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Abstract

We deal with Lagrangian systems that are invariant under the action of a
symmetry group. The mechanical connection is a principal connection that
is associated with Lagrangians which have a kinetic energy function that is
defined by a Riemannian metric. In this paper, we extend this notion to arbitrary
Lagrangians. We then derive the reduced Lagrange—Poincaré equations in a
new fashion and we show how solutions of the Euler—Lagrange equations can be
reconstructed with the help of the mechanical connection. Illustrative examples
confirm the theory.
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1. Introduction

The enormous importance of the concept of symmetry in a great number of applications
in physics is beyond any doubt. Symmetry properties of mechanical systems in particular
have been studied intensively in the last decades (see, e.g., the survey in chapter 3 of the
recent monograph [8]). The bulk of the literature, however, concentrates on the Hamiltonian
description of symmetric systems in which mainly the theory of Poisson manifolds plays
an important role. Less well known is the process of symmetry reduction for Lagrangian
systems. When the Lagrangian is invariant under the action of a Lie group, so that we are
dealing with a symmetry group of the Euler—Lagrange equations, the equations of motion can
be reduced to a new set of equations with fewer unknowns. In the literature, there are in fact
a lot of different paths that lead to different Lagrangian reduction theories. For example, if
the configuration space is either a Lie group or a semi-direct product, the distinct reduction
method is called either Euler—Poincaré reduction or semi-direct product reduction. Another
path is the following. In rough terminology, the invariance of the Lagrangian leads via the
Noether theorem to a set of conserved quantities (the momenta). Whether or not one wants to
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take these conserved quantities into account in this reduction process leads to either the Routh
or the Lagrange—Poincaré reduction method. For more details and some comments on the
history of the above-mentioned reduction theories (see, e.g., [8, 11].

In this paper, we concentrate solely on Lagrange—Poincaré reduction, and the associated
reduced equations, the so-called Lagrange—Poincaré equations. The geometric framework for
these equations that has been developed in, e.g., [1, 10] relies heavily on methods coming
from the calculus of variations. It is shown there that Hamilton’s principle can be reduced to a
principle on the reduced space, and that the equations of motion that follow from this reduced
principle are exactly the Lagrange—Poincaré equations. In this paper, we wish to take an
alternative view of Lagrange—Poincaré reduction. We will not take recourse to variations, but
rather interpret the Euler—Lagrange equations as defining the integral curves of an associated
second-order differential equation field on the velocity phase space. We will show that the
Lagrange—Poincaré equations can be derived in a relatively straightforward fashion from the
Euler-Lagrange equations, by choosing a suitable adapted frame, or equivalently by employing
well-chosen quasi-velocities.

Next to investigating aspects of reduction, we also focus on the inverse process, that
of reconstruction. With the aid of a principal connection, for any invariant system one can
reconstruct a solution of the original problem from a reduced solution. In the case of a so-called
simple mechanical system (with a Lagrangian of the form 7 — V where the kinetic energy
T is derived from a Riemannian metric), it is well known that such a connection is naturally
available, and it is therefore called ‘the mechanical connection’. We will show in this paper
that we can define for any arbitrary Lagrangian system (under a natural regularity assumption)
a generalized mechanical connection, and that we can employ this connection in the process
of reconstructing integral curves of the Euler-Lagrange field. The generalized mechanical
connection is new. The construction to be found in Lewis’s paper [9], while superficially
similar is in fact rather different. We emphasize that the generalized mechanical connection
is designed for use in the reconstruction process only and does not play a role in the reduction
step.

The paper is organized as follows. In the following section, we explain our approach to
Lagrangian systems using adapted frames and quasi-velocities. We extend the notion of a
mechanical connection to arbitrary Lagrangian systems in section 3. In section 4, we derive
the Lagrange—Poincaré equations within our framework and in section 5 we discuss the matter
of reconstruction. We end the paper with some illustrative examples.

2. Preliminaries

Consider a Lagrangian function L, defined on the tangent bundle t : TM — M of some
manifold M (the configuration space). In terms of local coordinates (x*, u*) (where x* are
coordinates on M and u® are the corresponding fibre coordinates on 7' M) the Euler—Lagrange
equations of L are

i < oL ) oL 0

dr \ du® ax¥
We will assume that the Lagrangian is regular, which is to say that its Hessian with respect to
the fibre coordinates,

d’L

duouf’
considered as a symmetric matrix, is everywhere non-singular. In case the Lagrangian is
regular, the Euler-Lagrange equations can be written explicitly in the form of a system of
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differential equations ¥* = I'*(x, x). These equations may be thought of as defining a vector
field I on T M, a second-order differential equation field, namely

a
+ I —;
ax% ou*
we call this the Euler—-Lagrange field of L. In fact when L is regular the Euler—Lagrange field is
uniquely determined by the fact that it is a second-order differential equation field and satisfies

oL aL
r - =0.
(8u"‘> ax®

In this paper, we will work with regular Lagrangians and their Euler-Lagrange fields,
determined by the version of the Euler-Lagrange equations given immediately above.
However, we will often not use coordinates; instead, we will express everything in terms
of certain convenient local bases of vector fields. We must therefore explain how to modify
the formulation above to take account of this difference.

There are two canonical ways of lifting a vector field Z on M to one on T M. Firstly, the
vector field on T M with the property that its flow is tangent to the flow of Z on M is called the
complete lift of Z, and is denoted by Z€. In terms of coordinates

' =u"

0 dZP a 0
7=z — ¢ e —, where Z =Z%x)—.
ax®  9x®  Juf dx«
The second canonical way of lifting the vector field Z from M to T M is the vertical lift:
d
zV=27"—,
ou®

where ZV is tangent to the fibres of the projection t : TM — M, and on the fibre over
m € M it coincides with the constant vector field Z,,. In general, we have Tt o 7Z¢=Zot
while Tt o Z¥ = 0 (regarding the vector fields as sections of the appropriate bundles).
The Lie brackets of complete and vertical lifts of vector fields Y and Z on M are given by
(Y€, z€ = [v, ZIC, [¥€, ZV] = [V, Z]Y and [YV, ZV] = 0. It is worth emphasising that
although the map Z +— ZV is C*®°(M)-linear, the map Z — ZC is only R-linear: in fact for
feC>(M)

(D) =rz°+jz",
where f is the so-called total derivative of f, given in coordinates by

. o Of

f=u ax¥
(a function on 7'M). More details on all of this can be found in, e.g., [5].

Now take a local basis of vector fields on M, say {Z,}. Then {ZS, Z;’ } is a local basis of
vector fields on T M. Moreover, we can introduce new fibre coordinates v* on T M, adapted
to the local basis {Z,}, as follows: for any tangent vector v,, € T,, M, v* are the components
of v with respect to the basis Z, (m), that is, v,, = v*Z,(m). Such fibre coordinates are called
quasi-velocities.

