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ON THE FUNCTIONING OF A FAMILIAR NONLINEAR THERMODYNAMIC
' OSCILLATOR

Abstract

The paper analyzes the mechanism of vibration of the child's toy known
as the putt-putt boat. This system has many nontinear features which lead
to a variety of interesting wave forms. Self-excitation in this system is shown
to depend principally on a condensation rate parameter. Analog tests, based
on the analysis, are compared with tests on the physical system. General
agreement is good although the system showsa number of {eatures not pre-
dicted by the simple analysis.

Introduction

This paper will consider a nonlinear mechanical system in which stable
self-induced oscillations are produced by the application of heat. The parti-
cular form of the system, which will be analyzed, is shown schematically

Fig. 1. Two systems which exhibit seli-induced vibration.

in Fig. | on the left. A shallow circular chamber is covered by a thin dia-
phragm which is assumed to be attached without initial tension. From the
base of the chamber a pipe or pipes lead to a vessel containing water, If the
chamber is initially full or partly full of water and a heat source is applied
to its base, the diaphragm and the water in the pipes begin to vibrate.

Another arrangement which vibrates readily is shown in Fig. | at the
right. If the top of the bellows is closed with glass, it is possible to observe
its contents during vibration. -




On the Funciioning of a Familiar Nonlinear Thermodynamic Oscillator 487

This type of vibration has been known for some time since it forms the
basis of the child's toy known as the pop-pop or putt-putt boat. For the be-
nefit of those who have not experimented with such a hoat, it may be permis-
sible to digress and describe its operation. Referring to Fig. 2 the chamber A
is filled with water and a heat source B such as a candle or alechol lamp is
inserted. After a short time, the diaphragm E begins to vibrate and the boat

Fig. 2. Schematic drawing of putt-putt boat.

moves forward making characteristic putt-putt noises. The only attempt
which we know of to explain this behaviour was given by J. G. Baker [1]
in 1933 in the course of a very interesting general article on self-induced vi-
bration. The description is repeated here.

«The source of energy is the alcohol lamp B, which heats the chamber
A the latter is partly or wholly full of water. The top of A is a diaphragm con-
structed of bimetal in such a way that when hot it is bulging upwards and
cold it is bulging downward. The chamber A is connected to water astern of
the boat by the tube D. With the diaphragm down, B heats A and its contents,
until the diaphragm snaps upward to its hot equilibrium position. This
change in volume of A draws cool water in through D and cools 4, so
that the diaphragm snaps down again, forcing out the surplus water. With
further heating, the cycle repeats several hundred times a minutes. This expla-
nation, based on a bimetallic diaphragm, appears plausible. However, it
cannot apply to the boats presently on sale since they have solid brass dia-
phragms, nor can it be applied o the bellows design of Fig. 1. In addition,
as equally satisfactory operation is obtained with a steel diaphragm and
brass chamber, the previous explanation cannot be modified to predict vibra-
tion based on the differential thermal expansion of chamber and diaphragm.

Before turning to an alternative explanation of the self-excitation a pho-
tograph of two boats now on the market may be of interest. In Fig. 3, the
larger boat is made in Mexico and the smaller in Japan. At the risk of being
thought commercial we mention that the most unusual feature of the smaller
boat is not the mechanisms of vibration or propulsion but the retail price
of 10 c. :

In what follows we will attempt to derive equations relating the motions
of the diaphragm and water in the pipes to the other variables. Analog com-
puter solution of the equations indicates the general types of behaviour to
be expected. This will be compared with the behaviour of the physical sy-
stem. Finally a few comments will be made about the method of propulsion.

Analysis of Vibration

For simplicity, the arrangement shown on the left side of Fig. 1 is con-
sidered. By making the entire unit, except for the diaphragm, out of glass,
it is possible to observe its contents during vibration. In general, the chamber
contains steam and water. This agrees with the observations that the heat
source must be applied for some time before vibration commences and that
vibration usually ceases if too much heat is applied. The mean water level
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in the pipes is usually below the base of the chamber. The mean level is nor-
mally lowered by increased heating and raised, closer to the chamber, if the
tubes_are cooled. During vibration of the water column there is often a «slo-
shing» of water back into the chamber. Under this condition, continuous

Fig. 3. Two boats with top decks removed.

oscillation of reasonably constant amplitude and frequency has been observ-
ed for periods of over one hour. However, the return of water to the cham-
ber does not appear to be essential since vibration may occur for extended
periods in its absence.

