VIII

Invariance Under Lipschitz Maps

8.1 Pushing polyhedral chains forward under Lipschitz maps

In order to show that flat partial forms can be pulled back under Lipschitz maps,
we first show that polyhedral chains can be pushed forward to flat chains.

Since every polyhedral k-chain A can be represented as a sum of simple k-chains,
it is enough to show that we can push a simple chain forward. Since we can push
chains forward under linear maps, we approximate our Lipschitz map by a sequence
of appropriately chosen piecewise affine maps. We then show that the sequence
of (polyhedral) images of a simple chain under such a sequence of piecewise affine
approximations converges in the flat norm, and hence defines a flat chain. This
yields a construction of the pushforward of a simple chain which we then extend to
arbitrary chains.

We denote the pushforward of a simplex ¢ under a linear map by f(o), or f.(o).

Definition VIII.1. Let P be a simple polyhedral k-chain in a Banach space. A
simplicial subdivision of P is a refinement of P consisting of simplexes that are
pairwise disjoint except on their boundaries. A polyhedral subdivision of P is a
refinement of P consisting of simple polyhedral chains that are pairwise disjoint

except on their boundaries. The vertices of a subdivision are the vertices of the

(s
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simplexes (or polyhedra) in the refinement. We say that a subdivision has fullness
n > 0 if each simplex (or polyhedron) in the subdivision has fullness at least 7.
The mesh of a subdivision is the maximum of the diameters of its simplexes (or

polyhedra).

We mostly use simplicial subdivisions in this chapter; when the type of subdivision

is not specified it is assumed to be simplicial.

Definition VIIIL.2. Let V' and W be Banach spaces, and P € P be a polyhedral
chain. A map f: P — W is piecewise affine if there exists a polyhedral subdivision

of P so that f is affine on any polyhedron in the subdivision.

Definition VIIIL.3. Suppose that f: R¥ — V is a Lipschitz map and o is a k-
dimensional simplex in R¥. The affine approzimation of f with respect to o is the
unique affine map ¢ from R* to V that agrees with f on the vertices of 0. If & is
a simplicial subdivision of the simplex o, then the affine approximation to f with
respect to G is the piecewise-affine map ¢g: 0 — V that agrees with f on the vertices

of & and is affine on each simplex in the subdivision &.

Lemma VIIIL.4. Let o be a k-simplex in 'V with an n-full subdivision & for some
n > 0. Suppose that f is a Lipschitz map from o to W, and that g is the affine

approzimation to f with respect to &. Then

Lip(g) < C(ky2P).

Ui

where C(k) is a constant depending only on k.

Proof: The proof proceeds as in [Whi57, p. 290], using [Ada08, Lemma 3.3] in place

of [Whi57, IV, 15.3]. O

The following lemma states that Lipschitz maps on simplexes are limits of piece-

wise linear maps under the topology of uniform convergence.
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Lemma VIIL.5. Let o be a k-simplex in 'V and let f be an L-Lipschitz map from
V to W. Then there exist n > 0 depending only on the fullness of o and an n-full
sequence of subdiwvisions &; of o and a sequence of maps f;: o — W that satisfy the

following properties:

(i) fi is affine on each subsimplex of &;,
(11) f; is (c(k,n)L)-Lipschitz,
(iit) || fi = flloo — 0 as i — oo.

Proof: Let (&;) be the sequence of standard subdivisions described in [Ada08, p. 9].
By construction, each subsimplex of each subdivision has diameter less than 1/i and
fullness greater than n for some positive n that depends only on ©(c). Let f; be
the affine approximation to f with respect to &;. Property (i) is holds by definition.
Property (ii) follows from Lemma VIII.4. To show property (iii), let z € 0. Fix
1 € N and let y be a vertex of &; that has minimal distance from x. Then by the
triangle inequality, |fi(x) — f(z)| < |fi(x) — fi(y)|+|fi(y) — f(z)|. Since y is a vertex
of &;, fily) = f(y), so | fi(z) — f(z)| < [fi(x) — fily)| + |f(y) — f(z)|. Since f and
fi are Lipschitz, we conclude that |f;(z) — f(z)| < Lip(f;)|z — y| + Lip(f)|z — y| <
(Lip(f;) + Lip(f))(1/i). This proves (iii). O

We recall the definition of Gateaux differentiability (see [BLOO0]).