From the coordinate expressions of the vertical and complete lifts above it is easy to see
that if {Z,} is such a basis then the equations

r(z) (L) —zS(L) =0 (1)

are equivalent to the Euler—Lagrange equations. Moreover, the fact that I" is a second-order
differential equation field means that it takes the form

r=v2z5+1°zY, )

where v* are the quasi-velocities corresponding to the basis {Z,}.
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We will also need a coordinate-independent version of the Hessian. The Hessian of L at
u € T M is the symmetric bilinear form g on 7, M, m = (u), givenby g(v, w) = vV (wV(L)),
where the vertical lifts are to u#. Alternatively we can regard g as operating on pairs of vector
fields Y, Z on M: then g(Y, Z) is a function on T M, depending bilinearly on its arguments,
such that g(¥, Z) = YV(ZV(L)); the fact that it is symmetric in Y and Z is a consequence of
the bracket relation [YV, ZV] = O stated earlier.

We turn now to the question of symmetries and invariance.

Throughout the paper we will assume that the configuration space M of the Lagrangian
system comes equipped with a free and proper left action ¥™ : G x M — M of a group G,
which eventually will be the symmetry group of the Lagrangian system under consideration.
In taking the group to act to the left we follow the convention of [10]; changing to a right
action (as is the standard in, e.g., [7]) has the effect only of a sign change in some of our results
and formulae. The projection 7™ : M — M /G on the set of equivalence classes gives M the
structure of a principal fibre bundle. The action on M induces an action ¥/ = T} on the
tangent manifold TM, so ™™ : TM — T M/ G is also a principal fibre bundle.

A tensor field t on M is invariant under the action of G if for all g € G,

M ™
fa/;ng(lﬁg Oézn,--~,1/fg vm,...)=tm(01m,...,vm,...), OlmGT*M,vaTmM,

m

where (ng My, ng M) = (etm, V). For convenience we will assume that the group G is
connected. Then the invariance property is equivalent to the infinitesimal condition Lz = 0
forall ¢ € g(the Lie algebra of G), where € on M is the fundamental vector field associated with
£. The proof of the equivalence relies on the fact that the flow of £ on Mis ¥, : m e";’p(t £)m.

In particular, a function f on M is invariant if and only if it satisfies £(f) = 0, and a vector
field X on M is invariant if and only if [§ ,X]=0,forall £ € g.

A tensor field on T M is invariant if and only if all of its Lie derivatives by fundamental
vector fields of the induced action on 7'M vanish. The flow of such a vector field is given by

Uy > Tlpé‘;’p(lg)vm for some & € g, and is therefore tangent to m — e";’p(ts)m, the flow of the

vector field £ on M. That is to say, the fundamental vector field corresponding to £ € g of the
action of G on T M is just £€.

For the remainder of the paper we will suppose that L is a Lagrangian function on T M
invariant under the induced action of a connected group G on T M, so that L (ng M v) = L(v),
or equivalently £€(L) = O forall £ € g.

We will work with a local basis {E a» X;} of vector fields on M which is adapted to the
bundle structure M — M/ G in the following way. The vector fields £, are the fundamental
vector fields corresponding to a basis {E,} of g; X; are the G-invariant horizontal lifts of a
coordinate basis of vector fields on M /G, where the horizontal lift is associated with some
principal connection w on M — M /G. The quasi-velocities corresponding to such a basis
will be denoted by (v¢, v'), so that for every tangent vector v,,, v,, = Vv E (m) + v X; (m).

It will also be convenient to have a basis {E a» X;} that consists only of invariant vector
fields. Let U C M/G be an open set over which M is locally trivial. The projection 7™ is
locally given by projection onto the first factor in U x G — U, and the (left) action of G by
wé"’ (x, h) = (x, gh). The vector fields on M defined by

E:(x,8) > (adg E)(x, §) = ¥ Y (Ey(x, 0)

are invariant. The relation between the sets {£,} and {E,} can be expressed as E, (x,g) =
AL(9)E(x, g) where (AL(g)) is the matrix representing ad, with respect to the basis {E,} of
g. In particular, AZ(e) = 83. The quasi-velocities corresponding to the basis (E X;} will be
denoted by (w*, v'), where in fact v* = AZw”.
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The left-invariant vector fields E, satisfy the bracket relations [E., Ep] = c, E.
where C¢, are the structure constants of the Lie algebra (so that the Lie algebra bracket
satisfies [E,, Ep] = C;, E.). For the fundamental vector fields, on the other hand, we have
[E., Ep] = —C¢, E.. Other Lie brackets of basis vector fields are: [X;, £,] = 0by invariance,
whence [X;, Ea] =X; (AZ)AfEb = T;’HE;, say, where (AZ) is the matrix inverse to AZ; and
[Xi, X;]1=K l‘j E,, where K Z are the components of the curvature of w, regarded as a g-valued
tensor field.

By expressing the fact that the vector fields E . are invariant in the form [E,, E <] =0we
find that

E,(AY) — Alcs, = 0.
With respect to the basis {£,, X;} the Euler—Lagrange field is of the form
F=w'ES+v' XS+ TEY +T X, 3)
The functions I'’ and T'* can be determined from the Euler—Lagrange equations
r(XxY(L)—XS(L)=0
Y iy @)
F(Eb (L)) —E;(L)=0.

We will now deduce from the assumed invariance of L that the Euler—Lagrange field I' is
invariant, using this machinery. That is to say, we will show that if E C(L) = 0 for all @, then
[E c 1"] = 0 also. One easily verifies that the quasi-velocities corresponding to an invariant
basis are invariant (and in any case the derivation is given in full later); it follows that

[ES, T] = ES@THXY + ES(TE, .
From the above Euler—Lagrange equations it easily follows that
0= ES(r(x) (L)) — ES(xS(L))
= [E5, T](X7 (L) + T (E; (XY (L)) = [E5, X7 (L) = X;7(E5 (L))
= [E. TI(xY 0) + P([ES. XY J(L) + T (XY (B L)
= [E5.T)(x) ().
Likewise, [ ES, T](E. (L)) = 0. From the expression for [ ES, I'] we obtain
Ey(Mg(Xi, X)) + By (T)g(Ea, Xj) = 0= E{(P)g(Xi, Eo) + E5(T)g(Ea, Eo).

Now at any point u of TM we may regard [E§, '] as the vertical lift of some vector
w € T,,M,m = t(u). From the last displayed equations we conclude that g(w, X ;(m)) =
0 = g(w, Ec(m)). The required conclusion that w = 0 follows from the assumed non-
singularity of g. Note that it follows that E(b:(Fi) =0and EE(F”) =0.

3. The mechanical connection

A connection on 7™ : M — M /G is a left splitting e of the short exact sequence

0> Mxg—TMS @M T(M/G) — 0.

We identify M x g as a sub-bundle of T M by means of (m, ) +— &(m). We will use the
symbol w for the following two related objects: @ may be thought of as a type (1, 1) tensor
field on M, for which, in particular, w(£) = £. On the other hand, we will also use w for its
projection onto g; we then have w(E(m)) = £. With the second interpretation, if w satisfies
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a)(ng M v) = ad,; @ (v) the connection is said to be principal. The infinitesimal version of this
invariance property is that Lz = 0, for all &, where w is now interpreted as a (1, 1)-tensor
on M. The kernel of w (in either interpretation) defines a distribution on 7 M, invariant when
the connection is principal, which is called the horizontal distribution. We can also define the
connection by specifying its horizontal distribution.

