THE EIGENVALUES AND EIGENVECTORS OF FINITE, LOW RANK
PERTURBATIONS OF LARGE RANDOM MATRICES

FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

ABSTRACT. In this paper, we consider the eigenvalues and eigenvectors of finite, low
rank perturbations of random matrices. Specifically, we prove almost sure convergence
of the extreme eigenvalues and appropriate projections of the corresponding eigenvectors
of the perturbed matrix for additive and multiplicative perturbation models.

The limiting non-random value is shown to depend explicitly on the limiting spectral
measure and the assumed perturbation model via integral transforms that correspond
to very well known objects in free probability theory that linearize non-commutative
free additive and multiplicative convolution. Moreover, we uncover a remarkable phase
transition phenomenon whereby the large matrix limit of the extreme eigenvalues of the
perturbed matrix differs from that of the original matrix if and only if the eigenvalues
of the perturbing matrix are above a certain critical threshold. This critical threshold is
intimately related to the same aforementioned integral transforms.

We examine the consequence of this eigenvalue phase transition on the associated
eigenvectors and generalize our results to examine the singular values and vectors of finite,
low rank perturbations of rectangular random matrices. The analysis brings into sharp
focus the analogous connection with rectangular free probability. Various extensions of
our results are discussed.

1. INTRODUCTION

Let X,, be an n x n matrix with real eigenvalues \(X,,), ..., \,(X,) and P, be an n xn
matrix with rank » < n and real eigenvalues 6, ..., 6,. A fundamental question in matrix
analysis is the following [12] [2]:

How are the eigenvalues and eigenvectors of X, + P, related to the eigen-
values and eigenvectors of X,, and P,?

When X, and P, are diagonalized by the same eigenvectors then we have \;(X,+ P,) =
A (Xy)+Ag(P,) for appropriate choice of indices 4, j, k € {1,...,n}. In the general setting,
however, the answer is much more complicated because the eigenvalues and eigenvectors of
their sum depend on the relationship between the eigenspaces of the individual matrices.
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In this scenario, one can use Weyl’s interlacing inequalities [20] to obtain coarse bounds
for the eigenvalues of the sum in terms of the eigenvalues of X,,. When the norm of P,
is small relative to the norm of X,,, tools from perturbation theory (see [20, Chapter 6]
or [33]) can be employed to improve the characterization of the bounded set in which the
eigenvalues of the sum must lie. Exploiting any special structure in the matrices allows
us to refine these bounds [22] but this is pretty much as far as the theory goes. Instead of
exact answers we have a system of messy, coupled bounds. The eigenvector story is even
more convoluted.

Surprisingly, adding some randomness to the eigenspaces permits further analytical
progress. Specifically, if the eigenspaces are assumed to be isotropically random and “in
generic position with respect to each other”, then analytical elegance returns in the limit
of large matrices.

In place of eigenvalue bounds we have simple, exact answers that are to be interpreted
probabilistically. The results bring into sharp focus a remarkable phase transition phe-
nomenon of the kind illustrated in Figure[l for the eigenvalues and eigenvectors of X,,+ P,.
In this paper, we also uncover a similar phase transition behavior for the eigenvalues and
eigenvectors of X, (I + P,) and, in the case where X,,, P, are rectangular, for the singular
values and singular vectors of X,, + P,. A precise statement of the results may be found
in Section

Examining the structure of the analytical expression for 6. and p in Figure [ reveals
a common underlying theme in the additive, multiplicative and rectangular cases. The
critical values 6. and p in Figure[Ilare related to integral transforms of the limiting spectral
measure px of X,. It turns out that these G, T and D integral transforms that emerge
in the respective additive, multiplicative and rectangular cases are deeply related to very
well known objects in free probability theory [34], 19] that linearize (non-commutative)
free additive, multiplicative [34] and rectangular [9, [§] convolutions respectively.

The emergence of these transforms in the context of the study of the extreme/isolated
eigenvalue behavior should be of independent interest to free probabilists. This justifies
our anointment of the study of finite, low rank perturbations of large random matrices as
“spiked” free probability theory. In this framework, regular free probability theory would
correspond the study of full rank perturbations of large random matrices.

The development of spiked free probability theory is the main contribution of this
paper. In doing so, we dramatically extend the results found in the literature for the
eigenvalue phase transition in such finite, low rank perturbation models well beyond the
Gaussian [3] @4, 28 2], 17, 3], 6], Wishart [16, 27, 25] and Jacobi settings [24]. In our
situation, the distribution px in Figure [ can be any probability measure. Consequently,
the aforementioned results in the literature can be rederived rather simply using the
formulas in Section [ by substituting px with the semi-circle measure [35] (for Gaussian
matrices), the Marcenko-Pastur measure [23] (for Wishart matrices) or the free Jacobi
measure (for Jacobi matrices [14]). See Section Bl for some concrete computations.

The development of the eigenvector aspect of the story is another important contri-
bution that we would like to highlight. Generally speaking, the eigenvector question has
received much less much attention in random matrix theory and in free probability theory
despite impressive breakthroughs [I1]. A notable exception is the recent body of work on
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a) Largest eigenvalue p > b in blue when (b) Associated eigenvector
0>0. when 6 > 0,
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(c¢) Largest eigenvalue p = b in blue when (d) Associated eigenvector
0 <40, when 6 < 6.

FiGURE 1. Informally speaking, suppose that the histogram of the eigen-
values of X, normalized to have area one, falls on the solid curve px in (a)
with largest eigenvalue b. Consider the matrix P, := Quu* with rank r =1
and largest eigenvalue 6(> 0 say). The vector u is an n x 1 vector cho-
sen uniformly at random from the unit n-sphere. The largest eigenvalue of
X, + P, will differ from b if and only if 6 is greater than some critical value
.. In this event, the largest eigenvalue will be concentrated around p with
high probability. The associated eigenvector u will, with high probability,
lie on a cone around w as in (b). When 6 < 6., a phase transition occurs
so that with high probability the largest eigenvalue of the sum will equal
b as in (c) and the corresponding eigenvector will be uniformly distributed
on the unit sphere as in (d). For details, see Section

the eigenvectors of spiked Wishart matrices [27], 2], 25] which corresponds to py being
the Marcenko-Pastur measure. In this paper, we extend their results for multiplicative
models of the kind X,,(I+ P,) to the setting where px is an arbitrary probability measure
and obtain new results for the eigenvectors for additive models and the singular vectors
for rectangular models.
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Our proofs rely heavily on the derivation of master equation representations of the
eigenvalues and eigenvectors of the perturbed matrix and the subsequent application of
concentration inequalities for random vectors uniformly distributed on high dimensional
unit spheres to these implicit master equation representations. Consequently, our tech-
nique is simpler, more general and more transparently reveals the source of the phase
transition phenomenon than other proofs found in the literature.

The paper is organized as follows. In Section 2 we state the main results and present
the G, T and D integral transforms mentioned above, in Section B, we give examples, and
the rest of the paper is devoted to the proofs (sketches of the proofs in Section [, master
equations for the eigenvalues and eigenvectors of perturbed matrices in Section [3, proofs
of the main results in Sections [A] to [0 and proofs of technical results needed here in the
Appendix).

2. MAIN RESULTS

Let X,, be an nxn symmetric (or Hermitian) random matrix with eigenvalues A\; (X,,) >
- > A\(X,). We denote by px, the empirical distribution on the set of its eigenvalues,
i.€., the probability measure defined as

1 n
X, = D o xa-
j=1

Assume that the probability measure py, converges almost surely weakly, as n tends to
infinity, to a non-random, compactly supported probability measure ux. Let the smallest
and largest eigenvalues of X,, converge almost surely to a and b which are, respectively,
the infimum and supremum of the support of rx.

Let us fix a positive integer r and some non-random real numbers 6; > --- > 6, not
equal to zero. For each n, let P, be an n x n symmetric (or Hermitian) random matrix
independent of X,,, which non null eigenvalues are 6,...,0,. Let s € {0,...,r} where

h>20,>0>041>---2>0,.

We suppose that either X,, or P, is invariant, in law, by conjugation by any orthogonal
(or unitary) matrix.

For M an Hermitian n X n matrix, we denoted by A;(M) > --- > X\, (M) the ordered
eigenvalues of M. Let =2 denote almost sure convergence. At last, let, for F a subspace

of an Euclidian space F and = € E, (x, F) denote the norm of the orthogonal projection
of z onto F'. We are now ready to state our main results.

2.1. Extreme eigenvalues and eigenvectors under additive perturbations. Let
us define

X, =X, + P,

Theorem 2.1 (Eigenvalue phase transition). The extreme eigenvalues of )Afn exhibit the
following behavior as n — oo. We have that for each i =1,...,s,

A(X,) 2 {Gui(l/ei) i 1/0: < G (B),

b otherwise,
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while for each i =s+1,...,r,

G;;(l/@i) if 1/6; > Gux(a_),
a otherwise.

)\n—r—l—i()?n) ﬂ) {

where
1
Gux(2) = / ﬁdﬂx(t) for z ¢ supp pux,

is the Cauchy (or G) transform of px.

Theorem 2.2 (Norm of eigenvector projection). Consider indices ig € {1,...,7} such

that 1/0;, € (Guy(a™), G, (b7)). For each n, define

e if 0;, > 0,
" Mo (X)) if 05, <0,

and let x, be a unit eigenvector of )?n associated with the eigenvalue z,. Then we have

(a)

a.s. _1
(xn, ker(0;, 1, — P,))? 2% ————
’ 03,Gl. (p)

where p = G, (1/0,) is the limit of z,;
(b)

<?L‘n, Dj+io ker(ej[n _ Pn)> as. 0,
as n — oo.

Theorem 2.3 (Eigenvector phase transition). Suppose here that r = 1 and denoted the
non-null eigenvalue of P, by 0. Suppose that

G (b*)=—o0 iff0>0,

¢ (Gﬂx (a’i)vGMX(bjL))’ and {Gii(a—) =—-00 iff<0.

D =

For each n, let x,, be a unit eigenvector of)?n associated with either the largest or smallest
eigenvalue depending on whether @ > 0 or 8 < 0 respectively. Then we have

(z,, ran(Py,)) =5 0
as n — oo.

