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CHAPTER 1

Background and results

1.1 Introduction

Fix two sets of natural numbers a = (aj, as,...,ax) and b = (by, by, ..., br). We

consider the factorial ratio sequence

| l... |
(2, b) (a1n)!(agn)! (aKn).. (1.1)
(b1n)!(ban)! - -+ (brn)!
Our main question is: For which a and b is u,(a, b) an integer for all n > 0? Nearly
always we require that
K
S =Y 12
k=1 =1
and we will call a sequence satisfying this condition balanced. This condition ensures
that both u,, and its inverse grow at most exponentially, instead of factorially.
The simplest examples of balanced integer factorial ratio sequences come from

binomial coefficients: for any a > b > 0 we have the sequence

' ~ fan\ (an)!
tn(a;b,a = b) = (bn) ~ o) ((a —b)n)!"

Another example, which was given by Catalan in 1874 [15], is

(2a)!(2b)!
albl(a + b)!’

which is also an integer for all integers a,b. (We obtain an integer factorial ratio
sequence by setting a = a’n and b = b'n for some integers o’ and ¥'.) If u,(a,b)
is balanced and is always an integer, then necessarily L > K, with L. = K only

in the case that u,(a,b) = 1 for all n, and we shall call the parameter L — K the



height. Similarly, we call L+ K the length. Thus both of the examples above give two
parameter infinite families of integer factorial ratio sequences of height 1, one with
length 3 and one with length 5. Surprisingly, there are few other examples of height 1,
and they can be completely described. One of the main results of this thesis is that,
other than one other two parameter family with length 5 there are just 52 balanced
integer factorial ratio sequences of height 1, all of length 5, 7, or 9 (see Theorem 1.1).

An example which does not belong to any of the infinite families is

(30n)!n!

un(30, 1:15,10,6) = e )1

(1.3)

One basic reason for interest in such sequences is their use in giving elementary
estimates on the prime counting function w(z) := #{p < x such that p is prime}.
Via a standard method (see [28, Section 5.1], for example), whenever > ay = > by,
one can use the integrality of such a sequence to prove the estimate originally due to
Chebyshev [16] that

T < n(z) < Co(a,b)—

Ci(a,b
i@ )log:c log =

for all large enough x, for some constants C; and Cy depending on a and b. The

()

is often used in textbooks to achieve these bounds with C; = log2 and C5 = 2log 2.

sequence

The sequence (1.3), which is closely connected with Chebyshev’s work, gives C} =~ .9
and Cy ~ 1.1, which allowed Chebyshev to prove Bertrand’s postulate that, for any
positive integer n, there is always a prime number between n and 2n.

In studying factorial ratio sequences one is naturally led to consider the corre-

sponding step function defined by

flzsa,b) = |az] =Y | (1.4)

=

(where [z| denotes the floor of ). With this definition, it is not hard to see the
identity

u,(a,b) = H pZZ‘;lf(p%)_

p prime

(Note that f(z;a,b) is 0 in a neighborhood to the right of 0, so for any n these infinite



sums and this infinite product are actually finite.) In 1918 Landau [20] proved that
un(a,b) is an integer for all n if and only of f(z;a,b) is nonnegative for all x > 0
(see Theorem 2.1). Thus, classifying integer factorial ratios of the form (1.1) is the
same as classifying step functions of the form (1.4).

Functions of the form (1.4) have a more direct connection to the distribution of
prime numbers through the Beurling-Nyman criterion for the Riemann Hypothesis.
Loosely speaking, the Beurling—Nyman criterion is the statement that the Riemann
Hypothesis is true if and only if the constant function call be well-approximated by
functions that look like (1.4). (This is discussed in more detaio in Section 1.4.)

With this in mind, V. I. Vasyunin [31] studied the classification of such functions
which take only the values 0 and 1. Based on extensive computation, he gave a con-
jectural classification which our Theorem 1.1 proves: there are three infinite families
and 52 more functions which do not fall into these families. In Chapter 2 we will
show how Vasyunin’s conjecture is equivalent to our Theorem 1.1.

One curious consequence of Theorem 1.1 is that the number of terms in such a
function must be less than or equal to 9 if it is to take on only the values 0 and 1;
that is, if

flo)=> laz| = > |biz)

with > ar, = > bj,ar # b for all k,l and a;, b # 0, and K > 4, then f(zx) < 0
for some z. It would be nice to have a more direct proof of this statement, but the
only proof that will be presented here is one where we simply write down all of the
possibilities and notice that none of them has more than nine terms.

Our second theorem is a generalization of this phenomenon, and answers a con-
jecture of A. Borisov related to cyclic quotient singularities [12, Conjecture 4]. We
will prove that, subject to the obvious nondegeneracy conditions, if L + K is large

enough (as compared to L — K') then

flzia,b) = lagz] — > |bi]
k=1 1

=

cannot be always nonnegative. In terms of factorial ratio sequences, this says that a
balanced sequence of large length must have sufficiently large height if it is to have a
chance of being integral. In the specific case of height 1, the bounds that we achieve
by this method will be quite far from what is true, however.

Finally, we may turn our attention to whether there exist classifications similar to



that of Theorem 1.1 for integer factorial ratio sequences with fixed D = L — K > 1.
Our Theorem 1.3 says that for fixed K and L, if we require that ) ar = > b; then

(a1n)!(agn)!- - (agn)!

e D) = S bym) -~ (bp)!

is an integer for all n if and only if a and b have nonnegative integer coordinates and
lie in a set W which is a finite union of subspaces of R+, Combining this with
Theorem 1.2, we find that there exists a finite classification for any fixed height, of

which Theorem 1.1 is just one example.

1.2 Statement of results

Our first theorem, which is proved in Chapter 3, describes completely the classi-

fication of integral factorial ratios of the form

(a1n)!(agn)!- - (agxn)!

u,(a,b) = (bin)!(ban)! - - - (b4 1n)!

such that Y ay = > b;. As is explained in Chapter 2, this proves a conjecture of

Vasyunin [31] concerning the classification of functions of the form

L

flzab) = lax] = > bzl

k=1 =1

which take only the values 0 and 1. We will not use the connection with step functions
to prove this theorem, however, but will instead use a connection with hypergeometric
series.

The generating function

u(z) = Z uy(a,b)z"

is a hypergeometric series, and when u,(a,b) is balanced, so that > ay = > b, we
show that it is in fact what is known as a G-function (see Section 2.3). Moreover,
F. Rodriguez-Villegas [25] noticed that u(z) is algebraic if and only if L — K = 1,
Y ar = > b, and u,(a,b) is an integer for all n. Combining this with work of
Beukers and Heckman [6] which classifies all algebraic hypergeometric series of the

form that we are interested in, we will be able to prove the following.



Theorem 1.1. Let
(ayn)!(agn)!-- - (agn)!

(bln)'(an)' e (bK+1n)!
and suppose that ay, # by for all k,1, that > ar = >_ b, and that

uy(a,b) =

ng(CLl, e ,CLK,bl, R 7bK+1> =1.

Then u,(a,b) is an integer for all n if and only if either

1. u, = u,(a,b) takes one of the following forms:

Uy = % for ged(a,b) =1, (1.5)
2an)!(bn)!

Up = (an)!Ean))![(\a z ol for ged(a,b) =1, (1.6)

Up = (2an)!(20n): ! for ged(a,b) =1 (1.7)

(an)!(bn)![(a + b)n]

or

2. (a,b) is one of the 52 sporadic parameter sets listed in the second column of

Table 3.2.

As a consequence of this theorem, if

(an)!(agn)!--- (agn)!

is always an integer, then K < 4. Our second theorem generalizes thie observation to
the case of L—K > 1. Instead of using this formulation, though, we will actually prove
this theorem using the connection with the nonnegativity of f(z;a,b) = 1 |agz| —
Zle |byx |. More specifically, in Chapter 4 we will show that if L+ K is large compared
to L — K, then

/01 f(z;a,b)*dx

is large, from which it follows that f(z;a, b) must take on some large values. From a
relation between the maximum value of f(z;a,b) and the minimum value of f(z;a, b)
in Chapter 2 we can conclude that f(x;a, b) must also take negative values. To prove
that the L? norm is large, we will use the fact that the Fourier coefficients of f(z;a,b)
have nice arithmetic properties, which allows us to understand the Dirichlet series

whose coefficients are the Fourier coefficients of f(z;a,b).



In the language of integral factorial ratios, this theorem takes the following form.
Theorem 1.2. Fix L — K = D. Let

(ayn)!(agn)!-- - (agn)!

(byn)!(ban)! - -+ (brn)!

uy(a,b) =

and suppose that ay, # by for all k1, that > ax = >_ by, and that u,(a,b) is an integer
for alln. Then
K + L < D*(log D)*

Our third theorem generalizes Theorem 1.1 in a different way. Theorem 1.1 can
be thought of as saying that if Y ar = > by, then for fixed K,

(a1n)!(agn)!--- (agn)!

is an integer if and only if a and b lie in one of a few specific subspaces of R25+1,

Although we will not write down such a classification for L > K + 1, we can show
that this phenomenon does persist.

In this case our proof again will use the formulation of this theorem in terms of the
nonnegativity of f(x;a,b), but the method is geometric and is a simple consequence
of a theorem of Jim Lawrence [21] about closed subgroups of the torus. We also
note that this theorem and proof are closely connected with a similar theorem by A.
Borisov [11] about the classification of cyclic quotient singularities. Although we will
not use the connection with quotient singularities to prove this theorem, it is possible
we would never have been aware of it without knowing about Borisov’s work.

The theorem, which we will prove in Chapter 5, is as follows.

Theorem 1.3. Fiz positive integers K and L. The setS of ay,as,...,ax,b1,bs,...0p
such that

1. Z ap = Z bl
2. ay and b; are nonnegative integers for all k.l

ain)!(azn)!---(agn)!
3. up(a,b) = ((blln))!((bzng!__gbfn))! € Z for alln

can be written as

S = (Z=0)"" (U Vn> :

=1

where each V,, is a subspace of RE+E.



In Chapter 2 we will make more precise the connection between the factorial ratio
sequence u,(a,b) and the step function f(z;a,b) and we will restate these theorems
in terms of the classification of nonnegative f(x;a,b). (To distinguish, the versions
of these theorems in terms of step functions will be labeled Theorems 1.1%*, 1.2%*
and 1.3*.) Additionally, in the next section we point out some applications to the

classification of quotient singularities due to Alexander Borisov.

1.3 Applications to the classification of cyclic quotient singularities

By work of Alexander Borisov [12], our theorems have applications to the work
of cyclic quotient singularities. We defer to [12] for details, but state here Borisov’s

theorem which makes the connection, and some consequences.

Theorem 1.4 (A. Borisov, [12, Theorem 11]). Suppose uy, us, ..., uy and vy, vy, . .., g
are two finite sets of linear forms on R with coefficients in N. Suppose further that
Zszl w;(X) = Zle v(X) for all X = (x1,...,24) € R Then the following two

statements are equivalent.

