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Chapter 1

Introduction

Feedback control is used to influence the behavior of dynamical systems. With-
out feedback control systems, modern technologies such as computers, aircraft, and
spacecraft would not exist. One common example of control is the use of cruise con-
trol in modern automobiles. Cruise control enables the driver to set and maintain a
desired vehicle speed without using the throttle. An open-loop, that is, no feedback
action, method of cruise control would be to lock the throttle in a particular position;
however, the vehicle speed would eventually drift given different terrains. By incor-
porating available sensors such as vehicle speed and engine load into a feedback loop,
modern cruise controllers can accurately maintain vehicle speed over a wide variety
of terrains. Additional applications of feedback control can be found in mechanical
systems, electrical systems, financial systems, and even biological systems. In fact,
balancing a stick on the tip of your finger is an example of feedback control; you use
both your sense of sight and sense of touch to move your arm and keep the stick from
falling.

Numerous design methods are commonly used in feedback control problems, rang-
ing from classical control to modern control. Stabilizing a dynamical system when the

plant parameters are uncertain or unknown, however, presents a challenging problem.



For example, consider the problem of stabilizing the equilibrium of the scalar plant

&(t) = ax(t) + bu(t),

where a > 0 and b # 0. If @ and b are known, then the control law u(t) = —sgn(b)kz(t)
stabilizes the system for all & > a/|bl. If a and b are uncertain, but the mod-
eling uncertainty can be contained a priori within a given set, robust controllers
22, 25, 73, 120, 136] can be used to fix the control gain k based on the fixed level
of modeling uncertainty. However, if a and b are unknown or if the modeling uncer-
tainty cannot be ascertained a priori, knowledge of sgn b can be used to calculate
either a positive high-gain feedback u(t) = kz(t) or a negative high-gain feedback
u(t) = —kx(t) such that the closed-loop system is asymptotically stable for a suffi-
ciently large feedback gain k > 0.

Unlike robust control, adaptive control algorithms tune the feedback gains in re-
sponse to the true plant and exogenous signals, that is, commands and disturbances.
Generally speaking, adaptive controllers require less prior modeling information than
robust controllers, and thus can be viewed as highly parameter-robust control laws.
The price paid for the ability of adaptive control laws to operate with limited prior
modeling information is the complexity of analyzing and quantifying the stability and
performance of the closed-loop system, especially in light of the fact that adaptive
control laws, even for linear plants, are nonlinear.

The adaptive control literature focuses primarily on adaptive stabilization, adap-
tive command following, and model reference adaptive control [7, 16, 19, 24, 26, 28,
32, 46, 49, 50, 61, 65, 67, 77, 83, 90, 107, 118, 122]. These adaptive control prob-
lems have been approached using parameter-estimation-based adaptive controllers
[7, 50, 90, 122], universal stabilizers [46, 47, 64, 79, 81, 86, 87, 96, 106, 130, 132],
high-gain adaptive controllers [17, 18, 27, 29, 41, 46, 48, 61, 76, 77, 102], and adaptive



predictive controllers [19, 74, 88, 107].

In addition to stabilization and command following, disturbance rejection is an-
other common objective arising in noise control, vibration suppression, and structural
control 24, 32, 77, 90, 122]. Adaptive feedforward control is frequently used to reject
harmonic disturbances when the disturbance spectrum is known or can be estimated
(62, 80, 95]. Adaptive feedforward algorithms typically rely on least-mean-square
(LMS) or recursive least-mean-square (RLMS) algorithms to update parameters.
These methods include the filtered-u LMS and filtered-x LMS algorithms. However,
adaptive feedforward algorithms do not account for the transfer function from the
control signals to the measurements.

Model reference adaptive control (MRAC), in which a reference model is designed
to generate a desired trajectory, is one of the primary approaches to adaptive control
13, 7, 32, 50, 51, 65, 68, 72, 75, 82, 85, 90-92, 94, 122, 123, 131]. In this case, the ob-
jective is to force an unknown plant to follow the output of a known reference model.
In many formulations of model reference adaptive control, the control law depends on
the solution of a Lyapunov equation, which, in turn depends on the reference model,
and ultimately the system matrices A and B. Therefore, these control laws inher-
ently depend on the modeling information expressed by A and B. In Chapter 5, we
consider model reference adaptive control as a special case of the command-following
problem; this controller does not rely on specialized assumptions about the reference
model.

Stability and performance analysis of adaptive control laws often entails assump-
tions on the dynamics of the plant. For example, a widely invoked assumption in
adaptive control is passivity [90], which is restrictive and difficult to verify in practice.
A related assumption is that the plant is minimum phase or stably invertible [33, 45],
which may entail the same difficulties. In fact, sampled-data control may give rise

to nonminimum-phase zeros whether or not the continuous-time system is minimum



phase [8]. Since inverse-system representations are used to establish boundedness
of the system inputs and outputs, nonminimum-phase zeros are known to present a
challenge in proofs of stability and convergence for adaptive control algorithms [5].
Beyond these assumptions, adaptive control laws are known to be sensitive to un-
modeled dynamics and sensor noise [9, 104], which motivates robust adaptive control
laws [50].

In addition to these basic issues, adaptive control laws may entail unaccept-
able transients during adaptation, which may be exacerbated by actuator limitations
(60, 98, 135]. In fact, adaptive control under extremely limited modeling information
such as uncertainty in the high-frequency gain [64, 69] may yield a transient response
that exceeds the practical limits of the plant. Therefore, the type and quality of the
available modeling information as well as the speed of adaptation must be consid-
ered in the analysis and implementation of adaptive control laws. These issues are
discussed in [5].

Certain modeling information may be required a priori to express the set in
which the adaptive controller gain matrix is known to be contained. Furthermore, if
the adaptive controller gain matrix is not contained within a particular set, projec-
tion algorithms may be used to force the adaptive controller gain into that set; see
(7, 16, 26, 32, 50, 61, 67, 90, 118, 122]. With plant changes, however, a stabilizing
adaptive controller gain may lie outside of this set, inducing an unstable closed-loop
system. In addition, although many adaptive control laws assume matched uncer-
tainty [7, 32, 90, 122], not all uncertainty is matched. This assumption frames the
model assumptions on which the method is based. The adaptive controllers presented
in this dissertation do not assume matched uncertainty.

Although the discrete-time adaptive control literature is more limited than the
continuous-time literature, there are discrete-time versions of many continuous-time

algorithms [2, 3, 7, 35, 51, 55, 66, 67, 91, 122], as well as adaptive control algorithms



unique to discrete time [28, 31-34, 66, 71, 93, 127, 134]. In [33], the authors present
five algorithms for stabilization and command following of single-input single-output
and multi-input multi-output minimum-phase systems. Although these algorithms
require only that the command signal be bounded, they are based on the assumption
that an ideal tracking controller exists. Disturbance rejection is not addressed.

In [127], a discrete-time adaptive disturbance rejection algorithm is developed
based on a retrospective performance measure and ARMARKOYV system representa-
tions. The retrospective performance of a system is the performance of the system at
the current time assuming that the current controller was used over a past window of
time. In [127], the retrospective performance is used in connection with time-series
modeling of both the plant and the controller to develop an adaptive disturbance
rejection algorithm that requires knowledge of only the numerator of the transfer
function from the control to the performance, and does not require knowledge of the
disturbance spectrum. Extensions of this method and experimental results are given
in [1, 37, 42, 63, 108, 110] as well as computational fluid dynamics (CFD)-based flow
control simulation results in [21, 103, 115, 116]. Robustness of the ARMARKOV
adaptive disturbance rejection algorithm is studied in [109].

In this dissertation we consider discrete-time adaptive control since these control
laws can be implemented directly in embedded code without requiring an intermedi-
ate discretization step with potential loss of phase margin. Furthermore, the adaptive
controllers in this dissertation are developed under minimal modeling assumptions. In
particular, the adaptive controllers require knowledge of the sign of the high-frequency
gain and a sufficient number of Markov parameters to approximate the nonminimum-
phase zeros (if any). No additional modeling information is necessary. The use of
Markov parameters, or impulse response coefficients, facilitates identification and on-
line retuning. Markov parameters are readily identifiable with least-squares (LS) or

recursive least-squares (RLS) algorithms, as well as the observer/Kalman filter iden-



tification (OKID) algorithm [57]. Another application of Markov-parameter-based
control is iterative learning control [83, 84], where the primary objective is repetitive-
motion command following.

Applications of the adaptive control algorithms presented in this dissertation are
published in [99, 117]. In [99], the adaptive control algorithm developed in Chapter
2 is used for three-degree-of-freedom angular-velocity command following in a six-
degree-of-freedom Stewart platform. Closed-loop experiments were shown to reduce
root mean square (RMS) angular-velocity command-following errors by at least a fac-
tor of 2 in all axes during a 10-minute test. In [117], the adaptive control algorithm
developed in Chapter 5 is used to identify multi-input, multi-output, linear, time-
invariant, discrete-time systems. The adaptive controller is used in feedback with an
initial model to adapt the closed-loop response of the system to match the response
of an unknown plant to a known input.

The remainder of this introduction summarizes the contents of Chapter 2 through
Chapter 6 of this dissertation. In particular, these summaries outline the original
contributions of each chapter. Two primary areas of research are presented in this
dissertation. Specifically, Chapter 2 focuses on gradient-based adaptive control, while
Chapters 3-6 relate to retrospective-cost-based adaptive control. Detailed literature

reviews are provided at the beginning of each individual chapter.

Chapter 2 Summary

The results of Chapter 2 are an extension of the work presented in [36, Chapter
VII], where an adaptive controller is developed that requires limited model informa-
tion for stabilization, command following, and disturbance rejection for multi-input,
multi-output, linear, time-invariant, minimum-phase, discrete-time systems. Specifi-
cally, the controller requires knowledge of the open-loop system’s relative degree and

a bound on the first nonzero Markov parameter. Notably, the controller does not



require knowledge of the command or disturbance spectrum as long as the command
and disturbance signals are generated by Lyapunov-stable linear systems.

The original contribution of Chapter 2, beyond the material presented in [36,
Chapter VII], is the use of a logarithmic Lyapunov function to prove Lyapunov stabil-
ity for systems whose exogenous dynamics are unknown and unmeasured. In addition,
we construct the adaptive update law as a gradient-based adaptive control algorithm.
Since an ideal deadbeat internal model controller is proven to exist, the gradient-based
construction allows us to compute and implement an optimal gradient step size. Fur-
thermore, the gradient-based construction provides a framework for directly analyzing
tradeoffs between transient performance and modeling accuracy. Finally, we derive an
inverse system representation for multi-input, multi-output, minimum-phase systems
which is necessary for the proof of Theorem 2.6.1.

Chapter 2 uses three key tools to prove global convergence of the performance
variable. First, we use a nonminimal state-space realization of the plant. Similar non-
minimal state-space realizations are considered in [23, 30, 32, 38, 101, 124, 127, 134].
Second, we prove the existence of an ideal fixed-gain controller that incorporates a
deadbeat internal model controller, also developed in Chapter 2. Lastly, using a log-
arithmic Lyapunov function, we prove global asymptotic convergence for command
following and disturbance rejection as well as Lyapunov stability of the closed-loop
adaptive system when the open-loop system is asymptotically stable. Since we use
a logarithmic Lyapunov function, we do not need to make use of the key technical
lemma [32], which is limited to output convergence. The key technical lemma along
with logarithmic Lyapunov functions [2, 3, 34, 35, 53-56, 59] are the two principal

techniques used to prove stability for discrete-time adaptive systems.



Chapter 3 Summary

Chapter 3 begins the main topic of this dissertation. Since the method of proof
for the gradient-based adaptive control algorithm presented in Chapter 2 cannot be
extended to nonminimum-phase systems, we now focus on retrospective-cost-based
adaptive control. In particular, this chapter investigates full-state-feedback stabiliza-
tion in multi-input, linear, time-invariant, discrete-time systems. Retrospective cost
optimization [127] is a measure of performance at the current time based on a past
window of data and without assumptions about the command or disturbance signals.
In particular, retrospective cost optimization acts as an inner loop to the adaptive
control algorithm by modifying the performance variables based on the difference be-
tween the actual past control inputs and the recomputed past control inputs based on
the current control law. This technique is inherent in [127] in the use of the estimated
performance variable, but is more fully developed in this dissertation.

The original contribution of Chapter 3 is the development of a retrospective-cost-
based adaptive controller for full-state-feedback stabilization. Furthermore, we prove
Lyapunov stability of the closed-loop system for a special case. We also present nu-
merical examples to illustrate the robustness of the algorithm under conditions of
Markov-parameter uncertainty. Theoretical and numerical results suggest that the
converged adaptive controller has a downward adaptive gain margin of 6 dB and an
infinite upward adaptive gain margin, which is reminiscent of continuous-time fixed-
gain LQR control. Guaranteed stability margins for discrete-time fixed-gain LQR are
discussed in [119], but the margins are found to be inferior to their continuous-time

counterparts.

Chapter 4 Summary

To further develop retrospective-cost-based adaptive control, the results of Chap-

ter 4 generalize the results of Chapter 3 to static-output-feedback stabilization.



Specifically, we construct a retrospective-cost-based adaptive controller for multi-
input, multi-output, linear, time-invariant, discrete-time systems with knowledge of
the sign of the high-frequency gain and a sufficient number of Markov parameters to
approximate the nonminimum-phase zeros (if any). No additional information about
the poles or zeros need be known. In addition, we develop a theoretical link between
nonminimum-phase zero information and Markov parameters. This link is detailed
in Appendix A. We also present numerical examples to illustrate the robustness of

the algorithm under conditions of Markov parameter uncertainty.

Chapter 5 Summary

The results of Chapter 5 are based on the adaptive control algorithms developed
in [127] as well as Chapter 3 and Chapter 4 of this dissertation. Specifically, Chapter
5 generalizes the results of Chapter 3 and Chapter 4 to dynamic compensation for sta-
bilization, command following, disturbance rejection, and model reference adaptive
control. We construct a retrospective-cost-based adaptive controller for multi-input,
multi-output, linear, time-invariant, discrete-time systems with knowledge of the sign
of the high-frequency gain and a sufficient number of Markov parameters to approx-
imate the nonminimum-phase zeros (if any). No additional information about the
poles or the zeros need be known.

A novel feature of the adaptive control algorithms developed in Chapters 3-5
of this dissertation is the use of an adjustable learning-rate parameter o which al-
lows us to develop Newton-step-based adaptive update laws. In addition, Chapter 5
further develops the theoretical link between Markov parameters and nonminimum-
phase zeros. We also develop preliminary metrics for analyzing the gain and phase
margins for discrete-time adaptive systems. Finally, numerical robustness analysis
with uncertainty in the required modeling information is presented for plants that

are multi-input, multi-output, nonminimum phase, and possibly unstable. These



numerical studies show that the adaptive control algorithm is effective for handling
nonminimum-phase zeros under minimal modeling assumptions. These studies also
provide guidance into the choice of the learning-rate parameter « for stable response

and acceptable transient behavior.

Chapter 6 Summary

Adaptive control algorithms can be classified as either direct or indirect, depend-
ing on whether they employ an explicit parameter estimation algorithm within the
overall adaptive scheme; see [32, 50, 77, 90]. Most direct adaptive control algorithms,
with the exception of universal adaptive control algorithms [46, 47, 64, 79, 81, 86,
87, 96, 106, 130, 132], require some prior modeling information, such as the sign of
the high-frequency gain. By updating the required modeling information, perhaps
through closed-loop identification, a direct adaptive control algorithm can be con-
verted to an indirect adaptive control algorithm, which may yield greater versatility
in practice.

The results of Chapter 6 extend the results of Chapter 5. Specifically, the direct
adaptive controller developed in Chapter 5 is augmented with recursive least-squares
estimation to form a discrete-time indirect adaptive control law that is effective for
systems that are multi-input, multi-output, and/or nonminimum phase. Recursive
least-squares estimation is used for concurrent Markov parameter updating. We
present numerical examples to illustrate the algorithm’s effectiveness in handling
nonminimum-phase zeros as plant changes occur. These results are noteworthy since
nonminimum-phase zeros are known to be challenging for adaptive control algorithms
[5]. Numerical results show that the algorithm is able to update the Markov param-

eters and maintain stabilization of the system.
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Chapter 2

Adaptive Gradient-Based Dynamic
Compensation

In this chapter, we present an adaptive controller that requires limited model
information for stabilization, command following, and disturbance rejection for multi-
input, multi-output, linear, time-invariant, minimum-phase, discrete-time systems.
Specifically, the controller requires knowledge of the open-loop system’s relative de-
gree and a bound on the first nonzero Markov parameter. Notably, the controller
does not require knowledge of the command or disturbance spectrum as long as the
command and disturbance signals are generated by Lyapunov-stable linear systems.
Thus, the command and disturbance are combinations of discrete-time sinusoids and
steps. In addition, the controller uses feedback action only and thus does not re-
quire a direct measurement of the command or disturbance signals. We prove global
asymptotic convergence for command following and disturbance rejection.

The results of this chapter are an extension of the work presented in [36, Chapter
VII]. Beyond the material presented in [36, Chapter VII], this dissertation incorpo-
rates a logarithmic Lyapunov function to prove Lyapunov stability for systems whose
exogenous dynamics are unknown and unmeasured. In addition, the adaptive update
law is now constructed as a gradient-based adaptive control algorithm. In contrast

to [127], which was only able to compute an implementable gradient step size, we
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prove the existence of an ideal deadbeat internal model controller, and thus, we are
now able to compute the optimal gradient step size. Furthermore, the gradient-based
construction provides a framework for directly analyzing tradeoffs between transient
performance and modeling accuracy. Finally, an appendix includes the derivation
of an inverse system representation for multi-input, multi-output, minimum-phase
systems. This derivation is necessary for the proof of Theorem 2.6.1. A precursor
to the results of this chapter is given in [39], while the full results and methods of
this chapter are published in [45]. An application of this algorithm to 3-axis angular
velocity command following in a six-degree-of-freedom Stewart platform is published
in [99], and a variation of the adaptive control algorithm developed in this chapter is
implemented on an experimental testbed in [43] to demonstrate broadband adaptive

disturbance rejection.

2.1 Introduction

The adaptive control literature focuses primarily on adaptive stabilization, adap-
tive tracking, and model reference adaptive control [7, 28, 32, 50, 67, 90, 122]. These
adaptive control problems have been approached using parameter-estimation-based
adaptive controllers [7, 50, 90, 122], universal stabilizers [47, 79, 81, 86, 96, 106, 130],
and high-gain adaptive controllers [18, 27, 29, 41, 46, 48, 61, 76, 77, 102]. In addition
to stabilization and command following, disturbance rejection is a third common ob-
jective, arising in noise control, vibration suppression, and structural control. In the
present chapter, we consider the combined stabilization, command following, and dis-
turbance rejection problem for uncertain minimum-phase discrete-time systems with
command and disturbance signals generated by exogenous dynamics with unknown
spectra. Furthermore, unlike adaptive feedforward control, we do not require a direct

measurement of the command or disturbance signals.

12



Adaptive feedforward control is frequently used to reject harmonic disturbances
when the disturbance spectrum is known or can be estimated [62, 80, 95]. Adap-
tive feedforward algorithms typically rely on least-mean-square (LMS) or recursive
least-mean-square (RLMS) algorithms to update parameters. These methods include
the filtered-u LMS and filtered-x LMS algorithms. However, adaptive feedforward
algorithms do not account for the transfer function from the control signals to the
measurements.

In [127], a discrete-time adaptive disturbance rejection algorithm is developed
based on a retrospective performance measure. The retrospective performance of
a system is the performance of the system at the current time assuming that the
current controller was used over a past window of time. In [127], the retrospective
performance is used in connection with time-series modeling of both the plant and
the controller to develop an adaptive disturbance rejection algorithm that requires
knowledge of only the numerator of the transfer function from the control to the per-
formance, and does not require knowledge of the disturbance spectrum. Extensions
of this method and experimental results are given in [42, 63, 108, 110].

Although the discrete-time adaptive control literature is more limited than the
continuous-time literature, there are discrete-time versions of many continuous-time
algorithms [2, 3, 7, 35, 51, 55, 66, 67, 91, 122], as well as adaptive control algorithms
unique to discrete time [32, 33, 71, 134]. In [33], the authors present five algorithms for
stabilization and command following of single-input single-output (SISO) and multi-
input multi-output (MIMO) minimum-phase systems. Although these algorithms
require only that the command signal be bounded, they are based on the assumption
that an ideal tracking controller exists. Disturbance rejection is not addressed. In
[78], the authors consider output regulation with a known plant and an unknown
exosystem that generates reference and disturbance signals.

In the present chapter, we develop a discrete-time adaptive MIMO output feed-
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back controller for stabilization, command following, and disturbance rejection in
minimum-phase systems. This Markov-parameter-based adaptive control algorithm
requires knowledge of only the open-loop system’s relative degree and a bound on
the first nonzero Markov parameter. We assume that the command and disturbance
signals are generated by a Lyapunov-stable linear system so that the command and
disturbance signals consist of discrete-time sinusoids and steps. However, we do not
require any information regarding the spectrum of the command or the disturbance,
and we do not require a direct measurement of the command or the disturbance. We
prove globally asymptotic command following and disturbance rejection, as well as
Lyapunov stability of the closed-loop error system when the open-loop dynamics are
asymptotically stable. If there are no command or disturbance signals, then we prove
output stabilization, that is, global asymptotic convergence of the output to zero.
The present chapter uses three key tools to prove global convergence of the per-
formance variable. First, we use a nonminimal state-space realization of the plant.
Similar nonminimal state-space realizations are considered in [23, 30, 32, 38, 124, 134].
The nonminimal state-space realization has a state that consists entirely of delayed
inputs and outputs, which allows us to represent dynamic output feedback as static
full-state feedback. More precisely, dynamic output feedback can be written as the
product of a known feedback vector and a matrix of estimated controller parameters.
Second, we prove the existence of an ideal fixed-gain controller that incorporates a
deadbeat internal model controller. For more information on deadbeat internal model
control, see [40]. Lastly, we use a logarithmic Lyapunov-like function to prove asymp-
totic command following and disturbance rejection. Logarithmic Lyapunov functions,
that is, quadratic functions that incorporate a logarithm, are used in [2, 3, 35, 53—
56, 59] to prove Lyapunov stability of discrete-time systems. In [128], a quadratic
Lyapunov-like function is used to establish convergence of discrete-time systems. Us-

ing the logarithmic Lyapunov function, we prove global asymptotic convergence for
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command following and disturbance rejection as well as Lyapunov stability of the

adaptive system when the open-loop system is asymptotically stable.

2.2 Problem Formulation

Consider the MIMO discrete-time system

x(k 4+ 1) = Az(k) + Bu(k) + Dyw(k), (2.1)

y(k) = Ca(k) + Daw(k), (2.2)

where z(k) € R", y(k) € R, u(k) € R, w(k) € R, and k > 0. Our goal is to
design an adaptive output feedback controller under which the performance variable y
converges to zero in the presence of the exogenous signal w. Note that w can represent
either a command signal to be followed, an external disturbance to be rejected, or
both. For example, if D; = 0 and Dy # 0, then the objective is to have the output C'xz
follow the command signal —Dyw. On the other hand, if D; # 0 and Dy = 0, then the
objective is to reject the disturbance w from the performance measurement Cz. The
combined command following and disturbance rejection problem is considered when

D, and D, are block matrices. More precisely, if D; = { D, 0 ], D,y = { 0 D, ],

wq(k .
and w(k) = (k) , then the objective is to have C'z follow the command —Dsws

wy (k)

while rejecting the disturbance w,. Lastly, if D; and D, are empty matrices, then the
objective is output stabilization, that is, global asymptotic convergence of y = Cx
(and thus ) to zero.

In the nonadaptive case, a sufficient condition for command following and dis-
turbance rejection is [, > [, [40, 44]. Furthermore, we require that [, > [, because
the construction of an ideal fixed-gain controller in Section 2.4 requires that the first

nonzero Markov parameter from u to y be left invertible. Thus, we require that
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l, = l,. Henceforth, [ 21, = I,.

Next, define the transfer function matrix

Gu(z) 2 C(:I — A)'B = f: ZH,, (2.3)

i=d

and define d to be the smallest positive integer ¢ such that the ith Markov parameter

H, 2

(A1)

(A2)

(A3)

(A4)

(A5)

CA~'B is nonzero. We make the following assumptions:

The triple (A, B, C) is controllable and observable.

A—)X B A—zI B
If A\ € C and rank [ c 0 < normal rank { c 0 ], then
|A| < 1.
d is known.

H, is nonsingular.

There exists Hy € R™! such that 2HT Hy < HI Hy + HY Hy and Hy is known.
There exists an integer n such that n < n and 7 is known.

The performance variable y(k) is measured and available for feedback.

The exogenous signal w(k) is generated by

Ty(k+1) = Apzy,(k), :
w(k) = Cpxy(k), (2.5)

where z,, € R™ and A, has distinct eigenvalues, all of which are on the unit
circle.

There exists an integer n,, such that n, < n, and 7, is known.
The exogenous signal w(k) is not measured.

A, B,C, Dy, Dy, Ay, Cy,n,n,, and Hy are not known.
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Assumption (A1) implies that the McMillan degree of G, (2) is n. In the SISO
case, assumption (A1) prevents pole-zero cancellation when forming the transfer func-
tion G, (%), which implies that the order of G, (z) is n.