In the case of a so-called simple mechanical system, one can associate a principal
connection with the system in a natural way. In this case, the Lagrangian takes the form
L = T — V where T is a kinetic energy function, defined by a Riemannian metric g on M, and
V is a function on M, the potential energy. The symmetry group of the Lagrangian consists of
those isometries of g which leave V invariant. The mechanical connection w can be defined
by taking for its horizontal subspaces the orthogonal complements of the tangent spaces to the
fibres of 7M.

The construction of the mechanical connection relies heavily on the availability of a
Riemannian metric. Now the components of the metric with respect to a coordinate basis
coincide with those of the Hessian of the simple Lagrangian with respect to the fibre
coordinates. However, the Hessian of an arbitrary Lagrangian does not provide a Riemannian
metric on configuration space. Nevertheless, the notion of a mechanical connection may be
generalized in such a way that the Hessian plays the same role in relation to the generalized
mechanical connection as the metric does to the mechanical connection for a simple system.
This we now show.

Recall that the Hessian of L at u € TM is the symmetric bilinear form g on
T,,M, m = t(u), givenby g(v, w) = vVw"(L). As such, it can be interpreted as a tensor field
along the tangent bundle projection t : TM — M, as we show in the following paragraphs.

A vector field along t is a section of the pullback bundle t*TM — T M. Such a section
can in an equivalent way be interpreted as a map X : TM — T M with the property that
T o X = t. A vector field along t takes the local form

X =X%x,u) 9 .
ox¢
A vector field Z on M can be interpreted as the vector field Z o T along 7. We will call such
vector fields along t ‘basic’, and use the same symbol for the vector field on M and the basic
vector field along 7.

By taking for 1-forms along 7 the sections of t*T*M — T M, we can obtain in the
usual manner a C* (T M)-module of tensor fields along t. (For more information see, e.g.,
[12, 15].) In particular, we can interpret the Hessian of a Lagrangian as the symmetric (0, 2)
tensor field along t given by

9L
ououf’
Then as we pointed out earlier, if X, ¥ are vector fields on M then g(X,Y) = XY (Y'V(L)).

We show now that when L is invariant, g is also invariant in an appropriate sense.

The action of the symmetry group G on T'M induces an action of G on t*TM by
(g, (Um, V) (ngMum, ngMvm) for g € G. Then, for example, a vector field X along t
is invariant if

g = Gup(x, u) dx* ® dx”, Sup =

X(y M) =y M (X (v), VgeG.

The infinitesimal version of this property will follow from a more general construction in [6],
which we adapt to the current context.

Letop : TM — TM be fibred over f : M — M. Then we can extend ¢ to a map
@ :t(TM) — (T M), fibred over ¢, as follows: for u,,, v,, € TM, set

Q_D(umv Um) = (‘P(um), Tf(vm))7
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where Tf : TM — T M is the tangent map to f. Wehavetop =10 Tf = f,so @ is well
defined. In coordinates (x%, u®, v*), with ¢(x, u) = (f*(x), ¢*(x, u)), we have

a o
o(x,u,v) = (f“(x), 0% (x, u), af—ﬁvﬂ> )
X

Given any vector field X along t and any fibred diffeomorphism ¢ : TM — T M we can
define a new vector field along 7, ¢, X, by ¢; X (v) = ¢(X (¢~ '(v))). We can thus define a
Lie derivative operator of vector fields on M on the set of vector fields along 7: for any vector
field Z on M and vector field X along t set

d
LzX = a (U2 X)i=0,

where 1, is the flow of ZC. If we think of X as a derivation from functions on M to functions
on T M, we have for a function F on M

LzX(F) = Z9(X(F)) — X (Z(F)).
In coordinates

r (X"‘ 9 )_(Zﬂaxw 9ZF  9X* ﬂBZ“) 3

7z = + u - X .
0x oxf  oxv  ouf axP ] oxv

If X is a basic vector field along t then £ X is the basic vector field [Z, X] along 7, where
the bracket is the bracket of vector fields on M.

The operator £, has all the usual properties of the Lie derivative, except that for functions
FonTM,L;(FX) = Z°(F)X + FLzX. So if we define the action of £, on functions by
Lz F = ZC(F), we can extend the action to the tensor algebra of 7*T M in the usual way. In
particular, for a type (0, 2) tensor field g and vector fields X, Y along t,

(Lz)(X,Y) =Z(g(X,Y)) — g(LzX,Y) — g(X, LY).

Consider the case where X is an invariant vector field along 7, and where Zis a fundamental
vector field &. The flow of € is exactly f; : m + .. m. By definition of a complete lift,
the flow of £ is the tangent of the flow of &, that is ¥, : v = Ty v = Y M v. Since
(W—)~' = ,, we find that

(Y- X)(v) = Y (X (Wrv) = (Y- (Yr0), T (X (Yr0))) = (v, X (v)),
where we have used the invariance property of X with respect to group elements of the form
exp(t§). So (¥_;): X = X and we conclude that £z X = 0 for all § € g. Since G is supposed
to be connected, a standard argument shows that this criterion is in fact sufficient.

The vertical lift operation described earlier can easily be extended to vector fields along 7.
From the coordinate expression of the Lie derivative it is easy to see that (£z X W =1z xV].
It follows, in particular, that a vector field X along t is invariant if and only if its vertical lift
is invariant as a vector field on T M.

With a similar argument to that for vector fields along t, we can conclude that a tensor field
g along 7 is invariant if and only if £L;g = O for all § € g. In fact it is enough to show that this
tensor vanishes when its arguments are basic vector fields X, Y along 7. Let g be the Hessian
of an invariant Lagrangian. Recall that for X, Y basic, g(X,Y) = XV(YV(L)). We have

(L)X, Y) =EC(g(X,Y)) — g(L: X, Y) — g(X, LY)
=E°xVrVwy) — €, x1VrV (@) — xVIE, Y1V(L)
=[EC, xVIYV(L) + XVEYV(L) — [€, X1VYV(L) — XV[E, YIV(L)
=[EC, xVIYV(L) — [€, X1VYV(L) + XV[EC, YV1(L) — XV[E, Y1IV(L)
= 0’

since by assumption £€(L) = 0.
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We turn now to the definition of the generalized mechanical connection. We first make
some remarks about connections in this general context.

The short exact sequence 0 — M xg — TM — n™*T(M/G) — 0 extends in a natural
way to an exact sequence of vector bundles over T M,

0>TMxg— t'TM - (a0 1)*T(M/G) — 0,

where the first space is spanned by basic vector fields £ along 7. We will call an invariant
left splitting of this sequence an invariant connection along t. Equivalently, an invariant
connection along 7 is a (1, 1)-tensor field w along t with the property that Lz = 0 for all
& € g. For a basic vector field # along T we have w (7)) = 7. A vector field X along T which
satisfies w(X) = 0 is said to be horizontal.

