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TECHNICAL REPORT NO. 3

A REDETERMINATION OF THE SOLAR CURVE OF GROWTH

Since we had avasilable a new theory of the solar spectrum(l) (D. H.
Menzel, unpubl.) we considered it desirable to redetermine the fundamental

curve of growth in accordance with this theory.

Theory
The basic formula for line profiles is

_ R.BX/p,
l -r = m-/—ﬁ; (1)

where r is the ratio of intensity at any point in a line profile to the in-
tensity in the continuum; Ry 1s a factor depending on the boundary temperature;
D. 18 the continuous absorption coefficient, referred arbitrarily to 125063 as

unity;

X - p ¢ R (2)
me /2 vo
[0}

the number of absorbing atoms; and

few-20) /792 (2 2)3 .
5={e[ o *(“’%‘ &% e ()

q is a dimensionless parameter describing the departure of the damping from the

classical value. The optical depth at any point is

TW) = BX/pg. (&)
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The theory indicates(Q) (op. cit.) that in the comstruction of a
curve of growth one should plot

log (¥)(L1) vs. log 8' - log p, (5)
AR,

since X/p. replaces the X, of the earlier theory(a) (Ap. J. 87, 81, 1938).
Thus where we had

log XO=L—§%)J'—91‘J| + log S° (6)

we now have

log X/pc = L - -5-%}-"913' + log S'/p, (7)

where S' is the relative line strength, so that if empirical line strengths are
used
log S' = log gf\ . (8)
The value of p,, the continuous absorption, was taken from the table
of theoretical values given for H~ by Chandrasekhar and Breen(h) (Ap. J. 104,
430, 1946) for wave lengths to the raed of AL800. To the violet of A4800 we

used the values determined empirically by Minch (5) (Ap. J. 102, 385, 1945),

Aa

pc)\ =

For the theoretical values we assumed T = 6300° but this is of little signifi-
cance for, although the absolute value of the H™ absorption varies with temper-
ature the ratios vary hdardly at all. Figure 1 shows log DPe VB. A.

Before proceeding to the construction of the actual curve of growth,
we had also to determine R;, the boundary temperature function. With this end
in view, we took most of the lines in Allen's Tables of Equivalent Widths(é)
(Mem. of Com. Solar Observ., vol. I No. 5, 1934 and vol. II No. 6, 1933), di-

vided them into seven groups according to A, 3924-L300, 4278-4500, 4500-4800,




" ENGINEERING RESEARCH INSTITUTE Page
UNIVERSITY OF MICHIGAN 3

4800-5200, 5200-5600, 5600-6100, 6100-6600, and plotted (1 - r.), where r. is
the central intensity, against log Xo as determined from Rubenstein's curve of
growth(7) (Ap. J. 92, 11k, 1940). Using the recent curve of growth by Goldberg
and Pierce, we subsequently corrected our values of log X,. The corrected
values appear in the figures. The resulting family of curves (Fig. 2) enabled
us to plot (1 - r,) vs. A for various values of log X, (Fig. 3).

Since r,= intensity in the line center / intensity in the continuum,

we find by use of the Planck law of black body radiation

2thy)? 1 hv
. 2 T _ KPP _ g (10)
c % hv .
27xhy 1l 7T
02 eh‘l’/KTP -1 e t -1

Tp is the effective temperature of the photosphere, 6700° according to the re-
cent work of Chalonge and Canavaggia(g) (Ann. d'Astrophysique 9, 143, 1946).
Ty is the effective temperature of the atmospheric level producing the center

of the line and ranging from 6500° to 4000°. More conveniently we can write

(10) in the form hd he)
i) kTP
e - e

11 = St (11)
™ A

Comparison of the theoretical curves for (1 - rc) vs. A with those

determined empirically indicated 4000° as a reasonable choice for the boundary

temperature. Thus we find

hy hv
JHO000K _ o700k
Re = /000K _ (12)

Figure 3 shows that the observed curves of (1 - r;) vs. A are somewhat steeper
than the theoretical, for reasons unknown. If we introduce X/pc for X, the

correction is in the desired direction, but insufficient in amount.
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There is, moreover, a conspicuous discrepancy between the set of
curves from Allen's AM277-6600 table and that for 3924-4300. We have compared
the lines appearing in both tables and find that part of thisidiscrepancy can
be attributed to a difference in Allen's correction of the central intensity
between the two tables. This explanation, however, is not entirely adequate.
Note that if we were to connect the points around \6000 to those around AL100,
without regard to the intervening regions, we should obtain slopes more clogely
approaching the theoretical values.