Remark 2.4 (Subtlety regarding the eigenvector phase transition). Let us say a few
words about the hypotheses of Theorem 23] The strong hypotheses we make here (r = 1
and a certain function has infinite integral), compared to the ones of Theorem 2.2] could
convey the impression that the phase transition for the localization of the eigenvectors
associated with the extreme eigenvalues of X,, + P, has not been treated in its full gen-
erality. Specifically, one might still hope that the statement of Theorem remains true
for an eigenvalue z, having limit p € {a, b} as long as =G, (p), which is equal to [ ((15 ft()tg) ,

is finite and that the statement of Theorem might stay true for arbitrary r.
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In fact, if stronger hypotheses on the manner in which the spectral measure of X, tends
to ux as n — oo were incorporated, then both of these theorems could be generalized
in this direction. Indeed, the key, in the proof of Theorem 2.2] is that

dp (1) ™ (t) dpux (t)
[ metnt. [ o = 55 S

and the key, to generalize the proof of Theorem for r > 1, would be to have

f dﬂg? (t)
2 —1)2

1
dﬂ(n)(t du(n)(t 2 N—00
(f (zn—t)2 f (zn—t)?

Simulations, however, suggest that stronger hypotheses on the \;(X,,)’s are needed to
generalize () and (2)). That said, it appears that when the spacings between the X;(X,)’s
are more “random matrix like” than “independent sample like”, then ([I]) and (2]) seem to
hold without imposing any particular requirements on .

2.2. Extreme eigenvalues and eigenvectors under multiplicative perturbations.
In this section, the hypotheses are the ones introduced at the beginning of Section 2l We
suppose moreover that for all n, X,, is a non-negative definite matrix and that px # do.

Let us define
X, = X, (I, + P,).

Theorem 2.5 (Eigenvalue phase transition). The extreme eigenvalues of )N(n exhibit the

following behavior as n — oo, assuming that px # 6o. We have that for eachi =1,...,s,
- —1 , ' . +
)\z(Xn) &) T,ux (1/‘9@> Zf 1/‘9@ < T/JX (b )7
b otherwise,

while for each i =s+1,...,r,
N 1 ' . ' .
)\n—?"-H(Xn) &) {T'U'X<1/‘9@) Zf 1/Gl > T“X (CL )7
a

otherwise,
where
t
2) = / ;d,ux(t) for z ¢ supp ux,

is the T-transform of px (defined in Section[2.].3).

Theorem 2.6 (Norm of eigenvector projection). Consider indices ig € {1,...,7} such
that 1/0;, € (T, (a™), T, (b%)). For each n, define

L ) if 0;, > 0,

T Ao (Xn)if 63, <0,

and let x, be a unit eigenvector of )?n associated with the eigenvalue z,. Then we have
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a)

a.s. _]-
(xn, ker(0;, 1, — Pn)>2 BN ,
’ 02 0T} (p) + 0s

where p =T, ! (1/6y,) is the limit of z,;

b)

a.s

(Tn, Bjpio ker (051, — Po)) = 0,
as n — oQ.

Theorem 2.7 (Eigenvector phase transition). Suppose here that r = 1 and denoted the
non-null eigenvalue of P, by 0. Suppose that

1

5 & (L (@) T (07),  and {Téx(b*) =00 if0>0,

T, .(a”) = —o0 if# <O.

For each n, let x, be an eigenvector of X, associated with either the largest or smallest
eigenvalue depending on whether @ > 0 or 8 < 0, respectively. Then, by we have

(zn,ran(P,)) 250

as n — o00.

The analogue of Remark 2.4] also applies here.

Remark 2.8 (Eigenvalues and eigenvectors of a similarity transformation of X'). Consider

the matrix S, = (I, + P,)"/?X,,(I, + P,)"?. The matrix S, and X,, = X, (I, + P,) are

related by a similarity transformation S, = (I + P,)"/2X,,(I + P,)~"/? so that they share

the same eigenvalues and consequently the same limiting eigenvalue behavior in Theorem

25 Additionally, if , is a unit norm eigenvector of X,, then vy, = (I, + P,)"?z,/ ||

(I, + P,)'/?x, || is an eigenvector of S,. Consequently, we have

<9i0 + 1)<xn7 ker(eioln - Pn)>2

Oio (xp, ker (0, I, — P,))? +1

It follows that we have the same phase transition and that when 1/6;, € (T, (a™), T, (b)),

i, +1

9i0 ;ILX (p)

so that we have proved the analogue of Theorems and 2.7 for the eigenvectors of .S,,.

(Yn: ker (03, 1o — Pn))* =

<yn7 ker(eio]n B Pn)>2 = and <yna @ﬁéio ker(@j[n - Pn)) 25 07

2.3. Extreme singular values and singular vectors under additive perturba-
tions. Let us now treat the problem of the extreme singular values and of the associated
singular pairs of vectors for rectangular random matrices. In the particular case where our
rectangular matrices appear to be square, our results also allow treat the case of smallest
singular valued].

For this section, we adapt the hypotheses introduced in the beginning of Section [2 to
the rectangular setting. For each n, X, is a real (or complex) n x m random matrix which

IThis particularity of the “square case” is due to the fact that for ¢ = 1, for any probability measure
p with support contained in (0, 400), the function D,(c,-) is positive and increasing between 0 and the
minimum of the support of 1 (see Section 2243 for more details).
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is not anymore symmetric (or Hermitian), with singular values oy(X,,) > --- > 0,(X,).
The integer m > n shall also tend to inﬁnityﬁ in such a way that n/m tends to a limit
ce [0,1].

Assume that the empirical distribution on the set of its singular values, i.e.

1 n
n Z 5<7j(Xn)
j=1

converges almost surely weakly, as n,m tend to infinity, to a non-random, compactly
supported probability measure py. Let the smallest and largest singular values of X,
converge almost surely to a and b which are, respectively, the infimum and supremum of
the support of px.

For each n, P, is an n x m real (or complex) random matrix independent of X,,, which
non null singular values are ¢y > --- > 6, (which are non-random and independent of n,
as in the Hermitian context).

We suppose that either X,, or P, is invariant, in law, by multiplication, on both sides,
by any orthogonal (or unitary) matrix.

We define
X,=X,+P,.

For X an n x m matrix, we denoted by o1(X) > -+ > 0,(X) the ordered singular
values of X.
2.3.1. Singular values.

Theorem 2.9 (Singular value phase transition). The r largest singular values of the n xm

perturbed matriz X,, exhibit the following behavior as n,m — oo and n/m — c. We have
that for each 1 =1,...,r,

~ —1 2 ' 2 +
Uz(Xn) ﬂ) D,ux(c71/92) Z]01/(92 '< DHX(C7b );
b otherwise,

where

D, (c,z) = {/ ﬁdu(t)} . [c/ ﬁdu(t) + ! ; ‘ for z > b,

1s the D-transform of px.

In the special case where a > 0 and m is always equal to n, so that n/m — 1, we also
have, for eachi € {1,... r},

—1 2 . 9 -~
O'nflJri()?n) L {DMX{O’G)(l/Gi) Zf 1/91 '< DHX (CL )7
a otherwise.

where D, 10.0)(2) is defined as D, (1, z) above, but with z € [0, a).

2To be as rigorous as possible, one should make m depend on n, thus write m,,. However, in order to
lighten the notation, we omit the index n and only write m.
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2.3.2. Brief review on pairs of singular vectors. Let X be an n X m matrix with entries
in the field K (which can be either R or C) with singular values oy > -+ > o,. For
i=1,...,n, a pair of singular vectors of X associated with o; is a pair (u,v) of non-zero
column vectors such that

[ul] = v, Xv=ou and X u = o;v.
These pairs are closely related to the decomposition of
01
X=U % (U,V n xn, m xn matrices, UU* = [, = V*V),
On

since for all # = 1,...,n, the i-th columns of U and V form a pair of singular vectors of
X associated with ;. Note also that for such a pair (u,v),

u € ker(o?l, — XX*) and v € ker(o?l,, — X*X).

2.3.3. Results in the singular vectors. Let us first consider a singular value 6;, of P, which
gives rise to a singular value z, of X, + P, with limit p ¢ [a,b]. The following theorem
says that a pair of unit-length singular vectors (u,,v,) of X,, + P, associated with z,
somehow “keeps something” from the pairs of singular vectors of P, associated with 6;,.
Indeed, for all j = 1,...,r, the norms of the orthogonal projection of u, and v, onto
respectively ker(671, — P,Py;) and ker(671,, — P;P,) have positive limits for j = iy and
null limits for j # 7o and the relation P,v, = 6;,u,, though false in general, has a “non
null true component”.

Theorem 2.10 (Norm of projection of singular vectors). Consider indicesig € {1,...,r}
such that 1/6;, € (0, D, (c,b%)). For each n, define z, = 0;,(X,,) and let (u,,v,) be the
corresponding pair of unit singular vectors of X,. Then we have

a)

as. 20 (p)
up, ker(02 I, — P, P?))? &8 _—Zrux ) 3
< ( 0 )> ezzanDMX (Ca P) ( )

b)

as. 20 (p)
Un, ker (02 I, — PFP,))? &% Zrix (4)
< ( 0 )> ezzanDMX (Ca P)

as n — oo, where p = D, (c,1/67) is the limit of z,, the probability measure
fx = cux + (1 —c¢)dy and

z
o) = [ ute).
Furthermore, in the same asymptotic limit we have

c)

a.s

(tn, Ditio ker(@?[n — P.Fy)) — 0, and  (vn, Djio ker(@?[m ) 2 0,

d)
<80‘U'X <p)Pn<Un) - U‘n7 ker(ezz()[n - Pnp:;)> & 07
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e) in the case where a > 0 and m is always equal to n, a), b), ¢) and d) are also valid
for z, = op_114 (X + Pp) and p = D;;[O’a)(l/@fo).

Remark 2.11. Note that in the case where ¢ = 1 (as in Part e)), the quantities of (3]

and () are equal and reduce to
1

0 (P)
The quantity ¢, (p), which appears in Part d), also reduces to 1/6;,.

Let us now consider the pairs of singular vectors corresponding to extreme singular
values which are asymptotically in the boundary of the support of .y, in the case where
r = 1. Here, unlike in the previous theorem, these pairs are asymptotically orthogonal to
the pairs of singular vectors associated with the non null singular value of P,.