From the fact that w (77) = 7 it follows automatically that

(Lzw) (@) = o((&, 7]) — [€, ()] = 0.

So, for invariance, the only condition we need to check is that for all horizontal vector fields
X along 7, LgX is horizontal also. In fact

(L:0)(X) = 0(L:X) — L (@(X)) = 0(L:X),

so Lzw = 0 if and only £z X is horizontal whenever X is horizontal.

Any principal connection on M — M /G can be extended to an invariant connection
along 7 in a trivial way.

In the case of an invariant Lagrangian system we can define a connection along t by
adapting the construction of the mechanical connection of a simple mechanical system; the
result is the generalized mechanical connection, which we denote by »™. A vector field X
along 7 is horizontal with respect to @™ if it is in the orthogonal complement of 7 M x g with
respect to g, that is if

8, X) =0, Vé ey (&)

Of course, this defines a splitting only if we suppose that g is non-singular when restricted
to the set of fundamental vector fields; this will be the case in particular if g is everywhere
positive definite.

We now show that ™ is invariant, by showing that if X is a horizontal vector field along
7,s0is Lz X forall § € g. For a horizontal X

0= (L), X) = E(g (@, X)) — (€, 7il, X) — g(7i, LX)
= g([&, nl, X) — g7, L X)
= —g[@, LX),
so L X is indeed horizontal, as claimed.

We can lift ™ in a natural way to define a principal connection Q" on TM — TM/G.
The process by which we obtain Q™ from ™ is a variant of the so-called vertical lift of
a principal connection w on 7¥ : M — M/G to TM — TM/G: the vertical lift of w,
considered here as a g-valued 1-form on M, is just T*w, a g-valued 1-form on 7M. It is easy
to show that t*w is a principal connection on 7™ : TM — T M/ G (see, for example, [2]).

The vertical lift of the generalized mechanical connection @™ is the g-valued 1-form Q™
on 7™ defined by

QW) = o™ (t. W) (6)

for any vector field W on T M; here t, W is the projection of W regarded as a vector field
along 7. Thus a vector field W on T M is horizontal if g(t, W, ) = 0 for all € g, where as

8
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usual 7j is regarded as a basic vector field along 7. It is clear that the horizontal subspace of
T, T M is complementary to the tangent to the fibre of 77¥, provided that g, is non-singular
on the tangent to the fibre of 7, as before. Note in particular the paradoxical-sounding fact
that every vertical vector field is horizontal: to be precise, every vector field on T M which
is vertical with respect to the tangent bundle projection t is horizontal with respect to the
connection ™. Now Q™ defines a principal connection if [§ C, W1]is horizontal whenever W
is horizontal. From the definition of the generalized Lie derivative above it is easy to see that
for any vector field W on T M we have

L7(t.W) = 1.[Z2°, W].
Then, indeed,

g(wlES, W1, ) = g(Le(wW), ) = —g(wW, L7) = —g(z. W, [§, 7)) = 0.

This confirms that Q™ is a principal connection on w7 .

The generalized mechanical connection @™ and its vertical lift Q™ are intrinsic to the
invariant Lagrangian system; that is to say, it is not necessary to invoke a principal connection
on ™ : M — M/G to define them. Nevertheless it is often convenient to work with a local
basis of vector fields {E,, X;} on M, with X; invariant, as described earlier; and this implicitly
involves a principal connection on @ on w¥. In general w will not be directly related to &™;
but for a simple mechanical system we can take for w the mechanical connection, in which
case o™ is the natural extension of w to an invariant connection along t, and Q™ is the vertical
lift of w.

We will end this section by expressing the generalized mechanical connection and its
vertical lift in terms of the basis {E£,, X;}.

Let us express the components of the Hessian g in terms of the basis {E,, X;} as follows:

g(E4, Ep) = gap, g(X;, X;) = gij, §Xi, Eo) = 8ia = gui = 8(Ea, Xi)
(in general these will be functions on 7'M, not M, of course). We have g,, = EY (E) (L)),

etc. Recall that to define the generalized mechanical connection we have assumed that (g,;)
is non-singular. If we set

X, =X, —g"gE, = X; + BYE,,

then X; are vector fields along T which are horizontal with respect to the generalized mechanical
connection, and so

w"™(Ey) = E,, o™ (X;) =0.
The invariance of the Hessian g amounts for its coefficients to
ES(gij) =0, ES(8he) = Cly8ea + Coe8ha- ES(gic) = C gia.

It follows that ES (B;’ ) = BfC’,. It is now easy to see that X; is an invariant vector field
along 7,

Lp Xi=Lp Xi+ES(B))Ey+ B/ Ly Ey =[Eq Xi1+CLBEy+ B}[E,, E;] =0.

ca 1
Furthermore, let us define vector fields
on T M. (The notation X ,C is not intended to imply that these vector fields are complete lifts of

vector fields on M.) One can easily verify that the vector fields X IC are invariant, [E Cx IC] =0.
For the lifted connection Q™ we get

Q"(ES) = ES, Q"(EY) =0, Q"(X) =0 and Q"(x)) =o.
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4. The reduced Euler-Lagrange field

As before, we assume that the Lagrangian L is invariant under a symmetry group G, so that
£C(L) = 0. Then L defines a function / on TM/G, the reduced Lagrangian, such that
L =1on"™ where n™M is the projection of the principal fibre bundle TM — TM/G. We
showed above that the Euler—Lagrange field I is also invariant. As an invariant vector field,
I' on T M defines a 77" -related reduced vector field I" on TM/G: due to the invariance of
I, the relation T "M (I (v)) = I'(w"™ (v)) is independent of the choice of v € T M within
the equivalence class of 7™ (v) € TM/G.

Our aim in this section is to give an explicit expression for the reduced Euler-Lagrange
field I" on TM/G in terms of the reduced Lagrangian .

From now on we will use local coordinates on M defined as follows. Let U C M/G
be an open set over which M is locally trivial, so that (z)~!(U) ~ U x G, and which is a
coordinate neighbourhood in M/G. We take coordinates (x%) = (x?, x) on a suitable open
subset of (™)~ (U) (containing U x e) such that (x) are coordinates on U, (x) coordinates
on the fibre G. Then E, and Ea can be identified with vector fields on G, right and left
invariant, respectively, and so are independent of x’. Recall that X; is an invariant vector field
on M projecting onto 9/dx’ on M/G. If we set

X = P vl (' xDEy
then invariance of X; means that

3Vib

dxa

Recall that we have set [X;, E,] = T2 E},. Then Y2 = —y°C? .
An invariant vector field W on T M projects onto a vector field W on T M/ G, so that (as
sections)

Ta™oW=Won™.

Furthermore, if F is an invariant function on 7M and if f is its reduction to a function on
TM/G then
WF)=W(forn™)=W(f)on™.

We will now show in detail that the coordinate functions x’, v' and w® (where w® and v’
are the quasi-velocities corresponding to our chosen invariant basis {E,, X;}) are invariant
functions on T M. As a consequence, they can be used as coordinates on TM/G. Then the
action of W on these functions completely determines W. We are in particular interested in
the reduced fields of the invariant vector fields ch XlC XlV and EZ onTM.