1. For every X = (xq,...,14) € N%,

Hle uy,(X)! eN
H1L:1 o (X)! '

2. For anyn € N and all X = (x1,...,2q) € Z¢ such that all{%} and{@}
are nonzero, the following point in T"* defines a Gorenstein cyclic quotient

with Shokurov minimal log-discrepancy at least K :

() () () ) () o o)

Through this connection Theorem 1.1 establishes a new proof of a classification of

terminal cyclic quotient singularities in dimension 4 which was conjectured by Mori,
Morrison, and Morrison [23] and first proved by Sankaran [27]. Additionally, Theorem

1.1 implies the following in higher dimensions.

Proposition 1.5. Suppose d > 5 and we have a one-parameter family of Gorenstein
cyclic quotient singularities of dimension 2d+1 with Shukarov minimal log-discrepancy
d. Then up to the permutation of the coordinates in the TV the corresponding

points lie in the subtorus ri + xo = 1.



Proof. See [12, Conjecture 1]. O
Additionally, Borisov notes that Theorem 1.2* is equivalent to the following.

Proposition 1.6. Suppose a > 0 is any real number. Then for all large enough
d € N, for all but finitely many (x1,s,...,24) € T? that define a cyclic quotient
singularity with Shokurov minimal log-discrepancy at least d/2 — a, for some pair of

indices 1 <1 < j < d we have x; + x; = 1.

Proof. See [12, Conjecture 3. O

1.4 The Beurling—Nyman criterion for the Riemann Hypothesis

The Riemann (-function ((s), where s = o + it, is classically defined in the half
plane o > 1 by the Dirichlet series

ns’
n=1

One way to obtain an analytic continuation of ((s) to the half plane o > 0 is by
writing this Dirichlet series as a Riemann—Stiltjes integral and integrating by parts.

Doing so, we have

¢(s) = /100 y*dly]

= S/ vyl dy.
1
Writing |y| = y —{y}, we obtain

@:/ yid_ Ty

s s+1

{
/ s+1 y
{y}

Since the integral floo " Ldy converges absolutely for ¢ > 0, this expression gives an

analytic continuation of the (-function to this region, with the exception of a simple
pole at s = 1.

Additionally, this expression indicates a relation between the functions {z} and



((s). In fact, if we instead start with

wot = [ (%) alt= [ valon)

which is valid for 0 < o < 1, and perform the same calculation, we find that

G

ys—l—l !

Now suppose that f(z) is a function of the form

N

@)= culanal.

n=1
where 327 ¢, = 0. Using the relation |z| = = —{z}, we may rewrite this as
N
f(x) ==Y enfana},

n=1

and thus

“fly) )
/1 ys-‘%l dy - SS Z Cn Q.-

n=1
We will now see how the approximation of 1 by f(x) leads to information about the

zeros of ((s). Consider

/100 wldy = é (1 —((s) Zc,pzi) . (1.8)

Yy ys n=1

By Holder’s inequality, for o > (p — 1)/p we have

(1= fy) 1 ( “r—f@)p ym( ] >@1W
/1 ‘ v Y /1 v | Y /1 ool Y

|1 _ p 1/p _ (r—1)/p
_ ( / ‘ f(y) dy) ( p—1 ) '
1 Yy op—p+1

P 1/p
dy) = ¢. We then have

1-f(y)

Y

Let (floo

p/(p—1)
< o/(-1) |5’P/(P—1) L
- op—p+1

N
1—((s) Z CnC,,
n=1




Thus ((s) # 0 whenever the right hand side is smaller than 1 and ¢ > (p—1)/p. For
fixed s, the right hand side goes to 0 as ¢ — 0, so this proves half of the following

theorem.

Proposition 1.7 (Nyman, Beurling). ((s) has no zeros in the half plane o > ’%1 if
and only if for any € > 0 there exists a function f(x) of the form
N
f(z) = Z Cn | ] (1.9)

n=1

with " cpo, =0 and 0 < o, < 1 for all n such that

([ =22

Remark 1.8. This theorem appears for p = 2 in a different form in Nyman’s thesis

[24]. Beurling gives the generalization to p > 2 in [7]. Both Beurling and Nyman

work instead with the function space L”((0,1),dx), however. Here we are essentially
dx

considering LP((1,00), %), which corresponds to the change of variable z «— 1/z.

Also, Beurling and Nyman in fact show that ((s) being zero-free for o > 1%1 is
dx)

equivalent to functions of the form (1.9) being dense in LP((1,00), %*).

The argument above suggests a candidate for a function f(x) that we might try to
use to approximate 1. From equation (1.8) we see that we might want to try choosing
flz) = 22;1 Cnlanx] so that Zgzl cpe® = 1/¢(s). For o > 1, (and for ¢ > 1/2 if
we assume the Riemann Hypothesis), 1/¢(s) = > ., u(n)/n®, so it seems we should
choose ¢, = p(n) and o, = 1/n.

In fact, for any fixed x, we have

iu(n) L%J ~1. (1.10)

However, there is no N for which the finite sum 22;1 @ is 0, so we can not just

take partial sums of this series. There are other candidates we may consider, though.
For example, one possibility is to take a partial sum of the series )", u(n) L%J and
add in a correction factor at the n + 1-st place so that the condition ) ¢,a,, = 0 is

satisfied. The sequence of functions we get is

falz) = EN:M”) B (i @) )

n=1 n=1

10



This sequence converges to 1 pointwise, but not in L?((1, 00), ) (see [2]). Neverthe-
1

less, as is perhaps suggested by (1.10), it is possible to restrict to a,, = - and get a

theorem of the same type.

Proposition 1.9 (Baez-Dudrte [3]). The Riemann Hypothesis is true if and only if

for every e > 0 there is a function

flz) = ianJ (1.11)

n=1

[

Although Baez-Duarte had not yet proven this theorem, its conjectural existence

such that )

dx < e.

was motivation for Vasyunin [31] to study functions of the form (1.11) taking only
the values 0 and 1.

There is one more aspect of this approach that we should mention, though we
will not use it. From the equation (1.8), we see that there is a relationship between
approximating the constant function with linear combinations of floor functions and
approximating the inverse of the zeta function. In fact, an “equivalent” formulation
of the Beurling-Nyman criterion is the statement that the Riemann Hypothesis is

true if and only if

. . 2
lim inf 1—¢(1/2+ zt)D.N(1/2 + it) dt =0,
N—oco Dy J_o 1/2 +it

where Dy ranges over all generalized Dirichlet polynomials of length N. (See [4].)

For more on the Beurling—Nyman criterion, one can also see the paper of Burnol
[13], which proves Baez-Duarte’s theorem from a more complex-analytic viewpoint,
and the paper of Balazard and Saias [4], which proves the Beurling-Nyman criterion
by using the theory of the Hardy space of the half plane o > 1/2 and its relation to
L*((0,1)) through the Mellin transform.

11



CHAPTER 2

The connection between factorial ratios and step functions

2.1 Restatements of main theorems

The main object of this chapter is to prove the equivalence of Theorems 1.1, 1.2,
1.3 and the following restatements of those theorems in terms of step functions related
to the Beurling-Nyman criterion.

Our first theorem was conjectured by Vasyunin [31] and is a complete description

of functions of the form

fla) = kfj |- k% il

with my > 0 for all k£ such that f(x) takes only the values 0 and 1. Equivalently,

through a change of variables, this is a description of functions of the form
K L
flzia,b) = lagz] — > |bix]
k=1 =1

which take only the values 0 and 1.

Theorem 1.1%*. Let
N AL
R R |
k=1 k=N+1
with my, > 0 for all k, and suppose that m; # m; for alli < N,7 < N +1, and that

ged(my, my, ..., mant1) = 1.

Then f(z) takes only the values 0 and 1 if and only if either

12



1. f(z) takes one of the following forms:

f@):%J —{b( ’ J—L v J where ged(a,b) = 1, (2.1)

a+b) a(a +b)

10|55 ) e =n | (6 =) -l =) L) @2

e I N R N R

where
ged(a, b) = ged(2,a) = ged(2,b) =1 and a > b > 0,

Jw) = {b(ai b)J i {a(ag:— b)J a {Qb(ax—k b)J a {Qa(ax—k b)J B L%J (24)

ged(a,b) = ged(2,a +b) =1,

A brrreeri N ey ey e B

where

ged(a, b) = ged(2,a) = ged(2,b) =1,
or

2. f(z) is one of the 52 sporadic step functions given by

M M M
(my,mg,...,my) = <—,— —)

ai az, 7CLN
and
M M M
(mN+17mN+27 s 7m2N+1) = b_? b_, BRI b—
1 02 N+1

for some a (or permutation of a) and b (or permutation of b) listed in the

second column of Table 3.2, where

M = lcm(al,ag, Ce ,CLN,bth, Ce bN+1).

13



As a consequence of Theorem 1.1%, if

flra,b) = |agx] = |bz]

takes only the values 0 and 1, then K < 4; that is, the step function has at most 9

terms. In general, a function of the form

f(x;a,b) ZLaka Z | by |

must take the values 0 and L — K. Our second theorem, which was conjectured by
A. Borisov [12] generalizes this part of Theorem 1.1* by saying that if f(x;a,b) =
S lagz| — SoF [biz] has too many terms, then it must take values less than 0,

and thus also values greater than L — K.

Theorem 1.2%. Fix L — K = D. If

r) =Y |az] =) bz (2.6)

where

Sa=h

k=1 =1

and ag # by, ag, by € {1,2,3,...} for all k,1, and if

f(z) >0

for all z, then
K + L < D*(log D)*.

Our third theorem generalizes a different aspect of Theorem 1.1*. When we fix

K, Theorem 1.1* gives a finite list of subspaces of R?2*+! such that
K+1

K
f(z;a,b) Zakx—zbll’J
=1 =1

takes only the values 0 and 1 if and only if (aq,...,ax,b1,...,bx11) lie in one of those
subspaces. For other values of K and L, we cannot at this time write down such a

list of subspaces, but we can prove that in general such finite list of subspaces does

14



exist.

Theorem 1.3*. Fix positive integers K and L, and an integer A. The set S of

ai,ao,...,a,b1,ba,...by such that
1. Y apr=> Y
2. ay and b; are nonnegative integers for all k, 1
3 A< lake] =X ] S L—K — A

can be written as

S = (Zz0)"" (U vn> ,

=1

where each V), is a subspace of RETE,

2.2 Equivalence of the restated theorems

To prove the equivalence of the starred and unstarred versions of our theorems,

we begin with the following theorem of Landau.

Theorem 2.1 (Landau [20]). Let ays,bis € Z>0,1 <k < K, 1<[I<L1<s<r
and let

T
Ak(ilfl, L2 7377«) = E Ak sTs
s=1

and

.,
Bi(x1,29,...,2,) = g bl sTs.
s=1

(That is, Ay and By are linear forms in r variables with nonnegative integral coeffi-

cients.) Then the factorial ratio

Hszl Ak(xlny, cen ,xr)!
Hlel Bi(xy, 29, ..., x,)!

is an integer for all (x1,...,x,) € Z%, if and only if the step function

L

Flyrom) =S LAcr, om0 = S LBy, - )]

=1

is nonnegative for all (yy,...,y,) € [0,1]".

