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This paper is concerned with param eter in te rp re ta tion in longitud inal,

mult ileve l models. M odels a re described tha t consider repeated observat ions
nested with in ind ividuals. These models typ ica lly ® r st estimate subject -

speci® c parameters for growth curves tha t describe the deve lopment o f some
observed var iab le over t ime . E xamples of such descriptors include

po lynomials. It is shown tha t inte rp re ta tion of polynomial paramete rs can
be facilita ted by linear transfo rmations. E xamples of such transformat ions

include cen tr ing (i.e. subtract ing the m ean from raw data ). W hen param eters

a re speci® ed such tha t they have no straight forwa rd meaning a t the ® rst leve l
of analysis, in te rp re ta tion prob lems carry over to the second and higher
levels. There fore , p roper speci® ca tion of models a t the ® rst leve l is o f u tmost

importance. M ethods of transformat ion are int roduced . E xamples illustra te

the method using da ta tha t describe child ren ’ s vocabu lary deve lopment in
the second year o f life .

M ultileve l m ode ls (G o ldste in , 1986, 1987) have becom e a prom inen t

m ethodo logical app roach in psycho logy and o the r social sciences. These

m ode ls a re su itab le for ana lysing da ta tha t we re sam pled in seve ra l stages.

A sim ple exam ple for a two -stage sam pling schem e is: In the ® rst stage

take a random sam ple o f schoo ls and in the second stage take one random

sam ple o f pup ils from eve ry scho ol sam pled in the ® rst stage . E ven if da ta
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a re ob ta ined by sim ple random sam pling, it m ight be usefu l to th ink of

them in te rm s of a h ie ra rch ica l structu re and there fore use a m ultileve l

app roach to m ode l them . A dd it iona lly, da ta ob ta ined by repea te dly

m easuring ind ividuals a s it is typ ically done in , fo r instance , deve lopm en ta l

psycho logy can also be conside red as posse ssing a h iera rchica l structu re . In

context o f analysing pane l da ta m ult ileve l m ode ls a re also known as

growth cu rve m ode ls. In cross-sect iona l da ta ana lysis they a re a lso known

as h ie ra rch ical linear m odels (B ryk & R audenbush , 1987, 1992) , random

effects m ode ls (L aird & W are , 1982; W are, 1985) a s we ll a s random

coef® cien t m ode ls (L ongfo rd , 1993) .

W hen ® t ting m ult ileve l m ode ls to data , it is importan t to check whe the r

m ode l assum ptions a re at lea st app roxim ate ly sa t is® ed . H oweve r ,

com pared to assum ption checking for o the r types o f sta t ist ica l ana lysis,

check in g the assum ptions for m ult ileve l m ode ls is m ore d if® cu lt because

the re is no t only one m ode l under considera t ion, bu t two or m ore m ode ls

a t diffe ren t leve ls. A dequacy of m ode ls at h ighe r leve ls depen ds on the

m ean ing of the pa ram e ters a t the lowe r leve l. The re fore, when using

m ult ileve l m od e ls it is importan t tha t the lower leve l m ode l is

pa ram e te r ised such that leve l-two m ode ls have a good substan t ive

in te rp re ta t ion . If th is is the case, the form ula t ion of h igher leve l m ode ls

is facilita ted because the m odel bu ilding process focuses d irect ly on the

re search hypo theses unde r study. In con tra st, poo r pa ram e te r isat ion a t the

lowe r leve l m ode l can re su lt in con side rable p rob lem s in ® nd ing an

adequa te h igher leve l m ode l, fo r one is trying to m odel a va riab le tha t is

no t re la ted to substan tive hypo theses.

In th is pape r we exp la in how a transfo rm at ion of the m ode l m atr ix for

the lowe r leve l m odel can be used to de te rm ine the m ean ing of the

pa ram e te rs in such a way tha t they corre spond to substan t ive ly re levan t

pa ram e te rs for which a h ighe r leve l m odel is sough t . T he approach

pre sen ted is lim ited to linea r t ransfo rm a tions. A lthough th is re str icts the

se t o f possib le m ean ings a param e te r can be assigned by our m ethod we

be lieve it is still gene ra l enough to answer m any pract ica lly imp ortan t

re search hypo theses.