From the preceding observations, a reasonable assumption is that steam
is continuously generated in the chamber and condensed in the pipes. As heat
is supplied from a source of high temperature, the rate of steam generation
will be taken as a constant and the rate of steam condensation will be taken
as proportional to the area of the available condensing surface. On this ba-
sis the net rate of steam generation is written as

V =k — ky

where the symbols are defined under Nomenclature. This expression gives

a highly simplified picture of what is probably a very complicated process

of time-varying condensation. In addition, it assumes that the effect of pres-

sure changes on steam generation and condensation rates may be neglected.
The total volume of steam present in the system may be written as

V = Vo + 2ay + (enR*h)z
if the small volume of water present in the chamber is neglected. e = 3 for

small z and. increases to 1/, with increasing z. Combining the two preceding
equations leads to

bz = Ky —Kay —y (1)
where b is approximately constant for a given system. K1 may be interpreted

as the rate at which the water level would drop in the pipes due to a given
heat input if the diaphragm were held fixed. K» may be interpreted similarly
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as the rate at which the water level would rise due to condensation in a unit
length of each pipe. :

As the diaphragm is very thin, its mass is small compared to that of
the water in the pipes. If the mass of the diaphragm is neglected, its motion
may be related to the chamber pressure changes by static deflection consi-
derations. Following Nadai (2, 3], the elastic deflection of a clamped circular
diaphragm loaded by pressure differential p — p, may be written as

. (P _"le) R :
24 0.58322 = 0,171 B 7l
Unfortunately, this expression is in serious disagreement with static ‘defle-
ction tests on diaphragms for a number of models built as shown in the left
side of Fig. 1. The measured deflection is often considerably greater than
predicted and varies from one model to another. This is due apparently to
the inherent geometrical imperfections in the thin diaphragms. These non-
uniformities also provide an explanation for the noise generated since they
allow a coupling of the basic motion to higher modes of vibration which pro-
duce the characteristic noise. Despite its disagreement with experiment.
the preceding expression will be carried through in the analysis since it re-
presents the ideal case,
An expression may be obtained relating the pressure changes in the cham-
ber to the motion of water in the pipes. If the motion of water outside the

pipes is neglected, but with allowance for the changing mass in the tubes.
then

2alo (1 —4-) -+ 20F ) + 2202 (4 — H) = 2a(p— o)
Eliminating p — p, from the two preceding equations leads to
;(1*%—)+F(g})fgL—[—g(y_H)fL=a(z—!-0,583;e’). 2

The damping term F(§), as in many vibration problems, presents some un-
certainty since it involves the resistance to oscillating flow in the pipes. How-
ever, there is another important source of damping in this system due to
the loss at entry to the pipes. It will be pointed out later that this contribu-
tes a term — pi* to F(j) only for § <C 0. In the case of smooth pipes with

not too large a L/d ratio this term may be the principal source of damping.
For the general case

Flg) =Cy+Cayiy/+4 15— 14112

To determine whether or not vibration will start, 2%, 4* and yy terms
are ignored to obtain

| Y+ @Gy + ay + 8Ky + ag = 0
where the a’s are positive constants for a given canfiguration.
Routh’s rule states that oscillations will grow if
Ks = Ciaya,/ay.