Theorem 2.12. Suppose here that r = 1 and denote the unique nonzero singular value
of P, by 0. Suppose that

1/6°> > D, (c,b") and ¢, (b7) = —oo. (5)

Let, for each n, (u,,v,) be a pair of unit singular vectors of X,, + P, associated with its
larger singular value z,. Then

{un, ker (01, — PuPy)) =50, and (v, ker(0° L — P Py)) <5 0.

This result stays true for the smallest singular value if m s always equal to n and instead
of the hypotheses of (Bl), one supposes that

a >0, 1/6* > D,y j0,a)(a”) and @LX (a™) = —o0.
The analogue of Remark 2.4] also applies here.
2.4. The G, T and D transforms in free probability theory.

2.4.1. The Cauchy or G-transform and its relation to additive free convolution. Let p be
a compactly supported law on the real line. Let us define

du(t)

G = [ —=

u(2) / S ¢

for z out of the support of p. Let [a,b] be the convex hull of the support of u. Since we
have

¢ 0.Gu(z)=—[ (‘i‘i (tt))Q out of the support of x, which implies that G, is decreasing
on each of the intervals (—oo,a) and (b, +00),
e GG, <0on (—o0,a) and G, > 0 on (b, +00),

o G\(2) = 0as |z| = 400,

it follows that G, (a”) = lim,, G,(2) and G,(b") := lim,|;, G, (2) exist in respectively
[—00,0) and (0,+o00] and G, realizes decreasing homeomorphisms from (—oo,a) onto

(Gu(a™),0) and from (b, +00) onto (0, G, (b")).

In this paper, we shall denote by G;l the inverses of these homeomorphisms, even
though G, shall sometimes define other homeomorphisms on the holes of the support of

I
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The so-called R-transform

Ry(z) = G\(2) — %

I

is the analogue of the logarithm of the Fourier transform for the free additive convolution,
since for all probability measures puq, o, p1 B o is characterized by the fact that

Ry (2) = By (2) + Ry (2)

The coefficients of the series expansion of R,,(2) are the so called free cumulants of 11 (see

[26, 7).

2.4.2. The T-transform and its relation to multiplicative free convolution. Let p # g be
a law with compact support contained in [0, +00). Let us denote by [a, b] the convex hull
of the support of u. Let us define the T-transform of u

t
T, = [ ——du(t
()= [ )
for z out of the support of p. Since we have

 0.T.(2) = — [ 5=du(t) out of the support of u, which implies that 7}, is de-
creasing on each of the intervals (—oo, a) and (b, +00),

e 7, <0on (—o0,a) and 7, > 0 on (b, +00),

o 1,(2) = 0as |z| = 400,

it follows that T),(a~) := lim,, T, (%) and T),(b") := lim, |, 7),(2) exist in respectively
[—00,0) and (0,+4o00] and 7, realizes decreasing homeomorphisms from (—oo,a) onto
(T,(a™),0) and from (b, +00) onto (0,7,,(b")).

In this paper, we shall denote by T, ! the inverses of these homeomorphisms, even
though 7}, shall sometimes define other homeomorphisms on the holes of the support of
L.

The so-called S-transform

1+z 1
Sﬂ<z> T ’ T*l(z) <6>

o

is the analogue of the Fourier transform for the free multiplicative convolution, since for
all probability measures i1, pa, 111 X po is characterized by the fact that

Sm'xlm (Z) = SMI (Z)Sm (Z)

2.4.3. The D-transform and its relation to rectangular additive free convolution. Let p
be a law with compact support contained in [0, +00). Let us denote by [a,b] the convex
hull of the support of p. We define, for any probability measure 7 on the real line,
©r(2) = [ Z=zdr(t). For ¢ € [0,1], the D-transform with ratio ¢ of i is the function

D,(c,z) = ‘Pu(z)@cwr(lfcwo(z) (z > b).

For any fixed ¢, we have

e D,(c,z) >0 for all z € (b, +00),
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e for all z,

=0.D,(c.2) = pur-on(2) | G +o,(2) | S galent (1=e)al(e). (7)

which implies that D, (c,-) is decreasing on (b, +00),
e D,(c,z) =0 as |z| = 400,

it follows that D, (c,b") := lim,|;, D,(c, z) exist in (0, +oc] and D, (c, -) realizes a decreas-
ing homeomorphism from (b, +00) onto (0, D,,(c, b")).

In this paper, we shall denote by D,,(c,-)~! the inverses of these homeomorphisms, even
though D, (c, ) shall sometimes define other homeomorphisms between other intervals.

In the special setting where a > 0, D, 0,4)(2) is defined as D, (1, z) but with z € [0, a).
It defines another increasing homeomorphism from [0, @) onto [0, D,, o.)(a™)).

The functior
D,(c,z) = H,(1/z%) (8)
plays a key role in the computation of the rectangular free convolution (see [9, Th. 3.13]
or [8, Intro.]). Indeed, the rectangular R-transform with ratio ¢ of u, defined to be

z
Culz) =U (7 - 1) ,
H1(2)
—c—1+[(c+1)2+402]1/2 .
where U(z) = 5o for ¢ > 0 and U(z) = z for ¢ = 0, is the analogue of the
logarithm of the Fourier transform for the rectangular free convolution with ratio ¢, since

for all probability measures py, o, p1 He po is characterized by the fact that
CmEEcﬂz (Z) = Cﬂl ('Z) + C,uz (Z)

The coefficients of the series expansion of C),(2) are the so called rectangular free cumulants
with ratio ¢ of p (see [, Eq. (4.1)]).

2.5. Extensions.

Remark 2.13 (Phase transition in non-extreme eigenvalues). Theorem 2.1 can easily
be adapted to describe the phase transition in the eigenvalues of X, + P, which fall in
the “holes” of the support of uy. Consider ¢ < d such that almost surely, for n large
enough, X,, has no eigenvalue in (c¢,d) (which implies that (c,d) does not intersect the
support of py and that G, induces a decreasing homeomorphism G, (.q) from (c,d)
onto (G, (d™),G,(ct))). Then almost surely, for n large enough, X, + P, has no

eigenvalue in (¢, d), except if some of the 1/6,’s are in (G, (d7), G, (c")), in which case,
every such 6; gives rise to an eigenvalue with almost sure limit G~ (1/6;) as n tends

125 7(Cvd)
to infinity.

Remark 2.14 (Isolated eigenvalues of X,, outside the support of px). When X, itself
has isolated eigenvalues in the sense that the limit a of its smallest eigenvalue and the
limit b of its largest eigenvalue are out of the support of px, the phase transition occurs

3The functions H, » and C, are often defined only for p a symmetric measure, but in [I0, Sect. 2|, the
theory is adapted to non-symmetric measures.
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at the same values as in Theorem 2.1l Indeed, everything, in the proof, still works, except
22). It follows that for each i € {1,..., s},

lim \(X, + P,) =G, L (1/0:;)  if1/0; < G, (bY),
limsup A\ (X, + P,) < b in the other case,

n—oo

and that for each i € {s+1,...,7},
Hm Apopsi(Xp + Po) = G, L(1/0;)  if 1/6; > Gy (a™),
liminf A\, _, (X, + P,) > a in the other case.

Remark 2.15 (Random matrices with Haar-like eigenvectors). Let G be an n x m Gauss-
ian random matrix with independent real (or complex) entries that are normally dis-
tributed with mean 0 and variance 1. The eigenvectors U of the matrix X = GG*/m, will
be Haar distributed. Informally speaking, when G is a Gaussian-like matrix in the sense
that its entries are i.i.d. with mean zero and variance one, then upon placing adequate re-
strictions on the higher order moments, we label the eigenvectors of X as being Haar-like.
Formally speaking, following the development in [30], 31, 32], when U is Haar-like, then for
non-random unit norm vector x,,, the vector U*x,, will be close to uniformly distributed
on the unit real (or complex) sphere. Since our proofs rely heavily on the properties of
unit norm vectors uniformly distributed on the n-sphere, they can be easily adapted to
the setting where the unit norm vectors are close to uniformly distributed. Hence, we
assert without proof, the applicability of our results to the setting where X or P or both
have independent Haar-like distributed eigenvectors.

Remark 2.16 (Setting where eigenvalues of P, are not fixed). Suppose that P, is a
random matrix independent of X,,, with exactly r non-zero eigenvalues values given by
o0 Let 91(”) 2% 0; as n — oo. Using [20, Cor. 6.3.8] as in Section 62, one
can easily see that our results will also apply in this case.

The analogues of Remarks 2.13] 2.14] .15 and .16l for the multiplicative and rectangular
settings also hold here.

3. EXAMPLES

We now illustrate our results with some concrete computations. The key to applying
our results lies in being able to compute the GG, T or D transforms of the spectral measure
pwx and their associated functional inverses. In what follows, we focus on settings where
the transforms and their inverses can be expressed in closed form. In settings where the
transforms are algebraic so that they can be represented as solutions of polynomial equa-
tions, the techniques and software developed in [29] can be utilized. In more complicated
settings, one will have to resort to numerical techniques.

3.1. Random Gaussian matrices and the square additive case. Let X, be an
nxn symmetric (or Hermitian) matrix with independent, zero mean, normally distributed
entries with variance o/n on the diagonal and ¢%/(2n) on the off diagonal. It is known
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that the spectral measure of X, converges to the famous semi-circle distribution with

density
NP —
dpx(z) = ;Tﬂxdx for x € [—20,20].

It is known that the extreme eigenvalues converge to the bounds of this support [IJ.
Associated with the spectral measure, we have

z —sgn(z)v/ 22 — 4o

GMX (Z) = 202 )

Gy, (£20) = +0 and G 1 (1/0) = 0 + 2.

Thus for P, with r non-zero eigenvalues ¢y > --- >0, >0 > 0,1 > --- > 0,, for any
fixed i € {1,...,s} (resp. i € {s+1,...,7}), by Theorem 2], we have

for z € (—o0, —20) U (20, +0),

0+ 5 if |0;] > o

20( resp. —20) otherwise,

Xi( X + Po) (resp. Apg1—i( X + B)) = { (9)
as n — 0o. This result has already been established in [I7] for the symmetric case and
in [28] for the Hermitian case. Remark 2T5 explains why our results hold for Wigner
matrices of the sort considered in [28, [I7]. Now, onto the eigenvectors.