15



Proof. See [20]. O
The special case of this that we will use is the following.

Lemma 2.2. Let
(a1n)l(agn)!- - (agn)!

Then u, is an integer for all n if and only if the function

U, = uy(a,b) =

flo) = f(za,b) = |apz| =Y |ba]

s nonnegative for all x between 0 and 1.
Proof. Take Ag(x) = apx and Bj(x) = bz in Theorem 2.1. O

It also turns out that if f(x;a,b) is ever negative, then every prime that is large

enough occurs as a factor in the denominator of u,(a, b) for some n.

Lemma 2.3. Let
(a1n)!(agn)!- - (agn)!

(b1n)!(bgn)! - -+ (bpn)!

If u,, is not an integer for some n, then there exists some integer P such that for each

U, = uy(a,b) =

prime p > P there exists some n such that v,(u,) < 0 (where v,(uy,) is the p-adic

valuation of u,,).

Proof. Consider the p-adic valuation of n!. We have

vy(nl) = i L%J .

a=1

Thus we have

where f(z) = f(z;a,b).

Assuming that u, is not always an integer, we know from Lemma 2.2 that f(z) is
negative for some x. Since f is a step function, it follows that there is some interval,
say [, 0 + €] such that f(x) < 0 for all = € [, + ¢]. Additionally, we know that
there is some 0 > 0 such that f(x) =0 for all € [0, ]. If we could find some n and
p such that n/p € [3,8 + €| and n/p? € [0,4], then we would have f(n/p) < 0 and
f(n/p*) =0 for all @ > 1, and so we would clearly have v,(u,) < 0.

16



Now, such an n and p need to simultaneously satisfy the two inequalities

pB<n<p(B+e)

and
0<n<p.

For p large enough, say p > P;, we have p*§ > p(3 + ¢€), so it is sufficient for n and p
to satisfy the first of the inequalities. Moreover, for any p large enough, say p > P,
we have pe > 1, so that there will in fact be an integer n between p3 and p(f + €).
So in fact, for any p > P = max(P;, P») we have that there exists an n such that
vp(uy,) < 0. O

Along with Lemma 2.2, the following lemma, which is a simple generalization of
[31, Proposition 3] will yield the full equivalence of Theorems 1.1, 1.2, and 1.3 and
Theorems 1.1*%, 1.2*, and 1.3%*.

Lemma 2.4. Suppose that f(x) is a function of the form

K L

fx) = laz] =Y b

k=1 =1

with ay, by positive integers, and that f(x) is bounded for all z € R. Then Zszl ay =
Zle b, and, for any n, there exists some x such that f(x) = —n if and only if there
exists some x' such that f(z') = L — K +n. In particular, f(z) is nonnegative if and

only if the maximum value of f is L — K.

Proof. The first assertion is clear, as f(n) =n (> ar — > b;) forn € Z, soif ) ay #
> by, then f(x) is unbounded. Now we know that f(z) is periodic with period 1.
Now, for any z that is not an integer we have | z| +|—z] = —1, so for any z for which

none of a;z, b;z is an integer, we have
f@)+ f(=2)=L-K,

from which the assertion follows. O]

The following lemma describes explicitly the equivalence between the main theo-

rems stated in the introduction and the theorems stated in this section.
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Lemma 2.5. Let a = (aj,as,...,ax),b = (b1,bs,...,br), and put

M =lem(ay, ag,...,ak,b1,be,...,b1).
Set
M M M M M M
(my,ma,....mrp)=|—,—, e, —,—,—, ey, — | -
a;’ a ag’ by’ by br

Then the following are equivalent:

L Ky KLy
CEN IS
i=1 ¢ =K+1- "
takes on values only in the range 0,1,..., L — K

s an integer for all n € N.

Proof. f(x) differs from f(z;a,b) only by a change of variables, so Lemma 2.2 tells
us that u,, € Z for all n > 0 if and only if f(x) > 0 for all x € [0, 1]. Additionally, the
boundedness of f(x) is equivalent to the statement that Y a; = ) b, and Lemma
2.4 tells us that f(x) is bounded and nonnegative if and only if it maximum value is
L—-K.

]

The equivalences of Theorems 1.2 and 1.2* and of Theorems 1.3 and 1.3* are
immediate from the above lemma. In Theorems 1.1 and 1.1*, the only complication

that remains is that of classifying solutions with greatest common divisor 1.

Proof of Theorem 1.1* (using Theorem 1.1). The only complication that remains is
that of classifying solutions with greatest common divisor 1. Consider the map ¢ :
N x Nf — N x N* given by

gb(al,ag,...,aK,bl,...,bL) =

M M M M M
a17a27""aK7b17""bL )

where

M = 1(31’[1(&1,(1,2, NS b17 c. 7bL)-

18



The image of ¢ is all (K + L)-tuples with greatest common divisor 1 and ¢ is bijective
on this subset. Thus ¢, in combination with Lemma 2.5, gives a bijection between
integral factorial ratios with greatest common divisor 1 and nonnegative step functions
whose terms have greatest common divisor 1.

When we apply this map to the three families of factorial ratios listed in Theorem
1.1 we get the five families of step functions listed in Theorem 1.1* and the 52 sporadic

step functions are given by the 52 sporadic integer factorial ratios. O

2.3 (G-functions and the balancing condition

In Chapter 3, we will attach a generating function to a factorial ratio sequence by

defining
u(z) =Y uy(ab)2".
n=0

One main reason that it is useful to look at one this function is that u(z) is algebraic
if and only if L = K+ 1, > ar = > b, and u,(a,b) is an integer for all n. One

example of this is
i (Qn) oL
n V11— 4z

n=0
In this section we point out that the balancing condition that > ax = > b, corre-
sponded exactly to the condition that u(z) is what is known as a G-function. A
G-function is simply an analytic function that is given by a power series whose coef-

ficients satisfy some growth and divisibility conditions. The precise definition is:

Definition 2.6. An analytic function f(z) given by a power series

with a positive radius of convergence is called a G-function if all of the following hold:
1. a; € Q for all .
2. f(z) satisfies a linear differential equation with coefficients in Q(z).
3. There exists a C such that |a,| < C™ for all sufficiently large n.

4. There exists a C' such that lem(den(ay),den(as), ..., den(a,)) < C™ for all suf-
ficiently large n.
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G-functions grew out of Siegel’s work in transcendence theory in 1929 [29]. Siegel
was successful in proving results for E-functions (which have an identical definition
except that f(z) = Yo" a,%7) and he gave some indication of what might be possible
for G-functions. Later some irrationality results were obtained by Galockin in 1974
[19] and Bombieri in 1981 [9]. For more on G-functions, also see the books by Dwork,
Gerotto, and Sullivan [17] and André [1].

We now show that for the factorial ratios we consider the balancing condition that

Y ar = > by, is exactly the condition which ensures u(z) is a G-function.
Theorem 2.7. For positive integers ay,as, ..., a5, b1, bo, ... by, let

(a1n)!(agn)!--- (agn)!

un(a,b) =

The following are equivalent.
(i) The function u(z) =Y " u,(a,b)z" is a G-function.
(it) Zszl ar = Zlel br.

(iii) f(z;a,b) =0 |apz| — SoF | biz] is bounded.

Proof. The equivalence of (ii) and (iii) is part of Lemma 2.4.

For implication (i) == (ii) we note that from Stirling’s approximation it follows
easily that if > ap # > b, then either u,(a,b) or m
nentially, so that conditions (3) and (4) in Definition 2.6 cannot be simlutaneously
satisfied.

It remains to show that ((ii) and (iii))) == (i), so we assume that > a; =
> b. Condition (1) of Definition 2.6 is satisfied because all the coefficients are in

fact rational. Condition (2) follows from the fact that u(z) is a hypergeometric

grows faster than expo-

function, which will be proved as Lemma 3.3, and which implies that u(z) satisfies
an associated hypergeometric differential equation. Condition (3) follows easily from
Stirling’s approximation, but we will also prove it below since it easily follows from
the proof that condition (4) is satisfied.

The important point in proving that condition (4) is satisfied is that the associated
step function f(z) = f(x;a,b) is bounded, so let us assume that |f(z)| < B. For any

p, the number of times that p divides u,, is given by
vp(wa) = Y f(n/p*).
a=1
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We also know that f(x) is identically 0 on some half-open interval to the right of 0,
so let us assume that f(x) = 0 for all x € [0,1/A), for some integer A. Then in fact

we may write
[log(An)/ logp]

B = S fn/p).

a=1

Thus, for all p,
log(An)

log p

and for p > An, v,(u,,) = 0. Moreover, since the right hand side of (2.7) is increasing

vp(un) < B

(2.7)

in n, we have that

log(An)
< B——~.
Iﬁ%ﬁz{(%(um)) - log p

It follows that both u, and lem(den(u;),den(us),...,den(u,)) are bounded by h(n),
where 5
h(n) = H pBlog(An)/logp — (H p) (An)ﬂ(An)
p<An p<An

We will show shortly that h(n) is grows at most exponentially, from which it follows
that both conditions (3) and (4) are satisfied.
From the Prime Number Theorem (or from easier Chebyshev-type estimates), we

know that for some € and for all sufficiently large x, we have

W) = Zlogp <z(l+e)

p<z
and
< 1 .
") < (140
Thus
H pB _ 6B19(An) < 6ABn(l-l—e)
p<An
and

(An)w(An) < (An)lo‘;ﬁ(ﬂre) — pAn(lte)

From these estimates it follows that for all sufficiently large n,
h(n) < C",

where C' = e(AB+A)1+e) m
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CHAPTER 3

Factorial ratios of height 1

3.1 Introduction

In this chapter we prove Theorem 1.1, which gives a complete classification of

balanced integer factorial ratio sequences of height one.

Theorem 1.1. Let
(ayn)!(agn)!-- - (agn)!

(bln)'(an)' e (bK+1n)!
and suppose that ay, # by for all k,1, that Y ar = >_ b, and that

uy(a,b) =

gcd(al, e ,CLK,bl, R 7bK+1> =1.

Then u,(a,b) is an integer for all n if and only if either

1. u, = u,(a,b) takes one of the following forms:

Up = % for ged(a, b) =1, (3.1)
Uy = (an)'gzg))!![((l;n—! byl for ged(a,b) =1 and a > b, (3.2)
Uy = (2an)!(2bn)! ! for ged(a,b) =1 (3.3)

(an)!(bn)![(a + b)n]

2. (a,b) is one of the 52 sporadic parameter sets listed in the second column of
Table 3.2.
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3.1.1 Notation

As before, throughout this chapter a and b denote ordered tuples of positive
integers

a=(a,as,...,ak)

and
b = (b1,bs,...01),

and u,(a,b) denotes the factorial ratio

(a1n)!(agn)!--- (agn)!