The following observation can easily be verified. For any vector field Z, function f and
1-form 6 on M,

Z°(f) = Z(f), ZV(f) =0, 7€) = L0, zZV(6) = t*0(2),

where 6 stands for the fibre-linear function on TM defined by the 1-form 6. Note that if
{Z,} is a local basis of vector fields on M and 6¢ the dual local basis of 1-forms, then the
quasi-velocities v* corresponding to the given vector-field basis, regarded as functions on
T M, are given by v* = 6“. .
Let {zw¢, ¥} be the dual 1-form basis of the basis { £, X;}. Then @ = w® and %' = v'.

We have, for example,

(Lx, @) (Ep) = Xi(8) — & (X, Ep)) = =},

(Lx, VX)) = —o(Xi, X;D) = —K,

10
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so X ic(w“) =—-K i“jvj -5 w”. The relevant derivatives, obtained in the case of the quasi-
velocities by similar calculations, are

XSy =48/, xS =0, XE) = —Kfv/ — Thub,

XY (x/) =0, XY (') =6/, XY (w*) =0,

ES(xy =0, ECw) =0, ECw’) = Yh o + Ch e,

EY(x)) =0, EY@h) =0, EY(wh) =8,

ECxy =0, ECv) =0, ESw?) =0,

EY(x)) =0, EY(v') =0, EY(w?) = AP,

From the penultimate row we conclude that x', v’ and w® are invariant. Therefore

TT[TMoXiC=<a g )OHTMzTT[TMo)_(C

+ (—Ki‘;-vj — T-“bwb)

ox’ ' dw? v
0
Tn™oX) = —on™,
av/
. ; 9 . 9
Ta™ o ES = (Y0 + Chwe) omx™, Tn™ o EY = omx™,
dw? dwe

As we noted earlier the Euler-Lagrange field is invariant. The Euler-Lagrange equations,
in terms of the invariant basis {E£,, X;}, are

r(XY(L)—X(L)=0
T(EY(L)) — E5(L) =0.
Using invariance we see that
NXxY (L) =rX O orx™)=T(XY10) o™,
and similarly for the other terms in the Euler—Lagrange equations. These may therefore be
written, entirely in terms of vector fields and functions on T M/ G, as
rxym)-Xs=0
I(E)D) - ES() =0,
where £} and E§ are the projections onto TM/G of the invariant vector fields £ and E¥.

We can now employ the coordinate expressions for the reduced vector fields X IV etc. obtained

earlier to express these equations as

. [ 0l al al
'—|)——= (K3, k +74 b
(aw) aer = (Ki + Yiw?) 500

. ( dl b b o Ol

r (Sw“) = (va +C,w )awb.
Recall that, with respect to the basis {X;, E"a}, the Euler-Lagrange field is of the form
I = w'ES + v'X{ + TEY +T'XY. Given that C5,uw*w? = 0 and K{v'v/ = 0, the
coordinate expression of the reduced field is simply I" = v!d/dx’ + T'3/dv’ + ['*9/dw*; as
we observed earlier, I and "¢ are invariant, so may be considered as functions on TM/G.
The above equations, usually written in the form

d / al ol ok om0l
S 2 2 (ke 1w
dr \ ov 0x! ow4

d al : al
e — Th i Cb. c —
dr (8w”> ( iaV + Cac )8wb

are the so-called Lagrange—Poincaré equations (see, e.g., [1]).

)
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The specific structure of the manifold and the symmetry group at hand can lead to some
interesting subcases. For example, if the symmetry group G happens to be Abelian, all
terms containing the structure coefficients of the Lie algebra vanish. From the last equation
we then obtain that the ‘momentum’ d//0dw* is constant, let us say u,. If moreover the
matrix (3%1/dw*dw?) is non-singular, the relation d//dw“ = i, can be rewritten in the form
w?® = p*(x, v). With that, the first equation becomes a second-order differential equation in
the variables x’. By introducing Routh’s (reduced) function

Rlb(xv U) = l(x? v, ,o(x, U)) - Mapa(xv U)v

the first equation can equivalently be rewritten as

d (IRMN RS,
—\\—— )| —/— = K,V U,.
ar \ v ax iV K

This equation is known as Routh’s (reduced) equation for an Abelian symmetry group. Routh’s
reduction process can be extended to non-Abelian symmetry groups. However, the extension
requires that the two steps in the process above (first reduction and then restriction to a level set
of momentum) be alternated. For more details see [3, 10]. There is no obvious way to relate
the Lagrange—Poincaré equations to the reduced Routh equations in the case of a non-Abelian
symmetry group.

Another interesting case occurs when the manifold M is a product N x G. Then, we can
choose the connection to be trivial and all terms involving connection coefficients will vanish.
Finally, if the manifold is in fact the Lie group G, the equations

d [ al Ll
I — Can R
dr \ dw dw?

are known as the Euler—Poincaré equation (see, e.g., [10]).

5. Reconstruction

Now that we have derived the reduced form of the Euler—Lagrange equations it remains to
consider the problem of reconstruction: suppose we can find a solution of these equations, that
is, an integral curve of I", how do we reconstruct from it a solution of the original equations,
that is, an integral curve of I'?

There is in fact a standard method for reconstructing integral curves of an invariant vector
field from reduced data, which makes use of connection theory. Let w : M — B be a principal
fibre bundle with group G. An invariant vector field X on M defines a 7 -related reduced vector
field X on B. Let us suppose that M is equipped with a principal connection w. Let #(z) be
an integral curve of X (in B). Let m be a point of M in the fibre over ¥(0): we aim to find
the integral curve of X though m. We first lift ¥(¢) to M by using the connection to form its
horizontal lift through m, ¥ (¢): this is the unique curve in M projecting onto ¥ such that
a)(ﬁH) = 0 and ¥"(0) = m. Now let v(¢) be the integral curve of X through m. Since v(¢) also
projects onto ¥(¢) there is a curve t — g(t) € G, with g(0) = e, such that v(¢) = ;{t)f)H(t).
On differentiating this equation we obtain

o=yl M @) ot + oM,

where ¥ is the Maurer—Cartan form of G (so that ©+(g(¢)) is a curve in g). But
0() = X (1)) = X (Yp0, 0" (1) = ¥ X @1 1)),

since X is invariant, from which it follows that
F(g) o M+ vH = X o v,

12
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The first term on the left-hand side is vertical, the second horizontal, so this equation is simply
the decomposition of X o ¥ into its horizontal and vertical components with respect to w.
Thus g(¢) must satisfy the so-called reconstruction equation

B(g) = w(X o v,

where w is taken to be the connection 1-form, so that the right-hand side is a curve in g. This is
a differential equation for the curve g(¢), and has a unique solution with specified initial value
(see, for example, [14]). Thus the curve g(¢) is uniquely determined by the equation and the
initial condition g(0) = e. Conversely, if g(¢) is the solution of the reconstruction equation
such that g(0) = e then v(¢) = wgf)bH(t) is the integral curve of X through m.