That is, the minimum coefficient of condensation in the pipes s for which
vibration will commence is some multiple of the resistance to laminar flow
in the pipes: In the system studied, there was no difficulty in initiating vi-
bration and this aspect of the problem was not pursued. S
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Analog Tests -

The equations were arranged for analog computation so that the dam-
ping terms, the condensing term and the heat input term could be adjusted
during operation. The procedure usually followed was to choose the damping
terms C, and €, such that a simulated dartiped free vibration curve on the
analog would be similar to that in a physical system. Then for arbitrary va-
lues of the condensing term the system behaviour was studied for varying
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Fig. 4. Analog simulation for system with 2 in. dia.X0.002 in. dia-
phragm and 6 in long X0.18 in. dia. pipes. Water level outside pipes
is | inch below base of chamber. Damping taken as the same in beih
directions. Records show 2, y and X,. Timing marks every 0.1 second.

amounts of heat input. For simplicity, and. for ease of comparison with the
physical system, only the cases in which the condensing term K,y in Eq. (I}
is small or large relative to § will be considered.

When K, is small it follows from Eq. (1) that z~ —y, i. e., the diaphragm
and water column move down almost in phase. Fig. 4 shows z, y and K, for
this type of behaviour. In this case thewater level is initially one inch be-
low the diaphragm. Damping was assumed to be the same for flow in both
directions. Increasing heat input drives the diaphragm upwards. Its ampli-
tude and frequency of vibration at first decrease, then increase with inc-
reasing heat input. Since the condensing term is low, there is, as might be ex-
pected, a large change in the mean leve! of the water when the heat input
Is increased. _

Fig. 5 shows aiso a case in which the condensing term is small. Again
the diaphragm and water deflections are nearly 180° out of phase. In this
case the water outside of the tubes was level with the diaphragm. In this
case the velocity squared damping was assumed to act only on inflow. This -
produces an interesting change in the wave form at higher amplifudes.

In general, whether the condensing term is large or small, the intro-
duction of additional damping on only half the cycle tends to some very
peculiar waveforms. These appear to correspond to the introduction of a
component at twice the basic frequency. In some cases this dominates and
the frequency of the record suddenly doubles. '

For the analog runs with large condensing term it was found as expected
that § <o 2 and the mean water level, for a given heat input, moved closer
to the top of the tubes. -



Fig. 5. Analog simulation for system with 2 in. diza.x0.002 in. diaphragm and 6 in. longx0.i8 in. dia. pipes. Water outside pipes level with base of
chamber. Damping proportional to (velocity)? is taken to act only on inlet to pipe. Records show z . and K;. Timing marks every 0.1 second.
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Tests on the Physical System

The models tested were of the form shown in Fig. 1 and all vibrated
readily. Various methods of heating were employed but eventually we chose
a cigar lighter element connected to a baitery charger as the most easily.
controlled heat source. The main problem in comparing experiment with
prediction is that of choosing a coefficient X, to characterize condensation
rates in the model. Estimates of rates of condensing of pure vapors on the
tube wall indicate that Kz is very large.

This is in agreement with observations on the models, Fig. 6, which
show that the diaphragm deflection z is almost in phase with the velocity g
of the water column. This figure also demonstrates the irequency and ampli-
tude modulation which is sometimes, but not always, observed. Observa-
tions on a model with a glass base show that this behaviour is connected with
the return of water to the chamber. This feature was not incorporated in the
derivation of the equations.

A basic check on the explanation of seli-excitation can be obtained by
running the physical system with lower values of K,, the condensation pa-
rameter. Perhaps the easiest way to do this is to introduce air into the cham-
ber since the presence of non-condensible gases will greatly slow down the
rate of condensation of steam. When encugh air is added, the model is seen
to vibrate with 2z ~ —it as would be expected irom the analysis if the conden-
sation rate parameter K, is low. Adding air during operation also lowers
the mean water level, as predicted. The general behaviour for the case of
low condensation rate appears fo be as anticipated, although there are cer-
tain effects which occur occasionally and have not been explained. Fig. 7
shows one of these. In this case, vibration was occurring with the water le-
vel in the tubes well away from the chamber. Note that y and z are almost
180° out of phase in these records.

The preceding two figures apply to model tests run with pipes whose
L/d ratio was such that the inlet damping term should be small compared
to the pipe Iriction terms. To study the influence of the unidirectional dam-
ping, a few tests were made on 2 unit with pipes of smaller L/4 ratio. Fig. 8
shows 2 reasonably typical result. From the analog simulation it appears
that the peculiar waveform is due to the unidirectional damping.