Definition VIIIL.6. Let X and Y be Banach spaces and f: X — Y a function. Then
f is Gateaux differentiable at a point xg € X if there is a bounded linear operator

T: X — Y such that

T(u) = ,151_%1 f(xo + 7511) — f(z0)

for every u € X.
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For fixed xg,u € X, the limit lim;_ w, if it exists, is defined to be the
directional derivative of f at zy in the direction u, denoted D(xo, u).

We now define the Jacobian of a map from Euclidean space to a Banach space:

Definition VIIL.7. Let V be a Banach space and f: R* — V a function that is

Gateaux differentiable at p € R¥. The Jacobian J;(p) of f at p is the k-vector

J5(p) := Dy(p,ex) A+ A Dy(p, ex),

where the vectors e, . . ., e; constitute the standard (positively oriented) orthonormal

basis of R¥.
The Euclidean version of the following lemma is [Whi57, Lemma X.5a, p. 295].

Lemma VIIL.8. Let A =YY 0¥ be a polyhedral k-chain in R* with boundary OA =
Ej]\/ile_l, where o; and T; are simple k- and (k — 1)-chains, respectively. Let f and

h be Lipschitz mappings from A to V which are affine on each simplex o¥ and Tf‘l.

Let L = max{Lip(f), Lip(h)}. Then
[f(A) = h(A)ls < c(k)IIf = hlloe - (L*A] + L¥10A]),
where c¢(k) depends only on k.

Recall that simple polyhedral chains need not be simplexes!
Proof: Let I denote the unit interval [0, 1], and let / x A:= > 1 x 0;, where [ x A
is the Cartesian product as defined in [Whi57, p. 365]. Let F': I x A — V be the

following homotopy between f and h:
F(t,p)=1-t)f(p)+t-h(p), 0<t<1l  peA

Since the maps f and h are affine on each simplex o;, F is affine on I x ¢; for each 1.

Then F({0} x A) = f(A) and F({1} x A) = h(A). Thus, we may rewrite the chain
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h(A) — f(A) as
h(A) — f(A) = F(I x dA) + 9F(I x A).

Suppose that the point p € A is in the interior of one of the simplexes oF. Let

3

{e1,...,er} be an orthonormal basis of R* and let ey be the unit vector along I.
Thus, {eg,e1,...,ex} is an orthonormal basis of I x oF. Since f is affine in oF,
he,) —
i P her) = f(p) <I
h—0+ h v

forall € {1,...k}. In other words, the directional derivatives of f at p are bounded

above by L:
IDf(p)(er)lv < L

forr e {1,...k}.
The previous inequality is also true for the map h, so by linearity, we can also

bound the norm of DF(¢,p)(e,) by L:

IDF(,p)(en)lv = [(1 = D f(p)e,) + tDh(p) (el < L.

For the derivative in the direction of ey, we have

F(t+ h,p) — F(t,p)

[DE(¢,p)(eo)ly = | lim h v
= |n(p) = f(p)lv
< f = Al

Hence, by inequality (2.3) and Definition I1.3,
(8.1) 1 Tr(t )|l < K21 f = Rl L*

almost everywhere in I x A.

Since F'is affine on I x o; for each i,

(8.2) |FUXUﬂM=/ N Tp @) e dHE ().

Ixo;
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For each 7; in 0A, let F; denote the restriction of F' to I x 7;. Then

(8.3) F(I x 7)) _/ () e )

IXTj

Combining equation (8.2) with inequality (8.1), we have

FUxaf)l < [ (@Bl = HlLH )

(k) f = hllooL*|o7|-

Thus,

M
IF(IxA) < > |F(Ixof)
i=1

< c(k)|If — hlloLF|Al

Analogously, we can combine equation (8.3) with inequality (8.1) to conclude that
[F(I x 04)] < c(k)[|f = Rl L 1OA].

Since F(0,p) = f(p) and F(1,p) = h(p), we have

[h(A) = f(A), = [F(I x9A) +dF(I x A)],

IN

|[F(I x 0A)|, + |0F (I x A)l,

IN

|F(I x 0A)|+ |F(I x A)|

IN

c(h)If = hlloe ¥ HOA + c(R)IIf = RllooL*| Al

= c(k)|lf = hlloo(L*1OA] + LF| A]).
O

Proposition VIIL.9. Let A be a simplex in R* and let f: A — V be L-Lipschitz.
Suppose that (g;) and (h;) are sequences of piecewise affine L-Lipschitz maps from

A to V' such that ||gi — fllec — 0 and ||h; — f|loc — 0 as i — co. Then
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(1) The sequence (g;(A)) is Cauchy in the flat norm, and
(i1) |gi(A) — hi(A)], — 0 as i — oc.