We can use this method to obtain an integral curve of I" from one of I by using the
generalized mechanical connection on 77 : TM — T M/G. The reconstruction equation
in this case is

() = Q"I o v). (8)

We have therefore to find the vertical component of I' with respect to Q™. This is not
completely straightforward because we have expressed I' in terms of the invariant basis to
obtain the reduced Euler-Lagrange equations in the previous section, whereas Q™, as a g-
valued 1-form, is specified by

QE) =E.  @'(E)=0.  @'(x)=0.  a"(x})=o.
where
XE =X+ BIES = X£ — g gy, ES.
Recall that £, = A’ E},. From the general properties (f Z2)C = fZ¢+fZV and (fZ2)V = fZV
we find that
EC = AES+ APEY,  EY = AVEY,
and therefore
Q"(ES) = AYE,, Q"(EY) =o0.
Moreover, Qm(XlC) = B{E,. Thus with
F=w'ES+v'XC+TEY + T XY,
we have
Q™(I") = (Ajw” — BV E,.
The reconstruction equation is therefore
9(¢(0) = (G )W’ (1) — BE ) (1)) Eas

since w® and v’ are invariant, w®(¢) and v (¢) are just their values on ¥(¢). In fact in the
coordinate system we used in the previous section, corresponding to a chart U x G on M, the
(left) action on M is simply given by g[ng (x,h) = (x, gh), and the induced action on TM
by w;,” (x, h, w*, v') = (x, gh, w, v') (to use a somewhat bastardized but self-explanatory
notation). We assume that we are able to calculate the integral curve ¥(¢) = (x(¢), w(t), v’ (t))
of the reduced vector field I" through 77 7™ (v) for some point vy € T M. The horizontal lift of
v is a curve in T M of the form 91(¢) = (x(¢), h(z), w?(2), v'(¢)), where h(t) is a curve in G
to be determined by vy and by the relation Qm(bh) = 0. Moreover, since we have identified
the fibres of 7 : M — M /G with G, A{ is effectively a function on G. The reconstruction

13
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equation can therefore be written as
9 (1) = (Af(h@)w" (1) — B @) (1)) Ea, (€))
and the integral curve of I is just v(¢) = (x(¢), g(OA(2), w (@), v' (t)).
It may be of interest to express I' in its vertical and horizontal components with respect
to Q™. In the first place,
I = (Ajw’ — B'W)ES + v X{ + (D + w” ASAY)EY + TV X/,
where (A?) is the matrix inverse to (A%). To proceed further we need a more revealing
expression for the term involving Aj, the total derivative of Aj. We can rewrite Aj as
w'Ey (A7) + viXi(A,C]).
Now
Eq(A;) = AGE.(A}) = AGCL A
and therefore
wPw!Eq(A5) = C5(AGw?) (Afw?) = 0.
Recall that X, (Ag) = T, AS. Thus
wbASAY = T4 v w?,
and the coefficient of £Y is [% + 1% v/ w”. o
By taking into account the fact that Kj;v'v/ = 0, together with the expression just

obtained, it easily follows that the horizontal part of I" projects onto I, as it must.

The above connection is not the same as that we have used in [2] for the reconstruction
of an arbitrary (not necessarily Lagrangian) second-order field I' on 7M. There we started
with an arbitrary principal connection @ on M and formed its vertical lift Q2 on T M, as
we described earlier. For projectable vector fields W on TM we have Q (W) = w(t, W)
(regarding connections as type (1, 1) tensor fields). Thus

Q(ES) = ES, Q(E)) =0, Q(X7) =0 and Q(x))=o0.
With respect to the vertical lift connection €2 the reconstruction equation is just
9(9) = Ag(h())w’ (D) Ep, (10)

where the curve /(¢) in G is now of course determined by the horizontal lift of ¥ with respect
to 2, not Q™ as before.

Note that in the case of a simple mechanical system, where we can take w to be the
mechanical connection, the vertical lifts 2 and Q™ coincide. In that case, the Hessian
coincides with the Riemannian metric, and the horizontal vector fields X; are orthogonal to
the vector fields £, from which g,; = 0 and therefore also B! =0.

6. Illustrative examples

6.1. A charged particle in a magnetic field and Wong'’s equations

We apply the above-introduced machinery to the Kaluza—Klein formulation of a charged
particle in a magnetic field (see, e.g., [10]). We will consider two steps of abstraction. In the
first step, we assume given a Riemannian manifold on which a group G acts freely and properly
to the left as isometries and we make the further stipulation that the vertical part of the metric
(that is, its restriction to the fibres of 7™ : M — M /G) comes from a bi-invariant metric on

14
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G. We write the geodesic equations of the metric, by interpreting them as the Euler—Lagrange
equations for the kinetic energy Lagrangian. The reduced equations in such a case are known
as Wong’s equations [1, 13]. In the second step, we take the manifold to be E x S and the
metric to be of Kaluza—Klein type.

We will denote the metric by g. The fact that the symmetry group acts as isometries means
that the fundamental vector fields & are Killing fields, Lzg = 0. Tt follows that the components
of g with respect to the members of an invariant basis {E,, X;} are themselves invariant. We
will set g(E"a, E ») = hap and g(X;, X ;) = g;;. We will use the mechanical connection, which
means that g(E,, X;) = 0. Since both &, and g ; are G-invariant functions, they pass to the
quotient; in particular, g;; are the components with respect to the coordinate fields of a metric
on M /G, the reduced metric.

The further assumption about the vertical part of the metric has the following implications.
It means in the first place that £Ecg(Ea, E,) = 0 (as well as EE(g(Ea, E,) = 0), and
secondly that the h,;, must be independent of the coordinates x' on M /G, which is to say
that they must be constants. From the first condition, taking into account the bracket relations
[E,, Ep) = C¢, E ., we easily find that h,, must satisfy h,qCg + hpC9 = 0. Recall that if
we set

X; - V,‘aEa

T
for some G-invariant coefficients y, we get Y2 = y<C?_, and therefore h,. Y5, +hpe Y5, = 0.

The geodesic equations may be derived from the Lagrangian

1 I S b
L= Egaﬁu“uﬂ = 58ijv'v! + shgpwiw’.

It is of course G-invariant. We may therefore apply Lagrange—Poincaré reduction, which gives
the reduced equations

E(gijvj) - Ea—x]iv’vk = —(K{v! + Y w’) hgewS
d ; .
a(habwb) = (T;;Ul + Ci’cw‘)hbdwd.
Now Y{j,h, is skew-symmetric in b and ¢, and CfchbdAis skew-symmetric in ¢ and d, so
the final terms in each equation vanish identically. Let I}, be the connection coefficients of

the Levi—Civita connection of the reduced metric g;;. Then, we may write the equations in the
form

i J ekl > ej..b

8ij (xf + Iy xtx ) = —hchi‘jx]w

hap (" + T2 w) =0
using the skew-symmetry of Y, h, again in the second equation. Given that K7; is of course
skew-symmetric in its lower indices, these equations are equivalent to

i ik ik i b i b

¥4 T30 = g hp K/ w’w® + T w” = 0.
These are Wong’s equations.