0@ 2) = ) (b ()

In this chapter we are primarily concerned with the case when L = K + 1, but we
will only specify this condition later.
We also note some other notation we will use in this chapter. The Pochhammer

symbol (a), denotes the rising factorial
(@)n = (a)(a+D(a+2)---(a+n-1).

For a = (ay,...,a,) and B = ((1,. .., Bm), nFm(a; 5; 2) is the hypergeometric func-

tion
B ) — (1)) - - ()i 2
Wnlesi2) = kZ:O (B)e(Bo)ie - (B )i k!

Also, e(z) := exp(2miz) := €*™ and (, = e(1/n) denotes the primitive nth root of
unity with smallest positive argument.

It is useful to attach certain polynomials to u,(a, b) as follows.

Definition 3.1. Given positive integers ay,...,ax and by, ..., by with Y ar = > by,
define P(x) = P(a,b;x) € Z[z] and Q(x) = Q(a,b;z) € Z[z] to be relatively prime

polynomials such that

P(x) (% —1)(x®2—1) - (2% — 1)
Q(ZL’) (xbl — 1)<xb2 _ 1) - (Qj‘bL — 1) .
Then for some ay < ag < ... < ag and B1 < By < ... Bg, with 0 < oy, 8; <1, P and
Q factor in Cx] as

Pla) = (z —e()) - - (x — e(aa))
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and
Qz) = (z —e(B)) -+ (z — e(Ba)).

where e(z) = e(2mix).
Set a(a,b) ={ay,...,aq4} and f(a,b) = {f1,...,La}-

We will occasionally make use of the notion of the interlacing of two sets, so we

state the following formally as a definition.

Definition 3.2 (Interlacing). We say that two finite sets of real numbers A and B

interlace if the function

f<x> = #((_Ooax) ﬂA) - #((—OO,QE) QB)

either takes only the values 0 and 1, or takes only the values —1 and 0. In other
words, there is an element of A in between any two elements of B, and an element
of B in between any two elements of A.

We say that two sets A and B of complex numbers on the unit circle interlace on
the unit circle if their arguments interlace on the real line, where we take the argument

of a complex number to be in [0, 27).

3.2 Connection between factorial ratios and hypergeometric series

Rodriguez-Villagas [25] observed a connection between hypergeometric series and
factorial ratio sequences. The purpose of this section is to formulate this connection
explicitly in order to use it for our classification.

We begin with a lemma to show that the generating function for w,(a,b) is in

fact a hypergeometric series.

Lemma 3.3. Given positive integers ay, . ..,ar, and by, ..., by with > a, = > by, let

(ayn)!(agn)!-- - (agn)!
un(a,b) = S B ()]
and .
u(a,b;z) =Y uy(a,b)z"

Let o = (o, a9, ..., aq) = a(a,b) and 5 = (B1, P2, - .., Ba) = B(a,b), as in Definition
3.1, and let

ay ax
al ‘..a/K

~ b br °
.
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If L > K, then u(a,b; z) is the hypergeometric series

1,09,...,04
u(a,b;z) = F; ;Cz .
( ﬁl?ﬂ%"'aﬁdfl

Otherwise, if L < K, then u(a, b; z) is the hypergeometric series

OZl,OCQ,..-,Oéd,].
u(a,b;2) = 411 Fy ;Cz ).
ﬁluﬁ% s 7ﬂd

Proof. Examine the ratio between two consecutive terms

un+1(a, b)
un(a,b)
_ (a1 (n+ 1) (az(n+ 1) (agx(n+ 1))! " {(aln)!(aQn)! o (agn)!] !
(by(n 4+ 1)(ba(n+ 1))+ (bp(n+1))! (byn)!(bgn)! - -+ (bpn)!

An+1)

After cancellation, this can be written as

(an+ 1) (an+2)--- (an+ ar)(agn + 1) -+ (axgn + ak)

Aln+1) = (b1 + 1)(bin +2) - -+ (byn + b1) (ban + 1) - - - (bpn + br)

Now if we factor out the coefficients of n in each term we get

A(n—i—l):C(n—F%) (n+%)<n+%> <n—|—a—12>(n+g_§>’

a‘fl...a%K
by br °
oY

where

O:

If we remove the common factors in the fraction then for exactly the same a and 3

as in Definition 3.1 we have

(n+oz1)~~(n+ocd)

A<n+1):0(n+ﬁ1)~--(n+ﬁd)'

Now, ug(a,b) = 1, so we have in general

. - _ m (@1)n -+ (Qa)n
w(a.b) =LA =€ GG

25



Now, if L > K, then 3; =1, so

Cm (al)n' (ad>n
n 7b R
U ) = S B (o)
and
> Oéd) (CZ)TL 1,09, ...,04
b; = _ : .
a Z ; ﬂd 1) n' dFd ' < ﬁhﬁ?w"uﬂd—l ’Cz)

If, on the other hand, L < K, then (8; # 1, so we instead write

_ O (an)n - (a)n(Ln
una ) = B (B
and we find that
> ) (1)n (CZ)” . al,ag,...,ad,l )
u(a,b;z) HZ:O e ﬁd)n o —d-HFd( 1 Bo. . By ,C’z).

Example 3.4. Let a = (30,1) and b = (15,10,6) and

(30n)!n!

U, = uy(a,b) = (15n)!(10n)!(6n)!

Consider the ratio “Z“. This is
n

(30m +1)(30n +2)...(30n + 30)(n + 1)
(15n +1)...(15n 4+ 15)(10n + 1) ... (10n 4+ 10)(6n + 1) ... (6n +6)

Factoring out the coefficients of n in each term in the products, we get

30+ %) (n+2)...(n +§8)( +1)
158101065 (n + 35) ... (n+ ) (n + 55) ... (R ;) +5) ... (R + §)

Now there is a lot of clear cancellation in the fraction, and we see that this is

30°°(n + 55)(n + a5)(n+ 35)(n + 50)(n+ 55)(n + 55)(n+ 2)(n + 33)
1515101965 (n + 3)(n + $)(n+ 2)(n+ 3)(n+ 2)(n+ 3)(n+ 2)(n+1)’
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which tells us that

n_ LToU8 Tl 8 00112182 40
E:unz = gl7 (30’30’30730730’30’3073075’375’275’375702 ,

where 200

- 1515101066 :

We will need to know that the hypergeometric series attached to a factorial ratio

C

is essentially unique. We prove this in the next two lemmas.
Lemma 3.5. Suppose that a; > as > ...ax >0, by > by > ..., by, > 0 and that

_ (ain)!(agn)!---(agn)!
wl@, ) = o ()T

forallm >1. Then K =L and a=b.

Proof. The cases K > L and K < L are symmetric, so we may as well assume that
K < L. We will prove the case K =1 and then proceed by induction on K.

If K =1 and a; < by, then it is clear that u,, — 0 as n — oo. On the other hand,
if a; > by, then by Dirichlet’s Theorem on primes in arithmetic progressions, there
exists some m > 1 such that aym — 1 = p is prime. Then p divides the numerator
of u,, but not the denominator, so u,, # 1. Now, if a; = by, then it is clear that
L=K=1.

The case for general K proceeds similarly. We need only show that a; = by, and
we are finished by induction. Again, if a; > by, then there is some m > 1 such that
aiym — 1 = p is prime, and p divides the numerator of wu,, but not the denominator.
If, on the other hand, b; > a;, we just reverse the argument and find an m and p
such that p divides the denominator of u,, but not the numerator. By induction on

K, we prove the lemma. O

Lemma 3.6. The map
(a,b) — u(a,b; 2)

is one-to-one on the set of pairs (a,b) such that aj, # b, for all k,l and a; > ag--- >
ag, by > by > ... > bp.

Proof. For some (a,b) and (a’,b’), we have

u(a,b;z) = u(a’,b’; 2)
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if and only if
un(a,b) = u,(a’,b’)

for all n. In this case, we can rewrite this as
u,(a,b)(u, (', b)) =u,(aub’ bua’) =1.

Now it follows from Lemma 3.5 that a Ub’ is a permutation of bUa’. Thus a’ is a

permutation of a and b’ is a permutation of b. n

Remark 3.7. Tt is also possible to state Lemma 3.6 in an algorithmic manner. Roughly
speaking, given parameters a = («ay,...,qaq) and § = (0y,...,F4-1) that come from
a factorial ratio, we can form the polynomials P(z) and Q(z) from Definition 3.1. It

is then possible to add extra factors to P(x) and Q(z) together to obtain

P(x) _ (x —1)(z® —1)--- (2% — 1)
Qz)  (zh = 1)(a’ —1)--- (2% —1)

and to recover a and b. In this manner, if we did not already know about the 52
sporadic integer factorial ratio sequences from Vasyunin’s work, we could recover

them from the work of Beukers and Heckman [6] described in Section 3.3.1.
The main interest in looking at hypergeometric series attached to factorial ratio
sequences comes from the following observation of Rodriguez-Villegas [25].

Theorem 3.8 (Rodriguez-Villegas [25]). Let

(a1n)!(agn)!- - (agn)!

o@D = N bym) -~ ()]

with % _ ap, = S, by and let
u(a,b;z) = Zun(a, b)z".
n=0
Then u(a,b; z) is algebraic over Q(z) if and only if L — K = 1 and u,(a,b) €

Z for allmn > 0.

Proof of Theorem 3.8, part 1. We begin by proving that if the generating function is
algebraic, then u,, is in fact integral. In particular, it follows from Lemmas 2.2 and
2.4 that this will imply that we must have L — K > 1, which is, in fact, all that we
need from this part of the proof.
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A theorem of Eisenstein (see [18]) asserts that if u(a; b; 2) is algebraic, then there
exists an N such that u,(a,b) - N™ in an integer for all n. But Lemma 2.3 implies
that the set of primes occurring in the denominator of some u,(a, b) is either empty
or infinite. So, if such an N exists, then we are able to take N = 1, which implies

that u,(a,b) is an integer for all n. O

The remainder of this proof relies on Landau’s theorem and the following lemma
of Beukers and Heckman [6].

Lemma 3.9 (Beukers-Heckman [6]). Let oy, v, ...« and By, B, ... Bu_1 be rational

numbers with common denominator M. The hypergeometric function

nanl(Oéla Qg, ... Q3 B1, Bay . Pri; Z)

15 algebraic if and only if for all k relatively prime to M the sequences
e(kay), ... e(kay)

and

6(]{751), ce 7€(kﬁn71>7 1

interlace on the unit circle.

Proof. This follows from [6, Theorem 4.8] and the fact that this function is algebraic

if and only if its monodromy group is finite. O

For the case of the hypergeometric functions that are generating series for u,(a, b)

we can make this lemma slightly stronger.

Lemma 3.10. For a and b positive integer vectors, the function
o
u(a;b;z) = Zun(a, b)z"
n=0

is an algebraic function if and only if « = a(a,b) and § = ((a,b) interlace on [0, 1].