Since the equation (11) is perfectly general and not confined to the
line center, we consider that the di’ferent points in a line, corresponding to
different optical depths, are formed at regions of different effective tempera-
ture. Thus, the wings of a strong line are formed at deeper and hotter layers
of the atmosphere than are the line centers, since the smaller absorption co-
efficient in the wings permits us to see further &ownlinto the atmosphere,
Figure 4 illustrates this effect schematically. What we have essentially is a
relation between effective temperature and optical depth at any point in the

line profile, that is, beiween log £X/p. and Tt.

Data

The equivalent widths we took from Allen's Tables(9> (op. cit.) with
the modifications and additions described below. We used the values of W from
line contours, whenever they were available, in preference to those derived
from the central intensity.

In connection with our work on line profiles, to be described later
in this paper, we determined the equivalent widths of a number of lines of Fe

in the Utrecht Atlas in the region of A5300 where most of the lines seem to be
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free of blends. For the strong lines of the multiplet a’F - 270%e found
equivalent widths that are systematically larger tﬁan the velues given by Allen.
For the most part, we determined our equivalent widths by the formula given by
van de Hulst and Reesinck (*O) (Ap. J. 106, 121, 1947).

A = chp, (13)
vhere A is the area or equivalent width, c is the central intensity, h is the
half-width, and p is a parameter depending upon the ratio of half-width to
tenth-width. In the few cases where we checked the resgults of formula (13) by
counting squares in the Atlas, we found much closer agreement with the above
formula than with Allen's values.

On the other hand, for lines of more moderate intensity, on the flat
part of the curve of growth, we find the Utrecht Atlas gives equivalent widths
in general agreement with Allen's values. The small differences that do occur
are unsystematic in direction and generally such as to reduce the scatter in
the curve of growth. _

Because of the systematic effect found for the aSF - z5ﬁ°multiplet of
Fe we sought to check the strong lines further to the violet. J. Houtgast(ll)
(The Variation in the Profiles of Strong Fraunhofer Lines along a Radius of the
Solar Disc, Utrecht, 1942) has included in his study of line profiles six of
the lines of the a’F - y5F° multiplet of Fe. His values of the equivalent
widths are systematically larger than those of Allen. Our measures in the Atlas
for strong violet lines support the equivalent widths of Houtgast. In Figure
5 we have plotted the Allen equivalent widths against those from our measures
in the Atlas and those of Houtgast. From these we have deduced the correction
curve shown in the figure. From this curve we have corrected Allen's equivalent

widthes of strong iron lines.
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We have also added a number of strong lines in the ultraviolet. We
determined their equivalent widths from the Atlas by means of formula (13),
agssuming p = 1.57 or a pure dispersion profile. To obtain the best possible
estimate of the half-width, we either measured it directly or calculeted it
from van de Hulst's tables for Voigt profiles from measures at the points
seeming most free from distortion by blends. For most lines, two or more points|
were measured as a check.

All lines that deviated conspicuously from the curve of growth we
discarded if King had indicated the line strength (gf) as uncertain or if we
were able to find evidence that a blend was causing W to be uncertain. Re-
Jected lines are indicated in Table I by an asterisk.

To summarize the sources of'equivalent width data: for TiI and VI
we used Allen's values, to which we added a few faint lines of VI not listed
by Allen; Allen's values for most of the Fel lines on the flat portion of the
curve of growth; our own measures from the Atlas for the a’F - zsbomultiplet
and for a number of strong Fe lines to the violet of A392k; Houtgast's values
for the lines of aJF - y3F°; and for the other strong lines of Fel we used
Allen's values corrected by means of Figure 5. Table I gives the line strengths
(log gfA) and log w/x with the source of the latter indicated.