Mechanism of Propulsion

Another interesting aspect of the boat is the forward propulsion which
results from the alternating flow. Baker gives the following discussion of
this point.

«During the time water is flowing out, it forms a «jets, issuing from C
which pushes the boat forward by its reaction. When the water is going in,
however, the point C is a «sinks; the water is attracted to it from all sides,
so that no retarding action is feit by the hoat. In total,therefore, there is
a driving force during a full cycles. Baker continues in a footnote: «It is an
experimental fact that the pressure of water issuing from a tube under water
is the static pressure of the water at the level of the tube and that the pres-
sure of water being sucked in under similar condifions is less than the static
pressure by an amount corresponding to the velocity with which it is
sucked in. The difference is known to be due to the effect of the viscosity of
the water at the surfaces of the tubes.

This explanation would appear to be essentially correct and may be con-
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Fig. 6. Observations on a model with 2 in. diax0.002 in. diaphragm and 6 in. longX0.18 in. diameter pipes. Water level oulside pipes was
inch below base of chamber. Heat input 60 watts Top record shows frequency and phase of 2 but waveform is distorted by measuring device.

Bottom record shows y{g) as measured by Pitot tube.
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firmed by a simple experiment with an immersed rotary type lawn sprinkler.
The average thrust is thus the average vaiue of the momentum flux from the

tubes, %(y—}- |‘E,.'])=l over the cycle. Since during inflow the pressure

within the pipes, after parallel though turbulent flow has been estab-

— - -~

Fig. 7. Observations on a glass model with |--'f; in, dia. *x0.002 in. diaphragm and § in.
leng (.18 in. dia. pipes. A considerable amount of air was introduced into the chamber.

Comments on Figure 6 on z and y measurements apply here also,

lished, is less than the static pressure in the surroundings by -%- (g} —|9"|)2

this term must appear as a damping term in the equation of motion. There
is thus inherent damping in this system in the form of an energy loss at inlet,
quite apart from the friction losses due to pipe flow. The net contribution
to the velocity of the boat due to acceleration of water in the tubes cancels
in alternate half cycles if the boat velocity is proportional to thrust, as is pro-
bably the case. 5

Assuming simple harmonic motion of the water column, ¥ = y, cos wf,
and constant velocity V of the boat, the ratio of useful propulsion work to
work dissipated as the inlet loss may be shown to be equal to (3 7/8) (V/wy,).
For a typical boat this has a .value of about 0.1. To increase this ratio re-
- quires alow jet velocity relative to the boat velocity. Since this alse implies
low thrust per unit cross-section area of pipe; this method of propulsion
cannot be considered attractive for other than very specialized applications.
‘ The maximum possible thermodynamic efficiency of the vibrating mecha-
_ nism is also very low since steam is generated and condensed at nearly the
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Fig, & Observativos on a model with

6 in dia. x0.007 in. diaphragm and 5.75
strain gage attached to diaphragm. Recar

L1l

long X0.43 in. dia. pipcs. Deflection measured with wire resistance

d has been inked over for clarity.
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- same temperature. However, the device shown on the right side of Fig. 1
will gengrate considerable force and could yield useful work if the bellows
were coupled to a suitable mechanism. Such a device would be a self-excited
valveless) version of the early Watt (1769) steamn engine.

NOMENCLATURE

a— Inside area of one tube, i. e, nd%/4
@, Gy 4y a4 — Constants for a given configuration
b — Approximately a constant for a given configuration. Equal to enR*h/2a
d — Inside diameter of one tube :
e— Value lying between 1/, and 1/4
g — Gravitational constant
& — Diaphragm thickness
&, —Rate of steam generation in chamber
ky — Rate of steam condensation in unit length of tubes
p— Chamber pressure
Do — Atmospheric pressure
t—Time ;
g — Distance trom base of chamber to water level Inside tubes -
go — Constant ;
2 — Diaphragm dellection: diaphragm thickness, Positive for upward deflection
CIC’ — Constants
£ — Elastic modulus of diaphragm material; also used as symbol in Fig 2.
F(y) — Function of g
H — Distance {rom base of chamber to water level outside tubes
Ky — Steam generation parameter equal to &,/2a .
Ky — Steam condensation parameter equal to ky/2a
L — Length of tubes
R — Radius of diaphragm
V — Boat velocity or steam volume
a — Constant for a given system. Equal to