Proof. In our case the o; and 3, are rational numbers in (0, 1]. Suppose that they
have common denominator M. Recall that the numbers e(«;) are roots of the
polynomial P(a,b;z), and that P is the product of cyclotomic polynomials, say
P=29o,,®,, - P, Then for any (k, M) = 1 we also have (k,m;) = 1 for all m,.

k

So the map o — " simply permutes the roots of any ®,,,. In particular, it permutes

the roots of P, and hence permutes the numbers e(«;).
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The exact same argument applies for 3. Thus we have that o and [ interlace
on [0,1] if and only if e(a;)* and e(3;)* interlace on the unit circle for all k with
(k,M)=1.

In particular, u(a;b; z) is algebraic if and only if & and (3 interlace on [0,1]. [
Combining these lemmas finishes the proof of 3.8.

Proof of Theorem 3.8, part 2. Suppose that u(a,b;z) is algebraic. Then we know
that L — K > 1, from the first part of the proof. Note that the number of copies of
the number 1 in the set §is L — K. However, if o and [ are to interlace, no values
can be repeated, so we must have L — K = 1.

Now, if L — K = 1, then from Lemma 2.5 we know that w,(a,b) is integral if
and only if o and [ interlace. From Lemma 3.10 we know that this is equivalent to

u(a, b; z) being algebraic. ]

3.3 A Classification of Integral Factorial Ratios

3.3.1 Monodromy for Hypergeometric Functions , F,,_;

This section is an application of the work of Beukers and Heckman [6], so we begin

by restating a few necessary theorems and definitions.

Definition 3.11 (Hypergeometric Groups). Let wy,...,w, and z1, ...z, be complex
numbers with w; # z; for all i and j. The hypergeometric group H(w,z) with nu-
merator parameters wy,...,w, and denominator parameters zy,...,z, 1S a subgroup
of GL,(C) generated by elements

hg,hl, a,nd, hoo

such that
hohihse = 1

and
n

det(t — hoo) = [ [ (¢ — w;)

j=1

n

det(t — hg') = [t - =)

J=1

and such that hy — 1 has rank 1.
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Hypergeometric groups are precisely those groups which occur as monodromy

groups for hypergeometric functions. Specifically, we have the following.

Proposition 3.12. The monodromy group for the hypergeometric function

nFn—1<al7 s 7an;ﬁ17 s 7571—1;2)7

with o;8; € C, is a hypergeometric group with numerator parameters

e(ay),e(as), ... e(ay)

and denominator parameters

6(51)7 6(62)7 te 76(671—1)7 17

where e(z) = €™,

Proof. This is [6, Proposition 3.2]. O

In categorizing hypergeometric groups it is useful to consider the following special

subgroup.

Definition 3.13. The subgroup H,(w,z) of H(w,z) generated by h* hihZ* fork € Z
is called the reflection subgroup of H(w,z).

Also, the classification of hypergeometric groups splits into a primitive case and

an imprimitive case, as in the following definition.

Definition 3.14. Let G C GL(V) be a subgroup acting irreducibly on a complex
vector space V. G is called imprimitive if there exists a direct sum decomposition
V=VvieV,d - ®dV, withn >1 and dimV; > 0 for all i such that the action of G

on V' permutes the subspaces V;. Otherwise, G is called primitive.

The existence of the following two theorems explains some of the usefulness of
considering the reflection subgroup of a hypergeometric group and in considering

when a hypergeometric group is primitive.

Theorem 3.15. The reflection subgroup H,(w,z) of H(w,z) acts reducibly on C™ if
and only if there exists a root of unity ( # 1 such that multiplication by ¢ permutes
both the elements of w and the elements of z. Moreover, if H.(w,z) is reducible, then

H(w,z) is imprimitive.
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Proof. This is [6, Theorem 5.3]. O

Theorem 3.16. Suppose that H,.(w,z) is irreducible. Then H is imprimitive if and
only if there exist p,q € N with p4+q=mn and (p,q) =1, and A, B,C € C* such that
A" = BPCY and such that

{wla s 7wn} = {A7 AgnvACfLa s 7AC77LL_1}

and
{z1,...,2:} ={B, B, B, ..., B¢, C,C¢,C¢, ..., 0"}

where ¢, = e(1/n), or with the same sets of equalities with w and z reversed.
Proof. This is [6, Theorem 5.8]. O

As defined, hypergeometric groups are subgroups of G L, (C). The following propo-
sition tells us when a hypergeometric group is defined over GL,(R) for R C C.

Proposition 3.17. Suppose wy, ..., wy, 21,...,2, € C* with w; # z; for alli,j. Let
Ay, ... A, By, ..., B, be defined by

(t—w;) =t"+ A" 4+ A,
1

n

J

and

[[¢t-2z)=t"+Bit" "+ +B,.

j=1
Then relative to a suitable basis, the hypergeometric group H(w,z) is defined over the

ring Z[Ay, ..., Ap, By, ..., Bn, AL, B

Proof. This is [6, Corollary 3.6], and follows directly from a theorem of Levelt [22,
Theorem 1.1]. O

We need to state one more definition, and then we will be ready to state the main

classification theorem of Beukers and Heckman that we are interested in.

Definition 3.18. A scalar shift of the hypergeometric group H(w,z) is a hypergeo-
metric group H(dw,dz) = H(dwy,dws, ..., dw,;dz,dz,, ..., dz,) for some d € C*.

Our main interest in the work of Beukers and Heckman comes from the following

Theorem.
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Theorem 3.19. Let n > 3 and let H(w,z) C GL,(C) be a primitive hyperge-
ometric group whose parameters are roots of unity and generate the field Q((p).

Then H(w,z) is finite if and only if, up to a scalar shift, the parameters have the

form wf wk . wk2F 28 2k where ged(h, k) = 1 and the exponents of either
Wy e oy Wy 21y e ey 2 OT 214+ vy 2 W1, . .. Wy, are listed in [6, Table 8.3].
Proof. This is [6, Theorem 7.1]. O

3.3.2 The Classification

From now on we set L = K + 1. We are interested in ratios where the parameters
have greatest common divisor 1. The following lemma shows that this condition

translates nicely into the reflection group of the monodromy group being irreducible.

Lemma 3.20. Let u,, = u,(a,b) and u = u(a,b; z). Let H(u) be the hypergeometric
group associated to u and let H,(u) be the reflection subgroup of H(u). Suppose that

Uy, is an integer for all n. Then H.(u) acts reducibly on C if and only if
gcd(al, a9y ..., 05,01,00, ..., bK+1) > 1.

Moreover, if H,(u) is reducible, then H(u) is imprimitive.

Proof. Let P = P(a,b;z) and @ = Q(a,b;x). Then we have

P (r—elm))--(x—clag) (@ —1)---(x% — 1)
Q (z—e(B)) - (z—e(B)) (2 —=1)-- (2P —1)7

and H(u) is a hypergeometric group with numerator parameters

e(ar), e(as), ... e(aq)

and denominator parameters

e(01),e(B2),...,e(Baq).

From Theorem 3.15 we know that H,(u) acts reducibly on C if and only if there exists
some v # 0 (mod 1) such that

{6(0{1),6((12), BRI B(Qd)} = {6(0&1 + 7)76(0‘2 + 7)7 BRI B(Oéd +’Y)}
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and

{6(51), 6(62>7 s 76(611/)} = {6(61 + 7)7 6(62 + 7)7 SR 76(661 + 7)}

In this case, e(7) is necessarily a primitive Mth root of unity for some M, and by
raising it to an appropriate power we may assume that v is a primitive pth root of
unity for some prime p. We will show that if multiplication by e(y) gives the desired
permutations, then p divides all of the a; and all of the b;.

Recall that P and @) are products of cyclotomic polynomials, and let Z,; denote
the set of primitive M-th roots of unity. Notice that if (M, p) = 1, then multiplication
by e(~y) maps all primitive M-th roots of unity to primitive M p-th roots of unity, while
some primitive Mp-th roots of unity are mapped to others, and some are mapped
to primitive p-th roots of unity. Thus, multiplication by e(7) gives a permutation of
Zy U Zygp. On the other hand, multiplication by e(y) simply permutes each of the
sets Zppe for e > 1.

Thus, if multiplication by e(7y) separately permutes the a; and the §;, then when-
ever P or () has a factor @), with (M, p) = 1, it must also have a factor ®,s,. Suppose
then that there were some a; or by coprime to p, and assume M be the largest such.
Then (2™ — 1) would have ®,; as a factor and any other term (z% — 1) or (% — 1)
which had ®,, as a factor would necessarily have ®,;, as a factor as well. Ultimately,
one of the polynomials P or () would not have the terms ®,; and ®,,; properly
paired as factors. Thus, if p does not divide ged(ay,aq, ..., ax, b1, bo, ..., b;), then
multiplication by a primitive pth root of unity does not separately permute «(a,b)
and f(a,b).

On the other hand, if p does divide ged(ay, as, . .., ag, by, by, . .., b;), then multipli-
cation by e(1/p) permutes the roots of each of the factors (% — 1) and (2% — 1), and

hence it separately permutes the roots of P and the roots of Q).

O
Vasyunin noticed that the step functions corresponding to
(2an)!(bn)! ,
" (an)!(2bn)![(a — b)n)! A = (3.4)
and
B (2an)!(2bn)! (3.5)

Up
(an)!(bn)!(a + b)n]!
are nonnegative. Thus for both of these families, u,, is an integer for all n. It turns
out that when a and b are not both odd these two infinite families give exactly those

with factorial ratios with ged 1 for which the hypergeometric group is imprimitive.
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On the other hand, when a and b are both odd, these come from scalar shifts of the

hypergeometric groups associated to binomial coefficients.

Lemma 3.21. Let u,, = u,(a,b) and u = u(a,b; z). Let H(u) be the hypergeometric
group associated to u and let H,(u) be the reflection subgroup of H(u). Suppose that
uy, s an integer for alln and that H,.(u) is irreducible; i.e. ged(aq, ..., ax, by, ..., by =
1. Then H(u) is imprimitive if and only if u, is of the form (3.4) or (3.5) with a
and b not both odd.

Proof. Again let P = P(a,b;z) and @ = Q(a, b;z). Suppose that w, is the of form
(3.4). Then we have

P (2% —1)(z" - 1) (x* 4+ 1)

Q@D -0 =) @D -1’

which is in lowest terms if a and b are not both odd. Then the numerator parameters
for H(u) are
A ACH A, ... AT

and the denominator parameters are
B7 BCZH BCZ?7 R BC}i}il’ Cga*bv ngfba R Ccs:gila 1

where A = (54, B = (5, and C = 1 satisfy A% = B*C%® = —1, so these parameters
satisfy the condition of Theorem 3.16, and H(u) is imprimitive.
Similarly, if u, is of the form (3.5) then we have
P (22 — 1) (2?® - 1) (a4 1)(aP 4 1)

Q- (¢ —1)(ab — 1) (xotb — 1) xotb — 1 ’

again in lowest terms if a and b are not both odd, and so H(u) is a hypergeometric

group with numerator parameters
A ACHAC, .. AT, B, BG, BGE ..., BGT
and denominator parameters
Clast Oy CCT

where A = (oq, B = (o, and C' = 1. A and B satisfy A* = B® = —1, s0 A*B? =1 =

C%*t 5o H(u) again satisfies the conditions of the theorem.