The line strengths we used were those determined empirically by King
at Mt. Wilson for FeI and Ti1(*2) (ap. 3. 87, 2, 1938) and V(13 (ap. 3. 105,
376, 1947). We used the rrecise excitation potential for each line, reducing
the lines to a mean for the multiplet. For this small shift, o temperaturs of
5040° was considered sufficiently exact. Use of the precise excitation ;o-
tential significantly reduces the scatter for FeI. The effect is less marked
for TiI and VI due to the lesser spread in EP of the varioﬁs levels within s

multiplet.
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Discussion and Interpretation

The multiplets of a given element were combined by horizontal shifts
in the usual way. The required shift in the case of a Boltzmann distribution

of the population of the energy levels is given by

_ 500
b= 5 X

where Ib" is the excitation potential of the lower level in the transition.

For each energy level we plotted the excitation potential against the horizontal
shift, A, required to bring the level into coincidence with the lowest energy
level of the element. Figure 6 shows this plot. The slope of the best fitting
line through the points gives the excitation temperature, T.

We were particularly interested to see if it was possible to combine
each of the three elements at the same excitation temperature since a single
temperature is a priori what one expects to find. And in fact, within the
limits of the accuracy of the observations, we find no convincing evidence of
different excitation temperatures. We have adopted T = 4600° as the temperature
that best fits all three elements.

The empirical curves of growth for VI, TiIl, FeI at 4600° excitation
temperature appear in Figures 7-9. Figure 10 exhibits the combined curve for
all three elements, fitted to a theoretical curve for T, = 16000° and q = 10,

By Tv we mean the effective velocity temperature. In our current work there

is no basis for deciding whether T, represents random kinetic (thermal) velo-
city or turbulence. However, in the light of the recent work of Goldberg and
Pierce, we tend to accept the former view. A q = 10 corresponds to a damping
50 times the classical in the vicinity of Al500. We computed the theoretical

curve of growth by numerical integration over theoretical profiles,
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VI appears in Figure 7, fitted to a theoretical curve of T, = 16000°,
q = 10. We find no convincing evidence for decreasing turbulence with in-
creasing excitation potential. This result conflicts with that suggested by
R. King end K. 0. Wright on the basis of their recent work on the curve of
growth for vr(lh) (Ap. J. 106, 224, 1947). For ap ()(J' = 1.06) we have too
few sufficiently strong lines to justify any conclusions about the turbulence.

hF (15' = 0.00) our work indicates if anything

As between a6D (I&, = 0.28) and a
a lower turbulence for ahF, contrary to the conclusions of King and Wright.
However, we do not feel that we have enough strong lines in auF to justify any
conclusions of this nature.

Although a considefably higher excitation temperature would improve
the fit of ahF and a6D with respect to one another, the higher temperature
would have an unfavorable effect on tﬁe fit of ahD with respect to a6D. For
the curve as a whole, we believe that T = 4600° is as good as a higher tempera-
ture and has, in addition, the merit of being in agreement with TiI and FeI.
Because of the small difference in EP between ahF and a6D we do not believe
that their relative shift should be given undue weight in the determination of
the excitation temperature.

Figure 8 shows TiI. The evidence of the strong lines here is for a
somewhat smaller damping factor, perhaps 10-20 times the classical value. The
scatter is comspicuously less than in the case of VI.

The case of Fel, considered alone in Figure 9, is exceedingly am-
biguous since the empirical curve can be represented about equally well by &
theoretical curve for T, = 5000°, q = 2; or for Ty = 16000°, q = 10; and doubt-
less for various other combinations of T, and q. For this reason, it is un-

fortunate that we have as yet no empirical line strengths for faint lines of

Fel.
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There is a tendency for the empirical curve to have a slope steeper
than the theoretical value of 22?5. Probably the most reasonable explanation
for this departure from the theoretical slope is a damping factor inereasing
with line strength, a possibility that other workers have previously mentioned.

The quantum mechanical expression for the damping factor is

1 1
S
TR

where t; and t, are the mean lifetimes of the lower and upper levels involved
in the transition. Since the lifetime is inversely proportional to the tran-
sition probability or line étrength, as Goldberg and Pierce have called to our
attention, the observed deviation from the ‘theoretical slope is at least quali-
tatively,what we might expect. Alsoc we must not overlook the possibility that
insufficient allowance for blends may give erroneously large values of log W/n
for some of the strong lines to the violet of A3900.