Let us now take M to be E> x S, with coordinates (x’, 0). Let A; be the components of a
covector field on E3, and define a metric g on M, the Kaluza—Klein metric, by

g =8, dx' ©@dx/ + (A; dx’ +d)?,
where (§;;) is the Euclidean metric. The Kaluza—Klein metric admits the Killing field

E = 3/06. The vector fields X; = 9/0x’ — A;3/06 are orthogonal to E and invariant;
moreover g;; = g(X;, X;) = §;;, while g(E, E) = 1. Finally

0A;  0A;\ 0
X, Xjl=|——-—) —.
ox/ dx' ) 960
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Putting these values into the reduced equations above we obtain
: . (0A; 0A;
M=wi | — - =), W =0.
ax/ ax!
These are the equations of motion of a particle of unit mass and charge w in a magnetic field
whose vector potential is A; dx’.

6.2. A worked-out example

We will consider the Lie group G of the affine line. An element of this group is an affine map
R — R:t — exp(0)t + ¢ and can be represented by the matrix

expl ¢
0 1)

The identity element is just r — £ (the identity matrix) and multiplication on the left of (6,, ¢»)
by (61, ¢1) is given by the composition of the two affine maps, i.e. the element

01, 1) * (02, d2) = (01 + 62, exp(61) 2 + ¢1).

The corresponding Lie algebra is given by the set of matrices of the form

a b
0 0/
The manifold M of interest is G x R. The action on the manifold is given by left translation
on the G factor of G x R. We will write x’ = x for the coordinate on R. For this action and
this manifold there is a trivial principal connection w, with ¥ = 0.

A basis of fundamental vector fields is

] ] ]
= — + ¢ —, = —.

a6 ¢ ¢
The vector fields that are horizontal with respect to the trivial connection all lie in the direction
of X = 3/9x. The adapted coordinates (v, v*) are therefore v° = ¥ and v! = 6, v> = ¢ — 6.

The Lie algebra bracket is given by [E, E»] = —E;. The complete and vertical lifts of

this basis are

es]]

1 E2

s 0 0 .0 e 0 ~v d 0 ~v d
El =—+¢)—+¢—., E2 -, El =—.+¢—., E2 .

a0 0 ¢ 0¢ a0 ¢ 0
An invariant basis of vector fields is given by {ﬁ LEy X }, where

E 0 E ) 9

= —, = €X _—,
1 Y 2 p ¢
and the coordinates with respect to this basis are v
complete and vertical lifts of the above basis are

O =%, w; =6 and w, = exp(—6)¢p. The

~c 0 o 0 . 0 Ay 0 Ay 0
Ef = —, E; =exp@)| — +0— ), El =—, E, =exp(0)—,
20 Lo} ¢ 00 Lo}
X = i, xV = i.
0x 0x

Finally, the matrix A, defined by the relation E(x, g) = AZ (8)Ep(x, g), is here

1 0
A(g) = .
® <—¢> exp<9>>
At the identity of the Lie group, the matrix A is the identity matrix, as it should be.

16
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If we use the invariant fibre coordinates (v°, w?), the induced action on TM is
simply w&’lv”(,])(x, (@, 0), %, wy, wr) = (x, (1, 01) * (¢, 0), %, wi, wp). Since the coordinates
(x, X, wy, wy) can be interpreted as coordinates on TM/G = TR x TG/G = TR x g,
invariance of the Lagrangian simply means that the group variables do not explicitly appear
in the Lagrangian, when it is written in terms of the invariant fibre coordinates.

We will work with the Lagrangian

L =167 +¢x6 + 1 + In(exp(=6)§),
where ¢ is a constant. The Lagrangian is clearly not of the simple type. One easily verifies
that the Lagrangian is invariant: ES(L) = 0 = ES(L). In the invariant fibre coordinates
(w; = (wy, wy), X), the Lagrangian is

L = %w% +gxw; + %xz + In(w,),
s0, indeed, (¢, ) do not appear explicitly. This Lagrangian is also invariant under the obvious
R-action on the manifold, but we will not take this into consideration.

The Hessian matrix in the basis {£,, X} is here

> ¢

,_
|
<

g v 1
g= —q% —% 0
q 0 1

The determinant of g is (¢ — 1)/é°, so the Lagrangian is regular as long as ¢> # 1. The
upper left (2, 2) matrix represents (gg). It is non-singular since its determinant is —1/¢". Its

inverse is
aby __ 1 _¢

The vector field X along T that projects onto 3/dx on M/G and is horizontal for the
generalized mechanical connection @™ is

- 0 L~
X=—- gbtgchb
0x

d - -
=——qE| +q9E>

0x
I 3
“ox To0

This vector field is in fact a basic vector field along 7. Although the Lagrangian and the
Hessian are not of the simple type, in this example the generalized mechanical connection
turns out to be derived from a principal connection on M — M /G, and is not of the most
general case of an invariant connection on the pullback bundle.

The corresponding vector field that is horizontal with respect to the connection Q™ is

_ 0 - -
X¢ = a—qE?+q¢E§
K 9 <i>8
ax  Ta0 " 1%%

Let us look now at the dynamics. First, let us pretend that we do not know that the system
exhibits symmetry and solve directly the Euler—Lagrangian equations for this Lagrangian. The
equations for x, 6 and ¢ are here, respectively,

=0.

gh+i =0, 0+gi+1=0, —(;%
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From the x-equation, it is again clear that there is also R-symmetry. The solution of the system
is easy to find. With the obvious notations for the integration constants, we obtain
0 (L o(1) 2
x(t) = —= ——— + Xot + xo, ==
2g%—1 0 0 2¢g%2—-1
We will assume that ¢, > 0.
We now apply the technique of symmetry reduction and reconstruction. We first need a
solution of the Lagrange—Poincaré equations. Since for the current example the connection
coefficients of the trivial connection vanish, these equations become

d [ al al o d [al al 0
_ —_— = — w . _— _— —_——_—=
dr \ dw? qwae dr \ 9x ax

The reduced Lagrangian on TM /G is

+ 0ot + 6, ¢ (1) = ot + Po.

. 1,2 . 1.2
[(x, X, wy, w2) = swy +giw; + 337 + In(wy),
and the reduced equations are
u')1+qjé=—l, Wy = —wWijWs, qu')1+jé=0.

If we set w;(0) = 6, and w,(0) = exp(—@o)d)(), the solution of the above equations is
2

1 . t .
x(l)Z—Eﬁ‘I‘XQt‘I‘Xo, U}I(l):qz_l‘l'@(),
. 1 1, . .,
wo(t) = @o exp —6y — —t° — 6ot +0pq°t .
qg>—1\2
Clearly, x(#) has the desired form. From the reduced solution v¥(t) =

(x(t), X(t), wi (1), wa(t)), we could determine the remaining coordinates (6 (), ¢ (¢)) directly
from the relations 6 = w, and exp(—8)¢ — 8 = w,. The reconstruction process as described
above splits this calculation into two steps: first we calculate the horizontal lift of ¥(z), and
then we use it in the reconstruction equation. In this way, we will see the effect of changing
the connection in the reconstruction equation.