35



To see the converse, suppose that the numerator parameters of H(u) are of the

form
A, AG, A, A,

These parameters must have the property that, if they contain one primitive Mth
root of unity for some M, then they contain all of them. Thus, by symmetry con-
siderations, we find that the only possibilities are that A = 1 or A = (5,. However,
we cannot have A = 1, as one of the denominator parameters for a hypergeometric
group coming from an integral factorial ratio sequence will be 1, and the numerator
and denominator parameters must be distinct. Thus, A = (5,. Similarly, for the
denominator parameters we find that either B or C' is 1, and so without loss of gen-
erality, we assume that C' = 1 and find that B = (5, is the only possibility. Indeed,
whenever (a,b) = 1 and @ and b are not both odd, this does work and gives u,, of the
form (3.4).

A similar argument works for the second case. [l
We now examine the case where both a and b are odd.

Lemma 3.22. Let u,, = u,(a,b) and u = u(a,b; z). Let H(u) be the hypergeometric

group associated to u.

(1) If w, is of the form (3.4) with a and b both odd, then H(u) is a scalar shift by
—1 =e(1/2) of H(W'), where
,  [an
w= (1)

(i) If uy, is of the form (3.5) with a and b both odd, then H () is obtained by taking a

scalar shift of H(W') and reversing the numerator and denominator parameters,

v ((a - b)n)

Proof. (i) Suppose that w, is of the form (3.4). Then, as in the previous lemma, we
have for P(z) = P(a,b;z) and Q(x) = Q(a, b; x),

where

P(z) (z% + 1)

Q(z)  (a*+ 1)z —1)

This is not in lowest terms, but it is in a convenient form for computing the scalar

shift of H(u). The scalar shift corresponds to multiplying each root of P and @ by
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—1, in which case we obtain polynomials P* and Q)* with

P* () (2~ 1)
Qlx) @ - Dt —1)

which very clearly come from u), = (‘;Z)

(ii) If u, is of the form (3.5), we proceed similarly, except that this time we find
that

Q* $) ($a+b _ 1) ’

. b . .
which we can see comes from u/, = ((“:n)"), with the numerator and denominator

Pr(r)  (x"—1)("—1)
(

parameters reversed. O
We are now ready to prove Theorem 1.1

Proof of Theorem 1.1. Lemma 3.21 classifies all of those integral factorial ratios whose
associated hypergeometric group is imprimitive, so it remains to classify those with
ged(ay, ... ak,by,...,by), whose associated hypergeometric groups are primitive.
Beukers and Heckman have categorized all finite primitive hypergeometric groups,
so we can examine [6, Table 8.3] to find all integral factorial ratios with associated
primitive hypergeometric groups.

Specifically, if H is a primitive hypergeometric group that comes from an integral
factorial ratio sequence, then H is either one of the entries in [6, Table 8.3] or a scalar
shift of one of the entries, possibly with the numerator and denominator parameters
reversed. Moreover, if H has numerator parameters a,...,ay and denominator
parameters [y, . .., (4, then the polynomials P(x) = [[(z —e(ay)) and Q(z) = [(x —
e(f;)) must have coefficients in Z. Aside from Line 1, there are 26 entries in the
table with this property. Moreover, Beukers and Heckman list the entries in the table
so that if the polynomials P and () formed from the numerator and denominator
parameters of an entry have coefficients in a field K, then the polynomials formed
from a scalar shift of that entry will never have coefficients in a proper subfield of K,
so we only need to consider these 26 entries, along with Line 1, which we will mention
momentarily.

As the denominator parameters for a hypergeometric group coming from a fac-
torial ratio must contain a 1, there are only a finite number of scalar shifts of each
entry that we need to consider. It is easy to enter the data from [6, Table 8.3] into a
computer program and to check each of the scalar shifts of each of these 26 entries. It

turns out that there are 52 hypergeometric group parameter sets coming from integral

37



factorial ratios, and these are all given by these 26 entries and scalar shifts by —1 of
these entries, possibly with numerator and denominator parameters reversed.

It is easily seen that Line 1 of [6, Table 8.3] corresponds to the infinite family of
binomial coefficient sequences

% with ged(a,b) =1,

and, as we have seen in Lemma 3.22, scalar shifts of this family by —1 yield factorial
ratios of the forms (3.4) and (3.5) already considered. We need only to rule out other
scalar shifts for this family.

The scalar shifts of this family that we need to consider are shifts by roots of unity
of the form e(—n/a), e(—n/b) and e (a_—ﬁ]) The cases of multiplication by e(—n/a)
and e(—n/b) are symmetric, so let us consider multiplication by ¢ = e(—n/a). ( is a
primitive Mth root of unity for some M dividing a, so we may as well assume that
¢ =e(1/M). But then ¢ - e(1/b) is a primitive bM-th root of unity, as (M,b) = 1. If
M ## 2 then some of the primitive bM-th roots of unity are mapped to themselves by
multiplication by e(1/M), so not all primitive bM-th roots of unity can be obtained
in this way, so the polynomials P and () obtained from this shift cannot have integer

coefficients unless M = 2, which is the case of a scalar shift by —1.

—_n

- +b) is completely similar,

The case for multiplication by a root of the form e(
since a, b, and a + b are relatively prime in pairs.

Lemma 3.6 assures us that this must be all integer factorial ratio sequences in
which the parameters have greatest common divisor 1, giving us the “only if” part of

the theorem. O

3.4 A Listing of all Integral Factorial Ratios with L — K =1

The following tables contain a listing of all integer factorial ratios with ged 1, orga-
nized as follows. The second column lists the parameters for u,(a, b). The parameter
d of the third column is the dimension of the monodromy group of u(a, b; z), and the
fourth column lists the specific parameters for 4F,; ;. With the exception of lines 2
and 3 of Table 3.1 all the entries have primitive monodromy groups, and so they have
a corresponding entry in [6, Table 8.3].

It should be noted that lines 1, 2, and 3 of Table 3.1 only correspond to solutions
with ged 1 when ged(a, b) = 1.
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Table 3.1: The three infinite families of integral factorial