The complete curve of growth, shown in Figure 10, is quite insensitive
to both kinetic temperature and damping factor. For instance, a theoretical
curve having T, = 10000° and q = 10 would fit the observations very nearly as
well as T, = 16000°. The only difference would be in the linear or lower part
of the curve, where, because of the difference in the zero point of the abso-
lute scale, the 10000° curve would fall slightly above the 16000° curve. The
direction of this difference is contrary to what one might expect. However,
we must shift the absolute scale of the 10000° curve to the left with respect
to the 16000° curve for each to give the best possible fit with the empirical
curve.

Also, a damping factor 30 times the classical value would fit the

observations about as well as the factor of 50 that we have used. The damping
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factor that best represents the observations depends strongly on how Fe is
combined with Ti and V. Since there is so little overlap of Fe with the other
two elements the relative position of iron is necessarily rather uncertain.
A damping as low as 10 times classical would however be quite unsatisfactory
for the combined curve of growth of the three elements. With so small a
damping factor, the stronger iron lines would fall markedly above the theoret-
ical curve, as other workers have previously noted. We might explain this
deviation by postulating a marked increase in damping with increased transition
probability. To represent the curve as a whole with a single damping constant,
however, we require a damping of at least 30 times the classical value.
Resolution of the various uncertainties discussed above would be
greatly advanced 1f empirical line strengths for weaker iron lines were avail-
able. There would then be no "guess work" involved in combining Fe with Ti

and V.,

Profiles

In hope of throwing more light on the problem of the proper kinetic
(or turbulent) temperature for iron, we have made some preliminary studies of
line profiles. For this purpose, we selected relatively unblended lines of
Fel on the transition and upper portion of the curve of growth.

The observed profiles we took from the Utrecht Atlas. We corrected
for instrumental broadening using the method devised by van de Hulst and
Reesinégj?op. cit.). For the lines considered, the Voigt profiles seem to
give a satisfactory representation of the observed profiles. We used the in-

strumental profile determined by van de Hulst(l6) (BAN No. 367, 80, 1946),

which is somewhat narrower than the profile indicated in the Atlas itself.
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Our corrected central intensities are often but not always slightly
greater than Allen's values for the same lines. We have previously indicated
that our areas are in satisfactory agreement with Allen's values for lines on
the flat part of the curve of growth, and that for adF - z221° our areas were
systematically larger than Allen's.

We used formula (1),
BX/pe

l-r = R i_:-§f75; s
to compute the theoretical profiles.

We exhibit in Pigures 1lla and 1l1lb two lines for which we have ob-
tained the most satisfactory profiles. Both lines belong to the multiplet
a’F - 2z9D° of FeI. The points in the wings, A\ 2 .12, can be represented by
various combinations of q, T,, and X/pc, the effective number of atoms. We
considered three cases: T, = 16000°, q = 10; Ty = 10000°, q = 10; and T, =
5000°, q = 2. In each case the value of X/pc required to fit the observed
profiles is in good agreement with the value taken from the relevant curve of
growth. The figures show all three combinations of g, T, and X/pc for AN< .12.
The results, though suggestive of a steep turbulence gradient, are not at all
conclusive.

Our work with other lines suggests that Tv = 16000° is too high a
~value for the kinetic temperature of the layer at which the central part of
these lines 1s produced. We find, however, some indications that a higher
kinetic or turbulent velocity exists in the deeper layers of the atmosphere
where the major part of the wings of strong lines and the entirety of weaker
lines are produced. We suggest that the deeper levels of the reversing layer

may be considerably more turbulent than the higher and less dense layers.
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Summary and Conclusion

Although many aspects of our investigation are necessarily incon-
clusive, we feel that considerable progress has been made. By an empirical
procedure we hava shown that the boundary temperature of the solar reversing
layer is close to 4000° K.

We have found that the equivalent widths of strong Fel lines in the
Utrecht Atlas are significantly greater than the values given by Allen. This
conclusion is supported by the recent work of Houtgast. We have added a number
of strong ultraviolet iron lines to the curve of growth. This addition gives
more overlap in the portions of the curve covered by the different energy
levels and hence should give a more reliable value for the excitation tempera-
ture of iron.

We have found that all three elements can be satisfactorily repre-
sented by a single excitation temperature, T = 4600°. And finally, we have
found strong evidence for a damping factor of 30 to 50 times the classical
value. This large damping is contrary to the widely accepted value of 10
times the classical value.

5t11l somewhat uncertain is the precise value of both the damping
factor and the kinetic or turbulent temperature, T,. These uncertainties re-

main as subjects requiring further research.
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