In the setting where r = 1 and 0 := 6, > 0, let z, be an eigenvector of X,, + P,
associated with its largest eigenvalue. By Theorem we have

1—2 iff>o,

(z, ker (01, — P,))* 2> { 62 (10)

0 if 0 <o.
Figure [2 illustrates the agreement between theory and experiment and the asymptotic
nature of the eigenvector phase transition result.

3.2. Random sample covariance matrices and the multiplicative case. Let G,
be an n x m real (or complex) matrix with independent, zero mean, normally distributed
entries with variance 1. Let X,, = G,,G%/m. It is known [23] 18] that, as n,m — oo
with n/m — ¢ > 0, the spectral measure of X, converges to the famous Marc¢enko-Pastur
distribution with density

dpx(z) : V(b —z)(z — a)ljup(z)dr + max (O, 1— %) do

where a = (1 — +/c)? and b = (1 + /c)? are the end points of the support of uyx. It is
known that the extreme eigenvalues converge to the bounds of this support.

2mex

Associated with this spectral measure we have [1
1o (z+1D)(cz+1)
Hx P ’
—c—1 —c—1)2—-4
(2) = S +€\/2(Z c=1) ¢ (e=1ifz<aande=—1if z > b),
c

T, (") = 1ve Tula) = —1/ve

4The most easy way to make these computations is to note that S,,_(z) = (14 ¢z)~" (see the proof of
Theorem 1 of [§]) and to use (@).

T,

nx
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-3 -2 -1 0 1 2 3 4
T

———— Theory
—O&— Experiment: n = 50
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So00000050005066008088800008

———— Theory —
—O— Experiment: n = 50

‘ ‘ .| —HB— Experiment: n = 500
i i i I I

5 6 7 8 9 10

7

(c) The empirical averages for n = 50 and n = 500 versus the theoretical prediction in (I0]).

F1GURE 2. The theoretical predictions in Section B.Ilfor the eigenvalues and
eigenvectors of X,, + P, are verified using empirical averages of the relevant
quantities over 400 Monte-Carlo simulations. Here we have P, = 6u,u}
and u,, is a unit norm vector.
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When ¢ > 1, there is an atom at zero so that the smallest eigenvalue of X equals
zero. For simplicity, let us first consider the setting when ¢ < 1 so that the extreme
eigenvalues of X tend almost surely to a and b. Thus for P, with r non-zero eigenvalues
b >->0,>0>0,4>--+->0,, with [; :==6; — 1, for any fixed i € {1,...,s} (resp.
i€{s+1,...,r})and ¢ < 1, by Theorem [Z1] we have

a.s. l 1 if lz —1
Ni(Xn(I, + By)) (resp. Ay1—i(Xn (L, + P))) — ( +7 1) if | | > e
b (resp. a)  otherwise,

asn — oo. Consider the matrix S, = (I,,+P,)"/?X,,(I,,+ P,)"/? which can be interpreted
as a Wishart distributed sample covariance matrix with “spiked” covariance I,, + P,. By
Remark 2.8 the above result applies for the eigenvalues of S,, as well. This result for the
largest eigenvalue of spiked sample covariance matrices was establishedd in [3, 27] and for
the extreme eigenvalues in [4]. Now, onto the eigenvectors.

In the setting where r = 1, let us denote [; = ; — 1 by [, and let be x,, a unit norm
eigenvector of X, (I + P,) associated with its largest (or smallest, according to whether
[ >1orl<1) eigenvalue. By Theorem 27, we have

e
(e, ker (1L, — %))? 22 { DD +] if |1 -1 >/, )
0 if |1 —1] < /e

Let y, be a unit eigenvector of S, = (I,, + P,)"2X,, (I, + P,)"/? associated with its
largest (or smallest, according to whether [ > 1 or [ < 1) eigenvalue. Then, by Theorem
2.1 and Remark 28], we have

1—_ ¢ _
a.s (l7c1)2 if |1 —1|>
(Y, ker (1L, — £))2 22 0 iy if |1 =1 > /e,

(12)
0 if |1 — 1] < /e

This result has been established in [27]. We generalize it to the case where ¥ < [,,.
3.3. The rectangular case.

3.3.1. Gaussian rectangular random matrices with non-zero mean. Let G, be an n X m
real (or complex) matrix with independent, zero mean, normally distributed entries with
variance 1/m. It is known [23] [I8] that, as n,m — oo with n/m € [0, 1], the spectral
measure of the singular values of X,, converges to the distribution with density

Vide— (22 —1—¢)?

TCT

dpx(z) = Lgp)(z)d,

where a = 1 — y/c and b = 1 + /c are the end points of the support of px. It is known
that the extreme eigenvalues converge to the bounds of this support.

5The model considered in [3], which takes into consideration the sample mean, is slightly different from
the one of this section, but our results also apply to this model.
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Associated with this singular measure, we have, by an application of the result in [7]
Sect. 4.1] and the relationship in (&),

-1 o (z+1)(cz+1)
Di(c,z) =/ ==

z )

22—(c+1)—+/ (22— (c+1))2—4c
Dﬂx (Cv Z) = %

) Dﬂx<cvb+):%'

C

Thus for any n X m deterministic matrix P,,, with r non-zero singular values ¢; >
... >0, (r independent of n,m), for any fixed i > 1, by Theorem 2.9 we have

(A+62)(c+0) i . 1/4
0i(X, + P,) =2 G if6; >c (13)
1+ /c otherwise.

as n — 00. This is a new result. Now, onto the singular vectors.

In the setting where r = 1, let u,, be a unit norm eigenvector of Xmmj(;;m associated
to its largest eigenvalue, then, by Theorems [2.10l and 2.12, we have

c 2 .
1— 92((1(;512) if § > /4,

0 otherwise.

<una ker(ezjn - Pn,mP:;m»z i} { (14)

The phase transitions for the eigenvectors of X;mf(nm or for the pairs of singular vectors
of )N(n,m can be similarly computed.

3.3.2. Square Haar unitary matrices. Let X,, be Haar distributed unitary (or orthogonal)
random matrix. All of its singular values are equal to one so that it has the spectral
measure

d:uX (l‘) = 0y,
with a = b = 1 being the end points of the support of px.

Associated with this spectral measure, we have

22

Dy (1,2) = [EEE

for 2 >0, 2z # 1,

thus for all 6 > 0,

0+vV0 +4

—0+ V02 + 4
5 —

D;;(L 1/6%) = 5

-1 2
and D ,(1/67) =
Thus for any n x n, rank r deterministic matrix P, with r non-zero singular values
0, > --- > 0, where neither r, nor the 6;’s depend on n, for any fixed « = 1,...,r, by
Theorem we have
9+V02+4 a.s. _8+V82+4

01<Xn + Pn) & f and O-n+17i<Xn + Pn) — 9

while for any fixed ¢ > r + 1, both ¢;(X,, + P,) and ,41_i(X,, + P,) =2 1.
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4. SKETCHES OF THE PROOFS

Let us explain briefly how Theorems 2.T], and 2.3 about extreme eigenvalues and
associated eigenvectors of X + P, can be proved (the index n in X,, and P, has been sup-
pressed for brevity). Similar arguments can be used for the multiplicative and rectangular
models considered in this paper.

Consider the setting where r = 1, so that P = § uu*, with u being a unit norm column
vector. Since either X of P is supposed to be invariant, in law, under unitary (or orthog-
onal) conjugation, one can, without loss of generality, suppose that X = diag(Aq,...,\,)
and that u is uniformly distributed on the unit n-sphere.

4.1. Largest eigenvalue phase transition. For any z € C such that z is not an eigen-
value of X, we have

s (X+P)=(2—X)x (I - (z—X)"'P),

so that z is an eigenvalue of X + P if and only if 1 is an eigenvalue of (2 — X)~'P. But
(z — X)™'P = (z — X)"'0uu* has rank one, so its only non-null eigenvalue is its trace,
which is equal to 0G,,, (), where 1, is a “weighted” spectral measure of X, defined by
oy = Z |[ug|?0y, (the uy’s are the coordinates of ). (15)
k=1
Thus any z out of the spectrum of X is an eigenvalue of X + P if and only if

G (2) = % (16)

Equation ([I6]) describes the relationship between the eigenvalues of X+ P and the eigenval-
ues of X, as illustrated in Figure Bl Here, u is a random vector with uniform distribution
on the unit n-sphere. Hence, for large n, we have that |u|* ~ % with high probability,
so that we have p,, = px and consequently G, (2) = G, (2). Inverting equation (IG)
after substituting these approximations yields the location of the largest eigenvalue to be

G+ (1/6) as in Theorem 211

The phase transition for the extreme eigenvalues emerges because under our assumption
that the limiting probability measure puy is compactly supported on [a,b], the Cauchy
transform G, is defined outside [a,b] and unlike what happens for G,,, we do not
always have G, (b") = +o00. Consequently, in settings of the sort depicted in Figure

B when 1/6 < G, (b%), we have that A\ (X) ~ G, [(1/6) as before. However, when

1/6 > G, (bT) then the phase transition manifests and A\ (X) = A (X) = b.

An extension of these arguments for fixed r > 1 yields the general result and constitutes
the most transparent justification, as sought by the authors in [3], for the emergence of
this phase transition phenomenon in such perturbed random matrix models. We rely on
concentration inequalities to make the arguments rigorous.

4.2. Eigenvectors phase transition. Let x be a unit eigenvector of X + P associated
with the eigenvalue z such that G, (z) = 1/6. From (X + P)z = zx, we deduce
(z—=X)x = Ouu'z

= (Qu"z).u (because u*zx is a scalar),
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FIGURE 3. Graph illustrating how the relationship between the eigenvalues
of X = X + fuu* and the eigenvalues of X for some # and unit norm n x 1
vector w is implicitly described by (I6). Here, when n = 5, Ay,..., A\, are

the eigenvalues of X and )\1, . )\ are the eigenvalues of X. The functlon
G, (2) plotted is the Cauchy or G transform of the probability measure p,,
given by ([IH).

implying that z is proportional to (z — X)~'u. Hence, since x has norm one and z — X
is Hermitian,

= X)
o u*(z — X)2u 17)
and
(w(z = X)"u)? G, (2)? 1

(z,ker(01 — P))* = |u*z|* =

u*(z — X)2u - f dun (t) 92 f dpn (1) (18)

(z—t)?2 (z—t)?