ratio sequences

Line # ‘ u,(a, b) ‘ d ‘ oF;_1 parameters ‘ [6] Line #
[a+0] (245 aap e 2250
Lap [a,0] atb—1 12 a=112 b1 1
b a7a7"'7 a 7b7b7"" b
[2a,b] L7l7m%
2ab a 2a2a ° None
) 1 3 2b—1 1 2 —b—1
[a,2b,a—b] 53555 a—prap o Tash
2a72b [L7iv 2a717i717'"2b71
3a7b [ ] a + b 2a 2a1 22a Qbaibb71 2b None
[a.b,a-+] a5 aver “ago )
Table 3.2: The 52 sporadic integral factorial ratio se-
quences
Line # ‘ u,(a,b) ‘ d ‘ aF_1 parameters ‘ [6] Line #
1 5 7 11
1 2.1 4 [ %5550 15013) 37
[6,4,3] [33.2]
1 5 7 11
[12,3,2] [%5 5% 1213]
2 6641 4 [1.1.3] 37
) Dy Ey 67276
1 1 5 7 5 11
3 [1271] 6 [ﬁvgvﬁzﬁzgyﬁ] 45
13157
[87372] [§7§7§7§7§]
1 1 5 7 2 11
4 (12,3] 6 [12:5: 5555 13) 45
13157
[8’6’1} [§7§7§7§7§]
1 1 5 7 2 11
5 (12,3] 6 [ﬁ@vﬁ’ﬁ@’ﬁ] 46
12134
[6’5’4} [575757575]
1 1 5 7 5 11
6 [12,5] 6 [3’6’3737675] 46
1 3 1 7 9
[10’4’3} [ﬁ7ﬁ7§7ﬁ»ﬁ]
1 5 7 11 13 17
7 [18,1] 6 [Tg’ﬁ,ﬁ:ﬁvﬁvﬁ] A7
9,6,4] [2.2.4,2,2]
My 4’3’27374
1245738
9,2] [3:3:5.8.5.8]
8 6.4.1 6 111365 47
[6,4,1] [E’Z’E’Z’E]
1245738
[9,4] [3:3:5.8.5.8]
) 8,3,2 6 13157 48
[8,3,2] [8’8’2’8’8]
1 5 7 11 13 17
10 (18,4,3] 6 [T87ﬁ,ﬁ,fgvﬁafg] 48
9,8,6,2] [2.2,4,5,1]
bl b 818121818
1 245738
971 9'9°9'9°9°9
1 0.1 6 [3:3:3:8:3.2] 49
[5,3,2] [gagagagag]
1 5 7 11 13 17
12 (18,5,3] 6 555 150 18,1 18 49
[10,9,6,1] [Lill&]
L) 10°10°2710710
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Line # | u,(a,b) aF4—1 parameters | [6] Line #
1 5 7 1 11 13 17
13 [18,4] [Tsv?gv?s@?svﬁfs] 58
»* 1232127123712
11 5 1 7 5 11
14 [12,2] [ﬁ@ﬁ@ﬁvé»ﬁ] 58
[9,4,1] [125§Z§]
)%y 9979797979
1 5 7 1 11 13 17
15 [18,2] [ﬁ’ﬁvﬁﬁ’ﬁ’ﬁ7ﬁ] 59
(9,6,5] [1;2224]
[AS) 573757573’5
11 3 1 7 5 9
16 10,6] [$5:8:155 55515 59
9,5,2] [12A§Z§]
)9y 9979797979
1 3 5 1 9 11 13
17 [14,3] [ﬁ:ﬁvn@ﬁ»ﬁﬂ] 60
9,7,1] [12A§1§]
sy 9979797979
1 5 7 1 11 13 17
18 [18,3,2] [ﬁ7ﬁ7ﬁ7§7ﬁ’ﬁ’ﬁ] 60
(9,7,6,1] [125&&&]
3 150, TITITTTT
11 5 1 7 5 11
19 [12,2] [ﬁ@ﬁ@ﬁ@ﬁ] 61
[7,4,3] [lzﬁééﬁ]
)&y TITITTITOT
1 3 5 1 9 11 13
20 [14,6,4] [ﬁiﬂvﬁ@’ﬁ’ﬁ’ﬁ] 61
1 1 5 7 2 11
[12,7,3,2] [5:35% 58]
1 3 5 1 9 11 13
21 [14,1] [ﬁ7ﬁ7ﬁ’§’ﬁ’ﬁ’ﬁ] 62
11232 4
[7,5,3] [3.5.2.2.5.4]
1 1 3 1 7 5 9
929 [10,6,1] [ﬁygvﬁ’§’ﬁ»g»ﬁ] 62
1 23 456
[7757372} [7’7’7’7’7’7]
1 2 4 7 8 11 13 14
923 [15,1] [ﬁvﬁuﬁ’ﬁ:ﬁvﬁ’ﬁ’ﬁ] 63
[9,5,2] [12&151§]
)y 9’9’9’2’9’9’9
1 7 11 13 17 19 23 29
24 [30,9,5] [%1%7%)%7%7%1%1%] 63
[18,15,10,1] [Lil;ggg]
’ ’ ) 1871871872’18°18°18
1 2 4 7 8 11 13 14
925 [15,4] [Ts’ﬁ7ﬁvﬁvf57ﬁ’fs7ﬁ] 64
[12,5,2] [LlillEQ]
the] 1267127271267 12
1 7 11 13 17 19 23 29
% [30,5,4] [%1%7%7%7%7%7%7%] 64
[15,12,10,2] (5355553
’ ) ) 1273712727123 712
1 2 4 7 8 11 13 14
97 [15,4] [Tsv?svﬁvﬁvﬁvﬁv?svﬁ] 65
[} 876787278’6’8
1 7 11 13 17 19 23 29
98 (30,5,4] [%7%,%,%,@,57%,%] 65
[15,10,8,6] [11§1§21]
) 1O, 87378727873’8
1 2 4 7 8 11 13 14
929 [15,2] [ﬁ7ﬁ7ﬁ’ﬁ’ﬁ7ﬁ’ﬁ’ﬁ] 66
11 3 1 7 3 9
(10,4,3] [$5:2:555 %3 15)
1 7 11 13 17 19 23 29
30 (30,3,2] [Eﬁ%%%%%%] 66
(15,10,6,4] [ll%léﬁé]
b b b 5747572757475
1 7 11 13 17 19 23 29
31 (30,1] [%%%%%%%%] 67
) ) 5737572757375
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Line # | u,(a,b) aF4—1 parameters | [6] Line #
1 2 4 7 8 11 13 14
[15,2] [Ts’ﬁ7ﬁvﬁvf57ﬁ’fs7ﬁ]
32 [10,6,1] [Llillég] 67
[t} 10°6°10°271076° 10
1 2 4 7 8 11 13 14
33 [15,7] [Tsv?svﬁvﬁvﬁvﬁv?svﬁ] 68
[14,5,3] (850, 1,28]
» 14°14°14°2°14°14° 14
1 7 11 13 17 19 23 29
34 (30,5,3] [%%%%%%%%] 68
[151076] [lgﬁlé§§]
) by TITITI20T7TT
1 7 11 13 17 19 23 29
35 (30,5,3] [%,%,%,%,@,%,%,%] 69
[15,12,10,1] (53535554
) ’ ’ 1274°127271274712
1 2 4 7 8 11 13 14
36 [15,6,1] [ﬁvﬁvﬁvﬁvﬁ:ﬁvﬁvﬁ] 69
[12,5,3,2] [5.4.5.4,5.3,4]
) 1274°127271274°12
1 2 4 7 8 11 13 14
37 (15,1] [ﬁvﬁvﬁvﬁvﬁ:ﬁvﬁ’ﬁ] 70
(8,5,3] [1,4,21,537]
Uy 8747872787478
1 7 11 13 17 19 23 29
38 [30,5,3,2] [@75,%7535757%’%] 70
b bt ) 8747872787478
1 3 7 9 11 13 17 19
39 [20,3] [ﬁ%%v%%%%%] 71
[12,10,1] [5.4.5.1,4.2,4]
) B 1267127271267 12
3 1 3 7 9 11 13 17 19
40 [20,6,1] [%7%,@7%;%7%7%’%] 71
11 5 1 7 2 11
[12,10,3,2] (15031203159 5:13)
1 3 7 9 11 13 17 19
A1 [20,1] [%7%’%’?0’%7%’70’%] 79
1131527
(10,8,3] [g@g’avg@g]
1 3 7 9 11 13 17 19
49 [20,3,2] [%7%,%,%;%7%,70)%] 79
1131557
(10,8,6,1] [3:8:8:3:8:8:8]
1 3 7 9 11 13 17 19
43 [20,1] [%%%’To%%%%] 73
1231456
10,7,4] [+.2.2.3.3.5.%]
1 3 7 9 11 13 17 19
A4 [20,7,2] [%1@7%7%,%7%157%] 73
14,10,4,1] [ 250,51, 28]
’ L 14°14°14°2°14°14° 14
1 3 7 9 11 13 17 19
45 [20,3] [%%%%%%%%] 74
1241578
[10,9,4] [5151515151515]
1 3 7 9 11 13 17 19
46 (20,9,6] [%%v%%%%%%] 74
[18,10,4,3] (&5, 4,40,12 11]
? e 1871871872718718718
1 5 7 11 13 17 19 23
A7 [24,1] [ﬂvﬂvﬂyﬂ@vﬂvﬁvﬂ] 75
112133 4
(12,8,5] [2.3.2.3.8.3.¢]
1 5 7 11 13 17 19 23
18 [24,5,2] (35 22 5555.30. 5. 2] 75
[121081] [Lllllﬁﬁ]
’ Ea) 1047107271074 10
1 5 7 11 13 17 19 23
49 [24,4,1] [ﬂvﬂvﬂvﬁvﬂ:ﬂvﬂvﬂ] 76
[12,8,7,2] [1,2,2,1,45.9]
b R | 7777772777777
1 5 7 11 13 17 19 23
50 [24,7,4] [ﬂvﬂ’ﬁvﬁ:ﬂ:ﬂvﬂ’ﬂ] 76
[141281] [Liilﬁﬂﬁ]
) thl 14°14°14°2°14°14° 14
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Line # | u,(a,b) aF4—1 parameters | [6] Line #
1 5 7 11 13 17 19 23
51 (24,4,3] B 77
1241578
[12,9,8,2] [5:3.8.3.5.5.5]
1 5 7 11 13 17 19 23
59 [24,9,6,4] [ﬂ7ﬂ7ﬂvﬂvﬂ7ﬂvﬂ7ﬂ] 77
[18,12,8,3,2] (& 55551
9’ 10950y 18718°1872718718718
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CHAPTER 4

Proof of Theorem 1.2

4.1 Introduction

In this chapter, which is joint work with Jason Bell [5], we give a proof of Theorem
1.2*, which we recall gives a relation between the height and the length of a balanced

nonnegative step function of the form

From Lemma 2.5, this also proves Theorem 1.2. We recall that the theorem we wish

to prove is

Theorem 1.2%. Fix L — K = D. If

r) = laz] =) bz

where
L

CLk:Zbl

k=1 =1

and ag # by, ag, by € {1,2,3,...} for all k,1, and if

] =

f(z) >0

for all x, then
K + L < D*(log D)*.

From Lemma 2.4 we know that if Y ar = > b, then f(x;a,b) is nonnegative if

and only if its maximum value is exactly L — K. Therefore in order to prove that
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such a function cannot be nonnegative if L + K is large (in terms of L — K) we will
show that f(z) must take on large values if L + K is large. We do this by giving the

following explicit lower bound on the L? norm of f.

Theorem 4.1. Let
K L
= lagz] =Y _|bx]
k=1 =1

where

L
ak:Zbl

1 =1

and ay # by, ag, by € {1,2,3,...} for all k,l. Then for all M > 285

[ s SR 8 [ (4 )|

[M] =

B
Il

K+ L)? 2 v 1 -
_(E+D) ¢ [ — + . (4.1)
272 (M —1)1/2 \ (log M) 2(log M)? M -1
where v 1= limy_, <Eg 15 — log n) ~ 0.577215664901533 is Euler’s constant.

Remark 4.2. In this theorem M is a parameter that we will be free to choose to
optimize this lower bound. We obtain easily stated asymptotic results below by
choosing M = (K + L)* and give examples of optimized bounds that can be obtained
in Section 4.3. (The condition that M > 285 in the above statement comes from
our use of Rosser and Schoenfeld’s [26] explicit formulation of Merten’s Theorem (see
Lemma 4.8).)

Granting this theorem for a moment, we may now easily prove Theorem 1.2*.
Proof of Theorem 1.2* Take M to be (K +L)*. Then for fixed K — L, equation (4.1)

gives
(K + 1)
max\f / f(x d.iE>> (K+L))

Now let N = K + L and A = max,cg |f(z)|. Then we have

Additionally, since this implies that A > N3, we may write

log A)?
N<N%%§<A%%W. (4.2)
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Now take D = L — K fixed. Lemma 2.4 says that if f(xz) > 0 for all z, then the
maximum value of f(x)is D. Thus A = D in this case, and Equation (4.2) gives the
desired bound. O

4.1.1 Notation

|z| denotes the floor of x, which is the largest integer less than or equal to x.

2mix

{z} = o —|z] is the fractional part of x. Also e(x) := exp(2miz) := e*™*, and 7

denotes Euler’s constant

N—o0

N
1
~v:= lim ( g — — log n) ~ 0.577215664901533.
n

n=1
4.2 An explicit lower bound for the L? norm

To prove Theorem 4.1, we will use Parseval’s identity, so we start by computing the
Fourier coefficients of f(z;a,b). Note that if f is balanced, so that > ay = >_ b, then
using the relation = = || +{z} we can rewrite f(z;a,b) as f(z;a,b) = 3.1 {bhz} —

Zif:ﬂakx}'

Lemma 4.3. Suppose that f(z) = Y1 {bx} — S0 {axz}. Then the Fourier e-

pansion of f is

L-K 1 1
f(x) = 5 +% GZE Zak—bel e(n.x)
n ag|n 1|

n#0

That is, f(0) = (L — K)/2 and for n #0

= g S-S

ag|n bi|n
Proof. The Fourier expansion for the fractional part of x is

1 e(nx) '

1
W=y am 2,

S
n#0
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Using this we can write

Z{blx} - Z{akx} _L _2 K % % Z e(nbx) — Z e(nayx)

n#0

Changing the order of summation we get

;Lam =) |bz| = L _2 K % D e(nzkx) -y > e(nslx)

= =1 k=1

Now extracting the coefficient of e(mz) in the sum we see that for m # 0 we have

p 1 1 1
f(m):% %E_nzblﬁ .

b
nag=m nbj=m

Now the result follows on replacing the n in the sum with n = m/ay. O

Remark 4.4. From now on we set D = L — K. It is convenient to subtract off the

first Fourier coefficient of f(z) and to consider

On considering the Fourier expansion, it is easy to see that

/01|f(x)l2dx=/01

so it is simple to transfer a lower bound on fol |f(x) — %‘2 dz to a lower bound on

f01 |f(x)|2 dz. Notice also that ’f(n)’ = ‘f(—n)

that ) -
JRUCELEREEE)S
n=1

Remark 4.5. We now notice a Mdbius inversion-type formula for the Fourier coeffi-
cients of f(z) = f(x;a,b). Let

2
D2

D

f(@‘;

, so it follows from Parseval’s theorem

f(n) (4.5)

’2

g(n) = g(n;a,b) = #{ay : a, = n} — #{b : by = n}. (4.6)

46



Then from Lemma 4.3 we see that for n > 1 we have

) = 5 32 D)

21 n

dln

Or, forming the Dirichlet series

G(s) = Dlg,5) = 3 2

n=1 n
(note that G is actually given by a finite sum) and
; — f(n)
F(s)=D =
SEEUEED S
we have the relation
G(s)C(s+ 1) =2miF(s), (4.7)

where ((s) = D(1,s) = > >~ n~* is the Riemann (-function.
To estimate the mean square of f we use the following theorem of Carlson [14] to

2
relate > 7, ‘f(n)‘ to a mean value of |G(it)|’.