Let G,,(z) have a left coprime matrix-fraction description G,(z) = u(z)"'v(z2),
where p(z) and v(z) are [ x [ polynomial matrices. Without loss of generality, we
assume that p(z) is in column-Hermite form, that is, p(z) is upper triangular where
each diagonal entry is a monic polynomial whose degree is higher than the degree of

all of the remaining entries in its column [58, Theorem 6.3-2]. Thus, we can write

p(z) = 2" o + 2" a4 21+ fm,s (2.6)

where m < n and po, ..., my, € R are upper triangular. Note that the leading
coefficient matrix g is not necessarily I;. However, it can be seen that there exists

an [ x [ upper-triangular polynomial matrix

2 qig™ Gz
ha2 hay
A z SRR YA
Qz) = : (2.7)
Shu

such that the leading term of «a(z) 2 Q(2)u(z) is z™1I;. Thus, we can write
a(z) =2"L+ 2" a4+ 2" Pag 4+ 2001 + i, (2.8)

where ay,...,q, € R*! Furthermore, G,,(z) has the matrix-fraction description

Gyu(z) = a(z)7'8(z), where 3(z) 2 Q(2)v(z), and we can write

B(z) = 2" B+ 2" Bayr + -+ 2Bm-1 + B, (2.9)
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where B4, ..., B, € R*! Note that if the input to G, is u = §(0)e;, where §(0) is

the unit impulse at £ = 0 and e; is the ith column of I;, then the output is

0, 0<k<d,
y(k) = (2.10)

/Gdeh k=d.
Thus, it follows that §; = H,;. Note that a(z) and ((z) are not necessarily left
coprime. However, since u(z) and v(z) are left coprime, it follows that Q(z) is
the greatest common left divisor of a(z) and B(z). Furthermore, since det Q(z) =
Zhut-thu the pole-zero cancellation that occurs when forming the transfer function
Gyu(z) = a(z)7'8(2) occurs only at z = 0.

Define the transfer function matrix

Gyu(2) 2 C(2I — A)"'Dy + D, (2.11)

and, assuming that Gy, has a matrix-fraction description of the form G, =

a(2)71v(z), which is not necessarily left coprime, we can write

Y(2) = 2"y + 2" I A 2V Y (2.12)

where Yo, ..., Vm € R Therefore, for k > m, the state-space system (2.1), (2.2)

has the time-series representation

y(k) = D —auy(k =)+ > Bk =) + D _viw(k = i), (2.13)

Definition 2.2.1. Let G be a strictly proper transfer function matriz. Then the
normal rank of G is rank G = rank G(X\) for almost all \ € C.

Next, note that it follows from (2.3) and assumption (A4) that, for all suffi-

ciently large A € C, rank G,,(\) = [. Thus, Gy,(2) has full normal rank, that is,
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normal rank Gy, = [. Consequently, normal rank v = [.

Definition 2.2.2. Let G be a strictly proper s X t transfer function matrix with the

Smith-McMillan form

71 (2)
) 0
G(z) = Ui(2) o Us(2), (2.14)
qr(z
pr(2)
|0 Ofs—r)x(t—r) |
where r = normal rank G, Uy and Uy are unimodular matrices, and ¢y, ..., Gr, D1, - - -, Dr
are monic polynomials such that, for all i = 1,...,r, ¢; and p; are coprime and, for

allt=1,...,r — 1, p;y1 divides p; and q; divides q;+1. Then the poles of G, count-
ing multiplicity, are the roots of py---p,, and the transmission zeros of G, counting

multiplicity, are the roots of q1 - - - q..

Lemma 2.2.3. Let G be a strictly proper s X t transfer function matriz with a left
coprime matriz-fraction description G(z) = P(2)7'Z(z). Then X € C is a transmis-
sion zero of G if and only if rank Z(\) < normal rank Z. Furthermore, p € C is a

pole of G if and only if det P(p) = 0.

Assumption (A2) states that the invariant zeros of (A, B,C) are contained in
the open unit circle. Since, by assumption (A1), (A4, B,C) is minimal, it follows
that the invariant zeros of (A, B,C) are exactly the transmission zeros of Gy,(z).
Therefore, assumption (A2) is equivalent to the assumption that the transmission ze-
ros of Gy,(z) are contained in the open unit circle. Since p(z) and v(z) are left
coprime, it follows from Lemma 2.2.3 that assumption (A2) is equivalent to the
assumption that, if A € C and rank v(\) < normal rank v, then |\ < 1. Fur-
thermore, since normal rank v = [ by assumption (A4), it follows that assumption

(A2) implies that, if A € C and det v(A) = 0, then |A\] < 1. Consequently, since
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det B(A\) = det Q(N)det v(N\) = Mt Fhudet v()), it follows that, if A € C and
det B(A) =0, then |\ < 1.

For SISO systems, assumption (A5) specializes to the assumption that sgn H, is
known and an upper bound on the magnitude |Hy| is known. For MIMO systems,
assumption (A5) is a generalization of this SISO assumption. In particular, if Hy is
positive definite, then assumption (A5) specializes to the assumption that an upper
bound on the magnitude of Apax(Hy) is known. Similarly, if H, is negative definite,
then assumption (A5) specializes to the assumption that an upper bound on the
magnitude of [Ayin(Hg)| is known. More precisely, if H, is positive definite, then
assumption (A5) is satisfied with Hy > A\nax(Hg)l;, while, if H, is negative definite,
then assumption (A5) is satisfied with Hy; > [Amin(Hg)|I;. Note that assumptions
(A4) and (A5) imply that H, is nonsingular.

Assumption (A8) restricts our consideration to command and disturbance signals
that consist of discrete-time sinusoids and steps. The assumption that the eigenvalues
of A, are distinct entails no loss in generality compared to the assumption that the
eigenvalues of A, are semisimple, that is, appear only in Jordan blocks of order 1.

For example, consider the system
A
Tu(k+1) = zw(k),  w(k)=zu(k), (2.15)

2

where z,(k) [Zw1(k)  2u2(k)]". We consider two cases. First, suppose that

Zy1(0) # 0 and construct the system

1

Purlk 1) = Az, wilk) = | (k) (2.16)
Tw?2
ww1(0)
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Then, with x,,(0) = ,1(0), it follows that

1 k )\kl’U,l(O)
we(k) = ; N2y (0) = =w(k). (2.17)
D Az (0)

A similar argument applies to the case ,2(0) # 0. Therefore, it follows that there
exists a system with distinct eigenvalues whose output is identical to the output of
(2.4), (2.5). Or course, Jordan blocks of order greater than 1 give rise to unbounded
disturbances, which are not considered.

Assumption (A10) implies that a direct measurement of the command and dis-
turbance is not required, while assumption (A11) implies that the spectrum of the
command and disturbance signals is unknown. We stress that y(k) is the only signal

available for feedback.

2.3 Nonminimal State Space Realization

We use a nonminimal state-space realization of the time-series system (2.13) whose
state consists entirely of measured information. More specifically, the state consists
of past values of the performance variable y(k) and the control u(k). To construct
the nonminimal state-space realization of the time-series system (2.13), we introduce

the following notation. For a positive integer p, define the nilpotent matrix

Ot =+ Ot Opxs
I .- 0 0
O oo D O |
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and define

I
E £ Yo erve, (2.19)

O1(p—1)xt

where the dimension p is given by context.

Now, let n, > m and consider the 2[{n.-order nonminimal state-space realization

of (2.13)
o(k+1) = Ap(k) + Bu(k) + DiW (k), (2.20)
y(k) = Co(k) + DWW (k), (2.21)
where
BC Ot
AL Au+ D N e (2.22)
Olncx2lnc El
T
C=| -1 - —am Oite—m) Oixia1y Ba -+ Bm Oxine—my |+ (2:23)
ED
D, 2 s , DQé{% %]; (2.24)

OlnC X (m~41)lw

Nnc O Nne XIne
A 2 e (2.25)
Olnc xlne Nnc

>
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is nilpotent; and

- y(k—1) _
w(k)
A k — ne A
s 2 | YT e (2.26)
u(k —1)
w(k —m)
] u(k —ne) |

Note that the definition of C in (2.23) requires n. > m. The triple (A, B,C) is stabi-
lizable and detectable. However, (A, B,C) is neither controllable nor observable. In
particular, (A, B,C) has n controllable and observable eigenvalues, while the remain-
ing 2ln. —n eigenvalues are located at 0. Moreover, (A, B) has In. —n uncontrollable
eigenvalues at 0, while (A, C) has In. unobservable eigenvalues at 0. Note that in this
basis, the state ¢(k) contains only past values of the performance variable y and the
control .

Now, we consider the time-series controller
u(k) = "Z Miu(k — 1) + "Z Nyy(k — 1), (2.27)
i—1 i=1
where, for all i = 1,...,n., M; € R and N; € R*!. The control can be written as
u(k) = 0¢(k), (2.28)
where

2

0= | N, .- N, M - M, |€RXn. (2.29)

The control (2.28), which is dynamic output feedback in terms of y, can be com-
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puted by recording and using n. past values of the performance variable y and the
control u. However, (2.28) is a full-state-feedback control law for the nonminimal
state-space system (2.20)-(2.25). The closed-loop system consisting of (2.20)-(2.25)

with the linear time-invariant feedback (2.28) is

ok +1) = Ap(k) + DyW (k), (2.30)
y(k) = Co(k) + DWW (k), (2.31)
where
A EC
AZ A+BI= Ay + : (2.32)
E\0

2.4 Ideal Fixed-Gain Controller

In this section, we prove existence and derive properties of an ideal fixed-gain
controller of the form (2.27) for the open-loop system (2.1) and (2.2). This con-
troller, whose structure is illustrated in Figure 2.1, is used in subsequent sections to
construct an error system for analyzing the adaptive closed-loop system. We stress
that the ideal controller is not intended for implementation. An ideal fixed-gain con-
troller consists of two distinct parts, specifically, a precompensator, which cancels the
transmission zeros of the open-loop system, and a deadbeat internal model controller,
which operates in feedback on the observable states of the precompensator cascaded
with the open-loop system.

First, we demonstrate how to construct the ideal fixed-gain controller. Using
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Plant [ Gy Guyw |

M x(k + 1) = Az (k) + Bu(k) + Diw(k) Us -
u J ye k) = Cak) + Dawik) >
Precompensator Gpc Deadbeat Internal Model Gdb

ipc(/{ + 1) ZAAPCCEPC(/C) + chudb(k) :udb ,fdb(k + 1) = f:ldbidb(k) + Edby*(k)
| wil(k) = Cpedipe(k) + uan(k) uap (k) = Capdan (k) |

Ideal Fixed-Gain Controller

Figure 2.1 Closed-loop system with the ideal fixed-gain controller. The pseudo-input e
facilitates the proof of Theorem 2.4.1 but is otherwise set to zero.

assumption (A4), consider the [ x [ exactly proper precompensator

m—d
uu(k) = —H7' > Bagiua(k — 1) + uap(k), (2.33)
i=1
which has a minimal state-space realization of the form

Zpe(k 4+ 1) = Apedpe(k) 4+ Bpean (), (2.34)

Uy (k) = Coedipe (k) + uap (k) (2.35)

where 7. € R and 7, is the McMillan degree of G (z) 2 B(z)~12m~4H,, which

is the transfer function from wugp, to u.. Note that n,. < I(m — d). The poles of the
precompensator Gpc(z) are exactly the transmission zeros of the open-loop transfer
function Gy, (z). Furthermore, assumption (A2) implies that the transmission zeros
of Gy,(z), and thus the poles of G’pc(z), are asymptotically stable. Therefore, the

cascade

Gyu(2)Gpe(2) = a(2) 7' B(2)B(2) " 2™ H,

= a(2) 2™ H, (2.36)
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has asymptotically stable pole-zero cancellation. Let n, be the McMillan degree of

N

Gyu(2)Gpe(2), and note that n, < Im.

Define the pseudo-input

u(k) — u(k), (2.37)

and cascade the precompensator (2.34), (2.35) with the open-loop system (2.1), (2.2)

to obtain

x(k+1) A BCp x(k) B
= . + udb(k)
Tpe(k + 1) 0 Ay Tpe(k) B
B D,
+ e(k) + w(k), (2.38)
0 0
x(k
y«(k) = [ C 0 ] ") + Dow(k), (2.39)
Tpe (k)

where 1, is the ideal system output. Since the poles of Gpc(z) cancel the transmission

zeros of Gy, (z), it follows that

A BC,. B
, { C 0 } (2.40)

0 Ay By

A

is not minimal. However, since (A, B) and (Ap, Bpe) are controllable, it follows that

(2.40) is controllable. Thus,
A BC,.
Jeo (2.41)

is not observable. In fact, it follows from the pole-zero cancellations between Gfpc(z)
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and G, (z) that the unobservable modes of (2.41) are exactly the poles of Gpe(2), all
of which are asymptotically stable.

Next, let Zqp, € R™® and let

Zi'db(k’ + 1) = Adbli'db(k‘) + Bdby*(k‘), (2.42)

uan (k) = édbidb(k), (2.43)

be an internal model controller (whose existence is shown in Section 2.9) for the
observable states of (2.38) and (2.39) that guarantees exact command following and
disturbance rejection in finite time, that is, (2.42), (2.43) is a deadbeat internal model
controller. Thus, the ideal fixed-gain controller consists of the precompensator (2.34),
(2.35) and the deadbeat internal model controller (2.42), (2.43). Define the transfer

function matrix of the deadbeat internal model controller (2.42), (2.43) by
Can(2) = Can(=I — Aap) ™ Bay.
The following theorem constructs the ideal fixed-gain controller
us(k) = ”Z M u(k—1i) + ”Z Ny (k —1), (2.44)
i—1 i=1
which can be expressed as
(k) = 0,62 (k), (2.45)

where

1>

Ny +++ Ny Mg -+ M, (2.46)
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and

Yul(k — 1)

yu(k —ne)
us(k —1)

[I>

Pun(F) (2.47)

us(k — ne)

The closed-loop system with the ideal fixed-gain controller is shown in Figure 2.1 and

is given by
o(k + 1) = A,p(k) + DiW (k), (2.48)
y(k) = Co(k) + DWW (k), (2.49)
where
~ A EIC
A, = A+ Bo, = Ay + . (2.50)
FE,0,

Theorem 2.4.1. Consider the ideal closed-loop system consisting of (2.48), (2.49),

where A,, B, and C are given by (2.50), (2.22), and (2.23), respectively. Furthermore,
let

Ne > Ng + 2ln, +m —d. (2.51)

Then there exists an ideal linear output-feedback controller (2.44) of order n. such

that the following statements hold:
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(i) For all initial conditions ¢..(0) and x,(0) and all integers k > ko, where

ko = no + ne +d —m, (2.52)
it follows that y.(k) = 0.
(i) A, is asymptotically stable.
(i) Fori=1,2,3,...,
c&ﬂs:{%?ii? (2.53)

Proof. We show that a time-series representation of the fixed-gain controller
(2.34), (2.35), (2.42), and (2.43) depicted in Figure 2.1 exists and satisfies (7)- (i)

First, consider the cascade (2.38), (2.39), and recall that (2.40) is controllable
but not observable. Furthermore, the unobservable modes of (2.41) are precisely the
poles of Gpc(z), all of which are asymptotically stable because of assumption (A2).
Therefore, it follows from the Kalman decomposition that there exists a nonsingular

matrix T € RO Hpe)x(ntipe) gyych that

A, 0 A BC,.

=T ) T, (2.54)
Ay As 0 Ay
[CO 0= [C O}T‘l, (2.55)

where A, € R"™*" (A,, C,) is observable, and Aj; is asymptotically stable.

o (k) x(k)
T , where z,(k) € R", and applying this

5 (k) Tpe(F)

1>

Now, defining
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change of basis to the cascade (2.38) and (2.39) yields

2ok + 1) A, 0 o (k) B,
= + udb(k:)
1’5(]{3 + 1) A21 A5 ZL'()(/{?) B5
Beo Dlo
U e+ | | wik), (2.56)
Beo D1,6
To(k
y« (k) = { c, 0 } (k) + Dyw(k), (2.57)
x5(k)

Note that (A,, B,, C,) is a minimal realization of the transfer function matrix

Go(2) & Culz] — Ay "By = Gyu(2)Gie(2)

= a(z)"' 2™ H,. (2.59)

Next, we consider a deadbeat internal model controller of the form (2.42), (2.43)

designed for the observable subsystem of (2.56), (2.57) given by

To(k + 1) = Ao (k) + Bouan(k) + Beoe(k) + Dy ow(k), (2.60)

ys (k) = Cozo(k) + Dow(k). (2.61)

The invariant zeros of (A,, B,, C,) are located at the origin and thus do not coincide
with the eigenvalues of A, by assumption (A8). Since, in addition, (A,, By, C,) is

minimal, the dimension of y equals the dimension of u, and normal rank G, = I,
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it follows from Theorem 2.9.1 with n = n,, N, = N, and Zy = [ that, for all ngy

satisfying
ﬂdb Z No + 2lnw, (262)

there exists a discrete-time controller (2.42), (2.43) such that the dynamics matrix

Ao £ AAO BOACdb ; (2.63)
BapCo  Aap
of the closed-loop system (2.42), (2.43), (2.60), and (2.61), which represents the feed-
back interconnection of G, and Gap, is nilpotent. Furthermore, with e(k) =0, for all
initial conditions (z,(0), z5(0), Zap(0), £, (0)) and all integers k > n, + nqp, it follows
that y.(k) = 0.
The closed-loop system (2.42), (2.43), (2.56), and (2.57) is

To(k +1) A, BCaq 0 zo(k)
iwk+1) | = | BpCo Ag 0 Zan (k)
xs(k + 1) Ay BiCay As z5(k)
_ Beo - _ Dy _
+ 0 e(k)+ | ByD, | w(k), (2.64)
Bes D
o (k)
y«(k) = [CO 0 o] Zap(k) | + Dow(k). (2.65)
z5(k)
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Since Agyo is nilpotent and Aj is asymptotically stable, it follows that

A, B,Cy 0
By,Cy Ay 0 (2.66)

Ay BsCan As

is asymptotically stable.
To construct the ideal fixed gain controller, we first write the transfer function

matrix of (2.42), (2.43) as

Can(2) = M (2)" N (2), (2.67)

where
M(z) = 2" [ 4 2"V A 2 My, 1+ My, , (2.68)
N(z) = 2hav=INy 4 2R =2 Ny oo 4 2N 1 + Nay, (2.69)

where, for i = 1,..., gy, M; € R and N; € R Therefore, (2.42), (2.43) has the

time-series representation

Aab Adb
ugp(k) = =Y Myugy(k —i) + > Niga(k — ). (2.70)
=1 i=1

Now, let nq, = n. + d — m, and note that, since (2.51) holds, ngp, = n. +d — m >
no + 2ln,, as required by (2.62). With e(k) = 0, and thus u(k) = u.(k) for all
k > kg, the ideal fixed-gain controller, which consists of the precompensator (2.33)

and the deadbeat internal model controller (2.70), is given by (2.44), where, for
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1>

—Hy ' Bays — Y MyH Basiy, (2.71)

i=1

N;, (2.72)

M*i

[I>

N*i

where, for all i > m, 8; = 0, and, for all i > Ag,, M; = N; = 0.
To show (i), consider the 2in.-order nonminimal state-space realization of the

controller (2.45), (2.71), and (2.72) given by

Gun(k+ 1) = Actpus (k) + Beys(k), (2.73)
U (k) = Cepun(k), (2.74)
where
Oncx Ne E
AL A+ | ™ B AL T L 2. (2.75)
Elﬁ* Olncxl

Note that A. = A+ BC. — B.C. Therefore, the ideal closed-loop system (2.20)-(2.25)
and (2.73)-(2.75) is

otben) | | me || o |
Gur(k + 1) B.L A G (K)
B D, _
- e(k) + W (k), (2.76)
B.D,
(k
P (k)
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where

_ Yul(k — 1) _
6.(k) 2 y*((];_ T)) (2.78)
I u(k — ne) |

The closed-loop system (2.76) and (2.77) is a nonminimal representation of the
closed-loop system (2.64) and (2.65). Furthermore, every unobservable or uncontrol-

lable mode of (2.76) and (2.77) is located at zero. Thus, the spectrum of

(2.79)

consists of the eigenvalues of (2.66) as well as 4ln. —n —npe. — Nap eigenvalues located
at 0. Therefore, since (2.66) is asymptotically stable, it follows that (2.79) is asymp-
totically stable. Furthermore, since (2.76), (2.77) is a nonminimal representation of
(2.64), (2.65), it follows that, with e(k) = 0, for all initial conditions ¢..(0) and x,,(0)

and all k > n, + nap, = ko, it follows that y,.(k) = 0. Thus, we have verified (7).
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To show (i), consider the change of basis

A, BC.

0 Anil
B

B

I 0
-1 I

I 0
-1 I

feo

, (2.80)
BL A I 1
B
: (2.81)
I 0
(2.82)
I I

Since (2.79) is asymptotically stable and A, is nilpotent, it follows from (2.80) that

A, is asymptotically stable, verifying (7).

To show (iii), we compute the closed-loop Markov parameters

yeei from the

pseudo-input e to the performance variable y, using a state-space realization of the

closed-loop system and a transfer function matrix representation of the closed-loop

system. First, consider the nonminimal state-space realization (2.76) and (2.77). For

1=1,2,..., define the Markov parameters

Hy*e,i -

e

0 Anil

i—1
A BC. B
B.C A, 0
- ~ i—1
A, BC. B

-B

where M,; = C.A'B fori=1,2,...,n. and M,; = 0 for all i > n,.

nil

<ol

= CA'B+ Z _C/H_llgM*i—ja

Jj=1
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Next, consider the transfer function matrix representation of the open-loop system

Y = Gyu(z)u + Gyw(z)'w
— G2t + Gpul2)e + Gyl

~

= Gyu(2)Gpe(2)Gan(2)ys + Gyu(2)e + Gyp(2)w, (2.84)

which implies that the closed-loop system is

Y = Gyee + Gyuw, (2.85)
where

Clye 2 [I — G yu(2) Gre(2) Gan (2)) " Gyu(2)

= [I— ()2 H M (2) T N (2)]  alz) U B(2)

= [a(z) — 2" H M (2) 7 N (2)] 71 B(z)

= D(2)"'M(2)Hy'B(2), (2.86)
Gy = [ = Gyu(2)Gpe(2)Gan(2)] 7 G (2)

= D(2) ' M(2)Hy 'y(2), (2.87)
and D(z) 2 M(z)H;'a(z) — 2" 9N(z). Notice that D(z) can be written as
D(z) = zm+ﬁded_1 SRR Ul ) NPT Dm+ﬁdb, (2.88)

where, for i = 1,2,...,m + fq,, D; € R Since (2.63) is nilpotent, it fol-
lows that the poles of éye and éyw are located at zero; in particular, det D(z) =

Zmtrav)det H;'. In fact, it follows from (2.88) that the coefficients of the deadbeat
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controller M(z)~"N(z) can be chosen so that Dy = --- = Dy 4a,. =0,

Gye(z) = [z HIY T N (z) = 27 N (2),

where
N(2) & M(2)H'B(2) = 2™ Ny + -+ + Nos,
and
0, 0<i<d,
N, = I, i=d,

Hd_lﬂz + Zl_? Mde_lﬂi_j, d<i1<m-+ ﬂdb-

J:
Therefore, it follows from (2.71) that
0, 0<1i<d,

N, = I, i =d,

—Myi—d, d<z’§m+ﬂdb.

and thus

(2.89)

(2.90)

(2.91)

(2.92)

It follows from (2.89) that the closed-loop Markov parameters I:Iy*e,i from the pseudo-

input e to the performance variable y, are ﬁy*ei = H,N; fori=1,2,..

f]y*e,i = 0 for i > m + ngp, which implies

0, 0<i<d,

~ il i=d,
Hy*e,i =

—HgM,i—q, d<i<m+ ngp,

O, 1> Mm + Nap.

., m+ng, and

(2.93)

Then property (444) follows from comparing the expressions for H,,.; given by (2.83)
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and (2.93). More specifically, since (2.93) implies that fly*e,l e ~y*e7d_1 =0,

it follows from (2.83) that CB = CAB = --- = CAY2B = 0. Next, since
CB = CAB = - = CA*?B = 0 and H,,.q = Hy (using (2.93)), it follows
from (2.83) that CA*'B = H,. Now, since CB = CAB = --- = CA* 2B = 0,

CA'B = Hy, and Hy,.q41 = —HgM,, (using (2.93)), it follows from (2.83) that
CAIB = 0. Lastly, since CB=CA.B=---=CA¥2B=0,CA"'B=H,;, CAB =0,
and Hy, 10 = —HgM,y (using (2.93)), it follows from (2.83) that C.A%'B = 0. Con-
tinuing this analysis yields CB = CAB = --- = CA™2B = 0, CA*'B = H,, and
CAB=CAH'B=...=0. O

2.5 Error System

We now construct an error system using the ideal fixed-gain controller and a
controller whose gains are updated by an adaptive law. By assumption (A11), the
controller order n. given by (2.51) is unknown. However, since m < n and n, < Im,

it follows that n, +m + 2In, —d < (I + 1)n + 2ln, — d. Therefore, if
n. > (I+1)n + 2ln,, —d, (2.94)

then n. satisfies (2.51). Assumptions (A3), (A6), and (A9) imply that the lower
bound on n. given by (2.94) is known.
The closed-loop system consisting of (2.20)-(2.25) with the ideal feedback (2.45)

is

G (b +1) = Aupun(k) + DIW (K), (2.95)

where, by (ii) of Theorem 2.4.1, A, is asymptotically stable.
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Next, consider the controller
u(k) =Y My(k)u(k — i)+ Y N;(k)y(k — 1), (2.97)
i=1 i=1

where, for all i = 1,...,n., M; : N — R>*" and N; : N — R are given by the

adaptive law presented in the following section. The control can be expressed as

u(k) = 0(k)o(k), (2.98)
where
O(k) 2 | Ny(k) - No(k) My(k) - M(k) |- (2.99)
Inserting (2.98) into (2.20) yields
ok + 1) = Ag(k) + BO(k)(k) + Dy W (k). (2.100)
Next, defining
0(k) £ 0(k) — 0., (2.101)

and substituting 6(k) = 8(k) + 6, into (2.100), the closed-loop system consisting of

(2.20), (2.21) with the time-varying feedback (2.98) becomes

ok +1) = A, p(k) + BO(k)p(k) + DyW (k), (2.102)

y(k) = Co(k) + DaW (k). (2.103)

Now, we construct an error system by combining the ideal closed-loop system
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(2.95), (2.96) with the closed-loop system (2.102), (2.103). Define the error state

O(k) = Pus(k), (2.104)

and subtract (2.95), (2.96) from (2.102), (2.103) to obtain

o(k+1) = A, (k) + Bo(k)o(k), (2.105)
j(k) = Co(k), (2.106)

where
G(k) 2 y(k) — (k). (2.107)

Note that the Markov parameters of the error system (2.105), (2.106) are given by
(#i) of Theorem 2.4.1.