Proof: Part (i) of the Proposition follows immediately from Lemma VIIL.8. Part (ii)
follows from Lemma VIII.8 and the triangle inequality (which implies that ||g; —

hilloo — 0 as i — 0). O

Definition VIIL.10. Let 0 C R* be a simple polyhedral k-chain and f: R¥ — V an
L-Lipschitz map. As in [Ada08, p. 11], there exists a C'(k)-full simplex S containing
o. Let (&;) be a sequence of n-full subdivisions of S whose mesh sizes shrink to
zero as ¢ — oo, where n > 0 depends only on k. Let f;: 0 — V be the affine
approximations to f determined by &;. We define the pushforward of o by f by the

following limit with respect to the flat norm

fi(o) := lim fi(o).

Lemma VIIL.5 and Proposition VIII.9 show that this limit exists and is unique;
hence f,(o) is well-defined.
Next, we use isomorphisms between finite-dimensional Banach spaces and Eu-

clidean space to show that simple polyhedral chains push forward under Lipschitz

maps between Banach spaces.

Lemma VIII.11. Let f : W — V be a Lipschitz map between Banach spaces and o
be a simple k-chain in Py(W). Let Ly, Ly: R* — W be injective linear maps so that

o C Li(R™") N Ly(R*¥). Then

(f o L1)«(Ly"(0)) = (f © L2)u(Ly ' (0))-

Proof: Let L := Lip(f), K; := Lip(L1) and K5 := Lip(Ls), and let ¢: R* — Rk
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be ¢ = Ly o Ly. Then Lip(f o Ly) < LK>, so the polyhedral chain L;'(c) pushes
forward under f o Ly as in Definition VIII.10.

There exists a C(k)-full simplex S C RX containing L, () and a sequence (&;)
of n-full subdivisions of S whose mesh sizes shrink to zero. We then let (g;: S — V)

be the sequence of affine approximations of f o L, with respect to &;. Thus,

/(L3 " (0)) = (f 0 La)« (L3 (0))
in the flat norm.

Similarly, the chain L;'(o) pushes forward to V under f o L;. We will show
that the sequence (g;(L,*(c))) gives a polyhedral approximation of this chain, and
therefore that (f o Ly).(L; (o)) = (f o Ly).(Ly* (0)).

For each i, ¢(&;) is an n/-full subdivision of L;*(c), where 1’ is independent of i.
Thus,

hi(Ly'(0)) = fo Li(Ly' ()
where (h;) is the sequence of piecewise affine approximations of f o L; with respect

to the subdivisions (¢(&;)). By construction, g; = h; o ¢, so
G:(Ly () = by o (L o L)(L5(0)) = Ly (0),
as desired. O
In the proof above, we note that for each i, g;(Ly'(c)) = fi(c), where f; is the

piecewise affine approximation of f with respect to the (full) subdivision Ly(&;).

Thus we can define the pushforward of a simple chain in a Banach space as in

Definition VIII.10.

Definition VIII.12. Let ¢ C W be a simple polyhedral k-chain and f: W — V an
L-Lipschitz map between Banach spaces. As in [Ada08, p. 11], there exists a C(k)-

full simplex S containing o. Let (&;) be a sequence of n-full subdivisions of S whose
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mesh sizes shrink to zero as i — oo, where n > 0 depends only on k. Let f;: 0 — V
be the affine approximations to f determined by &;. We define the pushforward of

o by f by the following limit with respect to the flat norm

fi(o) := lim fi(0).

The following lemma will allow us to extend this notion of a pushforward to

arbitrary polyhedral chains.

Lemma VIIIL.13. Let f: W — V be a Lipschitz map, o a simple polyhedral chain

in Pr(W), and Y 7; a refinement of o. Then

(i) fu(o) + fu(=0) =0,

(ii) fu(o) =22 fulrs) =0
Proof: Let (S;) be a full sequence of subdivisions of ¢ with mesh size approaching
zero. By definition, f.(o) = lim f;(0), where f;(0) is the approximation to f with
respect to &;. Since (6;) is also a full sequence of subdivisions of —o, we have
f«(—=0) = lim f;(—0), and since f; is piecewise affine, f;(—c) = —fi(0). Thus f.(o)+
fo(—=0) =0.