Proposition 4.6. Let f(s) =Y.°7  a,n~* in some half-plane. Then if f(s) analyti-

n=1
cally continues to the half plane ¢ > o and satisfies | f(o + it)| < |t|* on all vertical
lines o > «, and if
1 (T )
— | f(o+at)|" de
oT |

18 bounded as T — oo, then

i 1 r . Qd o - |an|2
Am o _T|f(0+zt)| t—; -
Proof. See [30, Section 9.51]. O

It follows immediately from this proposition and the relation (4.7) that for all

o > 0 we have

SUAL I »
> e =4 [ [Glo+at)¢(1+o+at)[dt. (4.8)
n=1

T—o00 _T
Eventually we will let o tend to zero, but first we estimate the right hand side of
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(4.8) using a truncated Euler product for the (-function. Define the main term

Gu(s) = 11 (1 - é)l,

p<M

and let (g(s) be defined by ((s) = (u(s) + Cr(s). We will use the following lemmas

which give bounds on the size of (j;.

Lemma 4.7. If Re(s) > 1 then

1
CM—(U < |Cm(s)] < Cu(1). (4.9)

Proof. This is just a restatement of the fact that for all s with real part greater than

—1 ( 1)1
<|1-—-— .
n

1, and all integers n > 0, we have

1 1
1—— ) <1 - —
n ns

[l
Lemma 4.8 (Effective Mertens’ bound). For all M > 285,
log M 1 !

1) < l— ——— 4.10

) < 5 (1= ) 0

Proof. See Rosser and Schoenfeld [26, Theorem 7]. O

Proof of Theorem 4.1. We now write

1 T
— | |G(o+it)C(14 0 +it)]*dt
2T | 1
1 T
= — [ |Glo+it)u(1+ o +it)?dt + E(M,T),
2T |
where
1 T
E(M,T):ﬁ/ Glo +it)] |Car(1+ 0+ i8) + Ca(1 + o + it) dt
-T
1 T
—— | |G(o+it)Cu(1+ o +it)|* dt.
2T |

Applying the triangle inequality in the form ||A] — |B|| < |A — B| to the above, we
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obtain

1 T
|E(M,T)| < ﬁ/ 1G(o 4 it)|* |Cr(1 + o + it)|* dt
=T

1 T
+ 57 2|G(o +it)*Cu(1+ o+ it)Cp(1l + o +it)| dt.
=T

On inserting the bound for (s from Lemma 4.7, the bound |G (o +it)| < K + L, and

applying Cauchy’s inequality to the integral fTT |Cr(1 + o + it)| dt, we have

T 1/2
\B(M,T)| < 2(K + L)Cu(1) [% /T Ca(1 + o + i) dt}

1 T
+ (K + L)2ﬁ / ICr(1 4+ o + it)|* dt.
-T

Define E(M) := limp_, E(M,T). Then

- 1/2
1 1
|E(M)| < 2(K + L)*Cu(1) ZW +(K+L)22w
Ln> n>M
1] 1
2 2
< 2(K + L)*Cu(1) Zﬁ +(K+1L) Zﬁ.
L.n>M n>M
Inserting the bound
1oL
n? - M-1
n>M
we get
2K + L)2Cy(1) (K + L)?
E(M)| < .
Now,
1 /T ) 11 /7 ) E(M,T)
— F D) dt = ——— G )G (1 )| dt + ———2
57 | 1P infat= o [ (Gl vina 1o+ dre S,

so inserting the bound from our Lemma 4.7 and taking the limit as T — oo we get

)
n=1

NENE: 1 - s  E(M)
fol 2 e e )l +

11 ¢ 2 [E(M)]
M(1>2 (27]_)2;'9(”)' - Ar2

I

Vv

Iy

49



Putting in the bounds for E(M), we get
.2
S| =
n=1

And finally, putting in the bounds on (/(1), we get

"= 5 [ (- )|

11 (K+L)?2 [ 20u(1) 1
2(K+L)_ A2 {(M_1)1/2+M_1

f

(K + L)? 2 e 1 - 1
— 1-— . (411
| =172 \Gogan) \' ~ 2(gane)) =i @
The theorem now follows immediately from (4.11) and fact that
1 2 K — L 2
0 =
[

4.3 Explicit bounds and remarks

Let B(D) denote the maximal number of terms that a step function of the form

(z;a,b) kaﬂ Z | by |

may have if D = L — K, a;,b; € N, > a;, = > b; and a; # b; for all ¢,j, and
f(z) > 0 for all z. With this notation, Theorem 1.2* says that B(D) is finite, and
that, moreover B(D) < D?log D. Using equation 4.11 we may compute some explicit
upper bounds on B(D).

For example, when D = 1 such a function f(x) that only takes on the values 0 and
1 must have S°°° ‘ f(n)‘2 — L If K+ L =112371 and M = 11237149215 the right
side of 4.11 is &~ 0.250000802. Additionally, the right side of (4.11) is an increasing
function of K + L when M is set to be a fixed power of K + L, so it follows that
B(1) < 112371.

Similarly we obtain B(2) < 502827 by taking L + K = 502827 and M =
50282746692 in which case the right side of (4.11) is ~ 1.00000138, but it must be

2
the case that > - f(b)’ < 1if f(z) takes values in precisely in the range {0, 1, 2}.
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These bounds are far from best possible. From Theorem 1.1* we know that
B(1) = 9, and computations suggest that it might be the case that B(2) = 18.
Additionally, for the case of D = 3, a direct computer search has checked that there
are no functions with 29 terms that take values only in the range {0,1,2,3} when
Y- a; =) b; <60. (However, the search space would have to be greatly enlarged for
this to be truly convincing evidence that B(3) = 27.)

o1



CHAPTER 5

Proof of Theorem 1.3

In this section we prove a generalization of Theorem 1.1* which says that for any

fixed D = L — K, there exists a classification of nonnegative step functions

L

flzab) =Y la] = > bzl

k=1 =1

such that > ar = > b, similar to the classification given for D = 1. Specifically, if
we fix L and K, then the function f(x;a,b) is nonnegative for all = if and only if a
and b lie in a subset of Rf*% which can be written as the union of a finite number
of subspaces of RE+E,

The theorem we will prove is

Theorem 1.3*. Fix positive integers K and L, and an integer A < 0. The set S of

ai,ao,...,a,b1,ba,...by such that
1. Y ap=>_Y
2. ay and b; are nonnegative integers for all k.l
3. AN |agx] =Sk i) <L —K— A

can be written as v
S - (Zzo)KJrL m <U Vn> 5
n=1

where each V), is a subspace of RE+L,

We will prove this theorem as an application of a theorem of J. Lawrence [21]
about closed subgroups of the torus. Lawrence’s theorem is a theorem about the set

of subgroups which miss a given full subset of either R" or T". We will not need the

52



full strength of Lawrence’s result here, though, because open subsets of the torus are

a particular example of full subsets. The result that we will use is

Theorem 5.1 ([21, Corollary 1.A]). If U is an open subset of T™, then there are only
finitely many mazimal open subgroups H of T™ such that HNU = ().

Proof of Theorem 1.3%. Let F(x1,...Tx,y1,...,Yr) = — Zszl{xk} + Zle{yl}, and

let V denote the subspace of RE+" defined by the equation Zle T = Zle Y. We

may consider I as a function from RX+L to R, since I has period 1 in each of its

variables, we may consider it as a function from TE L = RE+L/ZE+L o R. Note that,

when restricted to the subspace V|, F(x1,... x5, y1,...,YyL) = Zszl |k | — Zlel lyi] -
For each subspace G of V' let Sg denote the set

Se :={(x1,...,xx,y1,...,yr) € G such that F(xy,...,zx,y1,...yr) < A}.

Note that as F' is not continuous, Sg is not, in general, open. We will consider in
general, however whether or not S contains an open set. In fact, we will show that
the set of subspaces G of V' such that Sz does not contain a nonempty open subset
(with respect to the subspace topology induced on G) has finitely many maximal
elements.

Granting this for a moment, let V;, V5, ..., Vy denote these subspaces. The condi-
tions that f(z;a,b) > A for all z and f(z;a,b) < L — K — A for all x are equivalent,
so we focus on the first. Suppose now that f(x;a,b) > A for all x, and for some a, b
satisfying the desired properties. Then F(aix,asz, ..., axx,bix,... bpx) > A for all
x, so we have a one dimensional subspace of RE*% on which F is larger than A, which
must be contained within one of the V,,. In particular, (ay,as,...,ax,b1,...,br) is
contained in one of the V,.

On the other hand, suppose that some set of positive integers
(a1, a9,...,ak,b1,bo,... by) € V,, for some n.

We must show that f(z) = f(z;a,b) > A for all z. We argue by contradiction,
constructing an open set in V,, where F(xy,...,2x,y1,...,yr) < A. Suppose that
fle) < A. As all ay,...,ak,by,...,b are positive, f(x) is right continuous and
piecewise constant, so we may assume that f(z) < A for all z € [¢,d). Furthermore,
we may choose d small enough so that none of azxr or bz is an integer for = €
(c,d). Let xg = (¢ +d)/2. Then F(xy,...,2k,y1,...,yr) is continuous at P =

(@120, asxo, . . ., agxg, 1o, . . . ,brxg), and it is strictly less than A at this point. Thus
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it is strictly less than A in an open neighborhood U of P. In particular, F' < A
in U NV, which is open with respect to the subspace topology on V,,, which is a
contradiction.

We now construct these maximal subgroups inductively using Lawrence’s theorem.
If Sy does not contain a nonempty open subset, then we are done.

Otherwise, consider V c TK+E = RE+L/ZK+L  the image of V in the quotient.
Since V has a basis of rational vectors, V is a proper closed subgroup of TE+L. F is
periodic modulo 1 in each of its variables, so it is well defined on TX*%, so we may
consider Sy as a subset of V. By assumption, it contains a nonempty open subset U.

V itself is a K + L — 1 dimensional torus, so by Theorem 5.1 the set of closed
subgroups G of V' which miss U has finitely many maximal elements G,...,G,,.
Each of these is a subgroup of dimension strictly less than the dimension of V, and,
in turn, for each of these subgroups Sg either does or does not contain a nonempty
open set. If Sg does not contain an open set, it is one of the maximal subgroups that
we are looking for. Otherwise, we proceed recursively, applying this same argument to
each GG such that Sg contains an open set, and ignoring discrete subgroups, Since the
dimension is reduced at each step, this process eventually terminates. Non-discrete
subgroups of TX*+ are in one to one correspondence with subspaces of RX+% so by

lifting these subgroups to RE*L we obtain the subgroups we are looking for. O
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