The following proposition shows that y(k) is linear in the estimation error 6(k).
This proposition is essential for developing the adaptive law and analyzing the sta-

bility of the error system.

Proposition 2.5.1. Consider the error system (2.105) and (2.106). For all k > ky,
J(k) = y(k) = Hab(k — d)p(k — d). (2.108)
Proof. Substituting (2.105) into (2.106) yields
k ~ ~
(k) =Y CAT'BI(k — i)p(k — i). (2.109)
i=1

It now follows from (iii) of Theorem 2.4.1 and (2.109) that j(k) = Hf(k —d)¢(k—d).

Furthermore, it follows from (i) of Theorem 2.4.1 that, for all k& > k¢, y.(k) = 0, that
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is, (k) = y(k). Hence, for all k > ko, (2.108) holds. O

2.6 Adaptive Controller and Stability Analysis

We now present the adaptive law for the controller (2.98), (2.99) and analyze the

properties of the closed-loop error system. Consider the cost function

T (k)j(k). (2.110)

Substituting (2.108) into (2.110), the gradient of J(k) with respect to 8(k — d) is

given by

0 T/
m_de(k)qb (k — d). (2.111)

Since, by assumption (A11), Hy is unknown, we replace Hy in (2.111) with Hy, and,
in place of (2.111), we use the implementable gradient

G(k) £ A y(k)o (k — d). (2.112)

Note that the implementable gradient (2.112) can be used in practice due to assump-
tions (A3), (Ab), and (AT).

Now, consider the adaptive law
O0k+1)=0(k—d)—nk)G(k), (2.113)

where n : N — [0,00) is a step-size function. Note that if G(k) = 0 then n(k) is
irrelevant. In accordance with assumptions (A10) and (All), the adaptive control
law (2.113) does not require a measurement of the exogenous signal w(k) and does

not use knowledge of the exogenous dynamics (2.4), (2.5).
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Subtracting 6, from both sides of (2.113) yields the estimator-error update equa-

tion
O(k +1) = 0(k — d) — n(k)G(k). (2.114)

The closed-loop error system is thus given by

Y(k+1) = AyY (k) + Byy(k), (2.115)
0k +1) =0(k — d) — n(k)G(k), (2.116)
Ok —d+1) = 0(k —2d) — n(k — d)G(k — d), (2.117)
where
; y(k—1)
Ay £ Nitneta)s By £ l ; Y(k) 2
Or(netd—1)x
y(k — N¢e — d)
(2.118)

Theorem 2.6.1. Consider the open-loop system (2.1), (2.2) satisfying assumptions
(A1)-(A11) and the adaptive feedback controller (2.94), (2.98), (2.99), (2.108), and
(2.113). Furthermore, for all k > ko, let ((k) € R be such that

0 < G2 inforC() < Ck) < o = supyop () < 2. (2.119)
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Finally, for all k € N such that G(k) # 0, let n(k) € [0,00) satisfy

n(k) =0, if k<ko, (2.120)
n(k) = C(k)nope(k), if k= ko, (2.121)
where
o Jy®)3

Topt (k) = IGO0l (2.122)

o

Then, for all initial conditions x(0) and 6(0), 0(k) is bounded, u(k) is bounded,
limy oo y(k) = 0, and x(k) satisfying (2.1) is bounded. If, in addition, the open-loop
dynamics matriz A is asymptotically stable and u(k) = 0 for all k = 0,... ko — 1,
then, for all x,,(0), the zero solution of the closed-loop error system (2.115)-(2.117)

15 Lyapunov stable.

Proof. Let k > ko so that, by Proposition 2.5.1, g(k) = y(k). Consider the

quadratic function
JY) 2 YTPY, (2.123)
where P > 0 satisfies the discrete-time Lyapunov equation
P =AyPAy + Q +al, (2.124)

where @ > 0 and o > 0. Note that P exists since Ay is asymptotically stable.

Defining

>

AJ(E) 2 J(Y(k+1)) — J(Y (k)), (2.125)
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it follows from (2.115) that

AJ(k) =Y (k+1)PY(k+1) - YT (k)PY (k)
= Y (k) (Q+al) Y (k) + YT (k)AL PByy(k)
+y" (k)By PAYY (k) +y (k) By PByy(k)
< —YT(k)(Q+al)Y(k) +y" (k)By PByy(k) + oY T (k)Y (k)
+ T () [BEPAYATPBy ] y(k)

< = YH(R)QY (k) + owy” (k)y(k), (2.126)

where 01 £ Ayax (BEPBy + LBEP Ay ALPBy ).

Now, consider the positive-definite, radially unbounded Lyapunov-like function

d
V(Y(K),0(k),...,0(k —d)) 2 n (1+a YT (k)PY (k) + az Y 100k — )3

=0

d
—In(1+aJY tax Y |0k —i)|F,  (2.127)
i=0

where a; > 0 and as > 0 are specified below. The Lyapunov-like difference is thus

given by

>

AV(EYS V(Y (k+1),0(k+1),...,0(k—d+1))

— V(Y (k),0(k),...,0(k—d)). (2.128)

Evaluating AV (k) along the trajectories of the closed-loop error system (2.115)-

44



(2.117) yields

AV(k)=In[1+a Y (k+1)PY(k+1)] —In [14+ &Y " (k)PY (k)]
+amP(WIIGE)IE = 2am(k) [tr (86— DGT(R))]
= [l +arJ(Y (k) + as AT (k)] — In [1+ ay J(Y (k)] + azn?(k)|| G (k) |12
— 2azn(k) [tr (O(k — d)p(k — d)yT(k)FIdﬂ
= [l +arJ(Y (k) + as AT (k)] — In [1+ ay J(Y (k)] + azn?(k)|| G (k) |12
~ a <2n(k)qu(k — )k — A)HTHB(k — d)p(k — d))
= I [1+a J(Y(E)) + ar AT(k)] — In [1 + ay J(V ()] + aon? (k) || G(R)||2

— aun(R)6" (k — )" (k — d) [H] By + HIHy) 0k — d)o(k - d).

(2.129)
By assumption (A5) and using (2.108), we have
a1 AJ (k) ao | — Tk — 0 (k —d
AV < tn (14 100 ) o [0 = (- d)
HE Hib(k — d)o(k — d) + 2 (B) |G (k) 2
= in (1 25 ) o 20 R + G WR
1+ aq )
= i (14 ) a1 + oy LA
A (K) s o k) k)3
- (1 1 a1J<Y<k>>) = 202 op KD 8 o ()
N ORI
+ a2nopt(k) (Uopt(]f)) ﬁopt(]f)
i (1 A ) ) 06 ] IGO0
a1 AJ(k) — agkn? Gk %
< i (14 1)~ i 0G0
alAJ(k) ) —aok Hy(k)H% (2'130>
= (1 TR ey m)) T em
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where « is defined by
A . 2/ .
k= infsg, [20(5) = ()]
= min{2G — ¢7, 26, — (7} (2.131)

Since 0 < (; < (, < 2, it follows that x is positive.

Since, for all z > 0, Inz < x — 1, using

IG(R)IE < oma (Ha)ly(R) 3¢ (k = D)3 (2.132)
and (2.126) we have
AJ(k) y" (k)y(k)
AV = M 0 i) ot a6t — )T
3 YT (k)QY (k) Cao y" (k)y(k)
= M4+ aYTR)PY(R) U1+ alYT(k)PY( )
ok y* (k)y(k)
o otk — DR (2:135)
Furthermore, defining
-u(k—l)- _y(k—l)-
Uo(k) = - L Yolk) = s , (2.134)
_u<k_nc>_ _y(k_nc)_

it follows from [|¢(k — d)||3 = [|[Yo(k — d)||3 + |Us(k — d)||3 that

YRV (k) o y" (k)y(k)
AV < — O T TPy () T T T e (P) [V )

— agk yT(k)y(Qk) 5 (2.135)
02, (Ha) [[Yo(k — d)|[5 + |Uo(k — d)][3]

Assumption (A2) implies that the invariant zeros of the system (2.1)-(2.5) from
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u to y are asymptotically stable. Thus, it follows from Theorem 2.10.1 with p = n.

that there exist b; > 0 and by > 0 such that

- 212
y(k—1)
1Us(k = d)[[5 < b1 + by
_y(k—nc—l)_ ,
- <112
Yo(k
= by + by o)
y(k—mn.—1)
L dll2
_ 2
Yo (k)
y(k—n.—1)
<b +b ||| ylk—n.—2)
| y(k—ne—d) | )
= by + by |[Y (R)]]3 - (2.136)

Therefore, since ||Yy(k — d)||3 < ||V (k)]|3, it follows that

Lo YTmeY®w) Tk
F+aVTHPYE) " T+ aid (P IV W]
v Ky (k)
P Ha) [+ |l — )} + b2 IV ()]
YIRQY(h) Ly (k)
T+ @k (P) [V ()1

AV (k)

IA

— Q9K

S T YT RPY (R)
Y (Ryk)
02 (Ha) [bl + (ba+1) HY(]?)HQ
_ g YTmQY() y  (k)y(k)
1 + al)\min (P) ||Y(k)||§

— Aok

M a YT (R)PY (k)

by ™ (k)y (k)
— Q2R 2
L+ 04 ||[Y (R[5

(2.137)

4 1 2 ol
where bg = m and b4 = 2b1 .

max
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Next, letting a; = /\mbf(P) and as = 6213"1, it follows that

K

AV (k) < — W(Y(K)), (2.138)

where

W (Y (k) 2 ar ﬁ;lng)(Q/:);g;)(k)‘ (2.139)

To show that A(k) and Y (k) are bounded, summing (2.138) from ko to k — 1, where

ko < k — 1, yields

V(Y (k),0(k),...,0(k—d) =V (Y(ko),0(ko),....00ky—d)+ i AV (5)
< VOV (ko) Blko). Bk — ) — 3 WY ()
< V(Y (ko),0(ko), ...,0(ko—d)). (2.140)

Thus, V(Y (k),0(k),...,0(k — d)) is bounded. Since V(Y (k),0(k),...,0(k — d)) is
positive definite and radially unbounded, it follows that 6(k) and Y (k) are bounded.
Thus, 6(k) = 6(k) 4 6, is bounded.

Now, we show that limy .., Y (k) = 0. Since V' is positive definite, it follows from

(2.138) that
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where all three limits exist. Thus, limy_., W (Y (k)) = 0. Next, note that
0 <o([[Y(R)[) < W(Y(k)), (2.142)

where

& a1 dmin( QY (R)13

v(IY I = 1= a1 Amax(P)||Y ()13 (2.143)
Thus limg v(||Y (k)]|) = 0. Rewriting (2.143) as
_ v([Y (K1)
Y= \/ @ Owin@) = oY (R orn PY) (2.144)

it follows that limg_. Y (k) = 0, and thus limy_,. y(k) = 0. Finally, it follows from
(2.136) that u(k) is bounded. Thus, ¢(k) is bounded. Since ¢(k) is the state of
the nonminimal state-space realization (2.20)-(2.25) of the time-series representation
(2.13) for the original state-space system (2.1), (2.2), it follows that z(k) is bounded.

To prove the last statement of Theorem 2.6.1, let z,,(0) be given and let

(2.145)

O(k — 2d)

be the state of the closed-loop error system (2.115)-(2.117). Since V' is positive defi-
nite and, by (2.138), AV is negative semidefinite, it follows from [77, Lemma A.3.12]
that the zero solution of the closed-loop error system is Lyapunov stable starting at
ko. Therefore, given ¢y > 0, there exists dp > 0 such that, if ||X'(ko)|| < do, then
| X (k)| < eo for all k > k.

Now, assume that the open-loop dynamics matrix A is asymptotically stable and
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that u(k) = 0 for all k¥ < k. Then, it follows that there exists d; > 0 such that,
if ||X(0)]] < 6y, then ||X (k)| < dp for all £ = 0,...,ky — 1. Consequently, for all
g9 > 0, there exists d; > 0 such that, if |X'(0)|| < 61, then |[|X (k)| < & for all
k > 0. Therefore, the zero solution of the closed-loop error system (2.115)-(2.117) is

Lyapunov stable starting at k£ = 0. U

The step size nopt(k) given by (2.122) has the following interpretation. Note that

(2.130) can be written as

alAJ(k)
1+ a J(Y (k)

AV(H) < In (1 i ) Ty [(0(k) = o ()2 — n2o(B)] 1GR3

(2.146)

Since the quadratic function (n(k) — nope(k))? — 12, (k) achieves its minimum at
n(k) = nopt(k), it follows that the upper bound for AV (k) given by (2.146) is mini-
mized by n(k) = nopt (k).

An analogous optimal step size is constructed in [127], where an ideal (not neces-
sarily deadbeat) controller is assumed to exist. However, in the present chapter, an
ideal deadbeat internal model controller is proven to exist and have the properties
given by Theorem 2.4.1 and Proposition 2.5.1. Hence, for all k > ko, 5(k) = y(k) is
known, and thus 7oy (k) is computable.

In [127], g(k) = y(k) — y«(k) is unknown since y.(k) is unknown, and thus the
optimal step size is not computable in [127]. To obtain a computable step size in
[127], several implementable step sizes are defined. We can construct an analogous

step size Nimp (k). Specifically, 9imp (k) defined by

1
) = o ot — DR

>

(2.147)
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where ¢ > 0, satisfies

Nimp (K) < opt (K). (2.148)

Theorem 2.6.1 holds with (2.121) replaced by

n(k) = C(k)imp (k). (2.149)

However, (2.147) is not needed in the present chapter since (k) = y(k) is known for

all k > ko and thus nep (k) is computable and thus implementable.

Let {1(k)}32,, satisfy

% < suijkoqﬂ(j) < 0, (2.150)

and define C(k) £ % Then, if (2.119) holds for {((k)}?2,,, then it also holds with
{¢(k) 12y, replaced by {é(k)}z":ko The term (k) can be viewed as a tuning variable
relating to the magnitude of the bound Hj representing the accuracy with which Hy

is modeled. In particular, by defining the time-varying bound

Hyx 2 /(%) Hy, (2.151)

Hy can be replaced with Hyy, in assumption (A5) and (2.112). The example in the
next section shows that the transient response is directly related to ¥ (k) and thus
((k). Therefore (k) and ((k) are indirectly related to the conservatism of the bound

H, on the first nonzero Markov parameter.
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2.7 Mass-Spring-Dashpot Example

Consider the 3-mass structure with all possible spring and dashpot connections

given by
0 w1
Mi+Ci+Kqg=p | u | +u| w |, (2.152)
0 ws
where
M2 diag(my, ma, ms), (2.153)
c1+Cip+Ci3 —C1,2 —C1,3
A
C¢= —c12 Clo+ ¢+ Cos - , (2.154)
—C1,3 —C23 €13+ Co3 1+ C3
ki +Fkio+ ki3 —ki2 —ki3
A
K = —k‘l,g k’l,z + k‘g + k‘273 —]{?273 ) (2155>
—ki3 —ko3 ki + koz + k3
A : T )
q= [ @ 92 g3 } ’ (2.156)

u is the control, and wy, wy, and w3 are disturbances. For this example, the masses
are m; = 0.01 kg, my = 0.02 kg, m3 = 0.01 kg; the damping coefficients are ¢; = 5
kg/sec, co = 3 kg/sec, c5 = 4 kg/sec, ¢12 = 0.1 kg/sec, ¢;3 = 0.2 kg/sec, co3 = 0.3
kg/sec; and the spring constants are k; = 11 kg/sec?, ky = 12 kg/sec?, k3 = 13
kg/sec?, k1o = 70 kg/sec?, k13 = 60 kg/sec?, ko3 = 30 kg/sec?. The input gain
i = 10%* is used for numerical conditioning.

The control objective is to reject the disturbances wq, wo, and ws while forcing

the position of my to follow the command w,. Thus the performance variable is given
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by y = g2 — wy. We assume that the command and disturbance signals are generated
by a Lyapunov-stable discrete-time linear system whose spectrum is unknown.

The continuous-time system (2.152)-(2.156) is sampled at 100 Hz with input pro-
vided by a zero-order hold. It follows from [20] that the resulting sampled-data
system is minimum phase from u to y. Thus assumption (A2) is satisfied. Further-
more, the sampled-data system has a delay d = 1, and the first nonzero Markov
parameter is H; = 0.3. Let the bound on the first nonzero Markov parameter be
H, = 1.5H, = 0.45, which satisfies assumption (A5). Thus the mass-spring-dashpot
sampled-data system satisfies assumptions (A1)-(A11).

The unknown disturbance signals are discrete sinusoids with frequency w; = 5
Hz, and the unknown command signal is a discrete sinusoid with frequency w, = 13
Hz plus a constant bias. More specifically, the unknown disturbance and command

signals are

wi(k) = sin 2w Tk, (2.157)
wa(k) = —1.5 sin 2w Tok, (2.158)
ws(k) = 2 sin 2mw Tk, (2.159)
wy(k) = sin 2mrwo Tyk + 7, (2.160)

where the sample time is Ty = 0.01 sec. The open-loop system is given the initial
T

conditions ¢(0) = [ 1 20 ]Tm and ¢(0) = { -1 =2 0 } m/s. Figure 2.2 is
a time history of the performance variable y. The system is allowed to run open
loop for 5 seconds. Then the adaptive controller (2.98) and (2.113) with n. = 20,
d =1, Hy = 0.45, and n(k) = 1o (k) is implemented in feedback with the initial
condition §(0) = 0. The performance variable y converges to zero, which implies that
the position ¢y asymptotically follows the command w, and rejects the disturbances

wy, wy, and ws. In particular, Figure 2.3 shows that the controller places poles at
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Figure 2.2 The adaptive controller with n(k) = nopt (k) (that is, {(k) = 1) is implemented
in the feedback loop after 5 seconds. The performance variable y converges to zero.

the disturbance frequencies w; = 5 Hz and ws = 13 Hz. Note that ky = 21, which
corresponds to 0.21 sec.

The controller’s transient performance has significant peaks, as shown in Figure
2.2. This transient behavior is due in part to the bound H; on the first nonzero
Markov parameter H;. However, the speed of adaptation and thus the transient
performance are directly influenced by (k). Specifically, the controller adapts more
slowly when ((k) is small and more quickly when ((k) is large. To demonstrate this
effect, consider the adaptive controller (2.98) and (2.113) with (k) = $7ept (k). After
the system is allowed to run open loop for 5 seconds, the adaptive controller (2.98)
and (2.113) with n, = 20, d = 1, Hy = 0.45, and n(k) = +nop(k) is implemented in
feedback with the initial condition §(0) = 0. Figure 2.4 shows that the performance
variable y converges to zero with improved transient performance, but at the expense
of convergence time. Equivalently, setting ((k) = 1, ¥(k) = 5, and replacing H; with

Hy = 0.45v/5 = 1.0 yields the same result. In this case, the transient performance is
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Figure 2.3 Bode magnitude plot of the adaptive controller at ¢ = 15 sec. The adaptive
controller places poles at the disturbance frequencies w; = 5 Hz and wy = 13 Hz. The con-
troller magnitude |G.(e**)| is plotted for w up to the Nyquist frequency wnyq = 7 =314
rad/sec.

viewed as a consequence of how well the bound H 1, models the first nonzero Markov
parameter H.

For this mass-spring-dashpot example, slower adaptation can reduce peaks in the
transient performance, but faster adaptation causes faster convergence. In fact, these
observations hold for many open-loop stable systems; however, if the system is open-
loop unstable, then the effects of adaptation speed differ. For the open-loop stable
mass-spring-dashpot system, one might consider using slower adaptation when the
controller is initially turned on, then increasing the adaptation speed. In particular,
let ((k) = exp(—3/k). Figure 2.5 shows a time history of the performance variable y.
The system is allowed to run open loop for 5 seconds. Then the adaptive controller
(2.98) and (2.113) with n, = 20, d = 1, H; = 0.45, and n(k) = exp(—3/k)nopt (k)
is implemented in feedback with the initial condition #(0) = 0. The performance

variable y converges to zero with improved transient performance and good conver-
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Figure 2.4 The adaptive controller with n(k) = Lnop(k) (that is, ((k) = 1) is imple-

mented in the feedback loop after 5 seconds. The performance variable y converges to zero
with improved transient performance but much slower convergence compared to Figure 2.2.

gence time. Equivalently, setting ((k) = 1, ¥(k) = exp(3/k), and replacing H; with
H,, = 0.45/exp(3/k) yields the same result.

2.8 Conclusion

We considered adaptive stabilization, command following, and disturbance rejec-
tion for multi-input, multi-output, linear, time-invariant, minimum-phase, discrete-
time systems where the command and disturbance signals are generated by a linear
system with unknown dynamics. The adaptive controller requires limited model in-
formation, specifically, knowledge of the open-loop system’s relative degree and a
bound on the first nonzero Markov parameter. We considered command and distur-
bance signals generated by Lyapunov-stable linear systems. Thus, the command and

disturbance signals are combinations of discrete-time sinusoids and steps. We proved
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Figure 2.5 The adaptive controller with n(k) = exp(—3/k)nopt(k) (that is, ((k) =
exp(—3/k)) is implemented in the feedback loop after 5 seconds. The performance vari-
able y converges to zero with improved transient performance compared to figures 2.2 and

2.4. Furthermore, the performance converges almost as quickly as in Figure 2.2 and more
quickly than in Figure 2.4.

global asymptotic convergence for command following and disturbance rejection.

2.9 Appendix: Deadbeat Internal Model Control

Theorem 2.9.1. Consider the discrete-time system

i(k+1) = Az (k) + Bu(k) + Dyw(k), (2.161)

y(k) = Ci(k) + Dyw(k), (2.162)

where #(k) € R, y(k) € Rlv, u(k) € Rl*, w(k) € R, and assume that the following
conditions hold.

(i) (A, B,C) is controllable and observable.
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~

w(k) = Cypiy(k),

~

(i1i) The exogenous signal w(k) is generated from the output of the linear system
(2.163)

Tk + 1) = ApZw(k),

where (k) € R, (Aw,éw) is observable, for all A € spec (flw>, A is not a

transmission zero of G(z) = C(zI — A)™'B, and normal rank G = min(l,, [,

Furthermore, consider the linear time-invariant controller

Be(k +1) = Aciie(k) + Bey(k), u(k) = Cede(k), (2.164)
where T.(k) € R™® so that the closed-loop system is given by
l’cl(k’ + 1) = Adl’d(k‘) + de(k), (2.165)
where
A BC, D i
Aclé R ) l)clé Ai ) Cclé[é 0:|> $Clé

BCD2 ic

(2.167)

Then, for all ng, > ﬁ+2ﬁwfy, there exists (AC, BC, OC) such that Aq is nilpotent. Con-

sequently, for all initial conditions x4(0) and ,,(0), and, for all k > 2 (ﬁ + ﬁwiy),

y(k) = 0.
Proof. A straightforward extension of the arguments used in Section 2.2 to show

that A,, can be chosen to have distinct eigenvalues shows that, without loss of general-

ity, A,, can be assumed to be cyclic. We consider the open-loop system (2.161)-(2.162)

connected in cascade with an internal model of the exogenous dynamics
(2.168)

z1(k+1) = Awa (k) + Bwy(k),
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where Ay = Iiy ® flw, By = ][y ® Bw, and B,, € R™ is chosen such that (Aw, Bw)
is controllable [14, Fact 5.12.6] or [15, Fact 5.14.7]. Note that the dynamics (2.168)

contains Zy copies of the exogenous dynamics A,,. The cascade (2.161), (2.162), and

(2.168) is
i(k+1) A 0 (k)
iy(k+1) By C Ay #(k)
B D,
+ u(k) + | w(k), (2.169)
0 By D,
k C 0 i(k D
v I w(k). (2.170)
i1 (k) 0 I || a1(k) 0

Now, we show that the augmented system (2.169), (2.170) is controllable and

observable. First, define the stable region
SE{NeC: |\ <1}, (2.171)

and the unstable region U £ C\S. Let z € Y and X € spec (flw> C U. Since (A, B)

is controllable, it follows that

~ A

A—zI B 0 A—X B 0
rank R > rank X
A=A B 0
I, 0 0 )
> rank C 0 0 . (2.172)
0 Bw Aw — M
0 0 Iiyﬁw
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A-XI B 0
Conditions (73) and (i17) imply that rank C 0 0 = ﬁ—l—lAy—l— Ayﬁw, which
0 0 I,
is full row rank. Therefore,
. A—zl B 0 Ii 0 0
n + lyn,, > rank R > rank
(2.173)
I, O 0 .

Since (Aw, Bw) is controllable, rank = n + lyn,, and thus

0 Bw Aw — I

~ N

A—zl B 0 .
rank A =7+ LTy (2.174)
ch 0 AW —zl

~ A

A 0 B "
Hence R , is controllable. Since, in addition, (A, C) is ob-
By C Ay 0
A 0 C 0
servable, it follows that . , is observable. Thus, there
By C  Aw 0 I

exists an observer-based controller that stabilizes the augmented system (2.169)-
(2.170) and yields a closed-loop system with nilpotent dynamics. It follows that,
for all ngp, > n+ 2ﬁwfy, there exists a linear time-invariant controller (2.164) of order
Nap, such that the equilibrium of the closed-loop system (2.165)-(2.167) is asymptot-
ically stable, where Ag is nilpotent and, for all initial conditions z(0) and z,(0),
limy 00 y(k) = 0.