Again, since p, ~ puy, if z ~ p > b, thenfd“"t)wfd“xt)<ooandweget

1 -1
for(0] — P2 25, 0.
<ZL‘ er( )> 92fdux()t) 92G;LX(p> g
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|
1
a b
(a) When 1/0 < Gy (b), M(X + P) — p= G L (3).

nx

(b) When 1/6 > G, (b), M\ (X + P) — b.

F1GURE 4. Graphical illustration of why a phase transition occurs for the
largest eigenvalue of X + P. The limiting probability measure py for the
eigenvalues of X is supported on [a,b]. The Cauchy or G-transform of
ix is plotted outside the support. Following the argument in Figure
and Section Ml the location of the largest eigenvalue is determined by the
relationship between 1/6 and G, (z) as shown. A similar argument can be
used to illustrate the phase transition for the smallest eigenvalues and for
the multiplicative and rectangular models considered in this paper.

On the other hand, if z ~ b and G, = G(lgxt(é = 00, then

(z,ker(01 — P))* == 0.

Again, rigorous arguments rely on concentration inequalities.
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5. THE EXACT MASTER EQUATIONS

In this section, we shall give r-dimensional analogues of the key-formulas (I6) and (I7))
given in the sketches of the proofs.

5.1. Eigenvalues and eigenvectors of X + P.

Proposition 5.1. Let X be an N x N matriz and P = VOV*, with © an R X R matrix
and V an N x R matriz which columns are orthonormal (i.e. such that V*V = Ig). Let
z be a complex number out of the spectrum of X. Let us define the (possibly null) spaces

E, =ker[zIy — (X + P)], F.=ker[lgr—V*(z—X)"'VO.

a) Then the mappings
p, + F, — E, and Y, : B, — F,
v (z—X)'Veu w — Vw
are linear isomorphisms, which are inverses one of each other. Moreover, for all v, w,
le=()|| = [Jo]l and ||z (w)]] < [wl].

b) Let us denote N by n and R by r, lets us suppose that X = diag(Ay,...,\,) and
© = diag(#y,...,0,) and let us denote the entries of V by vy, (1 <k <mn,1<[1<r).
Then firstly, any z & {\1,..., Ay} is an eigenvalue of X + P if and only if the r X r matriz

L —V'(z-X)"'Ve
is not invertible and secondly, for alli,j =1,...,r, the (i,7)-th entry of this matriz is
Lizj — 0G5 (2),

where p; j is the complex measure defined by
Mij = Z@c,ﬂ)k,ﬂhk
k=1

and G, ; is the Cauchy or G-transform of p; ;.

Proof. Part b) follows directly from a) and from a straightforward computation of the
(i,7)-th entry of V*(z — X)~'VO. Part a) is proved, for example, in [2, Th. 2.3] (the
assertions about the norms follow from the fact that for all w € E., ||, (w)|* = Jw|* +
-+ |w,|?, where wy, . .., w, are the coordinates of w on an orthonormal basis having the
columns of V for first r vectors). O

5.2. Eigenvalues and eigenvectors of X(/ + P). The following proposition can be
proved in the same manner as Proposition Gl

Proposition 5.2. Let X be an n X n matriz and P = VOV*, with © an r X r matrix
and V' an n X r matriz which columns are orthogonal (i.e. such that V*V = 1,.). Let z
be an eigenvalue z of X (I + P) which is not eigenvalue of X. Let us define the (possibly
null) spaces

E, =ker[z], — X(I + P)], F.=ker[l, —V*(z—X)"'XV@].
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a) Then the mappings
p, + F, — E, and Y, : E, — F,
v (z—X) Ve w — Viw

are linear isomorphisms, which are inverses one of each other. Moreover, for all v, w,
le=(0)[| = ol and [|¢-(w)]| < [[w]].

b) Let us suppose X = diag(A1,...,\,) and © = diag(6y,...,0,) and let us denote the
entries of V by vgy (1 <k <mn, 1 <1 <r) Then firstly, any z ¢ {\,...,\,} is an
eigenvalue of X (I + P) if and only if the r X r matriz

I, —V*z - X)'XVe
is not invertible, and secondly, for alli,j =1,...,r, the (i,7)-th entry of this matriz is
Lizj = 0;T,.;(2),
with

n
Mig = E Uk, iUk, ;OA
k=1

and T, . (z) is the T-transform of ju; ;.

5.3. Singular values and singular vectors of X + P. Firstly, let us state the following
well known theorem [20, Th. 7.3.7], which relates singular values and singular vectors
of non-Hermitian matrices with eigenvalues and eigenvectors of Hermitian matrices (see
Section for the definition of singular vectors).

Theorem 5.3. For oy,...,0, nonnegative real numbers, the singular values of X are
O1,...,0q if and only if the n +m eigenvalues of
0 X
Fa (19
are oi,...,0,, —01,...,—0, and m —n additional zeros. Moreover, for o a nonnegative

number, a pair (u,v) of unit-length vectors is a pair of singular vectors of X associated
with the singular value o if and only if Z is an eigenvector of the matrixz of ([I9)) for the
eigenvalue o.

The following proposition adapts, via Theorem [£.3] the master equation of Proposition
.l to the rectangular setting.

Proposition 5.4. Let us now denote N =n +m, with 1 < n < m and R = 2r, let us
suppose that there exists o = (01,...,0y,),0 = (01,...,0,) such that for D = diag(o) and
Q) = diag(), we have

On,n D On,mfn 0 0 U On,r
X = D On,n On,m—n 7@ = [ g{ 0 :| 7V - On,r K
Om—n,n Om—mn Om—n,m—n o Om—n,r L
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Then the 2r x 2r matriz V*(z — X)™'VO can be written with four r x r blocs

U =25 KO U2 UQ
(20)
K25 KO+10'LO K*525,UQ

(the entries of this matriz can easily be interpreted as in b) of Proposition [2.1], i.e. as
integrals of complex measures with support {oy,...,0,} or{o1,...,0,,0}.

The proof of the proposition relies on a straightforward computation, inverting z — X
via the following elementary lemma, which we shall refer to several times in the paper.

Lemma 5.5. Let ¢, d be diagonal r X r matrices with positive diagonal entries. Then one
has

RV W W W I e

In the particular case where ¢ = d, this can be reduced to
0 d 11 11\[d o]/ 1 [t 1 11 17\
d =(— — , — =1 (21)
0 \/5 1 -1 0 —d \/5 1 -1 \/5 1 -1

6. PROOF OF THEOREM [2.1] FOR THE EXTREME EIGENVALUES OF X, + P,

6.1. First step: Setting where 6;’s are pairwise distinct. Note first that by the
definition of B (see also [I, Cor. 5.4.11]), the random probability measure

1 n
o Z ON (X +Pr)
k=1

converges almost surely to ux H dy = px, so for any 7 fixed independently of n,

liminf \;(X,, + P,) >b and limsup \,_;(X, + P,) < a. (22)

n—0oo n—00

Let us write, for each n,

X, = U diag A, ... AU P, = U diag(6y, . .., 6,,0,...,0) U

r'n

The spectrum of X,, + P, is the one of
diag( A\, .. A+ U US diag(6y, ..., 0,,0,..., 00U U,
—_——
denoted by U,

and since either X,, or P, is invariant in law by conjugation by orthogonal (or unitary)
matrices, U, is Haar-distributed and independent of A := (A", ..., A) (see the first

paragraph of the proof of [I9, Th. 4.3.5] for more details). Let us denote by [u; ;|7';_; the
entries of U,.

z]]

Since A1 (X,,) =25 b and A\, (X,) == a, we can focus on the eigenvalues of X,, + P, which
are out of [A\,(X,), \1(X,,)]. By Proposition E.11b), these eigenvalues are the numbers z
out of [\,(X,), \1(X,,)] such that the r x r matrix

M(n,z):=1I, — [ejGu%) (2));j=1
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(n)

is not invertible, where for all 4,5 =1,...,r, ,uznj is the random complex measure defined

by
) = S T
k=1

By Proposition [1.3] for all i # j, the random complex measure u(")

.3
surely weakly to zero and for all 4, MEZ) converges almost surely weakly to px. Thus, by
the second statement of Lemma [IT.1] for all n > 0, the matrix-valued function M (n, )

converges to

converges almost

Mg, () =diag(l — 601G, (+),. .., 1 = 0,G. ()

uniformly on {z € C; d(z, [a,b]) > n}, almost surely. Now, the conclusion follows exactly
from Lemma [[T.4] which hypotheses are satisfied (hypotheses a), b), ¢) follow from the
definition of G, hypothesis d) follows from Proposition Bl and from the fact that
X, + P, is Hermitian and hypothesis e) has been checked above).

6.2. Second step: Extension to the general case. We have now to treat the case
where the 6;’s are not pairwise distinct. Fix i € {1,...,7} and ¢ > 0. Assume for
example that ig < s (the other case can be treated in the same way). We denote, for
0 >0,

oy — G (1/0) if 1/6 <G, (b7),
b in the other case.
Note also that the function G, is continuous on (0, G,,(b%)) and that lim,;q, ) G, (y) =

b, hence the function § — py is continuous on (0, 00). Hence there is > 0 such that for
all 0 > 0,

0 — 0| <= |po — po,,| < e (23)
Let us consider a family (0] > --- > 6.), of real numbers such that for all i = 1,...,r,
6;0; > 0 and

S0 60? < min(i?, ).

i=1
It implies that

<e. (24)

|p9§0 = Poy,
Employing the notation in Section [6.1], for each k and each n, we define

P, = Up” diag(6}.....0,,0,..,00U5"".