B
0.171gL \R
4 — Diaphragm deflection

© — Mass density of water
o = Angular frequency

Reference:

ker, Self-induced Vibrations. Trans. ASME, 55, APM—55—2, 1033,

1.J. G Ba
2. A, Nadai, Elastische Platten, 1925, 288,
3.8 T o

imeshenko, Theory of Plates and Shells, McGraw-Hill Bock Company,

" toc., New York., 1940, 836
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O PABOTE OBBIYHOI'0O HEJIHHERHOTO
TEPMOAHHAMHYECKOTO OCLMJJISATOPA

Peswowue

PaccMaTpuBaeMas cucTeMa NpPeACTaBASET coGoft AETCKYIO HWIpYLIKY, H3-
BECTHYIO NOA HA3BAHHEM «MAT-MaT»-JofkH. B nofke mmeercs noaas Kamepa,
NOKPHTAS TORKOH N/eHKOA. OT OCHOBaHWS KaMepH K KOpDME B BONY OpPOBENEHH
TPYOKH. Ecam xaMepa HanonHeHa MeNHKOM HaH 9aCTHYHO BOAOR H HATPEBAeTCH
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¢ OCHOBAHHA, TO NJECHKA H BOJ2 B TPyOKax HAYHHAIOT BHOPHDOBATH M JIOAKA
ABHMKETCS BNEPEN, NPOA3BOAA XapaxKTEPHBIR INYM «IaT-maTy,

Ecan takyo n0gKy cpenars 43 CTekna, TO MOXKHO YBHAETb, YTo nap ofpa-
3ye€rca B KaMepe M XOHJEHCHPYercsl B TpyOkax. Mcxoms us sToro, Bubenenm
YPABHEHHA, CBAILBAIOMHE JBHXEHHE IJIEHKH C ABHXKEHHEM BOAH B TPyGKax.
Ilokaszauo, uro CaMOBO30YHACHEE KOMEGAEHA 3aBUCHT IJIZBHBIM obpazom ot
CKOPOCTH KOHACHCAUKH. YDaBHEHUS HENHHEHHH He TOALKO BOJICLCTBHE TOro,
HTO MECTKOCTE IJIEHKH H Macca BOAH B TPYOKAaxX NEPEeMeRHEl, HO M BCJEICTBHE
HAJIMUNS HEJMHERHOTO TOPMOMKEHHS, NEHCTRYIOMEr0 TOMBKO B ¢a3e nocTymeHks
BOAbl B TPYOKkH. [lo-BHAMMOMY, 5TC HelHEefiHoe TOPMOM¥eHHe oOYCIOBAHBAET
CBOEOGPASHYIO (POPMY BOJHEL, 3AMEUEHHYIO NPH DedieHHH YPaBHEHHA 3azaum
Ha aHAJOTOBOM YCTPOUCTBE K [IPK H3MEPEHHSIX B HaType.

M3BecTrO, UTO B npHCYTCTBHH HEKORACHCHPYEMOTO I'a3a, CKameM BO3Lyxa,
YMEHBINAETCS] CKOPOCTh KOHAeHCAUMW napa. OKasaloch, YTO BBEJEHHE B Ka-.
MEPY BO3AYXa MEHACT XapaKTep BOJHBI TAK, K4K ITO CJEIYET M3 BHIBELCHHBIX
YP4BHCHHA MPH H3MEHEHHW NAPaMETPa — CKOPOCTH KOMAEHCAIHMH.

ToukHe nNAeHKH He BNOJMHe TOYHO OMHUCHIBAKYTCS YP2BHEHHAMH TEOPHH
YIPYTOCTH, 4TO CJICAYET OTHECTH 33 CUET HX HEH3GEMHLIX TEOMETPHYECKHX He-
COBEDLICHCTB. DTHMH HECOBEPIUCHCTBAMH MOMHO OOBACHHTb BO3HMKHOBEHHE
ITyMa, TAK KAK HM3-33 HAX HA OCHOBHYI0 (OPMY ABHMKEHHS HAKAAABIBAIOTCH
BBICIIKE TapMOHHKH.