The closed-loop system (2.165)-(2.167) with exogenous input w(k), can be written
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as

zs(k+1) = Aszs(k),  y(k) = Csas(k), (2.175)
where
AC DC CA"LU ~ ~
As é 1 Al ’ Cs é [ C1cl D2Cw :| ) (2176>
0 Ay,
Te
and x, = l . Since limy_o y(k) = 0 and A is asymptotically stable, it follows
Ty

from [40, 44, Lemma 2.1] there exists S € R2(*Hwly) <t gych that

AaS — SA, = DyC,, (2.177)
CaS = DyC,. (2.178)
Al I =S
Now define Q = , and consider the change of basis
0 I
_ Aa 0 _
As é Q_IASQ = 1 . 7Cs é CsQ = |i Ccl 0 :| . (2179>
0 A,
Then, we have y(k) = C,A*Q7'z,(0) = CqAK [24(0) + S, (0)]. Since Ay €

R2(A+fwly ) x2(Athnly) i nilpotent, it follows that, for all initial conditions z(0) and

#,(0) and for all k > 2 <n + ﬂwiy>, y(k) = 0. O
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2.10 Appendix: Inverse System Bounds

Consider the discrete-time system (2.1), (2.2), where y(k) € R!, u(k) € Rl. To

derive the inverse system, we increment (2.2) by d steps, yielding

y(k+d) = Cx(k +d) + Dyw(k + d) (2.180)

= CA%(k) + Hyu(k)

+| Dy, CD, --- CA1D, : : (2.181)

where Hy 2 C A1 is the first nonzero Markov parameter from u to y. It follows

from (2.181) and assumption (A4) that

u(k) = —H;'CA%(k) + H'y(k + d)

w(k +d)
- Hd_l Dy, CDy --- CAd_lDl
w(k)
The inverse system is thus given by
z(k +1) = Apx(k) + Brya(k) + DirWa(k), (2.182)
u(k) = Crz(k) + Drya(k) + DarWa(k), (2.183)

where

Ar 2 A— BH7'CAY, By 2 BH;,

Cr 2 —H7'CAY,  DrZ2H;!
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AN
Dip 2 { —BH;'D, —BH;'CD, --- —BH;'CA“2D; D,— BH;'CA*'D, } ,

A
Dyr = [ ~-H;'D;, —H;'CD, ---—H;'CA*'D, ] ;

w(k +d)

2

va(k) 2 y(k+d),  Wa(k) (2.184)

w(k)

Since, by assumption (A1), (A, B, C) is minimal, it follows from [125, Proposition
4.2] that the eigenvalues of Ag consist of the invariant zeros of (A, B,C) as well as
n — d eigenvalues equal to 0. Therefore, by assumption (A2), Ar is asymptotically

stable.

Theorem 2.10.1. Consider the system (2.1), (2.2) and its inverse (2.182), (2.183).
Let p be a positive integer. Then, subject to assumptions (A1), (A2), (A4), and (A8),

there exist ¢c; > 0 and co > 0 such that

Uk = d)I3 < 1+ e Y (R)]3, (2.185)
where
_u(k;—l)- _ y(k—1) -
Uk) 2 Y(k) 2 (2.186)
| u(k—p) | | y(k—p—1)
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Proof. By successive substitution,

u(k) = CrAfx(0) + Drya(k) + DorWa(k)

k k
+ Y CrAR ! Brya(k — i) + > CrAR ' DigWa(k — ).

i=1 =1

Taking the norm of both sides yields

lu()I* < 5 {ICRIP AR | O) I + I DRI lyal(k) 1 + || Dar I [[Wa (k) |1

2
Z ICRIIAR 1 Brlllya(k — Z')||]

i=1

k 2
Z||CR||||AiR_1||||D1R||||Wd(k‘—DII] ,

i=1

where || - || is the Euclidean norm. Since Apg is asymptotically stable, it follows that
there exist A € [0,1) and ¢ > 0 such that, for every positive integer k, ||AX[| < eAF.

Therefore, there exists c3 > 0 such that

2
lu(k)I* < es | A + [lya(R)II* + <Z N lya(k — i II)
HIWa(k) || + (ZA “HWak —Z)II>

Since, by assumption (A8), w(k) is bounded for all k, it follows that ||[Wy(k)||? is
also bounded, that is, there exists p > 0 such that [|[Wy(k)||* < p for all k. Thus,

there exists ¢, > 0 such that

lu(®)]* < e

p o A )| + (Z A) x

i=1

(2;: N Hlya(k — ||2> (/)ZA’ 1)
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Since |A| < 1, it follows that Y 2, X' = L where 0° 2 1. Thus, it follows that

there exist ¢5 > 0 and ¢g > 0 such that

lu(k)]1* < e

co + lya(k)[I* + Z N lyalk — i)!|2] : (2.187)

Summing both sides of (2.187) from k — p to k — 1 yields

e

-1

||U( I < e

il

7 + Z lya(i)II” + Z ZN Yya(G — 1) H2] (2.188)

J j=k—p j=k—p i=1

where ¢; > 0. Introducing 7 2 J — 1 yields

k-1
Z lu(i)II* < es

k—1 k—2 —
ot S IO+ S ) ||2]

Jj=k—p j=k—p T=k—pj=7+1
k—1 k—2
N SIS nydmn?]
k—1
<ate Y v (2.189)
j=k—p—1

where cg > 0. Decrementing (2.189) by d steps and using the definitions of yq(k),
U(k), and Y (k) from (2.184) and (2.186), (yields 2.185). O

65



Chapter 3

Adaptive
Retrospective-Cost-Based
Full-State Feedback

In the previous chapter, we developed a gradient-based adaptive control algorithm
for stabilization, command following, and disturbance rejection of multi-input, multi-
output, linear, time-invariant, minimum-phase, discrete-time systems. A seemingly
obvious extension would be to use the theory and methods developed in Chapter 2 to
generalize the adaptive control algorithm for handling nonminimum-phase systems.
Unfortunately, the same method of proof used in the previous chapter will not work
for nonminimum-phase systems. Specifically, the development of the ideal fixed-gain
controller in Section 2.4 requires a precompensator to exactly cancel the zeros of the
open-loop plant. If nonminimum-phase zeros were present, this would cause unsta-
ble pole-zero cancellation in the loop. Even though the ideal fixed-gain controller is
never implemented in practice, it must be shown to exist for the development of the
adaptive control algorithm. In addition, the stability and convergence analysis of the
adaptive controller in Section 2.6 requires that the control inputs u be bounded by the
performance measurements y. For minimum-phase systems, this follows from Theo-
rem 2.10.1, but the same is not true in general for systems with nonminimum-phase

Zeros.
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To overcome nonminimum-phase zero restrictions, lifting techniques [4, 10-12; 71],
which transform a high-rate nonminimum-phase system into a low-rate minimum-
phase system, were explored. Lifting is able to transform a nonminimum-phase system
into a minimum-phase system by forcing the system to run open loop, that is u = 0,
over a periodic window of time. However, when operating the system open loop, the
performance measurement y will not converge to zero if there are additional com-
mands and/or disturbances driving the plant. The same is true for systems that are
open-loop unstable.

This chapter marks a shift in the focus of this dissertation from gradient-based
adaptive control to retrospective-cost-based adaptive control. In particular, this
chapter investigates full-state-feedback stabilization in multi-input, linear, time-
invariant, discrete-time systems. The results of this chapter support and motivate
the retrospective-cost-based adaptive controllers developed in Chapters 4 and 5 by
providing a basis for retrospective cost optimization. Retrospective cost optimization
[127] is a measure of performance at the current time based on a past window of
data and without assumptions about the command or disturbance signals. In par-
ticular, retrospective cost optimization acts as an inner loop to the adaptive control
algorithm by modifying the performance variables based on the difference between
the actual past control inputs and the recomputed past control inputs based on the
current control law.

The novel features of this chapter include a Lyapunov-based stability and conver-
gence proof for a special case. We also present numerical examples to illustrate the
robustness of the algorithm under conditions of Markov parameter uncertainty. The-
oretical and numerical results suggest that the converged adaptive controller has a
downward adaptive gain margin of 6 dB and an infinite upward adaptive gain margin,

which is reminiscent of continuous-time fixed-gain LQR control.
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3.1 Introduction

Modern control engineering primarily focuses on state-space methods. Of these
approaches, the full-state-feedback stabilization problem is perhaps the most well
known. Given a linear, time-invariant system, the full-state-feedback problem is to
find a stabilizing static feedback gain such that the closed-loop system with state
feedback is asymptotically stable. Under certain conditions, namely controllability of
the pair (A, B), it is possible to arbitrarily assign the closed-loop system’s eigenvalues
by appropriate feedback of the system state x. Further details are discussed in [6, 97].

The most well-developed approaches to the full-state-feedback problem are to use
pole-placement or eigenvalue-assignment schemes. For a scalar-input plant, a stabiliz-
ing feedback gain can be found graphically through root locus or Nyquist techniques.
Alternatively, a stabilizing feedback gain K can be obtained directly by constructing
a desired closed-loop characteristic equation det(sI — A + BK) [6]. Another well-
known approach is to use a linear quadratic regulator (LQR) for full-state-feedback.
Instead of directly assigning closed-loop eigenvalues, LQR places the closed-loop poles
based on the optimization of a cost function. One drawback of these approaches is
that they all depend on an accurate model of the system. Since adaptive controllers
can accommodate (to an extent) inaccurate models of the system and adapt online
to the true system, this motivates the use of adaptive control for full-state-feedback
stabilization.

The goal of this chapter is to present a discrete-time, adaptive, full-state-feedback
control law that is effective for systems that are multi-input and/or unstable. The
algorithm is developed in discrete time based on a discrete-time plant model ob-
tained by either plant discretization or discrete-time system identification so that the
controller can be implemented directly as embedded code without an intermediate
controller discretization step.

The results of this chapter support and motivate the retrospective-cost-based
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adaptive controllers developed in Chapters 4 and 5 by providing a basis for retro-
spective cost optimization. This method is used to adapt dynamic compensators for
disturbance rejection, adaptive stabilization, adaptive command following, and model
reference adaptive control in [113, 127]. Retrospective cost optimization is a measure
of performance at the current time based on a past window of data and without
assumptions about the command or disturbance signals. In particular, retrospective
cost optimization acts as an inner loop to the adaptive control algorithm by modify-
ing the performance variables based on the difference between the actual past control
inputs and the recomputed past control inputs based on the current control law. We
prove Lyapunov stability of the closed-loop error system for a special scalar case.
We present numerical examples to illustrate the algorithm’s effectiveness in han-
dling systems that are unstable to provide insight into the modeling information
required for controller implementation. This information includes a limited num-
ber of Markov parameters, and in many cases, only a bound on the input matrix
B need be known. For full-state feedback, these numerical results suggest that the
retrospective-cost adaptive controller has downward and upward gain margins of 6
dB and oo dB, respectively, which is reminiscent of continuous-time fixed-gain LQR

control.

3.2 Problem Formulation

Consider the discrete-time system

x(k+1) = Az(k) + Bu(k), (3.1)

where z(k) € R", u(k) € R™, A € R B € R™™, and k > 0. We assume that
(A, B) is controllable and that measurements of x are available for feedback. Our

goal is to develop an adaptive full-state-feedback controller such that x converges to
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Z€ero.
For a nonnegative integer r, we define the extended state vector X (k) € R™ and

the extended input vector U(k) € R™ by

x(k—r+1) u(k—r+1)
A A
X (k) 2 Uk 2 (3.2)
(k) u(k)
Note that (3.1) can be rewritten as
X(k+1)=AX(k)+ BU(k), (3.3)
where A € R"*™ and B € R"*™" are given by
A0 --- 0 H 0 - 0
A? H, H
AL , B2 | : (3.4)
0
AT 0 .- 0 H, H,, --- H
where, for all i > 0, the Markov parameters H; € R"*™ of the system (3.1) are
H, 2 A'B. (3.5)

In particular, H, = B.
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3.3 Retrospective Cost Optimization

Let
u(k) = K(k)z(k), (3.6)

where K (k) € R™*™ is the gain matriz. From (3.6), it follows that the extended input

vector U(k) can be rewritten as
Uk)=> LiK(k—i+1)a(k—i+1), (3.7)
i=1

where

O(T’—i)mxm

L2 I e R™xm, (3.8)

O(i—1)mxm
Next, for K € R™*"_ define the retrospective state vector X (K, k) € R™ by
X(K,k+1) 2 AX (k) + BU(K, k), (3.9)
where U (K, k) € R™ is the recomputed input vector, given by
UK, k) 2 Z LiKz(k —i+1). (3.10)
i=1

Subtracting (3.3) from (3.9) yields

XK k+1)=X(k+1)—B [U(k) ~ (K, k)] . (3.11)
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Note that

U(K, k) = E(k)vec K, (3.12)
where
B(k) =Y aT(k—i+1)® L e ™™, (3.13)
i=1

vec is the column-stacking operator, and ® represents the Kronecker product. Fur-

thermore,
X(K,k+1) = f(k) + D(k)vec K, (3.14)
where
F(k) & X(k+1) - BU(k) € R™, (3.15)
D(k) 2 BE(k) € R™>™n. (3.16)

Now consider the retrospective cost function

JIK k) 2 XT(K, k+ DRy(K)X (K, k + 1) + a(k)tr [(K — K(k)" (K - K(k))]
(3.17)

where, for all £ > 0, Ry(k) € R"*" is positive semidefinite and the learning rate

a(k) € R satisfies

0<alk)<ay2 supa(j) < oo. (3.18)
)=
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Substituting (3.14) into (3.17) yields

J(K, k) = c(k) 4+ b" (k)vec K + (vec K)" M (k)vee K, (3.19)
where
M(k) 2 D™ (k)R (k)D(k) + a(k) L, (3.20)
b(k) 2 2D (k)R (k) f(k) — 2a(k)vec K(k), (3.21)
c(k) 2 fT (k) Ry (k) f (k) + a(k)tr [KT (k) K (k)] (3.22)

Since M (k) is positive definite, J(IC, k) has the strict global minimizer K (k+1) given
by

K(k+1) = —%Vec_l [ (R)b(R)] - (3.23)

Since K (k + 1) depends on z(k + 1) through the dependence of b(k) on X (k + 1), it
follows that u(k + 1) = K(k + 1)xz(k + 1) can be implemented at step k + 1.

Note that M (k) and b(k) depend on D(k) and f(k), which in turn depend on the
Markov parameter matrix B. Since B may not be known in practice, we replace B by
an estimate B in D(k), f(k), and K (k+1). Therefore, for all k£ > 1, the implemented

control gain f((k) depends on B, that i,

u(k) = K(k)z(k), (3.24)

—%Vec—l [N ()b(k)] (3.25)
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where

M(k) 2 D™(k)Ry(k)D(k) + a(k) L, (3.26)
b(k) 2 2D (k) Ry (k) f (k) — 2a(k)vec K(k), (3.27)
and

Fk) 2 X(k+1) - BU(k), (3.28)
D(k) & BE(k), (3.29)

H 0 0
N . , (3.30)

: 0

f{r Hr—l ﬁl
where, for all © = 1,...,r, H; is an estimate of H;. For convenience, we specialize

(3.20)~(3.22) and (3.26), (3.27) with Ry (k) 2 I,

The learning rate «(k) affects the convergence speed of the adaptive control al-

gorithm. As «(k) is increased, convergence speed is lowered. Likewise, as «a(k) is

decreased, convergence speed is raised. By varying a(k), we study tradeoffs between

transient performance and convergence speed.
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3.4 Closed-loop System

For all k > 0, the closed-loop system is given by

(0, 0 - 0 |
Xk+1)=]": 0 X (k), (3.31)
0 I,
K 0 A+ BK(k) |
vee K(k+1) = —%M‘l(k)é(l@), (3.32)
[ vee K (k) ] -Imn 0o - - O- | vee K (k) ]
vec K(k—1) _ 0o .o : vee K(k—1)  (333)
S :
_VGCK(]{?—’I“—I—Q)_ 0 - 0 Ly O _vecf((k:—r+1)_

Note that the order of the closed-loop system is (m + 1)nr.
Let m = 1 so that E(k) = >_;_, Liz"(k — i+ 1). Then, for all £ > 0, (3.32) can

be written as

vee K(k+1) =

vec ([a(k:)f{(k;) X" (k+1)BE(k +Zx k—i+ 1)K (k—i+1)LIB'BE(k)

- [a(k:)]n + ET(k:)BTBE(k)] _1) . (3.34)
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3.5 Closed-Loop Error System (m =r =1)

Let m = r = 1. Then, for all £ > 0, the closed-loop system with gain matrix

~

K (k) is given by

2(k+1) = [A + BK(k)] (k), (3.35)

K(k+1)=K(k) - 2T (k). (3.36)

Let K* € R™" be a gain matrix that renders the ideal closed-loop system nilpo-

tent, that is,
¥ (k+1) = Nz*(k), (3.37)

where z*(k) € R", and the matrix N 2 A4 BK* ¢ R™™ s nilpotent. Consequently,

for all k > n, 2*(k) = 0. Define the error states #(k) € R” and K (k) € R™*" by

4

#(k) 2 a(k) — o* (k) (3.38)

(k) 2

K(k) = K(k) — K*. (3.39)

Thus, for all & > n, #(k) = x(k). Therefore, for all k& > n, substituting

~ ~

K (k) = K(k) + K* into (3.35) and (3.36) yields the closed-loop error system

a(k+1) = [N+ BR (k)] a(k), (3.40)

K(k+1)=K(k) -

zT (k). (3.41)

By substituting (3.40) into (3.41), the closed-loop error system can be rewritten
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for all £k > n as

o(k+1) = [N + Bf((k)] 2(k), (3.42)
T _ T BTAﬁT(@
KT(k+1) = A(k)K" (k) BT BT BT (k), (3.43)
where
Ak) 21, - BB 2 (k)2 (k). (3.44)

a(k) + BTBxT (k)z(k)

The multispectrum of A(k) is given by

mspec [A(k)] = {1, AU B (3.45)

BT Ba™ (k)x(k)
a(k) + BTBaT(k)x(k) |

Proposition 3.5.1. Assume that BYB < 2BTB and consider (8.45). Then, for all

k>n,

T T T
BB _,___BBrkeh) _ (3.46)
BB a(k) + BTBaT (k)x(k)

Furthermore,

T
‘1 _BB (3.47)

BTB

Proof. Let k > n. Since BYB < 2BT B, we have

T
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and thus,

< 1.

~

‘1 BB
BTB

Now, since 0 < a(k)B*B, we have
0 < B"BB"Bz"(k)x(k) < a(k)BTB + B*BBT B2 (k)x(k).
Therefore,
0 < BYBBT B (k)a(k) < BTB |a(k) + BTB:ET(k:)x(k)] ,

and thus,

BT Ba™ (k)x(k) . B™B
~ a(k)+ B"BzT(k)x(k) BTB’

which implies

1_BTB L BT Ba™ (k)x(k)

< — <1. O
BTB a(k) + BT Ba™ (k)z(k)

It follows from Proposition 3.5.1 that the singular values of A(k) are given by

} . (3.48)

BT BaT (k)x(k)
a(k) + BT Ba™ (k)z(k)

3.6 Special Case (n=m=r=1)

Let n=m =7 = 1 and define K* 2 —A/B, which yields z*(k) = 0 for all £ > 1.
Consequently, for all £ > 1, #(k) = z(k). Therefore, for all & > 1, it follows from

(3.42), (3.43) that the closed-loop error system is
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z(k+1) = BK(k)x(k), (3.49)

K(k+1)=T(y(k)a*(k)K(k), (3.50)
where, for A > 0,
A 147X
') = T (3.51)

n 21— 1/4, 60 2 B/B, and ~(k) 2 B?/a(k). Note that T'(0) = 1, T'(\) — 7 as
A — oo, and I'()) is a decreasing function of A on [0, c0). Also, note that n € (—1,1)
if and only if § > %

Further simplification is possible when B is known. In particular n = 0 if and

only if B = B. In this case, (3.49), (3.50) simplify to

z(k + 1) = BK (k)xz(k), (3.52)

K(k+1)= mk(@. (3.53)

Lemma 3.6.1. Assume that 6 > I and consider (3.49), (3.50). Then, for all

k> 1,n < D(y(k)2?(k)) < 1. Furthermore, for all k > 1 such that z(k) # 0,
n < T(vy(k)x?(k)) < 1, and thus [T (vy(k)z?(k))| < 1.

Proof. Let k > 1. Since n € (—1,1), it follows that
n<1<14 (1 —n)y(k)z*k).
Therefore,
n[1+(k)2* (k)] < 1+my(k)a®(k) < 1+ (k)2 (k),
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and thus,

n < D(y(k)a*(k)) < 1.
Furthermore, for all & > 1 such that x(k) # 0, it follows that —1 < 7 <
L(y(k)x?(k)) < 1. O

Theorem 3.6.2. Assume thatn = m =1r = 1, assume that § > %, and consider the

open-loop system (3.1) and the adaptive feedback controller (3.24), (3.25). Then, for

all initial conditions x(0) and K (0), the following statements hold:

(i) K(k) is bounded.

(11) limy_o z(k) =0.
(iii) {|K(k)|}32, is nonincreasing.

(iv) im0 |[K (k)] < 1/|B].

(v) There exists ko > 1 such that {|z(k)|}32,, is decreasing.

(vi) The zero solution of the closed-loop error system (3.49), (3.50) is Lyapunov
stable.

Proof. Let k > 1 so that (k) = z(k). Consider the positive-definite, radially

unbounded Lyapunov candidate

A

V(z, K) £ In (14 y2%) + ak?, (3.54)

where g 2 B2 /o, > 0 and a > 0 is specified below. The Lyapunov difference is thus

given by

~

AV(E) 2V (z(k+1), K(k+1)) — V(z(k), K(k)). (3.55)

>
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Evaluating AV (k) along the trajectories of the closed-loop error system (3.49), (3.50)

yields

AV(E) =1n (1+7022(k + 1)) — In (1 + y02(k)) + a (f(?(k 1) W(k;))

=}

—In (1 o B2E2 (k)22 (k)

N—

—In (1 + Yox (k‘))

+a (1 +n7< )$2<k)))22[~< (]{Z) KZ(]{;)]

(14 y(k)z>(k)
| LB R () )]
- 1 -+ ’Yol’2(l{3)
L+ 2py(k)a® (k) + > (k)2 (k) ] =
o[ et ) &
B2 (k)a? (k) — yo2? (k)
=In |1+ 1+ oz (k) ]
2(n — D)y(k)2*(k) + (n* = D¥*(k)a* (k)] =~
o (L + (B2 (8)? |
(B?f(?(k;) - 1) oz (k)
i 1+ y22(k)
2(n — Dy(k)2*(k) + (0* = D (R)2* (k)] =
+a { TESTITIE ] R2(k). (3.56)

Defining by (k) 2 1+ yoa2(k) and by(k) 2 1+ y(k)22(k), it follows that

AV(k)=In |1+

(B?f(?(k;) - 1) oz (k)
b1 (k)

L {2(77 — Dy (R)a*(k) + (n? — 1)72(’@934(’{?)} R2(h). (3.57)

b3 (k)
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Since, for all z > 0, Inz < z — 1, we have

N (BZR?(k;) - 1) oz (k)
Vik) < b ()
[2(77 — Dy (k)a*(k

+a

) + B0 + (a(i® = 1) + B*) 707 (k)a' (k)] 2 (k) K> (k)
by (K)b3 (k)

L L2870+ 2a(y = 1)yo + a(n’ = D)y (k) 7 (k)2*(k)] 2* (k) K (k)

by (k)b3(k)

_ bi(k)a* (k)

b (RYRCR) (3.58)

Letting a = 2?—_21 > (0 and noting that, for all £ > 0, 7o < v(k), it follows that

—byyo [1+ y(k)a? (k)] 2* (k) K (k) — yob3(k)a” (k)

AV(k) < b ()R (E)

(3.59)
where b3 = %. Thus,

AV (k) < =W (x(k), K(k)), (3.60)
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where

& b [+ AR 0] K2(8) +903(0) o,
bi(k)E3(R)

14 B R2(8) | 02 (k) + 2+ 0aK2(0) | 0 (R)ar () + 907 (R)a ()
1+ [29(k) + 70] 22(k) + [20 + v(B)] v(k)a* (k) + y0v* (k)2 (k)
(3.61)

W (z(k), K (k)

To show (i), summing (3.60) from 1 to k& — 1 and noting that, for all & > 0,
W (z(k), K(k)) > 0, yields

Va(k), K () = V(1) + Y AVG), K1)
V(1) - YWl KG), K1)
< V(x(1),K(1)). (3.62)

Thus, V (z(k), K (k)) is bounded. Since V (z(k), K (k)) is positive definite and radially
unbounded, it follows that z(k) and K (k) are bounded. Thus, K (k) = K (k) + K* is
bounded.

Now, we show (7). Since V' is positive definite, it follows from (3.60) that

k
0< lim Y W(z(j), K())
k—oo =
k

< — lim AV (j)

k—o00

< V(z(1),K(1)), (3.63)

where all three limits exist. Thus limy_. W (z(k), K(k)) = 0. It now follows from
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(3.61) that limg_o z(k) = 0.

We now show (%i). Since, by Lemma 3.6.1, —1 < I'(y(k)z?(k)) < 1 for all k > 1,
it follows from (3.50) that {|K(k)|};2, is nonincreasing. Let & 2 limy o |K(k)|, and
note that x > 0 and, for all k > 1, |K (k)| > &.

To show (iv), suppose that x > 1/|B|. Then, for all & > 1, it follows that
|z(k 4+ 1)| > k|B||z(k)| > |z(k)|. Consequently, {|z(k)|}2; is nondecreasing. There-
fore, if x(1) # 0, then {|z(k)|}72, does not converge to zero. Hence k < 1/|B].

We now show (v). Since {|K(k)|}32, is nonincreasing and x < 1/|B|, it fol-
lows that there exists ko > 1 such that, for all k > ko, |K(k)| < 1/|B|, and thus
|BK (k)| < 1. Consequently, it follows from (3.49) that {lz(k)|}3s, is decreasing.

Finally, to show (vi), let

(3.64)

be the state of the closed-loop error system (3.49), (3.50). Since V' is positive definite
and, by (3.60), AV is negative semidefinite, it follows from [77, Lemma A.3.12] that

the zero solution of the closed-loop error system is Lyapunov stable. O

A discussion about generalizations of this scalar proof is presented in Section 3.8.

3.7 Full-State-Feedback Examples

In each example below, the adaptive controller gain matrix K (k) is initialized to

zZero.

Example 3.7.1 (Scalar input and plant, unstable plant). Consider the unstable scalar
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plant

o(k + 1) = 22(k) — 0.1u(k), (3.65)

with pole located at {2}. Taking a(k) = 1, the closed-loop response is shown in Figure

3.1 for xg = —4.3. The state approaches zero within 6 time steps. [ |

30
201

10

State Norm ||x(k)||

(A+BK)||

max

(1A

-200}

-400}

Control Input u(k)

Figure 3.1 Closed-loop response for an unstable, scalar-input plant with «(k) = 1. The
state approaches zero within 6 time steps.