Yy

Note that by [20, Cor. 6.3.8], we have, for all n,

> NXn+ P = N(Xy+P)? < Te(P—PB,)* =) (0,—0,)* <% (25)

j=1 i=1
Since the theorem can applied to X, + P, , it follows that almost surely, for n large enough,

Mo (X + PL) = py | < e (26)
By the triangular inequality, we have

|>‘io(Xn+Pn)_p9i0| < |>‘io(Xn+Pn)_)‘io(Xn+P7;)|+|>‘io(Xn+Prlz)_p6§0|+|p9§0 _p9i0|’
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thus, by [25), (26) and ([24]), almost surely, for n large enough,
Nio(X o+ PL) — i, | < 3.

7. PROOFS OF THEOREMS AND FOR THE EXTREME EIGENVECTORS OF
X, + P,

We shall use the following elementary lemma several times in the paper.

Lemma 7.1. Let us firr > 1 and let us consider a sequence M (n) of r xr matrices which
converges, as n tends to infinity, to a matriz M. For each n, consider vy, € ker M(n)
such that ||y,|| < 1. Then

(Yn, (ker M)L> — 0.

n—oo

Proof. Since for all n, ||y,|| < 1, one can suppose that y,, converges to a limit y. Then
it suffices to prove that My = 0, which follows from the fact that My = lim M (n)y,. O

7.1. Proof of Theorem Let us write, for each n,
X, = U diag A\, ... AW P = U diag(6y, . .., 6,,0,...,0) U

The eigenvectors of X,, + P, are U )((n ) times the ones of

diag A\, . ™) 4 U UW diag(6y, ..., 6,,0,...,0) UM U,

hence it suffices to prove the result in the case where X, = diag()\gn), . .,)\ﬁl‘)) and
P, = U,diag(b,...,0,,0,...,0)U}, with U, Haar-distributed. We denote the entries of
U, by [ugg)];szl, its columns by CYL), Cey C\" and the n x 7 matrix which columns are

respectively C’fn), cee o by V,,.

Let ro be the number of i’s such that §; = 60;,. Up to a reindex of the 6;’s (which is
then no longer decreasing, but it is not a problem here), one can suppose that ig = 1,
0, =---=0,,. Foreach n, ker(6,1, — P,) is then the linear span of the ry first columns
of U,, namely C’fn), ceey C’r((rf ). Since these columns are orthonormal, it suffices to prove
that as n tends to infinity,

- —1 1
|(C(-"), z,)|>  tends almost surely to = (27)
21e G 9 R
and
E \(C](»n),anQ tends almost surely to 0. (28)

j=ro+1

Let us introduce, for each n, for all z out of the spectrum of X,,, the r x r random
matrix

M(n,z):= 1, — [ejGHEZ)(Z)]

T
ij=1>
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where, for all 4,7 =1,...,r, u%) is the random complex measure defined by

'“m Z Ui J A (29)

As in the proof of Theorem 211 (end of the first step), for all n > 0, the random matrix-
valued function M (n,-) converges to

Mg, () =diag(l — 01G . (+),. .., 1 = 0,G. ()

uniformly on {z € C; d(z,[a,b]) > n}, almost surely. Since z, tends almost surely to
G+ (1/6y), which is out of [a, ], it follows that M(n, z,) tends almost surely to

9T0+1 ‘9
1-=
01 01 )

diag(0,...,0,1 —
——

70 ZEros

Moreover, by Proposition B] a), for n large enough such that z, is not an eigenvalue
of X,,, V*x, is a vector of the kernel of the r x r matrix M (n, z,) with norm < 1. Since
for all n,

(", 2,)

Lemma [ZT] allows to claim that (28) holds.
Let us now prove (217). By Proposition 5] a) again, one has, for all n,

T, = (z,—X )’IV diag(0y,...,0,)V >z,

= Ze O 2,y O,
= Ze (", 2,) O + Z 0,(C, ).

j=ro+1

(. J (. J

~
denoted by z/, denoted by z/

Note that z, tends almost surely to p = G, (1/6,), which does not belong to [a,b], and
that the upper and lower bounds of the spectrum of X, tend almost surely respectively to b
and a, thus almost surely, the operator norms of (z, — X,,)~! form a bounded sequence. By

Y n
([23), it follows that ||z tends almost surely to zero. As a consequence, since ||z,|| = 1,
||« || tends almost surely to one. Since #; = --- =6, and z, — X,, is Hermitian,
o
> = 0 (O el ) O (20 — Xa) 205 (30)
ij=1 ~
=/ - t)2 d,ug J)( ), with ;LEZ.) defined by (23)

By Proposition [[1.3], for all 7 # j, ,ugz) converges almost surely weakly to zero and for all

1, ,ugz) converges almost surely weakly to ux. Thus, by the second statement of Lemma
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[I1.T] since z, converges almost surely to p ¢ [a,b], for all i,5 =1,... 7,

Ay () as f du(t)
/ (on — 1) 1/ TEnE

By B0) and the fact that ||z, || = 1, @7) follows. O

7.2. Proof of Theorem Let us suppose that 8 > 0 (the other case can be treated

in the same way). Note first that G, (b") = —oco implies that [ C(lgft()? = 400.

As in the proof of Theorem 2.2] it suffices to prove the result in the case where X, =

diag(Agn), cee )\SL")) and P, = Qu™u™* with u™ a column vector uniformly distributed

on the unit real (or complex) n-sphere. We denote by ugn), e ,usl")

vector u(™ and define, for each n, the random probability measure

M(n) = Z |U1(gn) |25A§€n) .
k=1

Note that by the » = 1 case of Proposition [ b), the eigenvalues of X,, + P, which
do not belong to {A", ... Al"} are the solutions of G, (z) = 3. By the elementary

remarks made on the Cauchy transform of a probability measure in Section 241, since

the coordinates of the

hmtug") G, (t) = +0oo, we know that the largest eigenvalue 2, of X, + P, is > )\YL).
Reproducing the arguments leading to (I8)) in Section ([@2), we get

B 1

g2 [ TIRION

(zn—1)?

(x,, ker(01, — Pn)>2

Thus it suffices to prove that, as n tends to infinity,

(n)
/ % tends almost surely to + oo. (31)

Note that by hypothesis, % Sop_ 0 \(m converges almost surely to px. Since, by Theorem
k

21 b — z, tends almost surely to zero, it follows that + > 5&@ 4, » which is the

push-forward of this measure by the map ¢t — ¢t + b — z,, converges also almost surely to
wx (use, for example, the Fourier transform to see it). Hence, by ({47,

= Z |u§fn)|25)\§€n)+b7zn
k=1

tends almost surely to px. It implies that for any lower-semicontinuous function f : R —
[0, o],

lim inf / (A () > / F(O)dpx (2). (32)

n—-+00

Equation (B1) follows, by application of ([B2)) for f(t) = (b —t)~2. O
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8. PROOFS OF THEOREMS [2.0H2.7] FOR THE EXTREME EIGENVALUES/VECTORS OF
X,.(I+P,)

These proofs can easily be obtained adapting to the square multiplicative case the
proofs of the square additive case (using the master equation for the identification of the
eigenvalues and of the eigenvectors given by Proposition instead of the one given by

Proposition B.1]).
9. PROOF OF THEOREM FOR THE EXTREME SINGULAR VALUES OF X,, + P,
9.1. First step: case where the 6#;’s are pairwise distinct. Let us first suppose the

0;’s to be pairwise distinct.

Note first that by [9 Th. 3.13] (which extends easily to almost sure convergence), the
symmetrization of the random probability measure

1 n
o Z 00, (Xn-+Pr)
k=1

converges almost surely to px s H. dp = px s, where p1x s denotes the symmetrization of
px. It follows that for any ¢ fixed independently of n,

liminfo;(X, + P,) >b and limsupo, (X, + P,) < a.

n—oo

Let us write, for each n,

ot 0 -+ 0
X, = U : | v
d™ 0 ...
6, 0 - 0]
n er 0 ° 0 n)x
Pn:U}’) 0 0 - 0 Vlg)v
i () 0 0_

with U )((n U I(Dn) n X n orthogonal (or unitary) matrices and V)((n), Vlgn) m X m orthogonal
(or unitary) matrices. The singular values of X,, + P, is the same as the ones of

diag(a\™, ..., o) omm_n] + UV US [diag(f, ..., 0,,0,...,0) Opmn] VI VI,

and since either X,, or P, are biorthogonally (or biunitary) invariant in law, U )((" U 1(3")
and V"V are Haar-distributed [19, Lem. 4.3.10]. Let us denote by U, (resp. V;,) the
n x r (resp. m X r) matrix which columns are the first columns of U )(? U 1(;") (resp. of

Vi viM). Note that o™ := (6™, ... "), U,,V, are independent. Thus, from now on,
we suppose that for D, = diag(c\™,...,c{") and Q = diag(;, ..., 0,), we have

Xp =Dy Onpn],  Po=U0V,
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with D,,,U,,V, independent and U,,V,, respectively n x r and m X r matrices which
columns are the r first columns of uniform orthogonal (or unitary) random matrices.

By Theorem [£.3] the positive singular values of X,, + P, are the positive eigenvalues of

0  X,+P
X:4+ P 0

(when n = m, one can replace positive by non negative in this sentence). Moreover,
0 Xo+P| _[0 X)) [Un O][0 Q][Us O ’ (33)
Xr+ P 0 Xy 0 0 Vol [ O[O0 V|~

Since o1(X,) tends to b and 0,(X,,) tends to a almost surely, we can focus on the
eigenvalues of the matrix of (33) which are out of [0,,(X,,), 01(X,,)]. By Proposition 5.Ib),
first part, and Proposition [5.4], these eigenvalues are the numbers z out of [0,,(X},), 01 (X,,)]
such that the 2r x 27 matrix

Uy =2 =5z K () Un =25z U
M(n,z) = Iy — (34)
Kl K+ L0 K2 U,0

is not invertible, where K, is the n x r upper-block of V,, and L,, the (m —n) x r lower one.
As mentioned in Proposition [5.4] the entries of this matrix can be interpreted as integrals
of complex measures. Using Proposition and the second statement of Lemma [IT.1]
one easily sees that for all n > 0, the matrix-valued function M (n,z) converges almost
surely uniformly on {z € C; d(z, [a,b] U {0}) > n} to

My (2) = Loy — {NO(EZ) N (()z)} | (35)
with

N(z) = diag (rpux(2), - 0rpux (2))
NO(Z) = diag (91¢CMX+(1—6)50 <z>7 s 7‘9r900ux+(1—C)50 (Z))
(in the case where m is always equal to n, one can replace [a,b] U {0} above by |a, b]).