For a refinement ) | 7; of 0, let (T;) be a full sequence of subdivisions of ) 7; with

mesh size approaching zero. This subdivision is also a subdivision of o, so for the

affine approximations g; of f with respect to ¥; we have

folo) =lim fi(o) =1im > fi(r;) =lim £;(>_ 1) = £.D 7).
]

For a Lipschitz map f: W — V and a polyhedral k-chain A = " \;jo; € Pp(V),

we define
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Lemma VIII.13 shows that this is well-defined.

Lemma VIIIL.14. Let f : W — V be a Lipschitz map and T a polyhedral k-chain in

W. Then
f(01) = O(fu(7)).

Proof: Write 7 = >"

i1 0j, where o; is a simple polyhedral k-chain. Let (&;) be a
sequence of n-full subdivisions of 7 whose mesh sizes approach zero. This subdivision
induces a sequence of subdivisions (¥;) of d7. The sequence (%;) has fullness bounded
away from zero. This holds because it is true in the case that W is Euclidean. We
push each of the simple summands o; forward to R* by a V/k-bi-Lipschitz linear
isomorphism L : R¥ — Ws, as in Theorem II.8 so that by Corollary III.15 the
pushforward (L71),(&;) has fullness C' = C'(k,n) and conclude that the pushforward
(L71).(S;) induces a full sequence of subdivisions on the boundary d((L™!).(c;)).
Pushing forward again, this time by the map L and applying Corollary II1.15, we
have that (L,((L™1).(&;))) = (6;) induces a full sequence of subdivisions on the

boundary do;, and hence on J7.

Let f; be the sequence of piecewise affine approximations to f with respect to

(&;). Then

f«(01) = lim f;(07)
(8.4) = lim9(fi(7))
(8.5) = 9O(lim fi(7))

In the preceding sequence, equation (8.4) holds because f; is piecewise affine and
equation (8.5) is a result of the extension of the boundary operator to flat chains.

]
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Next, we prove a lemma that bounds the flat norm of f.(A) by a multiple of the

flat norm of A.

Lemma VIII.15. Let A be a polyhedral chain in W and let f: W — V be a Lipschitz
map with Lipschitz constant L. Then |f.(A)l, < C(L,k)|Al,, where the constant

C(L,k) depends only on L and k.

Proof: Fix € > 0, and choose a polyhedral (k + 1)-chain D so that
|A—0D|+|D| < |A], +e.
Then

|f(A)], = [fi(A—=0D+0D)|,
(8.6) = |fi(A—0D) + f.(0D)],
< [fi(A=0D)|, + |f(OD)],

< (A= 0D)[ +[f.(D)].

The k-chain A — 0D may be represented by > i Ajoj, where \; € R and o; is a
simple polyhedral k-chain. By [Ada08, p. 11}, each o; lies in an C(k)-full simplex
which we call ;. For each j, let (63 ) denote a standard sequence of subdivisions
of a; whose mesh sizes approach zero. Each subdivision has fullness greater than a
constant depending only on k. As before, we denote by fij the piecewise affine map
that is constant on each simplex of the i-th subdivision of o; and agrees with f on
the vertices of the subdivision.

Similarly, the (k + 1)-chain D may be represented by ), p,7e, where p, € R and
T¢ is a simple polyhedral k-chain. By [Ada08, p. 11|, each oy lies in an C'(k + 1)-
full simplex which we call 3,. For each ¢, let (T¢) denote a standard sequence of

subdivisions of G, whose mesh sizes approach zero. Each subdivision has fullness
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greater than a constant depending only on k. We denote by ff the piecewise affine
map that is constant on each simplex of the i-th subdivision of 7, and agrees with f

on the vertices of the subdivision. Then we have

[f(A=0D)| + [fu(D)] < [LO Mol + £ w)l
j ¢

(8.7) < Z lim inf ;| f7 ()] + ZZ: lim inf yie| £/ (72)|

(8.8) < zjj lim inf \; (Lip(f/))"|o;| + Z,; lim inf p1, (Lip(f;))"*" ||

(8.9) < cék) max{(Lip(f))*, (Lip(f)) Y Aslorg| + D pel e
< c(k) max{(Lip(/))", (Lip(J”))’““}(\jl —0D|+ !lgl)

< (k) max{(Lip(f))", (Lip(f))" "} Al, + ).