Example 3.7.2 (Scalar input, asymptotically stable plant). Consider the stable plant

—0.1 0.4 045 0
ek+1)=1 1 0o 0 |z(k)+]o0 |ulk), (3.66)
0 1 0 1

with poles located at {—0.540.57,0.9}. To demonstrate the effect of the learning rate,
we take either (k) = 1 or a(k) = 1000. The open and closed-loop responses are
shown in Figure 3.2 for xy = [—4.3,—16.7, 1.3]T. With o(k) = 1, = approaches zero

within 10 time steps, while, with a(k) = 1000, x approaches zero within 20 time steps.
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Figure 3.2 Closed-loop responses for a stable, scalar-input plant. To demonstrate the
effect of the learning rate, we take either a(k) = 1 or a(k) = 1000. With a(k) = 1, x
approaches zero within 10 time steps, while, with a(k) = 1000, x approaches zero within
20 time steps.

To develop a gain-margin metric, and thus demonstrate robustness of the adaptive
control algorithm to knowledge of the input matrix B, we take a(k) =1 and B =)\B,

where A € (0.5,5] is a scale factor and B is the scaled input matriz to be used with

the adaptive control algorithm. We define the performance metric
13
min = Zl |z(k —i+1)|| < 0.1, (3.67)

which represents the minimum number of time steps for the average of the norm of the
previous five state values to be below 0.1. A plot of the performance metric is shown
in Figure 3.3. These results suggest that the converged adaptive control algorithm has
a downward adaptive gain margin of 6 dB and an upward adaptive gain margin of at
least 14 dB. This is consistent with the results of Theorem 3.6.2 for the case n > 1.
|
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Figure 3.3 Performance metric to demonstrate robustness of the adaptive control algo-
rithm to knowledge of the input matrix Bfor a stable, scalar-input plant. We take a(k) = 1
and B = AB, where A € (0.5,5] is a scale factor and B is the scaled input matrix to be used
with the adaptive control algorithm. These results suggest that the converged adaptive
control algorithm has a downward adaptive gain margin of 6 dB and an upward adaptive
gain margin of at least 14 dB.

Example 3.7.3 (Scalar input, unstable plant). Consider the unstable plant

—0.38 0.46 1.03 0
r(k+1) = 1 0 0 |=z(k)+ |0 |uk), (3.68)
0 10 1

with poles located at {—/2/2++/2/2,1.03}. To demonstrate the effect of the learning
rate, we take either a(k) = 1 or a(k) = 1000. The open and closed-loop responses
are shown in Figure 3.4 for xzo = [—4.3,—16.7, 1.3]T. With a(k) = 1, x approaches
zero within 10 time steps, while, with a(k) = 1000, x approaches zero within 20 time
steps.

To further develop a gain-margin metric, and thus demonstrate robustness of the

adaptive control algorithm to knowledge of the input matriz B, we take alk) =1 and
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Figure 3.4 Closed-loop responses for an unstable, scalar-input plant with either a(k) = 1
or a(k) = 1000. With a(k) = 1, = approaches zero within 10 time steps, while, with
a(k) = 1000, = approaches zero within 20 time steps.

B = \B, where \ € (0.5,5] is a scale factor and B is the scaled input matriz to be
used with the adaptive control algorithm. A plot of the performance metric (3.67) is
shown in Figure 3.5. These results suggest that the converged adaptive control algo-
rithm has a downward adaptive gain margin of 6 dB and an upward adaptive gain

margin of at least 14 dB. This is consistent with the results of Theorem 3.6.2 for the

casen > 1. [ |

3.8 Algorithm Limitations

Although the retrospective-cost-based full-state-feedback adaptive control algo-
rithm has been shown to work well with » = 1 in certain cases, there are situations

that may require » > 1. We explore these cases through example.
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Figure 3.5 Performance metric to demonstrate robustness of the adaptive control algo-
rithm to knowledge of the input matrix B for an unstable, scalar-input plant. We take
a(k) =1 and B = AB, where A € (0.5, 5] is a scale factor and B is the scaled input matrix
to be used with the adaptive control algorithm. These results suggest that the converged
adaptive control algorithm has a downward adaptive gain margin of 6 dB and an upward

adaptive gain margin of at least 14 dB.

Example 3.8.1 (Scalar input, unstable plant). Consider the unstable plant

0 1 1.05
z(k+1)= x(k) + u(k), (3.69)
0 —1.05 1
with poles located at {0, —1.05}. The closed-loop response is shown in Figure 3.6 for
ak)=1,r=1, K(O) =0, and B = B. The state x does not go to zero, in fact,
the closed-loop system is unstable. To understand what is happening, consider the

closed-loop equations (3.35), (3.36) for m = r = 1. Letting K(O) = 0, the equations
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Figure 3.6 Closed-loop response for an unstable, scalar-input plant with a(k) =1, r =1,

K (0) =0 and B = B. The closed-loop system is unstable.

can be written as

z(1) = Ax(0),

- 2T (1)B T

B = a(0) + BT Bz (0)z(0) ©);
which further simplify to

z(1) = Az(0),

KAz -2 OB 2,

a(0) + BT B2 (0)z(0)

(3.70)

(3.71)

(3.72)

(3.73)

Since B lies in the null space of AT and B is a scalar multiple of B, it follows that

ATB = 0, and hence, f((l) = 0. In this case, the adaptive control algorithm doesn’t

compute a stabilizing feedback gain K (k) before B x(k + 1) = 0. Therefore, since

the open-loop system is unstable, the adaptive control algorithm does not stabilize the

plant.
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Now, we let r = 2 while keeping (k) =1, K(0) =0, and B = B. The closed-loop
response is shown in Figure 3.7, where, now the state x does go to zero. In this case
BTat(k +1) — 0 as k — oo, but a stabilizing feedback gain f((k) is reached before the
adaptive control gains converge. |
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Eigure 3.7 Clesed-loop response for an unstable, scalar-input plant with a(k) = 1, r = 2,
K(0) =0, and B = B. The closed-loop system is stabilized.

Other cases can be constructed with similar properties to those of Example 3.8.1.
It is found that BTz(k+1) — 0 as k — oo whether or not K (k) is stabilizing. There-
fore, in the cases where adaptation stops before a stabilizing feedback gain K (k) is
computed, we must increase r. Based on numerical testing, Table 3.1 gives lower
bounds on r, based on certain properties of the dynamics matrix A, that were found
to stabilize all systems. In all cases, » = n + 1 was found to stabilize the open-loop
system, though in many cases, r = 1 was sufficient. Although r = n+ 1 requires more
knowledge of the Markov parameters than with » = 1, it is still less information than
required to reconstruct a system model through techniques such as the eigenstructure

realization algorithm (ERA), which generally requires 2n Markov parameters.
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A Stable | Unstable
Singular re>n+1|r>n+1
Nonsingular r=1 r>n+1

Table 3.1 Guidelines for choosing r based on the properties of the dynamics matrix A to
reach a stabilizing closed-loop feedback gain. In all cases, r = n+ 1 stabilizes the open-loop
system, though in many cases, r = 1 is sufficient.

3.9 Conclusion

We presented a discrete-time, adaptive, full-state-feedback control algorithm based
on retrospective cost optimization. We demonstrated the algorithm’s effectiveness
through numerical examples. We thus developed rules of thumb for choosing the
parameters necessary for controller implementation.

A Lyapunov-based stability and convergence proof was presented for a special
scalar case. Theoretical and numerical results suggest that the converged adaptive
controller has a downward adaptive gain margin of 6 dB and an infinite upward adap-
tive gain margin. Future work includes extending the Lyapunov-based stability and
convergence proof to the more general case to include multi-input, multi-dimensional

plants with r» > 1.
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Chapter 4

Adaptive
Retrospective-Cost-Based Static
Output Feedback

The previous chapter considered retrospective-cost-based adaptive stabilization
for systems with full-state feedback. In this chapter, we generalize those results to
static-output-feedback stabilization. Specifically, this chapter considers retrospective-
cost-based adaptive control for multi-input, multi-output, linear, time-invariant,
discrete-time systems with knowledge of the sign of the high-frequency gain and a
sufficient number of Markov parameters to approximate the nonminimum-phase ze-
ros (if any). No additional information about the poles or zeros need be known. We
also present numerical examples to illustrate the robustness of the algorithm under
conditions of Markov parameter uncertainty. The results and methods of this chapter

are published in [111].

4.1 Introduction

Given a linear, time-invariant system, the static-output-feedback problem is to
find a stabilizing static feedback gain such that the closed-loop system with output

feedback is asymptotically stable. While seemingly simple, this subject remains an
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open problem in systems and control theory [13]. For full-state-feedback, as detailed
in the previous chapter, a stabilizing feedback gain exists if the system is stabilizable.
In the general output-feedback case, however, the conditions are much more subtle
and further complicated by MIMO plants and the presence of transmission zeros.
These issues are discussed in [121]

For a SISO plant, a stabilizing feedback gain can be found graphically through
root locus or Nyquist techniques. Papers addressing MIMO static output feedback
often require a minimum-phase assumption and/or a restriction on the plant’s rela-
tive degree [121]. The minimum-phase assumption, while already not applicable to
several real systems, added to a restriction on the plant’s relative degree often leads
to a strictly-positive-real (SPR) assumption, which is unrealistic and often impossible
to prove in practice.

The most well-developed approach to the static-output-feedback problem is to
use a pole-placement scheme, such as the algorithm in [105]. Other well-known
approaches include eigenstructure assignment and the use of LQR for static-output-
feedback [121]. Inverse linear quadratic approaches, such as [126], solve a modified
LQR problem, but finding a solution to these problems can be difficult. Applying
structural constraints [100] or coupled linear matrix inequalities (LMI) with quadratic
Lyapunov functions [52] both lead to non-convex optimization problems, where iter-
ative algorithms do not guarantee solution convergence.

The use of adaptive control for the static-output-feedback problem is motivated
from the notion that this subject is still an open problem in systems and control theory
[13]. The goal of this chapter is to present a discrete-time, adaptive, MIMO, static-
output-feedback controller that is effective for systems that are unstable, nonsquare,
and/or nonminimum-phase. The algorithm is developed in discrete time based on
a discrete-time plant model obtained by either plant discretization or discrete-time

system identification so that the controller can be implemented directly as embedded
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code without an intermediate controller discretization step.

The adaptive controller presented in this chapter is based on retrospective cost
optimization. This method is used to adapt dynamic compensators for disturbance
rejection, adaptive stabilization, adaptive command following, and model reference
adaptive control in [113, 127]. Retrospective cost optimization is a measure of perfor-
mance at the current time based on a past window of data and without assumptions
about the command or disturbance signals. In particular, retrospective cost opti-
mization acts as an inner loop to the adaptive control algorithm by modifying the
performance variables based on the difference between the actual past control inputs
and the recomputed past control inputs based on the current control law.

We present numerical examples to illustrate the algorithm’s effectiveness in han-
dling systems that are unstable and/or nonminimum phase and to provide insight
into the modeling information required for controller implementation. This informa-
tion includes a sufficient number of Markov parameters to capture the sign of the
high-frequency gain as well as to approximate the nonminimum-phase zeros (if any).
These examples are intended to provide motivation for future proofs of stability and

convergence.

4.2 Problem Formulation

Consider the MIMO discrete-time system

x(k+1) = Az(k) + Bu(k), (4.1)
y(k) = Cx(k), (4.2)
z(k) = Erx(k), (4.3)

95



where x(k) € R", y(k) € R, 2(k) € R, u(k) € R, and k > 0. We assume that the
open-loop system (4.1)-(4.3) is controllable and observable and that measurements
of y and z are available for feedback. Our goal is to develop an adaptive static-
output-feedback controller for performance stabilization, that is, convergence of the
performance variable z to zero.

For a positive integer r, we define the extended performance vector Z(k) € RI="

and the extended input vector U(k) € R by

_z(k—r—l—l)- | u(k —r) ]
200 s 2(k—r+2) U s u(k—r+1)
I z(k) | I u(k —1) |

Note that Z(k), U(k), and z(k) are related by

Z(k) =Tx(k —r) + HU(k), (4.4)

where I' € R=" and ‘H € RE="W" are given by

EiA H 0 - 0

r é E1A2 ’ 'y é H2 H1 ’
0
E A" H. H._, --- H

and, for i = 1,2, ..., the Markov parameters H; of the system (4.1)—(4.3) from u to z

are

H, 2 E,A'B. (4.5)
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Let d denote the relative degree of (A, B, E1), that is, the smallest positive integer ¢
such that the ith Markov parameter H; is nonzero. Note that, if » < d, then ‘H = 0.

Therefore, we assume that r > d.

4.3 Retrospective Cost Optimization

Let
u(k) = K(k)y(k), (4.6)

where K (k) € R“*lv is the gain matriz. From (4.6), it follows that U(k) can be

rewritten as

U(k) = Z LiK(k —i)y(k —1), (4.7)
where

O(r—i)luxlu
I, € Rhvrxte, (4.8)

>

OG- 1)tuxla

Next, for L € R™*" define the retrospective performance vector Z(IC, k) € RE7

by
Z2(K, k) £ Ta(k — r) + HU (K, k), (4.9)
where U(K, k) € R is the recomputed input vector, given by

UK, k) £ Z LiKy(k — ). (4.10)
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Subtracting (4.4) from (4.9) yields

Z(K, k) =Z(k)—H|Uk) - UK, k)|, (4.11)
and hence,
Z(K, k) = f(k) + D(k)vec K, (4.12)
where
f(k) & Z(k) — HU (k) € R-", (4.13)
D(k) 2 Z yT(k — i) ® (HL;) € Rkl (4.14)

vec is the column-stacking operator, and ® represents the Kronecker product.

Now consider the retrospective cost function
T, k) 2 Z7 (K, k) Ry (k) Z(K, k) + ak)tr | (K — K(&)T (K — K(k)|,  (4.15)

where, for all k > 0, Ry(k) € R is positive semidefinite and «(k) > 0 is the

learning rate. Substituting (4.12) into (4.15) yields

J(K, k) = c(k) + bT (k)vec K + (vec K)" M (k)vecK, (4.16)
where
M(k) £ D™ (k)Ry(k) D(k) + a(k) L, (4.17)
b(k) 2 2D (k)R (k) f(k) — 2a(k)vec K(k), (4.18)
c(k) 2 fT(k) Ry (k) f (k) + a(k)tr [KT(k)K (k)] . (4.19)

98



Since M (k) is positive definite, J(/C, k) has the strict global minimizer K (k+1) given

by

K(k+1) = —%Vec_l A (R)b(R)] -

(4.20)

Note that M (k) and b(k) depend on D(k) and f(k), which in turn depend on the

Markov-parameter matrix H. Since H may not be known in practice, we replace H by

an estimate H in D(k), f(k), and K (k+1). Therefore, for all k > 1, the implemented

control gain K (k) depends on H, that is

u(k) = K (k)y(k), (4.21)
. N T
Rk +1) & —Svec [M (k)b(k)] , (4.22)
where
(k) 2 D (k) Ry (k) D(k) + (k) s, (4.23)
b(k) 2 2D (k) Ry (k) f (k) — 2a(k)vec K (), (4.24)
and
f(k) £ Z(k) — HU (k). (4.25)
D(k) £ >y (k- i) @ (HL), (4.26)
i=1
H 0 0
ne |t , (4.27)
: 0
FIr FIr—l I:II
where, for all ¢ = 1,...,r, H; is an estimate of H;. For convenience, we specialize
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(4.17)~(4.19) and (4.23), (4.24) with R, (k) 2 I,.,.

The learning rate (k) affects convergence speed of the adaptive control algorithm.
As a(k) is increased, convergence speed is lowered. Likewise, as a(k) is decreased,
convergence speed is raised. By varying «(k), we study tradeoffs between transient

performance and convergence speed.

4.4 Static-Output-Feedback Examples

We now present numerical examples to investigate the effect of r and a(k) as well
as the accuracy of H on the adaptive control algorithm. The adaptive controller gains

are initialized to zero, that is K'(0) = 0. Unless otherwise noted, we take z(k) = y(k).

Example 4.4.1 (SISO, minimum-phase, asymptotically stable plant). Consider the

asymptotically stable, minimum-phase plant

—0.4 0.33 0.76 1
zk+1)=1 1 0 0 |x(k)+]|o0 |uk), (4.28)
0 1 0 0
y(k) = {0 1 —0.25}95(1«), (4.29)

with poles {—0.65 £+ 0.657,0.9} and zero {0.25}. The first 25 Markov parameters are
shown in Figure 4.1.

We investigate the effect of v on the closed-loop response. Table 4.1 lists the roots
of the Markov parameter polynomial p.(q) (as defined in (A.10)) as a function of r.
Note that, since d = 2, we must choose r > 2, and, as r increases, p,(q) contains
spurious roots, none of which approximates the zero. We consider r = 2, r = 3, or
r = 4 with a(k) = 50. The open and closed-loop responses are shown in Figure 4.2 for

2(0) = [—4.3,-16.7,1.3]". In each case, the adaptive controller reduces z faster than
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Figure 4.1 First 25 Markov parameters for the asymptotically stable, minimum-phase
plant in Example 4.4.1.

roots(p,(q))
{}
10.65
{0.3320.69;}
{-0.34,0.50+0.82;}

Y = W N =

Table 4.1 Roots of p.(q) as a function of r for the asymptotically stable, minimum-phase
plant in Example 4.4.1.

the open-loop response. As r increases from 2 to 3, the adaptive controller reduces z

faster, but no additional performance is gained by increasing r from 3 to 4. |

Example 4.4.2 (SISO, nonminimum-phase, asymptotically stable plant). Consider

the asymptotically stable, nonminimum-phase plant

—0.4 0.33 0.76 1

sk+1)=| 1 0 0 |=zk)+]|o0 |uk), (4.30)
0o 1 0 0

y(k) = [0 1 —z}x(k), (4.31)
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Figure 4.2 Closed-loop response for the asymptotically stable, minimum-phase, SISO
plant in Example 4.4.1 with a(k) = 50 and either » = 2, » = 3, or 7 = 4. In each case,
the adaptive controller reduces z faster than the open-loop response. As r increases from
2 to 3, the adaptive controller reduces z faster, but no additional performance is gained by
increasing r from 3 to 4.

with poles {—0.65 + 0.657,0.9} and zero {2}. The first 25 Markov parameters are
shown in Figure 4.3.

We demonstrate the effect of r for this nonminimum-phase plant. Table 4.2 lists
the roots of the Markov-parameter polynomial p.(q) as a function of r. It is seen that
the roots of the Markov parameter polynomial include an estimate of the nonminimum-
phase zero of the transfer function from u to z. As r increases, this approximation
improves. For each value of r, the remaining roots play no role in the stability and
convergence of the adaptive control algorithm, but what is important is the need to
choose r sufficiently large to adequately approrimate the nonminimum-phase zeros.
Note that, as r increases, the nonminimum-phase zero at z = 2 1s more accurately
modeled, but p.(q) also contains spurious roots, although these roots have no effect

on the adaptive controller. For r < 3, the closed-loop simulation fails. We thus take

r=4,r =5, orr =6 with a(k) = 50. The open and closed-loop responses are shown
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Figure 4.3 First 25 Markov parameters for the asymptotically stable, nonminimum-phase
plant in Example 4.4.2.

roots(p,(a))
2.4)
{0.81,1.59]
{0.27£0.467,1.861
{-0.55,0.46+0.927,2.04]

O O = W] 3

Table 4.2 Roots of p.(q) as a function of r for the asymptotically stable, nonminimum-
phase plant in Example 4.4.2. As r increases, the nonminimum-phase zero at z = 2 is more
accurately modeled.

in Figure 4.4 for x(0) = [—4.3,—16.7, 1.3]T. In each case, the adaptive controller
reduces z faster than the open-loop response. In addition, as r increases, and thus the
nonminimum-phase zero is more accurately modeled, the adaptive controller reduces

z even faster. [ |

Example 4.4.3 (SISO, nonminimum-phase, unstable plant). Consider the unstable,
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Figure 4.4 Closed-loop response for the asymptotically stable, nonminimum-phase, SISO
plant in Example 4.4.2 with «(k) = 50 and either »r = 4, » = 5, or r = 6. In each case, the
adaptive controller reduces z faster than the open-loop response. In addition, as r increases,
and thus the nonminimum-phase zero is more accurately modeled, the adaptive controller
reduces z even faster.

nonminimum-phase plant

—0.36 0.48 1.05 1
z(k+1)= 1 0 0 |x(k)+ | 0 | uk), (4.32)
0 1 0 0
(k) = [0 . _4]x<k>, (4.33)
z<k>:[1 . —6]96(%), (4.31)

with poles {—+/2/2 4+ +/2/2,1.05}, zeros {2, —3} from u to z, and zero {4} from u to
y. Table 4.3 lists the roots of the Markov-parameter polynomial p.(q) as a function
of r. Note that, as r increases, the nonminimum-phase zeros are more accurately
modeled, but p.(q) also contains additional spurious roots. Forr < 3, the closed-loop

simulation fails. We thus take r = 4 and set a(k) = 100. The open and closed-loop
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roots(p,(q))
{2.1-2.74}
{0.73,1.6,-2.97}
{0.274+0.727,1.91,-3.03}
{-0.49,0.43£0.947,2.0,-3.01}

O O =] W] 3

Table 4.3 Roots of p,(q) as a function of r for the unstable, nonminimum-phase plant in
Example 4.4.3. As r increases, the nonminimum-phase zeros are more accurately modeled.

responses are shown in Figure 4.5 for x(0) = [—4.3, —16.7, 1.3]T. The adaptive con-

troller stabilizes the plant. [ |

400

200
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-200F Adaptive |-
— - — - Open loop
_400 1 1 1 1
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Time
50

Control Input u(k)
o

0 10 20 30 40 50

Figure 4.5 Closed-loop response for the unstable, nonminimum-phase, SISO plant in
Example 4.4.3 with a(k) = 100 and r = 4. The adaptive controller stabilizes the plant.

These results, along with those of Example 4.4.2, suggest that, for nonminimum-
phase plants, the adaptive controller requires a sufficient number of Markov pa-
rameters to capture the approximate locations of any nonminimum-phase zeros. In
particular, Examples 4.4.2 and 4.4.3 require r > n+ 1. This bound is consistent with
the numerical results of Chapter 3, and, in particular, Table 3.1. Furthermore, as seen

from Tables 4.2 and 4.3, as the order of the Markov-parameter polynomial increases,
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and hence r increases, the accuracy of all nonminimum-phase zeros improves.

Example 4.4.4 (SISO, non/minimum-phase, unstable plant). Consider the unstable

plant with both minimum-phase and nonminimum-phase zeros, given by

~0.36 0.48 1.05 1
z(k+1)= 1 0 0 z(k)+ | 0 | u(k), (4.35)
0 1 0 0
y(k) = [o ! _2]x<k>, (4:36)
(k) = [0 1 —0.1}93(%), (4.37)

with poles {—/2/2 £1/2/2,1.05}, zero {0.1} from u to z, and zero {2} from u to
y. Note that the transfer function from u to y contains a nonminimum-phase zero
while the transfer function from w to z is minimum phase. We take a(k) = 500
and r = 2. The open and closed-loop responses are shown in Figure 4.6 for

2(0) = [<4.3,—-16.7,1.3]". The adaptive controller stabilizes the plant. [

50

OW
-] Jod [aR= -

- _ JLJfﬁf‘*

Performance Variable z(k)

-0 Adaptive oy i ‘ i
— - — Open loop 7
-100 1 L L L
0 10 20 30 40 50
Time
15

Control Input u(k)

Figure 4.6 Closed-loop response for the unstable, non/minimum-phase, SISO plant in
Example 4.4.4 with a(k) = 500 and r = 2. The adaptive controller stabilizes the plant.
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Example 4.4.5 (SISO, minimum-phase, Lyapunov-stable plant). Consider a discrete-
time model of a laboratory process obtained using identification techniques [70]. A

state-space model for this system sampled at Ty = 0.08 sec is given by

1.2885 1 6.555 0 0
—0.4065 0 4.383 0 0
z(k+1)= x(k) + u(k), (4.38)
o 0 1 1 0
0 0 0 0 1
yk)=11 0 0 0 |z(k). (4.39)

This system is minimum phase and Lyapunov stable. A root locus plot is shown in
Figure 4.7, where the range of stabilizing output-feedback gain is —3.7x107% < K < 0.
We take a(k) = 108 and r = 3. The open and closed-loop responses are shown in Fig-
ure 4.8 for x(0) = [—0.43,—1.67,0.13,0.29]". The adaptive controller stabilizes the
plant, and the output-feedback gain converges to the steady-state value —1.5 x 1073,

4.5 Conclusion

We presented a discrete-time, adaptive, static-output-feedback control algorithm
based on retrospective cost optimization. We demonstrated the algorithm’s effective-
ness in handling nonminimum-phase zeros through numerical examples illustrating
the response of the algorithm under conditions of uncertainty. We thus developed
rules of thumb for choosing the parameters necessary for controller implementation.
These numerical studies serve as motivation for future development of Lyapunov-

based stability, robustness, and convergence proofs of the adaptive control algorithm.
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Figure 4.7 Root locus plot for the Lyapunov-stable, minimum-phase, SISO plant in Ex-
ample 4.4.5. The range of stabilizing output-feedback gain is —3.7 x 1073 < K < 0.
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Figure 4.8 Closed-loop response for the Lyapunov-stable, minimum-phase, SISO plant
in Example 4.4.5 with o(k) = 10® and r = 3. The adaptive controller stabilizes the plant,
and the output-feedback gain converges to the steady-state value —1.5 x 1073,
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Chapter 5

Adaptive
Retrospective-Cost-Based Dynamic
Compensation

The previous two chapters considered retrospective-cost-based adaptive stabiliza-
tion for systems with static feedback. In this chapter, we generalize the results to
dynamic compensation for stabilization, command following, disturbance rejection,
and model reference adaptive control (MRAC). Specifically, this chapter considers
retrospective-cost-based adaptive control for multi-input, multi-output, linear, time-
invariant, discrete-time systems with knowledge of the sign of the high-frequency gain
and a sufficient number of Markov parameters to approximate the nonminimum-phase
zeros (if any). No additional information about the poles or the zeros need be known.