The coordinates of the horizontal lift using the generalized mechanical connection are
vH() = (x (1), (), 0T (1), % (1), wi(r), wa(¢)), with respect to the invariant basis. They can
be determined by the relation

. . d
0= Q"H®)) = ™ @, T1 0 9H) = ™ (bH, a(r o f)H)) )
This equation for 7 o () = (x (1), o1 (@), 01 (1)) is

6" = —gx, <]5H = —gipt+gxipt =0.
Therefore 01 (1) = —qx(t) + gxo + 0y and ¢ (1) = ¢y.

Now we determine the curve g(¢) = (6:(t), ¢ (1)) in G such that v = g¥! is the solution
of the Euler-Lagrange equations with the given initial values. This curve is the solution
through the identity of the reconstruction equation g~'¢ = Q™(I" o ¥). The left-hand side is
61 E1+exp(—01)$, E,. Theright-hand side is ™ (¥%), or (w+¢x) ES o+ (wr+q ¢, %) ES ot
The reconstruction equations are therefore

Or=wi+qi.  exp(—0) = —¢"wi +exp@)wr — g¢"'x.
Solving the above equations for (8;, ¢;) give
01(1) = =112 + (g0 + 00)t, p1(t) = ot + do(1 — exp (3(2gx%0 — 1 +200)1)).
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The final solution is therefore indeed
2

1 . .
0(1) = 61(2) + 6, (1) = Eq;——l + 0ot + 6, ¢ (1) = exp(01(1)) P (1) + D1 (1) = Pot + ¢o.

If we use the vertical lift Q of the trivial (principal) connection w, the equation that
determines the horizontal lift " (again with group coordinates (¢, 6"))is (& (r o 9M)) = 0,
or

6" =, ¢ =0,
from which 6H(r) = 6y and ¢"(r) = ¢p. The equation g='¢ = QI o ¥) = w (@) for
g8 = (¢1(1), 61(2)) is then
0, = wy, exp(—91)<]51 = —¢Hw1 + exp(@H)wz.
Its solution is
61 1 72 ot 510 = oo 1 12 — 260t + 200q°t + ot
== , = —exp| = ,
1 242 -1 0 1 0 P 3 21 0

which leads again to the same solution (6(¢), ¢ (¢)).
The solution using the vertical lift of w is somewhat simpler, but this is only to be expected
since w is trivial.

7. Conclusions and outlook

We have considered regular Lagrangians that are invariant under a symmetry Lie group
and we have derived the reduced Euler—Lagrange equations, the so-called Lagrange—Poincaré
equations. Our framework relied on the associated Euler—Lagrange vector field and its quotient
field, rather than on the variational formalism and on the use of well-chosen quasi-velocities.
Given an integral curve of the reduced vector field, we have shown how to reconstruct an
integral curve of the original Euler—Lagrange field by means of a principal connection that is
natural associated with the Lagrangian, the so-called generalized mechanical connection.

In forthcoming papers, we will apply the same technique also to the context of a different
but related Lagrangian reduction technique [3] and to the characterization of relative equilibria

(4].

Acknowledgments

The first author is currently a research fellow at The University of Michigan through a Marie
Curie Fellowship. He is grateful to the Department of Mathematics for its hospitality. He
also acknowledges a research grant (Krediet aan Navorsers) from the Fund for Scientific
Research - Flanders (FWO-Vlaanderen), where he is an Honorary Postdoctoral Fellow. The
second author is a Guest Professor at Ghent University; he is grateful to the Department of
Mathematical Physics and Astronomy at Ghent for its hospitality.

References

[1] Cendra H, Marsden J E and Ratiu T S 2001 Lagrangian Reduction by Stages Mem. Am. Math. Soc. 152

[2] Crampin M and Mestdag T 2006 Reduction and reconstruction aspects of second-order dynamical systems with
symmetry Preprint, available at www.maphyast.ugent.be mechanics

[3] Crampin M and Mestdag T 2008 Routh’s procedure for non-Abelian symmetry groups J. Math. Phys. at press
(Preprint arXiv:0802.0528)


http://www.arxiv.org/abs/arXiv:0802.0528

J. Phys. A: Math. Theor. 41 (2008) 344015 T Mestdag and M Crampin

[4]
[3]
[6]

[7]
(8]

[9]
[10]

(11]
[12]
[13]

[14]
[15]

20

Crampin M and Mestdag T 2008 Relative equilibria of Lagrangian systems with symmetry J. Geom. Phys.
at press (Preprint arXiv:0802.1421)

Crampin M and Pirani F A E 1988 Applicable Differential Geometry (LMS Lecture Notes vol 59) (Cambridge:
Cambridge University Press)

Crampin M and Saunders D J 2007 Affine and projective transformations of Berwald connections Diff. Geom.
Appl. 25 235-50

Kobayashi S and Nomizu K 1963 Foundations of Differential Geometry vol I (New York: Wiley)

Marsden J E, Misiolek G, Ortega J-P, Perlmutter M and Ratiu T S 2007 Hamiltonian Reduction by Stages
(Lecture Notes in Mathematics vol 1913) (Berlin: Springer)

Lewis D 1992 Lagrangian block diagonalization J. Dyn. Diff. Eqns 4 1-41

Marsden J E and Ratiu T 1999 Introduction to Mechanics and Symmetry (Texts in Applied Mathematics vol 17)
(Berlin: Springer)

Marsden J E, Ratiu T and Scheurle J 2000 Reduction theory and the Lagrange—Routh equations J. Math. Phys.
41 3379-429

Martinez E, Carifiena J F and Sarlet W 1992 Derivations of differential forms along the tangent bundle projection
Diff. Geom. Appl. 2 17-43

Montgomery R 1984 Canonical formulations of a classical particle in a Yang—Mills field and Wong’s equations
Lett. Math. Phys. 8 59-67

Sharpe R W 1997 Differential Geometry (Graduate Texts in Mathematics vol 166) (Berlin: Springer)

Szilasi J 2003 A setting for spray and Finsler geometry Handbook of Finsler Geometry ed P L Antonelli
(Dordrecht: Kluwer) pp 1183-426


http://www.arxiv.org/abs/arXiv:0802.1421
http://dx.doi.org/10.1016/j.difgeo.2007.02.001
http://dx.doi.org/10.1007/BF01048153
http://dx.doi.org/10.1063/1.533317
http://dx.doi.org/10.1016/0926-2245(92)90007-A
http://dx.doi.org/10.1007/BF00420042

	1. Introduction
	2. Preliminaries
	3. The mechanical connection
	4. The reduced Euler--Lagrange field
	5. Reconstruction
	6. Illustrative examples
	6.1. A charged particle in a magnetic field and Wong's equations
	6.2. A worked-out example

	7. Conclusions and outlook
	Acknowledgments
	References