Inequality (8.7) is a result of the lower-semicontinuity of the mass norm on polyhedral
chains proven in [Ada08]. Inequality (8.8) is a consequence of Lemma II1.13, and
inequality (8.9) follows from the fact that the Lipschitz constants of the maps f/ and
ff can be uniformly bounded by the Lipschitz constant of f (Lemma VIII.4) up to

a factor depending only on k. O]

Remark VIII.16. The pushforward operation is a functor from the category of Banach
spaces to the category of polyhedral/flat chains in Banach spaces. Specifically, given

a Lipschitz map f: W — V between Banach spaces:
fo: P(W) — Fr(V),

and if g: V' — X is another Lipschitz map and 7 € Py (V),

(g0 f)«(7) = g:(f£(7)).
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8.2 Pulling flat partial forms back under Lipschitz maps

We have shown that polyhedral chains in a Banach space W push forward under
Lipschitz maps f: W — V.

For such a map f, given a flat partial k-form F' on the space V', we define the
pullback f*F as follows. Consider the cochain Xr = W(F') associated to F' as
in Section V. This cochain pulls back to a flat cochain f*Xp whose action on a

polyhedral chain P is given by

(f*Xp, P) = (Xp, .(P)).

By Lemma VIIL.15, |f.(P)], < C|P|,, so f*Xp is a bounded operator on polyhe-
dral chains. Hence f*Xp has a unique extension to the completion Fy(V'), so f*Xp
is a flat cochain. By Theorem 1.1, f* X corresponds to a flat partial form, which we
define to be the pullback of F' under f and denote by f*F.

Let f: W — V and g: V — X be Lipschitz maps and let F' € F¥(X) be a flat

partial k-form. Then by the functoriality of pushforwards (Remark VIII.16),

(go f)'F = [(g"F)

and the pullback operation defines a contravariant functor from the category of Ba-
nach spaces to the category of flat forms on Banach spaces.
Finally, we note that the pullback operation commutes with exterior differentia-

tion.

Lemma VIIL.17. Let f : W — V be a Lipschitz map and X a flat k-cochain in

F*V. Then

fH(dX) = d(f"(X)).
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Proof: Let 7 be a polyhedral (k + 1)-chain in P,W. Then

(dafr*X, vy = (f*X,o0r)
= (X, f.(07))
(8.10) = (X,0(f.(7)))
= (dX, fu(7))
= (f"(dX),7),

where equation (8.10) follows from Lemma VIII.14. Since this holds for all 7, the

cochains f*(dX) and d(f*(X)) are equal. O

Corollary VIII.18. Let f: W — V be a Lipschitz map and w a flat partial k-form

in FEV . Then

frdF) = d(f*(F)).
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APPENDIX A

Norms on k-vectors and k-covectors in Euclidean Space

A.1 Mass and Comass in A;R” and A*R”

This section contains the Euclidean definitions of mass and comass on the spaces
of k-vectors and k-covectors, respectively.

The space AiR™ naturally inherits an inner product from the inner product on
R™ by

<a1/\-~~/\ak,b1/\-~-/\bk> :det((ai,bj>).

Specifically, if {ey,...,ex} is an orthonormal basis of R", then the (Z) elements
{eq N~ Nej, 11 <iy <--- < i, <n} form an orthonormal basis of AyR™. Denote
the norm induced by this inner product on AyR™ by | - |s.

In this setting, the comass of a k-covector w : A*R" is defined [Fed69, p. 38-39]

to be

||w||comass = Sup{<w7§0> TpE AkRn Simple7 ’90‘2 S ]-}

The mass of an arbitrary k-vector v is then defined to be the dual norm to the
comass norm

||VHmass = Sup{<w7 V> wE AkRny |w|comass < ]-}
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A.2 Whitney’s mass and Gromov’s mass* on A,R"

By Wenger’s Lemma, in Euclidean space, the mass™® of a simple k-vector (as
defined in 2.2) is equal to the mass of a k-vector as defined by Whitney [Whi57, p.

51]. Whitney, however, extends mass (denoted | - |o) to all k-vectors by the formula:

lv]o := inf{z il 1 v = Z v;, v; simple}.
i

One has |v|p < ||¥||m* for non-simple v, but since the space of k-vectors in Euclidean
space is finite dimensional, the norms |v|y and ||v||,,* are comparable up to a constant

depending only on dimension.
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