The adaptive control algorithm presented in this chapter is based on the adap-
tive control algorithm developed in [127]. The algorithm developed in [127] uses a
gradient-based update with a fixed step-size. In contrast, the algorithms presented
in Chapters 3-5 of this dissertation utilize an adjustable learning-rate parameter «
which allows us to develop Newton-step-based adaptive update laws. In addition,
this chapter further develops the theoretical link between Markov parameters and
nonminimum-phase zeros. The development and analysis of this link is detailed in

Appendix A. We also develop preliminary metrics for analyzing the gain and phase
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margins for discrete-time adaptive systems. Finally, we present numerical examples to
illustrate the robustness of the algorithm under conditions of uncertainty. The adap-
tive control algorithm is shown to be effective for systems that are unstable, MIMO,
and/or nonminimum phase. The results and methods of this chapter are published in
[113, 114]. In [117], the adaptive control algorithm developed in this chapter is used

to identify multi-input, multi-output, linear, time-invariant, discrete-time systems.

5.1 Introduction

Unlike robust control, which fixes the control gains based on a prior, fixed level
of modeling uncertainty, adaptive control algorithms tune the feedback gains in re-
sponse to the true plant and exogenous signals, that is, commands and disturbances.
Generally speaking, adaptive controllers require less prior modeling information than
robust controllers, and thus can be viewed as highly parameter-robust control laws.
The price paid for the ability of adaptive control laws to operate with limited prior
modeling information is the complexity of analyzing and quantifying the stability and
performance of the closed-loop system, especially in light of the fact that adaptive
control laws, even for linear plants, are nonlinear.

Stability and performance analysis of adaptive control laws often entails assump-
tions on the dynamics of the plant. For example, a widely invoked assumption in
adaptive control is passivity [90], which is restrictive and difficult to verify in practice.
A related assumption is that the plant is minimum phase [33, 45], which may entail the
same difficulties. In fact, sampled-data control may give rise to nonminimum-phase
zeros whether or not the continuous-time system is minimum phase [8]. Beyond these
assumptions, adaptive control laws are known to be sensitive to unmodeled dynamics
and sensor noise [9, 104], which motivates robust adaptive control laws [50].

In addition to these basic issues, adaptive control laws may entail unaccept-
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able transients during adaptation, which may be exacerbated by actuator limitations
(60, 98, 135]. In fact, adaptive control under extremely limited modeling information
such as uncertainty in the high-frequency gain [64, 69] may yield a transient response
that exceeds the practical limits of the plant. Therefore, the type and quality of the
available modeling information as well as the speed of adaptation must be consid-
ered in the analysis and implementation of adaptive control laws. These issues are
discussed in [5].

Adaptive control laws have been developed in both continuous time and discrete
time. In the present chapter we consider discrete-time adaptive control laws since
these control laws can be implemented directly in embedded code without requiring
an intermediate discretization step with potential loss of phase margin. Although
discrete-time adaptive control laws are less developed than their continuous-time
counterparts, the literature is substantial and growing [3, 32, 33, 35, 55, 77].

The goal of this chapter is to present a discrete-time adaptive control law that is
effective for nonminimum-phase systems. In [33], a discrete-time adaptive control law
with stability guarantees was developed under a minimum-phase assumption. Exten-
sions given in Chapter 2 based on internal model control [44] and Lyapunov analysis
also invoke this assumption. To circumvent the minimum-phase assumption, the zero
annihilation periodic control law [10] uses lifting to move all of the plant’s zeros to
the origin.

The present chapter is motivated by the adaptive control laws given in Chapter
2, [45], and [127]. The control law given in [127] lacks a proof of stability, but is
known numerically to be effective on nonminimum-phase plants without recourse to
lifting. Accordingly, we present an adaptive control law based on [45] and [127] for
systems that are unstable, MIMO, and/or nonminimum phase. The adaptive control
algorithm provides guidelines concerning the modeling information needed for imple-

mentation. This information includes a sufficient number of Markov parameters to
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capture the sign of the high-frequency gain as well as the nonminimum-phase zeros
(if any). No additional information about the plant need be known.

The novel feature of this adaptive control law is the use of a retrospective cor-
rection filter (RCF). The RCF provides an inner loop to the adaptive control law by
modifying the sensor measurements based on the difference between the actual past
control inputs and the recomputed past control inputs based on the current control
law. This technique is inherent in [127] in the use of the estimated performance
variable, but is more fully developed in the present chapter.

The goal of the present chapter is to develop the RCF adaptive control algorithm
and demonstrate its effectiveness in handling nonminimum-phase zeros. We thus
present several numerical examples to illustrate the response of the algorithm under
conditions of uncertainty in the relative degree and Markov parameters, measurement
noise, and actuator and sensor saturations. To this end we systematically consider a
sequence of examples of increasing complexity, ranging from SISO, minimum-phase
plants to MIMO, nonminimum-phase plants, including stable and unstable cases. We
then revisit these plants under off-nominal conditions, that is, with uncertainty in
the required plant modeling information. In each case, we illuminate the role of the
weighting parameter «, which governs the rate of convergence. Our goal is thus to

develop rules of thumb for choosing a based on the level of model fidelity.

5.2 Problem Formulation

Consider the MIMO discrete-time system

x(k + 1) = Az(k) + Bu(k) + Dyw(k), (5.1)
y(k) = Cx(k) + Dyw(k), (5.2)
z(k) = Erx(k) + Eqw(k), (5.3)
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where z(k) € R", y(k) € RY, 2(k) € R%, u(k) € R, w(k) € R, and k > 0. Our
goal is to develop an adaptive output feedback controller under which the perfor-
mance variable z is minimized in the presence of the exogenous signal w. Note that w
can represent either a command signal to be followed, an external disturbance to be
rejected, or both. For example, if D; = 0 and Ey # 0, then the objective is to have
the output Ejx follow the command signal —FEyw. On the other hand, if D; # 0 and
Ey = 0, then the objective is to reject the disturbance w from the performance mea-
surement Fjyx. The combined command following and disturbance rejection problem

is addressed when Dy and Ej are block matrices. More precisely, if D; = [ Dy 0 } ,

N W1 k
Ey = [ 0 FE, ], and w(k) = (£) , then the objective is to have E)x follow the
wa (k)
command — Eyws, while rejecting the disturbance wy. Lastly, if D; and E, are empty
matrices, then the objective is output stabilization, that is, convergence of z to zero.
We assume that the open-loop system (5.1)-(5.3) is controllable and observable and
that measurements of y and z are available for feedback.
Model reference adaptive control (MRAC) is a special case of (5.1)—(5.3) where
L2 Y1 — Ym is the difference between the measured output of the plant G and refer-

ence model Gy,. For MRAC, the exogenous command w is available to the controller

as an additional measurement variable y,, as shown in Figure 5.1.

w Gm Ym

Y

_ g u G Y1 _':/">_
p=w - ~(

A
Z2=Y1 —Ym

Figure 5.1 Model reference adaptive control problem.
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5.3 Time-Series Modeling

Consider the time-series representation of (5.1)—(5.3) from u to z, given by

n

2(k) = —apa(k—i)+ Y Bl —i)+ Y yaw(k — i), (5.4)
i=d i=0

i=1

where aq, ..., ER, B4, ..., 3, € REXlu ~y  ~, € REX and the relative degree
d is the smallest positive integer 7 such that the ¢th Markov parameter H; 2 E,\A7'B
is nonzero.

Replacing k& with & — 1 in (5.4) and substituting the resulting relation back into
(5.4) yields a 2-MARKOV model. Repeating this procedure r — 1 times yields the
r-MARKOV model of (5.1)—(5.3)

2(k) =Y onazlk—r—i+ 1)+ Y Hu(k—i)+ > Buulk—r—i+1)
i=1 i=d i—9

+ ) Hepaw(k — i)+ Y yaw(k —r —i+ 1), (5.5)

=0 i=2

where H,, 2 Ey, for all i > 0, H,y; 2 E,A7Dy, and, for i = 1,...,n, the

coefficients «,.; € R, §3,; € R=*" and ,; € R=*! are given by

A

A A
= —aqy, Bri = B, Y = Yis

Qg4

A N N
Qi = Q1100 + 01341, Bri = 01181, + Br—tit1s Yri = Q1,171 + Yr—1,i+1

A A A
Qpp = Qpr_11Q1 p, /Gr,n = O‘r—l,l/gl,ru Yron = Qr—1,171,n-

(5.6)

Note that H, = 3,1 and H,y,r = Vr1-

For a positive integer p, we define the extended performance vector Z(k) € RP!
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and the extended control vector U(k) € RP<!* by

z2(k—p+1)

u(k

where p. Sty +p — 1. Then, (5.4) can be written in the form

where

1>

>

_ar,lllz
0;

z

0;

z

01, xt.,

01, xt.,

01, x1.,

Z(k) = Wewdzuw(k) + B U (K),

—ay 1, 0, 01,
0;.
Olz _ar,lllz ar,nIlZ
sz,r 77“,2 Yrn Ollew
Ollew sz,O sz,r Yr,2
On.xt. Hg H, B2
On.xt, 01,1, Or.x1, Ha
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sz,O

01, xt.,

01, xt.,

01, x1.,

01, x1.,

Yrn

/Grm

01, xt.,

Hr ﬁr,2

(5.8)

01, x1.,

01, x1.,

Brn




and

z2(k—r—p—n+2)
w(k)

1>

Pw (k) (5.9)

wk—r—p—n-+2)

5.4 Controller Construction

In this section we formulate an adaptive control algorithm for the general control
problem represented by (5.1)—(5.3). We use a strictly proper time-series controller of

order n., such that the control u(k) is given by

(k) = Y P(Ryul ~ ) + D0 @ikt~ i), (5.10)

1=1

where, for all i = 1,...,n., Py(k) € RXlw and Q;(k) € R“*lv. The control (5.10) can

be expressed as
u(k) = 0(k)o(k), (5.11)

where

1>

O0) = | Qu(k) -+ Qulk) Pi(k) - P (k) | €ROH 0 (5.12)
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is the controller gain matriz, and the regressor vector ¢(k) is given by

y(k—=1)
(k) £ ylk =) € Relutly)
u(k —1)
I u(k —ne) |

(5.13)

From (5.11), it follows that the extended control vector U(k) can be written as

U(k) = Z LiO(k—i+1)p(k—i+1),
i=1
where

O(i—1)1u x1u

A
L; = I, € Rpelwxlu,

O(pc—i)lu xly

Next, we define the retrospective performance vector Z (é, k) € RP= by
2(0,k) 2 Wowow(k) + BouU(K) — Buu [U(k) — U6, k)] :
where 0 € Rluxnelutly) B RPEXPelu i the surrogate input matriz, and

Dc
U0,k) 2 Lbo(k —i+1)
i=1
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(5.17)



is the recomputed extended control vector. In the special case B, = B,,, we have

Z(k) = Weouwbauw(k) + BouU (k). (5.18)

Substituting (5.8) into (5.16), yields

Z0,k) = Z(k) — B, |UK) = U8, k)| . (5.19)

Taking the vec of B.,U(0, k) yields

Z(0.k) = f(k) + D(k)vec 0, (5.20)

where
fk) = Z(k) = BuU(k), (5.21)
2 pz ¢"(k—i+1)® (BuLi), (5.22)

and ® represents the Kronecker product.

Now, consider the retrospective cost function

A

JO,k) = ZV0,k)Ry(k)Z(0, k) +a (0, k + 1)R2 Ya(6, k + 1)

+tr le(l{:) (é - H(k)) Ru(k } (5.23)
where Ry (k) = R (k) >0, Ry(k) > 0, R3(k) = R3 (k) > 0, Ry(k) = R} (k) > 0, and

A

a(B, k) = 6p(k). (5.24)
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Substituting (5.20) into (5.23) yields

A~

~ A\ T ~
J(0, k) = c(k) + b* (k)vec 6 + (vec 9) M (k)vec 0,
where

M(k) 2 D™ (k) Ry (k)D(k) + [67(k)6(k)] © Ry(k) + Ra(k) ® Ry(k),
b(k) = 2D (k) Ry (k) f (k) — 2 [Rs(k) ® Ra(k)] vec 0(k),

c(k) 2 T (k) Ry (k) f (k) + tr [Rs(k)0" (k) Ra(K)O()] .

(5.25)

(5.26)
(5.27)

(5.28)

Since M (k) is positive definite, J(6, k) has the strict global minimizer 6(k 4 1) given

by
1
Ok+1)= —§V6C_l (M1 (k)b(K)] .
For all future discussion, we specialize (5.26)—(5.28) with

Ri(k) 2 1., Ryk)20,, Rsyk)

>

A
a(k)[nc(lu+ly)7 R4(k) = Ilu’
where a(k) > 0 is a scalar, yielding

M(k) = DY (k)D(k) + a(k)1,
b(k) = 2DY (k) f (k) — 2a(k)vec O(k),

c(k) = fT(k)f(k) + a(k)tr [0 (k)0(k)] .

(5.29)

(5.30)

(5.31)
(5.32)

(5.33)

The weighting parameter a(k) introduced in (5.30) is called the learning rate since

it affects convergence speed of the adaptive control algorithm. As «(k) is increased,

a higher weight is placed on the difference between the previous control coefficients

119



and the current control coefficients, and, as a result, convergence speed is lowered.
Likewise, as (k) is decreased, converge speed is raised. By varying a(k), we study
tradeoffs between transient performance and convergence speed.

In the particular case z = y, using the retrospective performance variable Z in
place of y in the regressor vector (5.13) results in faster convergence. Therefore, for

z =y, we redefine (5.13) as

(5.34)

u(k — ne)

The novel feature of the adaptive control algorithm (5.11), (5.29) is the use of the
retrospective correction filter (RCF) (5.19), as shown in Figure 5.2 for p = 1. The
RCF provides an inner loop to the adaptive control law by modifying the extended
performance vector Z (k) based on the difference between the actual past control in-

puts U(k) and the recomputed past control inputs based on the current control law

U0, k).

5.5 Smith-McMillan-Based Update

If information about the plant’s nonminimum-phase zeros is available, we can use
that information to construct B,, for the adaptive control algorithm. We first rep-
resent G, (as given by (A.12) in Appendix A) in Smith-McMillan form. We then
define the surrogate transfer function matrix G.. to be identical to G, in Smith-

McMillan form except that the minimum-phase transmission zeros of G, are replaced
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W Ja(k+1) = Az(k) + Bu(k) + Dyw(k) z

u () Cx(k) + Dyw(k)
= Eyx(k) + Eyw(k)

Y
/—\
\_/

r 1
: s U0 k) = X0, Libo(k —i+1)  [— :
E 0 E
: — X+ - :
! “ > U(k) u =u > Bzu !

Figure 5.2 Closed-loop system including adaptive control algorithm with the retrospec-
tive correction filter (dashed box) for p = 1.

by transmission zeros at the origin. Thus G.. has the form

R A 1 . . .
G,u(z) = < 7" 4 Zn n) , 5.35

() z"+ oz 4+t B fan g (5:35)

where ﬁd, . ..,Bn € RExl are the surrogate numerator coefficients and ﬁAd 2 Hy.

Then, using the numerator coefficients of G.,(z), the Smith-McMillan-based con-
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struction of B,, is given by

Onxt, - Ouxtw,  Ba - Bn Ouxi, - Oixtw Onxin -0 Onxiy
_ A OnLxa
Bzu:
| Onxi, o Oy O, oo+ O, Ba -+ B Oy o0 Oxa, |
(5.36)

In the SISO case, this construction of B,, requires knowledge of the relative degree
d, the first nonzero Markov parameter Hy, and the location of nonminimum-phase
zeros, if any. The MIMO case is more subtle, but still requires knowledge of the
relative degree, first nonzero Markov parameter, and the location of any nonminimum-
phase transmission zeros. The advantage in using the surrogate numerator coefficients
ﬁd, e ,ﬁn of G, as opposed to the actual numerator coefficients fg, . . ., B of G,y is

faster convergence.

5.6 Markov Parameter-Based Update

In many cases, the number and location of any nonminimum-phase zeros may be
difficult or even impossible to obtain. Therefore, an alternate construction of B,, is
available that makes use of Markov parameters. It is shown in Appendix A that there
exists a theoretical connection between Markov parameters and nonminimum-phase
zeros. Details of this connection are available in Section A.3.

Using the methods developed in Appendix A and the numerator coefficients of
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(A.20), it follows that the Markov parameter-based construction of B,, is given by

Oxt, - Ouxi, Ha - Hy Ouxi, - Oixiw Onxie -0 Onxig
_ A | OLxa,
Bzu:
| O, o Onxiy Onx, -0 Onxa,  Haoo oo Heo Osa, o+ O, |
(5.37)

The leading zeros in the first row of B,, account for the nonzero relative degree d. The
advantage in constructing B., using the Markov parameters H;, i = d,...,r, as op-
posed to using all of the numerator coefficients of (A.15) is faster convergence and ease
of identification. The algorithm places no constraints on either the value of d or the
rank of Hy or B,,. Unless otherwise noted, we will use the Markov-parameter-based

construction of B,, given by (5.37) in the following examples.

5.7 Numerical Examples - Nominal Case

We now present numerical examples to illustrate the response of the RCF adaptive
control algorithm under nominal conditions. We consider a sequence of exam-
ples of increasing complexity, ranging from SISO, minimum-phase plants to MIMO,
nonminimum-phase plants, including stable and unstable cases. Each plant can
be viewed as a sampled-data discretization of a continuous-time plant sampled at
T, = 0.01sec. All examples assume z = y and the adaptive controller gain matrix
0(k) is initialized to zero.

Unless otherwise noted, each example is taken to be a disturbance rejection sim-

ulation, that is, Fy = 0, with unknown sinusoidal disturbance given by

sin 2w KT,
w(k) = , (5.38)

sin 2w kT,
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where v; = 5 Hz and 15, = 13 Hz. The RCF adaptive control algorithm requires no

information about w. With each plant realized in controllable canonical form, we

I
take Dy = , and, therefore, the disturbance is not matched.

0

Example 5.7.1 (SISO, Nonminimum Phase, FIR Plant). Consider an FIR plant of
order n = 8 and zeros {0.3 £ 0.77,—0.7 £ 0.37,2 £ 0.57}. We take n. = 15, p = 2,
r =38, and a(k) = 25. The closed-loop response is shown in Figure 5.5. The control

is turned on at t = 2sec, and the performance variable reduces to zero within 3 sec.ll

10

Performance Variable y(k)

Time (sec)

Control Input u(k)
o

Figure 5.3 Closed-loop disturbance rejection response for an FIR, nonminimum phase,
SISO plant. The control is turned on at ¢ = 2sec. The controller order is n. = 15 with
parameters p = 2,17 = 8, (k) = 25.

Example 5.7.2 (SISO, Minimum Phase, Stable Plant). Consider a plant with poles
{0.54+0.57, —0.5+0.57,+0.9, £0.77} and zeros {0.34+0.75,—0.7+£0.37,0.5}. We take
n. =15, p=1, r =3, and a(k) = 25. The closed-loop response is shown in Figure
5.4. The control is turned on at t = 2sec, and the performance variable reduces to
zero within 1sec. The control algorithm converges to an internal model controller

with high gain at the disturbance frequencies, as seen in Figure 5.5. |
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Performance Variable y(k)

Time (sec)

Control Input u(k)
o

Figure 5.4 Closed-loop disturbance rejection response for a stable, minimum phase, SISO
plant. The control is turned on at ¢ = 2sec. The controller order is n. = 15 with parameters

p=1,r=3a(k) =25

100

Bode Diagram
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10

10

10"
Frequency (rad/sec)
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Figure 5.5 Bode magnitude plot of the adaptive controller at ¢ = 10 sec. The adaptive
controller places poles at the disturbance frequencies 1 = 5 Hz and v9 = 13 Hz. The con-
troller magnitude |G.(e**)| is plotted for w up to the Nyquist frequency wnyq = 7 =314

rad/sec.
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Example 5.7.3 (SISO, Nonminimum Phase, Stable Plant). Consider a plant with
poles {0.5+£0.57,—0.5 + 0.5, £0.9, £0.77} and zeros {0.3+ 0.7y, —0.7+£0.37,2}. We
take n. = 15, p = 1, r = 7, and a(k) = 25. Note that the Markov parameter

polynomial used to construct B, is given by

pr(q) = ¢* —1.2¢° — 0.96¢° — 0.56q — 0.75,

with corresponding roots {0.01£0.719, —0.77,1.94}. The closed-loop response is shown
in Figure 5.6. The control is turned on at t = 2sec, and, after a slight transient, the

performance variable reduces to zero.

10

Performance Variable y(k)
o

0 2 4 6 8 10
Time (sec)

Control Input u(k)
o

Figure 5.6 Closed-loop disturbance rejection response for a stable, nonminimum phase,
SISO plant. The control is turned on at ¢ = 2sec. The controller order is n. = 15 with
parameters p = 1,7 = 7, (k) = 25.

Alternatively, consider the Smith-McMillan-based construction of B., given by
(5.86), which is constructed using the first nonzero Markov parameter Hy = 1 and
the location of the nonminimum-phase zero at z = 2. We take n. = 15, p = 1,
r =1, and a(k) = 25. The closed-loop response is shown in Figure 5.7. The control

is turned on at t = 2sec, and, after a transient, the performance variable reduces to
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zero. Note that the simulation using the Markov-parameter-based construction of B.,,
(Figure 5.6) yields a better transient response than the simulation using the Smith-

McMillan-based construction of B., (Figure 5.7). [

20

o

Performance Variable z(k)

2 4 6 8 10
Time (sec)

Control Input u(k)
o

-10
0

Figure 5.7 Closed-loop disturbance rejection response for a stable, nonminimum phase,
SISO plant using the Smith-McMillan-based construction of B,,. The control is turned on
at t = 2sec. The controller order is n. = 15 with parameters p = 1,7 = 1, a(k) = 25.

Example 5.7.4 (SISO, Minimum Phase, Unstable Plant). Consider a plant with
poles {0.54+0.57, —0.54+0.5, £1.04,0.1£1.0253} and zeros {0.3+0.7, —0.7£0.37,0.5}.
We take n. = 15, p =1, r = 10, and a(k) = 25. The closed-loop response is shown
i Figure 5.8. The control is turned on at t = 2sec, and, after a transient, the per-

formance variable reduces to zero. [

Example 5.7.5 (MIMO, Minimum Phase, Stable Plant). Consider a two-input,
two-output plant with poles {—0.5+£0.57,0.9,£0.75, —0.5+0.57,0.9, £0.77} and trans-
mission zeros {0.3 £ 0.77,0.5,0.5}. We take n. = 15, p = 1, r = 10, and a(k) = 1.

The closed-loop response is shown in Figure 5.9. The control is turned on att = 2 sec,
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Figure 5.8 Closed-loop disturbance rejection response for an unstable, minimum phase,
SISO plant. The control is turned on at ¢ = 2sec. The controller order is n. = 15 with
parameters p = 1,7 = 10, a(k) = 25.

and the performance variable reduces to zero. |
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Figure 5.9 Closed-loop disturbance rejection response for a stable, minimum phase, two-
input two-output plant. The control is turned on at ¢ = 2sec. The controller order is
ne = 15 with parameters p = 1,r = 10, (k) = 1.
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Example 5.7.6 (MIMO, Nonminimum Phase, Stable Plant). Consider a two-input,
two-output plant with poles {—0.5 £ 0.57,0.9, —0.5 + 0.5,0.9} and transmission zero
{2}. We taken. =20, p=1,r =6, and a(k) = 1. The closed-loop response is shown
in Figure 5.10. The control is turned on att = 2sec, and, after a slight transient, the

performance variable reduces to zero. |

Performance Variable y(k)

Time (sec)

A it '”“WWWWWWW

Control Input u(k)
o

Figure 5.10 Closed-loop disturbance rejection response for a stable, nonminimum phase,
two-input two-output plant. The control is turned on at ¢ = 2sec. The controller order is
ne = 20 with parameters p = 1,7 = 6, a(k) = 1.

Example 5.7.7 (MIMO, Nonminimum Phase, Unstable Plant). Consider a two-
input, two-output plant with poles {—0.5 + 0.5, £0.7,0.1 £ 1.025y, —0.4,0.9} and
transmission zeros {0.5,2}. We take n. = 10, p = 1, r = 10, and a(k) = 1. The
closed-loop response is shown in Figure 5.11. The control is turned on at t = 2sec,

and, after a slight transient, the performance variable reduces to zero. |

Example 5.7.8 (Ex. 5.7.2 with Command Following and Disturbance Rejection).

We consider a combined step-command following and disturbance rejection problem
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Figure 5.11 Closed-loop disturbance rejection response for an unstable, nonminimum
phase, two-input two-output plant. The control is turned on at ¢ = 2sec. The controller
order is n. = 10 with parameters p = 1,r = 10, a(k) = 1.

with command and disturbance given by

wy (k) sin 27 kT
w(k) = = ) (5.39)
10
With the plant realized in controllable canonical form, we take D = and
00

Ey, = { 0 —1 } Therefore, wy s the disturbance to be rejected, while wq is the
command to be followed.

We take n. = 20, p = 1, r = 3, and a(k) = 50. The closed-loop response is
shown in Figure 5.12. The control is turned on at t = 2sec, and the performance
variable reduces to zero, that is, the disturbance wy is rejected while the command ws

is followed. [ |

Example 5.7.9 (Command Following with Unstable Plant). We consider a dou-
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Figure 5.12 Closed-loop response for a stable, minimum phase, SISO plant with a step
command and sinusoidal disturbance. The control is turned on at ¢ = 2sec. The controller
order is n. = 20 with parameters p = 1,7 = 3, a(k) = 50.

ble integrator plant with command given by w(k) = 1. With the plant realized in
controllable canonical form, we take Dy =0 and Ey = —1.