Now, as in the proof of Theorem 1] the conclusion follows exactly from a modified
version of Lemma [IT.4l Let us explain which version of this lemma we shall need here.
To treat the first part of our theorem, firstly replace the interval [a,b] of the lemma by
(—o00,b] and secondly replace the matrix Mg (2) defined in (BI) by M, (z), which, by
Lemma 5.5 is actually non invertible if and only if one of the 1/67’s equals D, (¢, z). To
prove the second part of our theorem (which concerns the case where m is always equal
to n), apply again a modified version of Lemma [IT.4] with the same matrix, where the
interval [a, b] is replaced by (—oo,0]U[a, +00) and where the hypothesis c¢) is replaced by
the fact that

I;IIOID (1,2) = 0.

9.2. Second step: the general case. The extension to the general case works exactly
as in the proof of Theorem 21| using [20, Cor. 7.3.8 (b)] instead of [20, Cor. 6.3.8]. O



30 FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

10. ProoOFS oF THEOREMS [2.10l AND 2.12] FOR THE EXTREME SINGULAR VECTORS
OF X, + P,

10.1. Proof of Theorem [2.10. We employ the notation introduced at the beginning of
the proof of Theorem Since the pairs of singular vectors of X,, + P, are U )(? '@ V)((")*
times the ones of

Dy + v Ut v o,

from now on, we suppose that for D,, = d1ag(a§ R ) and Q = diag(6, ...,0,), we
have

Xn - [Dn On,m—n} 5 Pn - UnQVéka
with D,,U,,V, independent and U,,V,, respectively n x r and m X r matrices which
columns are the r first columns of uniform orthogonal (or unitary) random matrices.

Let us define, for each n,

On,n Dn On,mfn 0 0 Un On,r
X = D, On.n Onmen |, ©O= { ér 0 } Wo=1 0., K,|,
Omfn,n Omfn,n Omfn,mfn o Omfn,r Ln

where K, the n x r upper-block of V,, and L, the (m — n) x r lower one. Then, by
Proposition [£.4], we have, for all z out of the spectrum of X,

U:; 2DnD2K Q UZ@UnQ

Wiz — XM'w,e =
K*

n2D2

KQ+ 10 0,0 KB U,0

Let 7o be the number of i’s such that 6; = 60;,. Up to a reindex of the 6;’s (which
is no longer decreasing, but it is not a problem here), one can suppose that ig = 1,
0, =---=0,,. Then for each n, ker(621, — P, P?) (vesp. ker(#7l,, — P*P,)) is the linear
span of the ry first columns of U,, (resp. of V,,). We denote the columns of U,, (resp. V,,)
by Ul(n), ce U™ (resp. Vl("), ce W(n)). Since these columns are orthonormal, to prove
b), it suffices to prove that as n tends to infinity,

T0
Z |<Vj("), v,)[*  tends almost surely to the RHS of (H). (36)

Moreover, for all column vector x, we have P,z = E;Zl Hj(Vj("), SL’>U;H), thus to prove d),
it suffices to prove that

70

Z 1610, (p)(V,("), Up) — <U]("), u,)|?  tends almost surely to 0. (37)

J
j=1

Note that a) follows also from (@) and (37). Indeed, (36) and (B7) granted, » 72| |(U]("), Up) 2
tends to 07y, (p)* times the RHS of ), which is equal to the RHS of (@), because
0u(p)pix (p) = 1/62,. To prove d), we have to prove that

Z (U™ )2+ <Vj(n),vn>|2 tends almost surely to 0. (38)
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To prove e), it suffices to remark that the following proof stays valid if a > 0, m is always
equal to n, z, = 0114 (X, + P,) and p = D;; 0 a)(1/0i20).

So let us prove (36l), (37) and (3g]).

As in the proof of Theorem 29 for all > 0, the matrix-valued function
M(n, z) = I, — Wi(z — X")7'W,,©

converges almost surely uniformly on {z € C; d(z, [a,b]U{0}) > n} to the matrix M, (2)
of (B3) (in the case where m is always equal to n, one can replace [a, bjU{0} above by [a, ]).
Since 2, tends almost surely to p := D, (¢, 1/67), which is > b (or in (0,a) U (b, +00) if
a > 0 and m is always equal to n), it follows that A (n, z,) tends almost surely to M, (p).

The space ker(M,, (p)) is the set of vectors (z1,...,%,,41,...,y,) such that for all
1=1,...,7,

z; =0 (p)y;  and  y; = 0,05, (p);.

Note that ¢, (p)eax(p) = Duy(c,p) = 1/67, thus ker(M,(p)) is the set of vectors
(1,...,2r,Y1,...,Y;) such that for all i« = 1,...,7r¢, 7, = 019, (p)y; and for all i =
ro+1,...,7, x; = y; = 0. Hence the orthogonal projection onto ker(M,, (p))* is the map
which maps any vector (z1,...,2Z,y1,...,y,) onto

(Th s 7TT07xT0+17 e '7xray17 s 7yrouyro+17 s 7y7“)7

. —  — l‘i—e i
where for all 4, (7;,7,) = W(L —010,x(P))-

Let us define x,, = [Z" . By the relations between eigenvectors and pairs of singular
n

vectors given in Theorem and by Proposition 5] a), for n large enough such that z,
is not a singular value of X,,, W'z, is a vector of ker(M(n, z,)), with norm < 2. Since
for all n, the 2r coordinates of W x,, are respectively

(U ), AU ) (V7 0), o (V) 0,
Lemma [TT] allows to claim that ([B7) and (38]) hold.

Let us now prove ([Bf). Again, by the relations between eigenvectors and pairs of
singular vectors given in Theorem and by Proposition [5.J] a), one has, for all n,

T, = (zn—XS)_anQW;xn

= (2 = X0V 0 U+ 05U ) VT
=1
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- (n) - 0,
where we defined, for j = 1,...,r, U;n) = {UJ‘ ] and Vj(") = {V(’nl)}. For each n, we

m,l 7

have x,, =z}, + x/, with

#o= 01z = XD Y V0 (T + o ()T,
j=1
T0
W= = XD YU, ) = O (Vo) VL
j=1
+(= Z 0, (V™ ) U7 + 0,U7" ) V.
Jj=ro+1

Note that z, tends almost surely to p, which does not belong to [a, b]U{0}, thus almost
surely, the operator norms of (z, — X,,)~! form a bounded sequence. By ([37) and (BJ),

it follows that ||2”]|| tends almost surely to zero. Since w,, has norm one, the norm of the

n x 1 upper part of z/ , that we shall denote by u/,, tends almost surely to one. By (21)),

Zn D, O
22-D2 22-D2 n,m-n
(Z - Xh> -1 D" Zn O
n n — Z%—D% Z%—D% n,m—n Y
—1
Omfn,n Omfn,n Zn

hence
T0

n Zn Dn n
uo= 0y (V] ),Un>( D2U "+ 010, (p )mKJ( ))v

n
jil n n

where for all j, K ](.") is the j-th column of K,,. It follows that

70

|2 = 033 (V" w ) (V™ v,) Coef, (i, 5),

i,j=1
where we defined, for all ¢, 7 =1,..., 1o,
2 2
.. (n) mx___ Dy (n)
Coef,(i,7) = U, WU + 91%;(( ) K; WK

+010,x (P)U; WKJ‘ + 0104y (P) K, W

By Proposition [[1.3] for all i, = 1,...,1r, as n tends to infinity,

2 2 ~ ep - .
Coet, (i, ) = | | @Eepdic(®) + 0t (o) [ GZppdiie () 10 =5,
e 0 if i # j.
Hence 777 |( v,)|? tends to
1 1

B [ rmsdix (8) + 0o (0)” [ it (£)
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The following relations:

Pux (P)0ix (p) = Dyuy(c,p) = 1/6

p 1 ,
2 [ () = o) = 40

t° _ 1
Q/Wdﬂxw = —;SOﬁx (p) — @:;X (p)
allow to recover the RHS of (3)) easily. Thus (Bd) is proved. O]

10.2. Proof of Theorem As in the proof of Theorem 210, the problem can be
reduced to the case where

Xo=[Dy Ongmnl, P, = uP)y®).
where D,,, uslp), vr(L ) are independent, D,, = diag(cr%n), e cr,(Ln)) and uﬁlp), vr(LP) are uniform

random vectors of the unit spheres of respectively R" R™ (or C",C™). Then, by the
relations between eigenvectors and pairs of singular vectors given in Theorem B3] by
Proposition (1] a) and by Proposition B4, for n large enough such that z, is not an
singular value of X,,, we have

i 2 0 (P) (P)
_ — n,m-n *
u,| | pPe Pa 0 Ovn v,
- 2_71N2 2_1D2 n,m—n P)x P
Up, OZ” Da Sn Da o oul w0
m—n,n m—n,n Zn

Let us denote by K, the column vector of the n first coordinates of oF). We have

2 2
2 = @21pPre, 2y P Fn(P) g2 (P PR P
L= ||lun||® = 0%|vy v, (2= DIy wuy )+ 07wy | K”(ZZ —DQ)QKn
; nwDn, - 2 Dp
020 0, ) (72 Doy +0%u " uo >vnK*wugﬂ>.
Note that the hypotheses of the theorem imply that [ (25 th = +o0 (and that [ (25 XtQ

+00 in the last part of the theorem). One concludes as at the end of the proof of Theorem
that |u£LP)*un| and |U£P)*vn|2 tend almost surely to zero as n tends to infinity, which is

the statement of the theorem. O
11. APPENDIX: TECHNICAL PRELIMINARIES NEEDED FOR THE PROOFS

11.1. Convergence of weighted spectral measures.

11.1.1. A few facts about the weak convergence of compler measures. Recall that a se-
quence () of complex measures on R is said to converge weakly to a complex measure
poon R if, for any continuous bounded function f on R,

[ 1o — [ s, (39)
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The following lemma shall be useful. It is well known for probability measures, but since
we did not find any reference on its “complex measures version”, we give a proof. Recall
that a sequence (u,) of complex measures on R is said to be tight if

LW sup |ua[({t € R; || > R}) =0.