B saxniouenwe paccmarpuBdercss mexagusm NOCTYNATENBHOTO ABHIKEHHS.
Ormedeno, uro o6bscHenne, nasnce Ix. T Bskepom B 1933 r., B ocroBHOM
BepHo. [loxasano, uto xospdumment nonesnoro AEHCTBUS TIPH TAKOM NOCTYMA-
TEIRHOM JIBHKEHHH COCTaBJIAeT Tobko =z 0.1. Orciona caenyer 3akaounTh,
H9T0 STOT METOX NMOJIYHEHHs ABHKEHHS HE MepPCTeKTHBEH C MPAKTHUECKOHR TOUKH
SPERRA, XOTA B CBA3H C PaCCMOTPEHHOR HIPYLIKOH BO3HHKAET sl BEChMa
HHTEpECHBIX TIpoGaeM.

DISCUSSION
Questions

H. H. Baexman (CCCP). Vaanocs AR npocaeauTh ma MammHe NPHUHHY
UpEKPAINEHHA KOJeGaHMH npH GoJIBIIOM TIOABOAE Teria?

L. Finnie. When the quantity of heat increases the level of water draws
down and the oscillations stop. T did not investigate it mathematically.

Speeches

H. W. Baexman (CCCP). 3acaymauumit foxnap npeicTasaser Gobilof
HHTepec. JIaHHOe HCCMENOBAHWE ABJSETCH TEPBOR NOMLITKOH pasofipaTsCa B
CJIOXHOH, HO BECbMA HHTEDECHCH TEPMOJLHHAMHUECKOR ABTOKOMEOATENLHOMN
cucreme. Pasymeercsi, pasyasTaTsl 310§ PAGOTH NPHJOKAMEL HE TOABKO K
TEOPHHA PACCMOTPEHHON HTDYHIKH ; HE BHI3LIBAET COMHEHHS, YTO OHH OyNyT HeNoJL-
30BAHNM H PAa3BHTHL B JaNihHEHIleM.

AsToxone6aunsi B CHCTEM2X C TePMOZHNAMHYCCKUMH 3JIeMEHTAMH, TIpea-
CTaBJ/id 3HAYHTENbHBIA HAYYHBIA HHTEPeC, BCErga NOpPaMaloT BooOpaKeHHe,
Henasno mam aoBenoch HabmopaTs CAMORO30YIKIAIOILNECST KOJeGAHHA Hano/-
HEHHOTO BOJOH YaMHHKA ¢ BRINYKJLIM AHOM, CTOSIIEro Ha TJA3AKOH CTanAbHOH
ILNAaCTHHE, OZOTPEBaeMON CHHIY rasoBoi Topeskoft. Tlpy mpekpameunn warpe-
B3 KOJMEGAaHHA NPEeKpalllasHCh.

Takum o6pasoM, B JanHOM c/yuae TENJOBHE SBICHMS TAKKE HIpawT
IEPBOCTENEHHYIO POJIb B MEXAHUIME BO3OVIKIAEHHA aBTOKOMeOanufi. Onuako
NOCTPOCHKE AISKBATHON MATEMATHUECKON MOAENH CHCTeMB TNIPEACTABJRETCH
BeCEM4 TPYIHBIM.



	Curl...Oscillator_1963_01
	Page 1

	Curl...Oscillator_1963_02
	Page 1

	Curl...Oscillator_1963_03
	Page 1

	Curl...Oscillator_1963_04
	Page 1

	Curl...Oscillator_1963_05
	Page 1

	Curl...Oscillator_1963_06
	Page 1

	Curl...Oscillator_1963_07
	Page 1

	Curl...Oscillator_1963_08
	Page 1

	Curl...Oscillator_1963_09
	Page 1

	Curl...Oscillator_1963_10
	Page 1

	Curl...Oscillator_1963_11
	Page 1

	Curl...Oscillator_1963_12
	Page 1