The SISO plant is unstable and minimum phase with poles {0.5 + 0.5, —0.5 +
0.57,1,1} and zeros {0.3+0.79,0.5}. We take n. = 10, p =15, r = 10, and a(k) = 5.
The closed-loop response is shown in Figure 5.13. The control is turned on att = 2 sec,
and, after a transient, the performance variable reduces to zero, that is, the step-

command w is followed. |

5.8 Numerical Examples - Off-nominal Cases

We now present numerical examples to illustrate the response of the RCF adaptive
control algorithm under conditions of uncertainty in the relative degree and Markov

parameters, measurement noise, and actuator and sensor saturations. Therefore, we
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Figure 5.13 Closed-loop response for an unstable, minimum phase, SISO plant with a
step command. The control is turned on at ¢ = 2sec. The controller order is n. = 10 with
parameters p = 5,7 = 10, a(k) = 5.

revisit examples from the previous section under off-nominal conditions, that is, with
uncertainty in the required plant modeling information. In each case, we illuminate
the role of the learning rate o, which governs the rate of convergence. Our goal is thus
to develop rules of thumb for choosing o based on the level of model fidelity. Each
example is taken to be a disturbance rejection simulation with z = y, as presented
in Section 5.7. In each example below, the adaptive controller gain matrix 6(k) is

initialized to zero.

Example 5.8.1 (Ex. 5.7.3 with Relative Degree Error and Unknown Latency - Phase
Margin). Consider model error in the relative degree. The system has relative degree
d=3.

First, for controller implementation, we use the erroneous d=2. We take n, = 15,
p=1,7r =10, and a(k) = 1000. The closed-loop response is shown in Figure 5.1/.
The control is turned on at t = 2sec, and the performance variable reduces to zero.

Now let d = 4. We take n, = 15, p =1, r =10, and a(k) = 1000. The closed-
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Performance Variable y(k)
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Control Input u(k)
o

Figure 5.14 Closed-loop disturbance rejection response for a stable, nonminimum phase,
relative degree d = 3 SISO plant where the controller is created assuming the plant has
relative degree d = 2. The control is turned on at t = 2sec. The controller order is n. = 15
with parameters p = 1,7 = 10, a(k) = 1000. To compensate for uncertainty in the relative
degree d, « is increased to slow down the adaptation.

loop response is shown in Figure 5.15. The control is turned on at t = 2sec, and the
performance variable converges to zero.

These simulations show that the adaptive controller is sensitive to errors in rela-
tive degree, which is equivalent to an unknown latency, that is, implementation delay.
Howewver, the effect of a known latency of | steps can be addressed by simply replacing
d by d + 1 in the construction of B.,. These simulations suggest that it is a natural

extension to use relative degree error and latency as potential metrics for analyzing

phase margins of discrete-time adaptive systems. [

Example 5.8.2 (Ex. 5.7.2 with Uncertain Hy - Gain Margin). We now assess the
algorithm’s robustness to knowledge of the first nonzero Markov parameter Hy. The
first nonzero Markov parameter is Hy = 1.

We first assume that the first nonzero Markov parameter is Hy = 0.05H;. We take

n. =15, p=1, r =3, and a(k) = 25. The closed-loop response is shown in Figure
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Figure 5.15 Closed-loop disturbance rejection response for a stable, nonminimum phase,
relative degree d = 3 SISO plant where the controller is created assuming the plant has
relative degree d = 4. The control is turned on at t = 2sec. The controller order is n. = 15
with parameters p = 1,7 = 10, a(k) = 1000.

5.16. The control is turned on at t = 2sec, and the performance variable converges
within 6 sec. In this case, the Markov parameter scaling is equivalent to at least a 26
dB downward adaptive gain margin.

Now, we assume that the first nonzero Markov parameter is H; = 20H;. We take
n. =15, p=1,r =3, and a(k) = 25. The closed-loop response is shown in Figure
5.17. The control is turned on at t = 2sec, and the performance variable converges
to zero. In this case, the Markov parameter scaling is equivalent to at least a 26 dB
upward adaptive gain margin.

In the case where the sign of the first nonzero Markov parameter is wrong, that
is, Hy = —Hjs, the simulation fails. As the fidelity of Hy decreases, convergence is
slowed. From these results it is seen that increasing error in Hy is equivalent to in-
creasing «, and thus slowing down the convergence. These simulations suggest that

it 1s a natural extension to use linear Markov parameter scaling as a potential metric

134



Performance Variable y(k)
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Figure 5.16 Closed-loop disturbance rejection response for a stable, minimum phase,
SISO plant with H; = 1 where the controller is created with H; = 0.05. The con-
trol is turned on at t = 2sec. The controller order is n. = 15 with parameters
p=1,r = 3,a(k) = 25. With H; underestimated, the closed-loop converges more slowly
than in the nominal case.

for analyzing gain margins of discrete-time adaptive systems. |

Example 5.8.3 (Noisy Markov Parameters). We investigate model error in the
Markov parameters.

First, consider Example 5.7.2. The system has relative degree d = 3 with Hz = 1.
For controller implementation, we perturb each Markov parameter H;, 1 =1...7, by
adding zero-mean Gaussian white noise with standard deviation o = 0.25. We take
n. =15, p=1,r =3, and a(k) = 25. The closed-loop response is shown in Figure
5.18. The control is turned on at t = 2sec, and the performance variable reduces to
zero.

Next, consider FExample 5.7.3 with model error in the Markov parameters. The
system has relative degree d = 3 with Hy = 1. For controller implementation, we
perturb each Markov parameter H;, i = 1...7, by adding zero-mean Gaussian white

noise with standard deviation o = 0.25. We take n. = 15, p = 1, r = 10, and
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Figure 5.17 Closed-loop disturbance rejection response fpr a stable, minimum phase,
SISO plant with H; = 1 where the controller is created with H; = 20. The control is turned
on at t = 2sec. The controller order is n, = 15 with parameters p = 1,r = 3, a(k) = 25.
With H, overestimated, the closed-loop converges more slowly than in the nominal case.
a(k) = 25. The closed-loop response is shown in Figure 5.19. The control is turned
on at t = 2sec, and the performance variable reduces to zero.

These simulations show that the adaptive control algorithm is robust to errors in

the Markov parameters. |

Example 5.8.4 (Ex. 5.7.2 with Noisy Measurements). To assess the performance of

the adaptive algorithm with added sensor noise, we modify the sensor equation (5.2)

by

y(k) = Cx(k) + Dyw(k) + v(k), (5.40)

where v(k) € R is zero-mean Gaussian white noise with standard deviation o = 0.1,
We take n. = 15, p = 1, r = 3, and a(k) = 25. The closed-loop response is
shown in Figure 5.20. The control is turned on at t = 2sec, and the performance

variable is reduced to the level of the additive sensor noise v(k). Analogous results
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Figure 5.18 Closed-loop disturbance rejection response for a stable, minimum phase,
relative degree d = 3, SISO plant where the controller is created with Markov parameters
perturbed by zero-mean Gaussian white noise with standard deviation o = 0.25. The con-
trol is turned on at ¢ = 2sec. The controller order is n. = 15 with parameters p = 1,7 = 3,
and a(k) = 25.

are obtained for sinusoidal sensor noise and measurement bias, that is, constant mea-

surement noise. Bursting was not observed in any of the simulations. |

Example 5.8.5 (Ex. 5.7.2 with Actuator and Sensor Saturation). In addition to the
1ssues discussed above, physical systems are constrained by actuator and sensor lim-
itations. In particular, we consider the performance of the adaptive algorithm under
actuator and sensor saturation.

The control input u(k) is subject to saturation at £1.5, while the sensor measure-
ment y(k) is subject to saturation at £2. We take n. = 15, p = 1, r = 3, and
a(k) = 25. The closed-loop response is shown in Figure 5.21. The control is turned
on att = 2sec, and the performance variable is reduced to a level consistent with what

the saturated control can provide. [ |

137



< 10
>
Q@
g st 1
g
[J) 0
Q
c
S
E -5f 1
o
@
o _10 1 1 1 1
0 2 4 6 8 10
Time (sec)
4
<
5 27 r
5
Q.
£ o0 |
S
g -2t 1
_4 1 1 1 1
0 2 4 6 8 10

Figure 5.19 Closed-loop disturbance rejection response for a stable, nonminimum phase,
relative degree d = 3, SISO plant where the controller is created with Markov parameters
perturbed by zero-mean Gaussian white noise with standard deviation o = 0.25. The con-
trol is turned on at ¢ = 2sec. The controller order is n. = 15 with parameters p = 1,r = 10,
and a(k) = 25.
Example 5.8.6 (Ex. 5.7.2 Command Following with Actuator Saturation). We con-
sider a command given by w(k) = 1. With the plant realized in controllable canonical
form, we take D1 =0 and Ey = —1.

First, consider the case with no actuator saturation. We take n. = 15, p = 1,
r =3, and a(k) = 25. The closed-loop response is shown in Figure 5.22. The control
1s turned on at t = 2sec, and, after a transient, the performance variable reduces to
zero, that is, the step-command w is followed.

Now, consider the case with actuator saturation at +0.1. We take n, =15, p =1,
r =3, and a(k) = 25. The closed-loop response is shown in Figure 5.23. The control

is turned on at t = 2sec, and the performance variable reduces to a level consistent

with what the saturated control can provide. |
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Figure 5.20 Closed-loop disturbance rejection response for a stable, minimum phase,
SISO plant with random white noise added to the measurement. The control is turned on
at t = 2sec. The controller order is n. = 15 with parameters p = 1,7 = 3, a(k) = 25. The
performance variable y(k) is reduced to the level of the additive sensor noise v(k).
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Figure 5.21 Closed-loop disturbance rejection response for a stable minimum phase
SISO plant where the actuator is saturated at 1.5 and the sensor is saturated at +2.
The control is turned on at ¢ = 2sec. The controller order is n. = 15 with parameters
p=1,r = 3,a(k) = 25. The saturations reduce overall steady-state performance.
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Figure 5.22 Closed-loop response for a stable, minimum phase, SISO plant with a step
command. The control is turned on at ¢ = 2sec. The controller order is n. = 15 with
parameters p = 1,7 = 3, a(k) = 25.
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Figure 5.23 Closed-loop response for a stable, minimum phase, SISO plant with a step
command subject to actuator saturation at +0.1. The control is turned on at ¢ = 2sec.
The controller order is n, = 15 with parameters p = 1,7 = 3, a(k) = 25.
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5.9 Numerical Examples - Model Reference Adap-
tive Control

We now present numericals example to illustrate the response of the RCF adap-
tive control algorithm for model reference adaptive control (see Figure 5.1). Unless

otherwise noted, the adaptive controller gain matrix 6(k) is initialized to zero.

5.9.1 Boeing 747 longitudinal dynamics

Consider the longitudinal dynamics of a Boeing 747 aircraft, linearized about
steady flight at 40,000 ft and 774 ft/sec. The inputs to the dynamical system are
taken to be elevator deflection and thrust. The output of the dynamical system is

taken to be pitch angle. The continuous-time equations of motion are thus given by

0 —0.003  0.039 0 —0.322 u 0.010 1
w | | —0.065 —0319 7.74 0 wl —0.180 —0.040 Se
g 0.020 —0.101 —0.429 0 q —~1.160  0.598 5o |
6 0 0 1 0 0 0 0
(5.41)
u
Y1 0 0 01 w 0
Y= = + w, (5.42)
s 0000 q 1
0
2= Y1~ Ym, (5.43)

where w is the exogenous command and y,, is the output of the reference model

Yiu(5) 0.0131
Gm(s) = = . 5.44
() = T5) = 50165 1 00131 (5.44)
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We discretize (5.41)—(5.44) using a zero-order hold and sampling time 7, =
0.01sec. The reference command is taken to be a 1 deg step command in pitch angle.
The controller order is n. = 10 with parameters p = 1,7 = 10, a(k) = 40. The closed-
loop response is shown in Figure 5.24. The controller is turned on immediately and

the performance variable reduces to zero within about 20 sec.
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Figure 5.24 Closed-loop model reference adaptive control of Boeing 747 longitudinal dy-
namics. The controller order is n, = 10 with parameters p = 1,7 = 10, a(k) = 40. The
performance variable converges within about 20 sec.

5.9.2 Missile Longitudinal Dynamics

We now present numerical examples for MRAC of missile longitudinal dynamics
under off-nominal or damage situations. The basic missile longitudinal plant [89] is

derived from the short period approximation of the longitudinal equations of motion,
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given by

—-1.064 1 —0.25
T = T+ A u, (5.45)
290.26 0 —-331.4
—-123.34 0 —13.51
y = T+ A u, (5.46)
0 1 0
where
A | O A | Ax
x = ) y = b
q q

and A € (0, 1] represents the control effectiveness. Nominally A = 1.

The open-loop system (5.45), (5.46) is statically unstable. To overcome this in-
stability, a classical three-loop autopilot [89] is wrapped around the basic missile
longitudinal plant. The adaptive controller then augments the closed-loop system to
provide control in off-nominal cases, that is, when A < 1. The autopilot and adaptive
controller inputs are denoted wu,, and u,c, respectively. Thus, the total control input
U = Uyp + Uac. The reference model G, consists of the basic missile longitudinal plant
with A = 1 and the classical three-loop autopilot. An actuator saturation of +30deg
is included in the model, but no actuator or sensor dynamics are included.

Our goal is for the missile to follow a pitch acceleration command w consisting of
a 1-g amplitude 1-Hz square wave. The performance variable z is the difference be-
tween the measured pitch acceleration A, and the reference model pitch acceleration
A%, that is, 2z 2 A, — A%. The closed-loop response is shown in Figure 5.25 for A = 1.
Since the plant and reference model are identical in the nominal case, the adaptive
control input u,. = 0.

All of the following examples use the same adaptive controller parameters. The
adaptive controller is implemented at a sampling rate of 300 Hz. We take n. = 3,

p =1, and r = 20. A time-varying learning rate « is used such that, initially, con-
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Figure 5.25 Closed-loop model reference adaptive control of missile longitudinal dynam-
ics. The control effectiveness A = 1, thus the plant and reference model are identical.

Therefore, the adaptive control input u,. = 0.

troller adaptation is fast, and, as performance improves, the adaptation slows. The
learning rate is identical for each simulation. System identification using the Ob-
server/Kalman filter identification (OKID) algorithm [57] is used to obtain the 20
Markov parameters required for controller implementation. The offline identification
procedure is performed with a nominal simulation (A = 1) by injecting band-limited
white noise at the adaptive controller input u,. and recording the performance vari-
able z while the autopilot is in-the-loop. No external disturbances are assumed to be

present during the identification procedure.

Example 5.9.1 (75% Control Effectiveness). Consider A = 0.75. First, Figure 5.26
shows simulation results with the adaptive controller turned off, that is, autopilot-only

control.

Now, with the adaptive controller turned on, that is, augmented autopilot plus
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Figure 5.26 Missile longitudinal dynamics with control effectiveness A = 0.75 and adap-
tive controller turned off, that is, autopilot-only control.

adaptive controller, simulation results are shown in Figure 5.27. After a small tran-
sient, the augmented controllers result in better performance than the autopilot-only

simulation. [

Example 5.9.2 (50% Control Effectiveness). Consider A = 0.50. First, Figure 5.28
shows simulation results with the adaptive controller turned off, that is, autopilot-only
control.

Now, with the adaptive controller turned on, that is, augmented autopilot plus
adaptive controller, simulation results are shown in Figure 5.29. After a transient,

the augmented controllers result in better performance than the autopilot-only simu-

lation. n

Example 5.9.3 (25% Control Effectiveness). Consider A\ = 0.25. With the adap-
tive controller turned off, that is, autopilot-only control, the simulation fails. With

the adaptive controller turned on, that is, augmented autopilot plus adaptive con-
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Figure 5.27 Closed-loop model reference adaptive control of missile longitudinal dy-
namics with control effectiveness A = 0.75. The augmented controllers result in better
performance than the autopilot-only simulation.
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Figure 5.28 Missile longitudinal dynamics with control effectiveness A = 0.50 and adap-
tive controller turned off, that is, autopilot-only control.
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Figure 5.29 Closed-loop model reference adaptive control of missile longitudinal dy-
namics with control effectiveness A = 0.50. The augmented controllers result in better
performance than the autopilot-only simulation.

troller, simulation results are shown in Figure 5.30. After a transient, the augmented
controllers stabilize the system whereas the autopilot-only simulation fails.

Figure 5.30 shows that the total control input u reaches the actuator saturation
level of £30deg. To reduce the initial transient, a more finely tuned learning rate
can be implemented or the adaptive controller can be initialized with nonzero gains.
Therefore, we now initialize the adaptive controller with the converged control gains
0 from the 50% control effectiveness case. We use the gains of the 50% case since it
1s a median starting point. Simulation results are shown in Figure 5.51. The initial
transient 1s reduced as compared with initializing the control gains to zero. In this

case, the actuator saturation level is never reached. [ |

5.10 Algorithm Limitations

For practical reasons such as sensor or actuator failure, control engineers can be

reluctant to use unstable controllers for the purpose of stabilization. It thus follows
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Figure 5.30 Closed-loop model reference adaptive control of missile longitudinal dynam-
ics with control effectiveness A = 0.25. After a transient, the augmented controllers stabilize
the system whereas the autopilot-only simulation fails. Note that the system is stabilized
despite the total control input u reaching the actuator saturation level of 430 deg.

that we are interested in plants that are strongly stabilizable [129]. A dynamical
system G is said to be strongly stabilizable if there exists a stable controller G, that
stabilizes the open-loop system G. It is well known that a stable controller which
stabilizes the system exists if and only if the plant satisfies the parity interlacing
property [133]. In SISO continuous-time systems, a plant satisfies the parity inter-
lacing property if it has an even number of poles between each pair of zeros on the
positive real axis. Similar results apply for both discrete-time and MIMO systems.
After gain convergence, every simulation presented in this chapter resulted in a
stable adaptive controller. No simulations performed with the RCF adaptive control
algorithm have resulted in an unstable controller after gain convergence. Without
converging to an unstable controller, it follows that the simulation fails if the RCF
adaptive control algorithm is used to stabilize a plant that is not strongly stabilizable.

No other cases have been identified which cause the RCF adaptive control algorithm
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Figure 5.31 Closed-loop model reference adaptive control of missile longitudinal dynam-
ics with control effectiveness A = 0.25. The adaptive controller is initialized with the
converged gains from the 50% control effectiveness case. The initial transient is reduced as
compared with initializing the control gains to zero. In this case, the actuator saturation
level is never reached.

to fail. Obtaining a linear bound of the control inputs u by the measurement variables
y (as required in Theorem 2.6.1) is not possible in general for nonminimum-phase
systems. However, this linear bounding condition does hold for systems that are
stabilized with a stable controller. Future work includes incorporating this strongly
stabilizing property into a Lyapunov-based stability analysis of the RCF adaptive
control algorithm.

Linear Quadratic Gaussian (LQG) techniques have been shown to work well with
broadband disturbances, but LQG controllers require complete knowledge of the sys-
tem parameters. In practice, reliable knowledge of the system parameters may be
impossible to obtain. Therefore, it is desirable to use adaptive controllers with min-
imal modeling requirements for broadband disturbance rejection. While the RCF
adaptive control algorithm was shown to work well with commands and disturbances
generated from Lyapunov-stable linear systems, that is, sums of discrete sinusoids

and steps, it has been found to provide only marginal performance improvements for
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broadband disturbance rejection applications. Future work includes the development
of a theoretical foundation for analyzing broadband disturbance rejection properties

of the controller.

5.11 Conclusion

We presented the RCF adaptive control algorithm and demonstrated its effective-
ness in handling nonminimum-phase zeros through numerical examples illustrating
the response of the algorithm under conditions of uncertainty in the relative degree
and Markov parameters, measurement noise, and actuator and sensor saturations.
We thus developed rules of thumb for choosing the learning rate « for stable response
and acceptable transient behavior. Bursting was not observed in any of the sim-
ulations. We also developed preliminary metrics for analyzing the gain and phase
margins for discrete-time adaptive systems. Future work includes the development
of Lyapunov-based stability and robustness analysis of the RCF adaptive control al-
gorithm as well as development of a theoretical foundation for analyzing broadband

disturbance rejection properties of the controller.
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Chapter 6

Indirect Retrospective-Cost-Based
Adaptive Control with RLS-Based
Estimation

In the previous chapter, we presented a direct adaptive control algorithm which
required a priori information about the sign of the high-frequency gain as well as
information about the locations of the nonminimum-phase zeros. In this chapter, we
augment the adaptive controller developed in Chapter 5 with recursive least-squares
estimation to form a discrete-time indirect adaptive control law that is effective for
systems that are multi-input, multi-output, and/or nonminimum phase. Recursive
least-squares estimation is used for concurrent Markov parameter updating. We
present numerical examples to illustrate the algorithm’s effectiveness in handling
nonminimum-phase zeros as plant changes occur. The results and methods of this

chapter are published in [112].

6.1 Introduction

Adaptive control algorithms can be classified as either direct or indirect, depend-
ing on whether they employ an explicit parameter estimation algorithm within the

overall adaptive scheme; see [32, 50, 77, 90]. Most direct adaptive control algorithms,
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with the exception of universal adaptive control algorithms [46, 47, 64, 79, 81, 86,
87, 96, 106, 130, 132], require some prior modeling information, such as the sign of
the high-frequency gain. By updating the required modeling information, perhaps
through closed-loop identification, a direct adaptive control algorithm can be con-
verted to an indirect adaptive control algorithm, which may have greater versatility
in practice.

The goal of the present chapter is to present an indirect discrete-time adaptive
control algorithm as an extension of the direct adaptive control algorithm developed in
Chapter 5. This algorithm, based on a retrospective correction filter (RCF), requires
prior estimates of the Markov parameters of the transfer function from the control in-
puts to the performance (error) variables. These Markov parameter estimates capture
the sign of the high-frequency gain as well as the locations of the nonminimum-phase
zeros (if any) in the relevant transfer function. Since no parameter estimation is
performed online, the algorithm developed in Chapter 5 is a direct adaptive con-
trol algorithm. In some applications, however, prior modeling or identification is not
possible, whereas, in other applications, the dynamics of the plant may change unex-
pectedly during operation. In both cases, the required Markov parameters must be
estimated online.

With this motivation in mind, the present chapter investigates the performance
of the RCF-based adaptive control algorithm with concurrent Markov-parameter es-
timation. The resulting adaptive control algorithm is thus indirect. For parameter
estimation we use a standard recursive least-squares (RLS) algorithm. The scenario
we consider begins with discrete-time RCF-based direct adaptive control with prior
estimates of the Markov parameters. The RLS identification algorithm operates con-
currently with the control adaptation to update the Markov parameters when a plant
change occurs.

We demonstrate the indirect RCF algorithm on several numerical examples. Of
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particular interest is the case in which a plant change occurs, in which a minin-
imum phase zero becomes nonminimum phase. These results are noteworthy since
nonminimum-phase zeros are known to be challenging for adaptive control algorithms
[5]. Numerical results show that the algorithm is able to update the Markov parame-
ters and maintain stabilization of the system. These numerical examples are intended

to provide motivation for future proofs of stability and convergence.

6.2 Recursive Least-Squares Markov Parameter
Update

To obtain the required Markov parameters for constructing B.,,, we implement
the standard recursive least-squares algorithm as in [70] for the »-MARKOV plant
structure (5.5). A forgetting factor is not used since no benefit was observed by in-
cluding it. We initialize the parameter matrix to zero and the covariance matrix of
the parameter estimation error to the identity matrix. At each time step, we take
the computed Markov parameters H;, i = 0,...,r, and construct B, as in (5.37).
The identification input for RLS is taken to be the output of the adaptive controller,
that is, the control input u to the plant, while the identification output for RLS is
taken to be the performance variable z. The closed-loop system including the RCF
adaptive control algorithm with concurrent RLS identification for Markov parameter,
and thus B.,, updates is shown in Figure 6.1. No probing input is used to identify
the Markov parameters, and disturbances are assumed to be present while the online

identification takes place.

6.3 Numerical Examples

We now present numerical examples to illustrate the response of the RCF adaptive

control algorithm with concurrent RLS identification. We consider a sequence of ex-
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Figure 6.1 Closed-loop system including the RCF adaptive control algorithm with con-
current RLS identification for Markov parameter updates.
amples of increasing complexity. In each case, we start with a nominal plant in closed
loop with the RCF adaptive control algorithm and concurrent RLS identification. At
some time during the simulation, a plant change occurs, which requires updating the
Markov parameters for the adaptive controller. As RLS identification runs concur-
rently with the adaptive controller, the Markov parameters are updated in real time.
Each plant can be viewed as a sampled-data discretization of a continuous-time plant
sampled at T, = 0.01sec. All examples assume z = y and the adaptive controller gain
matrix (k) is initialized to zero.

For simplicity, each example, unless otherwise noted, is taken to be a disturbance

rejection simulation, that is, £y = 0, with unknown sinusoidal disturbance given by

sin 2w KT,
w(k) = : (6.1)
sin 2w kT,
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where v; = 5 Hz and 15, = 13 Hz. The RCF adaptive control algorithm requires no

information about w. With each plant realized in controllable canonical form, we

I
take Dy = , and, therefore, the disturbance is not matched.

0

Example 6.3.1 (Change in control effectiveness). Consider a stable, minimum-
phase, SISO plant with poles {0.5 £ 0.57, —0.5 + 0.57,+0.9, £0.75} and zeros {0.3 +
0.79,—0.7+ 0.3y, £0.5}. We take n. =15, p=1, r =3, and a(k) = 25. The closed-
loop response is shown in Figure 6.2. The control is turned on att = 5sec, and the
performance variable reduces to zero within 2sec. At t = 15sec, the system suffers
a 75% loss of control effectiveness, that is, the control input u entering the plant is
multiplied by a scaling factor A = 0.25. The Markov parameters are updated online,
and the adaptive control algorithm reduces the performance variable to zero within
2sec. Figure 6.3 shows a time-history plot of the first 3 Markov parameters obtained

from online RLS identification. [ |

10

5 i

0 —

_57 m

Performance Variable z(k)

-10
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Time (sec)
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_10 - .
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Figure 6.2 Closed-loop disturbance rejection response for a stable, minimum-phase, SISO
plant. The control is turned on at ¢ = 5sec, and, at ¢ = 15sec, the system suffers
a 75% loss of control effectiveness. The controller order is n, = 15 with parameters
p=1,r=3a(k) =25
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Figure 6.3 Time history of the first 3 Markov parameters obtained from online RLS iden-
tification. The control is turned on at ¢t = 5sec, and, at t = 15sec, the system suffers a 75%
loss of control effectiveness. The estimated Markov parameters are used in the adaptive
controller update law.