Lemma 11.1. Let D be a dense subset of the set of continuous functions on R tending
to zero at infinity, endowed with the topology of the uniform convergence. Suppose that
the sequence () is tight, that (|p,|(R)) is bounded and that [B9) holds for any function
fin D. Then (u,) converges weakly to p. Moreover, the convergence of ([B9) is uniform
on any set of uniformly bounded and uniformly Lipschitz functions.

Proof.  Firstly, note that using the boundedness of (|u,|(R)), one extends easily ([B9) to
any continuous function tending to zero at infinity.

Let us fix a continuous bounded function f. For any continuous function g tending to
zero at infinity, we have

m sup / = )| < s / £ = g)ld(] + 1],

which, with a good choice of g (relying on the tightness hypothesis), can be made as small
as we want. Thus the first statement is proved.

: (40)

< [170= gl + bl + ' [ s

thus

Now, consider a set A of uniformly bounded and uniformly Lipschitz functions and
e > 0. Let M > 0 be such that for all f € A, |f| < M. By tightness, there is R > 0 such
that for all n, M(|u| + |u.|)({t € R; [t| > R}) < e. Let g be a continuous compactly
supported function such that 0 < g < 1 and g(t) = 1 for all t € [-R, R]. For all f € A,
for all n, [|f(1 — g)|d(|g| + |#n]) < e. Thus by (@), one can suppose that the elements
of A have all their supports contained in the same compact set. In this case, the result is
an straightforward application of Ascoli’s Theorem. O

11.1.2. Conwvergence of weighted spectral measures.

Lemma 11.2. Let, for each n, U™ = (u§">,...,u,2">), Vv = (v%n),...,v,(@n)) be the
two first rows of a uniform random orthogonal (resp. unitary) matrir. Let also x™ =

(a:ﬁ"’, . ,:1:51")) be a random family of real numbers independent of (U™ V().

a) Suppose that for all n, x™ belongs to the unit euclidian ball of R™. Then
w4 M 2, (41)

b) Suppose that for all n, k, \x,i")| <1 and that %(xﬁ”) +-+ :U,(qn)) tends almost surely
to a deterministic limit [. Then

A N R R (42)

c¢) Suppose that for all n, k, |:E,(§")| < 1. Then as n tends to infinity,
Mo ™z 4 gy, W) 22, (43)
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Proof. Firstly, by conditioning, one can suppose the z(™’s to be deterministic.

Let us first prove a) and b). Only U™ is involved in a) and b), thus since a uniform
random vector on the unit sphere of C" is a uniform random vector on the unit sphere
of R?", it suffices to treat the real case. Now, let us recall a well-known concentration
result [5, Lem. 14.2]@. Let g be a real-valued 1-Lipschitz function on the unit sphere of
R™. Let m, be one of its medians: both events {g(U™) > m,} and {g(U™) < m,} have
probabilities > 1/2. Then we have, for any € > 0,

P{g(U™) —my| 2} < +/af2e =0IP,

It follows that
—+o0

[Elg(U)] = m| < E[lg(U™) —m,|) = / PUg(U™) = my| 2 tht < .

implies that [g(U™)—m,| > 57— and the following

Thus, [g(U™) ~E[g(U™)]| =
inequality follows:
E+m }

BLlo(U™) ~ Bl 2 57—

As a consequence, if, for all n, g, is a 1-Lipschitz function on the unit sphere of R",
such that that E[g, (U™)] converges, as n goes to infinity, to a finite limit, then g, (U™)
converges almost surely to the same limit (indeed, by the Borel Cantelli Lemma, it suffices
to prove that for any n > 0, the series Y P{|g,(U™)—E[g,(U™)]| > n} converges, which
follows from ({dl), applied with ¢ = 2y/n — 1y — 7). For a), applying this principle for
gn : u +— (z™ u), which gradient, 2™, actually belongs to the unit euclidian sphere,
allows to conclude. For b), use the function g, : v — fu*diag(z™)u, which gradient
at any point u of the sphere, is equal to diag(z(™)u, thus actually belongs to the unit
euclidian sphere.

e+m
2v/n—1

m/2e 18 (44)

To prove c), the strategy is quite different. Let us define the random variable Z,, =
ﬂgn)vl(”)xgn) + e ﬂ,&”)vn(")xw. Since Z,, is centered, by Chebyshev’s inequality and
Borel Cantelli’s Lemma, it suffices to prove that E[Z!] = O(n™?). We have

2: 220 ) g B[y (P (PP .
1,7,k l=1

Note that by definition of the Haar measure, E[u( )ugn)ulgn)ul(n)v(n)v](n)v,(g")vl(")] = 0 when-
ever among i, j, k, [, one is different of all others. It follows that

E[zﬁ] S 3an)2 n)2 n)2 (n)2v(") ’U(n)2]

? J

< 3 Z 2! n)2 n)2 (n)S]E[ugn)s]E[vz(n)S]E[v](”)S])% ]

-~

—Efu{""]
Since, by [15], E[ugn)g] = O(n™*), the conclusion holds. O

6Usually, this result is stated for functions which are 1-Lipschitz with respect to the geodesic distance
on the sphere d(u,v) = arccos(u,v), but using (u,v) =1 — ||v — u||?/2, it appears that ||v —u|| < d(u,v).
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Proposition 11.3. Let, for each n, U™ = W\, ... u{"), VO = @™ . o) be the
two first columns of a uniform random orthogonal (’resp. unitary) matriz. Consider also
my, > n and a uniform random vector W™ = (wi”), e ,wfﬁ,)b) on the unit sphere of R™
(resp. C™ ), independent of U™ . Let also A\ = (Aﬁ"’, ce )\SL")) be a random family of
real numbers independent of (U™, V™ W), We suppose that n/m,, — € 0, 1],
that

the sequence (m]?X |)\ |) is almost surely bounded, (45)
and that there exists a deterministic probability measure pn on R such that as n tends to

infinity,

— E d,m) converges almost surely weakly to ju. (46)
n k
k=1

Then as n tends to infinity,

Lo =Y py |u§€")|25)\(n) converges almost surely weakly to p, (47)
paon = S [wy! |25A<n> + 3 w26 (48)
converges almost surely weakly to cp + (1 — ¢)do,
L v 7= Dy ﬂ,(gn)v,g")éA(n) converges almost surely weakly to 0, (49)
o) wm 2= 9 py ﬂ,(: wy” 5/\(n) converges almost surely weakly to 0. (50)
k

Proof. We shall use the first statement of Lemma [IT.Il Note first that by hypothesis
(4H), almost surely, all these sequences of complex measures are tight. Moreover, we have

[ty o | = Z Juy vy )|5A<n)7

thus, by the Cauchy-Schwartz inequality, we have |pg ) v |(R) < 1. In the same way,
|7y o |(R) < 1. Since figreny, iy are probability measures, the same inequality holds
obviously for them.

The set of continuous functions on the real line tending to zero at infinity admits
a countable dense subset, so it suffices to prove that for a fixed such function f, the
convergences of (1), @), @) and ([B0) hold almost surely when applied to f. So let
us fix a continuous bounded function f on R. One can suppose that |f| < 1. The
convergences of (7)) and (8], applied to f, follow from an application of ([@2]). The
convergence of (@9), applied to f, follows from ([@3). At last, the convergence of (B0),
applied to f, follows from (4I]). O

11.2. A technical lemma. We shall need the following result. Note that nothing, in
its hypotheses, is random. We define, for z € C and E a closed subset of R, d(z, E) =
Mingep |2 — x|

Lemma 11.4. Let us fix a positive integer r, a family 61, ...,0, of pairwise distinct
nonzero real numbers, two real numbers a < b, a function G which is analytic on C\|a, b]
and such that
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a) G does not take any real value out of R\|a, b],
b) for all z € (—o0,a) U (b, +00), G(z) € R and G'(z) < 0,
c) G(z) tends to zero as z € R tends to infinity.

Let us define, for z € C\[a,b], the r x r matriz
Mg (z) = diag(1 — 0,G(2),...,1 —6,G(2)), (51)

and denote by zy > --- > z, the z’s such that Mg(z) is not invertible (p € {0,...,r} is
the number of 6;’s such that the equation G(z) = 1/6; has a solution).

Let us also consider two sequences a,, b, with respective limits a, b and, for each n, a
function M(n,-), defined on C\|an,b,|, with values in the set of r X r complex matrices
and which coefficients are analytic functions. We suppose that

d) for all n, for all z € C\R, the matriz M(n, z) is invertible,
e) for allm > 0, M(n,-) converges, as n tends to infinity, to the function Mg(-),
uniformly on {z € C; d(z, [a,b]) > n}.

Then there exists p real sequences z,1 > ... > z,, converging respectively to zi,...,z,
such that for all ¢ € (0,min; d(z;, [a,b])), for n large enough, the z’s in R\[a — &,b + €|
such that M(n, z) is not invertible are exactly z, 1, ..., zn,. Moreover, for n large enough,
for each i, M(n, z,;) has rank r — 1.

Proof. Note firstly that by c), there exists R > 0 such that for z € R such that |z| > R,
|G(2)] < min; ﬁ. By d) and e), it follows that for n large enough, all the 2’s such that

M(n, z) is not invertible are in [—R, R]. To conclude, it suffices to prove that for all
c,d € R\([a,b] U{z,...,2,}) such that ¢ < d < a or b < ¢ < d, we have:

(H)  the number C. 4(n) of 2’s in (¢, d) such that det M (n, z) = 0 tends to the cardinality
Ceq of the i’s in {1,...,p} such that ¢ < z; < d.

(The assumption about the ranks following then from the fact that the set of matrices
with rank at least » — 1 is open in the set of 7 X r matrices).

To prove (H), by additivity, one can suppose that ¢ and d are close enough to have
Cea=0or 1. Let us define v to be the circle with diameter [c,d]. By a), det M (-) does
not vanish on ~y, thus

1 0. det MG(Z)dz — lim 1 [ 0,det M(n, Z)dz

Coa=— | ————=
4 2 . det Mg(z) n—oo 2imr [, det M(n, z)

the last equality following from e). Since C.4 = 0 or 1, no ambiguity due to the orders
of the zeros has to be taken into account here, and it follows that for n large enough,

Cc,d(n) - Cc,d- ]
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