Example 6.3.2 (Change in zero characteristics). Consider a stable, minimum-phase,
SISO plant with poles {0.5£0.57, —0.5+£0.57, £0.9, £0.77} and zeros {0.3+0.7y, —0.7+
0.37,20.5}. We take n. = 20, p = 1, r = 20, and a(k) = 1000. The closed-loop
response is shown in Figure 6.4. The control is turned on at t = 5sec, and the per-
formance variable reduces to zero. Att = 15sec, the minimum-phase zero at z= 0.5
is changed to a nonminimum-phase zero at z = 2. After a transient, the adaptive

control algorithm reduces the performance variable to zero. [ |

Example 6.3.3 (Change in poles and zeros). Consider an order n = 8 FIR,
nonminimum-phase, SISO plant with zeros {0.3 +0.77, —0.7 + 0.3,0.5,2}. We take
n. = 15, p = 1, r = 10, and a(k) = 25. The closed-loop response is shown
in Figure 6.5. The control is turned on at t = bsec, and the performance vari-
able reduces to zero. At t = 1bsec, the nonminimum-phase zero at z = 2 is

changed to a minimum-phase zero at z = 0.5 and the plant’s poles are changed to
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Figure 6.4 Closed-loop disturbance rejection response for a stable, minimum-phase, SISO
plant. The control is turned on at t = 5sec, and, at ¢t = 15sec, one of the plant’s minimum-
phase zeros is replaced with a nonminimum-phase zero. The controller order is n. = 20
with parameters p = 1,7 = 20, a(k) = 1000.

{0.5 +0.57, —0.5 + 0.5, +£0.79}. After a slight transient, the adaptive control algo-

rithm reduces the performance variable to zero. [

Example 6.3.4 (Change in relative degree). Consider a stable, nonminimum-phase,
SISO plant with poles {0.5£0.57, —0.5+£0.57, £0.9, £0.77} and zeros {0.3+0.7y, —0.7+
0.37,0.5,2}. We take n. = 15, p = 2, r = 10, and a(k) = 50. The closed-loop
response is shown in Figure 6.6. The control is turned on at t = 5sec, and the per-
formance variable reduces to zero. Att = 15sec, the plant’s relative degree is changed
from d = 2 to d = 4 by adding two poles at the origin. The RLS algorithm identi-
fies the shifted Markov parameters due to latency and recovers performance. Without

RLS, the RCF algorithm is shown in [114] to be sensitive to unknown delays. |

Example 6.3.5 (Command following with change in zeros). We now consider a step-

command following problem with command given by a square wave of frequency 2wy Ty
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Figure 6.5 Closed-loop disturbance rejection response for an FIR, nonminimum-phase,
SISO plant. The control is turned on at ¢t = 5Hsec, and, at ¢ = 15sec, the plant’s
nonminimum-phase zero is replaced with a minimum-phase zero and the plant’s poles are re-
located to stable poles away from the origin. The controller order is n. = 15 with parameters
p=1,r=10,a(k) = 25.

cycles/sample, where v3 = 0.1 Hz. With the plant realized in controllable canonical
form, we take Dy =0 and Ey = —1.

Consider a stable, nonminimum-phase, SISO plant with poles {0.5 + 0.57, —0.5 +
0.57,40.9, £0.75} and zeros {0.3 £0.79,—0.7+0.3y,0.5,2}. We take n. = 15, p = 2,
r = 25, and a(k) = 250. The closed-loop response is shown in Figure 6.7. The
control is turned on at t = bHsec, and the performance variable reduces to zero. At
t = 15sec, the minimum-phase zero at z = 0.5 disappears from the plant, while the
nonminimum-phase zero at z = 2 is changed to a nonminimum-phase zero at z = 2.5.

After a transient, the adaptive control algorithm reduces the performance variable to

zero and follows the step command. [ |

Example 6.3.6 (MRAC for Missile Longitudinal Dynamics). We now present a nu-
merical example for MRAC of missile longitudinal dynamics under an off-nominal or

damage situation. The MRAC control architecture is shown in Figure 5.1. The basic
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Figure 6.6 Closed-loop disturbance rejection response for a stable, nonminimum-phase,
SISO plant. The control is turned on at ¢ = 5sec, and, at ¢t = 15sec, the plant’s relative
degree changes from d = 2 to d = 4. The controller order is n. = 15 with parameters
p=2,r =10, and a(k) = 50.
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Figure 6.7 Closed-loop command following response for a stable, nonminimum-phase,
SISO plant. The control is turned on at ¢ = 5sec, and, at ¢t = 15sec, one of the plant’s
minimum-phase zeros is removed while the location of the plant’s nonminimum-phase zero
is changed. The controller order is n. = 15 with parameters p = 2,r = 25, a(k) = 250.
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missile longitudinal plant of [89] is derived from the short period approximation of the

longitudinal equations of motion, given by

—-1.064 1 —0.25
T = T+ A u, (6.2)
290.26 0 —-331.4
—123.34 0 —13.51
y = x+ A u, (6.3)
0 1 0
where
A | @ A | As
T = , Y= )
q q

and X\ € (0,1] represents the control effectiveness. Nominally A = 1.

The open-loop system (6.2), (6.3) is statically unstable. To overcome this insta-
bility, a classical three-loop autopilot from [89] is wrapped around the basic missile
longitudinal plant. The adaptive controller then augments the closed-loop system to
provide control in off-nominal cases, that is, when A < 1. The autopilot and adaptive
controller inputs are denoted u,, and u,., respectively. Thus, the total control input
U = Usp +Uac. The reference model Gy, consists of the basic missile longitudinal plant
with A = 1 and the classical three-loop autopilot. An actuator saturation of £30 deg
15 included in the model, but no actuator or sensor dynamics are included.

Our goal is to have the missile follow a pitch acceleration command w consisting
of a 1-g amplitude, 1-Hz square wave. The performance variable z is the difference
between the measured pitch acceleration A, and the reference model pitch acceleration
Az, that is, z 2 A, — AL, The adaptive controller is implemented at a sampling rate
of 300 Hz. We take n. = 3, p =1, and r = 20. A time-varying learning rate « is
used such that, initially, controller adaptation is fast, and, as performance improves,
the adaptation slows.

Figure 6.8 shows closed-loop MRAC' simulation results. Initially, A =1, and thus,
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the adaptive controller is not used. Att = 5sec, we change X = 0.5, but, to demon-
strate autopilot-only control, we do not turn on the adaptive controller. Att = 10 sec,

the adaptive controller is turned on. After a transient, the augmented controllers re-

sult in better performance than the autopilot-only control. [
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Figure 6.8 Closed-loop model reference adaptive control of missile longitudinal dynam-
ics. Initially, A = 1. At t = 5sec, we change A = 0.5 but the adaptive controller remains
off. At t = 10sec, the adaptive controller is turned on. After a transient, the augmented
controllers result in better performance than the autopilot-only control.

6.4 Conclusion

We presented the indirect RCF adaptive control algorithm and demonstrated
its effectiveness, through numerical examples, in handling nonminimum-phase ze-
ros while plant changes occur. The adaptive control algorithm requires a sufficient
number of Markov parameters to capture the sign of the high-frequency gain as
well as the nonminimum-phase zeros. Recursive least-squares estimation was used
for concurrent Markov parameter updating. Future work includes the development
of Lyapunov-based stability and robustness analysis for the RCF adaptive control

algorithm.
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Chapter 7

Conclusion

This dissertation presented advances in adaptive control of multi-input, multi-
output, linear, time-invariant, discrete-time systems. Chapter 2 focused on gradient-
based adaptive control, while Chapters 3-6 related to retrospective-cost-based adap-
tive control.

Chapter 2 provided an extension of the work presented in [36, Chapter VII],
where an adaptive controller was developed that requires limited model informa-
tion for stabilization, command following, and disturbance rejection for multi-input,
multi-output, linear, time-invariant, minimum-phase, discrete-time systems. Specifi-
cally, the controller requires knowledge of the open-loop system’s relative degree and
a bound on the first nonzero Markov parameter. Notably, the controller does not re-
quire knowledge of the command or disturbance spectrum as long as the command and
disturbance signals are generated by Lyapunov-stable linear systems. Thus the com-
mand and disturbance signals are combinations of discrete-time sinusoids and steps.
We proved global asymptotic convergence for command following and disturbance
rejection.

Chapter 2 incorporated a logarithmic Lyapunov function to prove Lyapunov stabil-
ity for systems whose exogenous dynamics are unknown and unmeasured. In addition,

the adaptive update law was constructed as a gradient-based adaptive control algo-
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rithm. Since an ideal deadbeat internal model controller was proven to exist, the
gradient-based construction allowed us to compute and implement an optimal gradi-
ent step size. Furthermore, the gradient-based construction provided a framework for
directly analyzing tradeoffs between transient performance and modeling accuracy.
Finally, an inverse system representation was derived for multi-input, multi-output,
minimum-phase systems which was necessary for the proof of Theorem 2.6.1.

Since the adaptive control method presented in Chapter 2 has been shown to
perform well in simulation on broadband disturbances that are not generated by
Lyapunov-stable linear systems, future work includes developing a theoretical foun-
dation for analyzing and proving the broadband disturbance rejection properties of
the controller.

Chapter 3 began the main topic of this dissertation. Since the method of proof
for the gradient-based adaptive control algorithm presented in Chapter 2 could not
be extended to nonminimum-phase systems, we focused on retrospective-cost-based
adaptive control. To review, retrospective cost optimization is a measure of perfor-
mance at the current time based on a past window of data and without assumptions
about the command or disturbance signals. In particular, retrospective cost opti-
mization acts as an inner loop to the adaptive control algorithm by modifying the
performance variables based on the difference between the actual past control inputs
and the recomputed past control inputs based on the current control law.

In particular, Chapter 3 investigated full-state-feedback stabilization in multi-
input, linear, time-invariant, discrete-time systems. The results of Chapter 3 sup-
ported and motivated the retrospective-cost-based adaptive controllers developed in
Chapters 4 and 5 by providing a basis for retrospective cost optimization. Specifically,
a retrospective-cost-based adaptive controller was developed for full-state-feedback
stabilization. Furthermore, Lyapunov stability of the closed-loop error system was

proven for a special case. Numerical examples illustrated the robustness of the algo-
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rithm under conditions of Markov-parameter uncertainty. Theoretical and numerical
results suggested that the converged adaptive controller has a downward adaptive gain
margin of 6 dB and an infinite upward adaptive gain margin, which is reminiscent of
continuous-time fixed-gain LQR control.

Although the retrospective-cost-based full-state-feedback adaptive control algo-
rithm developed in Chapter 3 was shown to work well in many cases with r = 1,
there were situations that required r > 1. However, in all cases, r = n 4+ 1 was found
to stabilize the open-loop system. Although » = n + 1 requires more knowledge of
the Markov parameters than with » = 1, it is still less information than required to
reconstruct a system model through techniques such as the eigenstructure realization
algorithm, which generally requires 2n Markov parameters. Future work includes ex-
tending the specialized Lyapunov-based stability and convergence proof to the more
general case to include multi-input, multi-dimensional plants with r > 1.

As an extension to the results of Chapter 3, Chapter 4 investigated static-output-
feedback stabilization in multi-input, multi-output, linear, time-invariant, discrete-
time systems with knowledge of the sign of the high-frequency gain and a sufficient
number of Markov parameters to approximate the nonminimum-phase zeros (if any).
No additional information about the poles or zeros need be known. In addition, a
theoretical link between nonminimum-phase zero information and Markov parame-
ters was developed and explored through simulation. Numerical examples illustrated
the robustness of the algorithm under conditions of Markov parameter uncertainty:.

The results of Chapter 4 suggest that » = n 4+ 1 was sufficient to stabilize the
open-loop system. However, future work includes the development of a Lyapunov-
based stability and convergence proof for the adaptive control algorithm presented in
Chapter 4. In addition, the theoretical link between nonminimum-phase zero informa-
tion and Markov parameters needs to be explored further, especially for multi-input,

multi-output systems, where the presence of transmission zeros complicates the anal-
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ysis.

Chapter 5 provided an extension to the work presented in [127] as well as Chap-
ter 3 and Chapter 4 of this dissertation. Specifically, Chapter 5 generalized the
results of Chapter 3 and Chapter 4 to dynamic compensation for stabilization, com-
mand following, disturbance rejection, and model reference adaptive control. A
retrospective-cost-based adaptive controller was developed for multi-input, multi-
output, linear, time-invariant, discrete-time systems with knowledge of the sign of
the high-frequency gain and a sufficient number of Markov parameters to approx-
imate the nonminimum-phase zeros (if any). No additional information about the
poles or the zeros need be known.

The adaptive control algorithms developed in Chapters 3-5 of this dissertation
incorporated an adjustable learning-rate parameter a which allowed us to develop
Newton-step-based adaptive update laws. In addition, Chapter 5 further developed
the theoretical link between Markov parameters and nonminimum-phase zeros. We
also developed preliminary metrics for analyzing the gain and phase margins for
discrete-time adaptive systems. Numerical robustness analysis with uncertainty in
the required modeling information was presented for plants that are multi-input,
multi-output, nonminimum phase, and possibly unstable. These numerical studies
showed that the adaptive control algorithm is effective for handling nonminimum-
phase zeros under minimal modeling assumptions. These numerical studies serve as
guidance with regard to the future development of system identification algorithms
that can estimate the required plant parameters with suitable accuracy.

Future work includes development of the learning-rate parameter « as a function
of the performance objective z as well as the development of Lyapunov-based stability
and robustness analysis for the retrospective-cost-based adaptive control algorithm
presented in Chapter 5. While the RCF adaptive control algorithm was shown to work

well with commands and disturbances generated from Lyapunov-stable linear systems,

165



that is, sums of discrete sinusoids and steps, it was found to provide only marginal
performance improvements for broadband disturbance rejection applications. Future
work includes the development of a theoretical foundation for analyzing and proving
the broadband disturbance rejection properties of the adaptive controller presented
in Chapter 5.

Finally, Chapter 6 extended the results of Chapter 5. Specifically, the direct adap-
tive controller developed in Chapter 5 was augmented with recursive least-squares
estimation to form a discrete-time indirect adaptive control law that is effective for
systems that are multi-input, multi-output, and/or nonminimum phase. Recursive
least-squares estimation was used for concurrent Markov parameter updating. Nu-
merical examples illustrated the algorithm’s effectiveness in handling nonminimum-
phase zeros as plant changes occured. Numerical results showed that the algorithm

was able to update the Markov parameters and maintain stabilization of the system.
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Appendix A

Properties of the Markov
Parameter Polynomial

A.1 Problem Formulation

Consider the MIMO discrete-time system

x(k+1) = Az(k) + Bu(k), (A1)
y(k) = Cx(k), (A.2)
2(k) = Erx(k), (A.3)

where z(k) € R™, y(k) € Rlv, 2(k) € R%, u(k) € R, and k > 0. For a positive
integer r, we define the extended performance vector Z(k) € R%" and the extended

input vector U(k) € R*" by

-z(k—r—l—l)- | u(k —r)
200 s z2(k—r+2) U s uwk—r+1)
z(k) u(k —1)
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Note that Z(k), U(k), and z(k) are related by

Z(k) =Tx(k —r) + HU(k), (A4)

where I' € R=" and ‘H € RE="*W" are given by

EA H 0 -0
: 0
E AT H. H., --- H

and, for i = 1,2,..., the Markov parameters H; of the system (A.1)—(A.3) from u to

Z are
A i—1

Let d denote the relative degree of (A, B, Ey), that is, the smallest positive integer 4
such that the ¢th Markov parameter H; is nonzero. Note that, if » < d, then ‘H = 0.

Therefore, we assume that r > d.

A.2 Markov Parameter Polynomial

From (A.4), the expression for z(k) is
2(k) = B4 A"x(k —r) + Hyu(k — 1) + Hou(k —2) + -+ - + Hou(k — 7). (A.6)
In terms of the forward-shift operator q, (A.6) can be rewritten as

2(k) = B A'q "x(k) + [Hiq '+ Haq > + -+ + H.q "] u(k). (A.7)
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Shifting (A.7) forward by r steps gives
2(k+r) = B A"z (k) + pr(q)u(k), (A.8)
where
pr(q) = Hiq™ + Hoq 7 4+ H, (A.9)

is the Markov parameter polynomial. For r < d, note that p.(q) = 0, whereas, if

r > d, then
pr(@) = Hod" ™"+ Hynq ™' 4+ 4+ H,.. (A.10)

The Markov parameter polynomial contains information about the system’s relative
degree and sign of the high-frequency gain in the case [, = [, = 1.

The following fact states that, for SISO transfer functions, the roots of the Markov
parameter polynomial include an estimate of each nonminimum-phase zero of the

transfer function from u to z. As r increases, this approximation improves.

Fact A.2.1. Considerl, =1, =1 and let p be a zero of the transfer function from u
to z. For each r, let R, 2 {Pr1,- - Pry_a) be the set of roots of p.(q). Then, there

exists a sequence {p,.; }72, that converges to p asr — oo.

A.3 Time-Series Modeling

Consider the time-series representation of (A.1) - (A.3) from u to z, given by

2(k) = —aiz(k —i) + Z Biu(k — i), (A.11)

i=1
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where a1,...,a, € R and Bq4,...,0, € R The transfer function matrix

Gu(2) = Ei(zl — A)™'B from u to z can be equivalently represented by

1
GZU =
(Z) Zn+alzn—1+...+an
(Baz" "+ Banz™ T 4 ) (A.12)

It follows that 6y = Hy.

Replacing k with £ — 1 in (A.11) and substituting the resulting relation back into
(A.11) yields a 2-MARKOYV model. Repeating this procedure r — 1 times yields the
r-MARKOV model from u to z of (A.1) - (A.3)

z(k) = Z apiz(k—r—i+1)+ Z Hu(k —1i)+ Z Briu(k —r —i+1), (A.13)
i=1 i=d i=2

where, for i = 1...n, the coefficients a,; € R and 3,; € R=** are given by

A A
Q5 = —Qy, ﬁl,z’ = B,
A A
Qpi = Q1100 + 141, Bri = 1,181, + Br—1,i415 (A.14)
A A
Ay p = Op_1100 p, ﬁr,n = ar—l,lﬁl,n-

Note that H, = 3, ;.

Equation (A.13) can be equivalently represented as the r-MARKOYV transfer func-

tion
1
Gr 2u -
) (Z) Zr—l-n—l + ar,lzn_l 4+ 4 ar,n
(Haz"™ T e Ho g2 4 BaZ T 4 B (A.15)

170



This system representation is nonminimal, overparameterized, order n + r — 1, and
the coefficients of the terms z"*"~2 through z” in the denominator are zero. It follows

that (A.15) can be rewritten as

(z" '+ 22+ o) (ﬁdzn_d + Baprz" ™ 4+ ﬁn)

GT’ Zu -
) (Z) (Zr—l + 04171ZT_2 4+ ar—l,l) . (Zn + alzn—l 4.4 Oén)
R.(z)
= - Gou(2), A.16
g Cal) (A16)
where
R.(z) 2 -1 + a171z’"_2 + - oo (A.17)

is the ring polynomial.

Fact A.3.1 (SISO, zeros and ring). Consider I, = 1, = 1 and let P(z) and Q(z)
denote the polynomials whose roots are the minimum-phase and nonminimum-phase

zeros from u to z, respectively, of (A.1)-(A.3). Then

roots [HdzTJrn_d_l +oo+ Heg 2" + 6r,lzn_1 + -+ 6rn]

= roots [P(2)] U roots [Q(z)] U roots [ R, (2z)] . (A.18)
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The Laurent series expansion of G, (z) about z = oo is given by

G.u(z) = Ei(z] — A)~'B

1 1
= —FE(I--A)"'B
Z Z
- 1 i—1
=2 hATs
- VA
=1
1 1
= -EB+ S EAB+- -
VA VA
1 1
:—H1+_2H2+
Z Z
1 1
= ?Hﬁ —Zd_HHd—i-l + -

= i z 'H;. (A.19)
i=d

Truncating the numerator and denominator of (A.15) is equivalent to the r-th order

Laurent series expansion about z = oo, given by

Groulz) = ern_l (Hg " g Hy g B
-~ +1n_1 (Hgz' ™'+ .-+ H,_12" + H,z"")
= % (Hgz'~*+ -+ H,_1z + H,)
= Z z ' H;. (A.20)
i=d

Note that the numerator coefficients of the truncated transfer function (A.20) are
identical to the coefficients of the Markov parameter polynomial (A.10). The follow-
ing example and conjectures remark that, as r is increased, some roots of the Markov
parameter polynomial p,.(q), and hence, the numerator of the truncated transfer func-
tion G,..(z), approximate the locations of any nonminimum-phase zeros from u to
z of (A.1)-(A.3). The remaining roots are either located at the origin or form an

approximate ring close to a circle with radius equal to the spectral radius of the
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r | roots,m,(p-(q))
6 | {0.94-1.54}
8 | {1.17-1.50}
10 [ {1.21-1.50}
15 | {1.24-1.50}
20 | {1.25-1.50}

Table A.1 Approximate nonminimum-phase zero locations obtained as roots of p,(q) as
a function of r for the stable, nonminimum-phase plant in Example A.3.1. As r increases,
the nonminimum-phase zeros are more accurately modeled.

dynamics matrix A.

Example A.3.1 (SISO, Nonminimum Phase, Stable Plant). Consider a plant
with poles {0.5 £ 0.57,—0.5 + 0.57,£0.95,+0.7)} and zeros {0.3 + 0.79,—0.7 £
0.37,1.25, —1.5}. Table A.1 lists the approximated nonminimum-phase zero locations
obtained as roots of p.(q) as a function of r. Note that as r increases, the approxi-
mation of the nonminimum-phase zero locations improves.

Figure A.1 shows the roots of pa(q). The dotted line denotes sprad(A) = 0.95.
Note that the approrimated nonminimum-phase zero locations are close to the true
locations. The remaining roots are either located at the origin or form an approximate

ring close to a circle with radius equal to the spectral radius of the dynamics matrix

A. [

It follows from Example A.3.1 that, for each finite value of r, the roots of the
Markov parameter polynomial p,(q) contain an approximation to the nonminimum-
phase zeros of G,,(z). For increasing r, this approximation improves. In addition,
Markov parameters may not be known exactly and therefore must be estimated.
Hence, the estimated Markov parameters will introduce further error into the ap-
proximation of the nonminimum-phase zeros of G, (z). Future work includes a study
of sensitivity of the nonminimum-phase zero information to the number of Markov

parameters in p,(q) as well as the Markov parameter estimation error.
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Figure A.1 Roots of pyo(q) for the stable, nonminimum-phase plant in Example A.3.1.
The dotted line denotes sprad(A) = 0.95. Note that the approximated nonminimum-phase
zero locations are close to the true locations. The remaining roots are either located at the
origin or form an approximate ring close to a circle with radius equal to the spectral radius
of the dynamics matrix A.

Conjecture A.3.1 (SISO, stable, truncated polynomial). Consider I, = [, = 1,
Amax(A)]| < 1, and let P(z) and Q(z) denote the polynomials whose roots are the
minimum-phase and nonminimum-phase zeros from u to z, respectively, of (A.1)-
(A.3).

If maz(abs(roots [P(2)])) < ||Amax(A)]|, then

lim roots [Hdz’"“‘_d_l + -4+ H._12" + ﬁmz"_l}

r—00

= roots[Q(2)] U roots [R.(2)] U 0,1, (A.21)

where R,.(z) is a perturbed ring polynomial. The nonminimum phase zeros are
retained while the remaining roots are either located at the origin or form an ap-
prozimate ring close to a circle with radius equal to the spectral radius of A. A total

of n — 1 roots are located at the origin.
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Otherwise, if maz(abs(roots[P(2)])) > || Amax(A)||, then

lim roots [Hdz’”r"—d_l 4+ -+ H,_ 12"+ ﬁmz"_l}

r—00

= roots[Q(2)] U roots [ P(2)] U roots [Rr(z)} U0,_1, (A.22)

where P(2) is a subset of P(2) containing all roots p; of P(z) such that, for
i=1..np |pill > [[Amax(A)||, and R.(2) is another perturbed ring polynomial. The
nonminimum-phase zeros, as well as any minimum-phase zeros whose magnitude is
greater than ||Amax(A)||, are retained, while the remaining roots are either located
at the origin or form an approximate ring close to a circle with radius equal to the

spectral radius of A. A total of n — 1 roots are located at the origin.

Conjecture A.3.2 (SISO, unstable, truncated polynomial). Considerl, =1, = 1,
| Amax(A)|| > 1, and let P(z) and Q(z) denote the polynomials whose roots are the
minimum-phase and nonminimum-phase zeros from u to z, respectively, of (A.1)-
(A.3).

If maz(abs(roots[Q(2)])) < |[Amax(A)|, then

lim roots [Hdz’”r"_d_l + -4+ H. 12"+ ﬁnlz"_l}

r—00

= roots [R,(2)| U0,_1, (A.23)

where R,.(z) is a perturbed ring polynomial. The nonminimum-phase zeros are not
retained. The roots are either located at the origin or form an approzimate ring close
to a circle with radius equal to the spectral radius of A. A total of n — 1 roots are

located at the origin.
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Otherwise, if maz(abs(roots[Q(2)])) > || Amax(A4)||, then

lim roots [Hdz’”r"_d_l + -4+ H._12" + ﬁnlz"_l}

r—00

= roots [Q(z)] U roots [ET(Z)] U0p—1, (A.24)

where Q(2) is a subset of Q(z) containing all roots q; of Q(z) such that, for
i=1..ng gl > Amax(A)|, and R,(2) is another perturbed ring polynomial. The
nonminimum-phase zeros whose magnitude is greater than ||Amax(A)|| are retained,
while the remaining roots are either located at the origin or form an approrimate ring
close to a circle with radius equal to the spectral radius of A. A total of n — 1 roots

are located at the origin.

Conjecture A.3.3 (SISO, truncated ring polynomial). Consider l, = I, = 1 and
let R.(z) denote a perturbed ring polynomial, obtained as above. For each r, let
R, = {21, Zep_1} be the set of roots of R.(2). Then, for eachi=1,...,r — 1,
the sequence {z.;}>>, converges to ||[Amax(A)|| as r — oo, that is, as r — oo, the
radius of each root z.; of the perturbed ring polynomial R,(z) approaches the spectral

radius of the dynamics matriz A.
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