In section 1 we review the basic ideas o f m ult ileve l m ode ls and exp la in

how growth curve m ode ls can be conside red m ult ileve l m ode ls. Se ct ion 2

shows how the in te rp re ta t ion o f the pa ram ete rs can be de rived from the

m ode l form ula t ion . In the fo llowing section (3) it is shown how the ve ry

com m on transfo rm at ion of sub tract ing a constan t from the va lues o f the

p red icto r va riab les can be form ula ted using m a tr ice s. Se ction 4 reve rses

the p reviously given line o f a rgum en ts and dem onstra te s by an exam ple

how the repa ram e te r isa t ion can be ach ieved once the desired m ean in g of

the pa ram e ter is de ® ned . In the ® n a l section (5) , the suggested approach is

d iscussed .
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1. Grow th Curve M odels and M ultilevel M odels

T he m ost basic idea o f m ult ileve l m od e lling is to use a m ode l for descr ib ing

the da ta tha t accoun t s for the h ie ra rch ica l structu re o f the sam pling p lan .

T h is can be done by specifying sepa rate m ode ls for each leve l. B ecause

da ta ob tained from a m ult istage sam pling procedure usually re su lt in

co rre la t ion be tween observa t ions o f leve l-one un its with in the sam e leve l-

two un its, m u lt ileve l m odels a re na tu ra l cand ida tes for m ode lling th is typ e

o f da ta .

H owever , da ta from a pane l study can a lso be considered a resu lt of a

two stage sam pling process. In the ® rst stage ind ividua ls are sam pled and in

the second stage each of the se ind ividuals is repea ted ly observed . H ere,

re sponse s a re sa id to be nested with in ind ividuals. N ote tha t whe reas

observa t ions with in an ind ividua l a re a ssum ed to be co rre la ted , observa -

t ions ob ta ined from diffe ren t ind ividua ls a re conside red independen t .

A ga in , m u ltileve l m ode ls shou ld be we ll su ited to descr ib e th is k ind of

da ta.

T he m ode l for the ® r st stage , that is, fo r observa t ions with in the ith

ind ividua l a t the jth poin t in t ime , is ob ta ined by exp re ssing the

observa t ions y ij as a function o f t ime tij as we ll as a function o f o the r

t ime-va rying covariate s x ij invo lving pa ram e te r u i , p lus a re sidua l te rm , e ij ,

y ij = f ( tij, x ij , u i) + e ij

where the cond itiona l expectat ion o f the re sidua l te rm is assum ed to be

zero , tha t is, E ( e ij ï x ij, tij) = 0.

A lthough th is m ode l equa t ion is too gene ra l to be p ractica lly useful, it

shows tha t the dependence of the observa t ions y ij on t im e and t ime-va rying

cova riate s is a llowed to vary across individuals. Th is is indica ted by the

subscrip t i assigned to the pa ram ete r u . U sua lly a linea r function in the

pa ram e te rs is chosen for f .

F o r concre teness and to illu stra te the use o f non linea r functions we write

the forego ing equa t ion assum ing a quadra t ic m ode l for the dependence o f

the observa t ions on tim e and om itt ing a ll t ime -va rying cova riate s. T h is

yie lds

y ij = a i0 + a i1tij + a i2t2
ij + e ij, (1)

a s the leve l-one m odel, where i = ( a i0 , a i1 , a i2 ) . N o te that the expected

va lue o f y ij is give n as E (y ij) = a i0 + a i1tij + a i2t2
ij.

In the second leve l each regression coef® cien t tha t is a ssum ed to va ry

across ind ividua ls, becom es the dependent va riab le o f a linear m ode l. F o r

the quadra t ic leve l-on e m odel from above we cou ld write , for instance ,
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a i0 = b 00 + b 01z + z i0 ,

a i1 = b 10 + b 11z + z i1 ,

a i2 = b 20 + b 21z + z i2 .

A lthough the b -coe f® cien ts a re typ ica lly conside red ® xe d in a two stage

m ode l each of the regression equa tions con ta ins a re sidua l te rm z tha t is

conside red random with zero m ean . H ence , the a -regression coe f® cien ts o f

the ® rst leve l a re rand om as well. T he observed independen t va riab le z

m ode ls the dependence o f the a -pa ram ete rs on t ime-inva riant cha racte r-

ist ics o f the ind ividual. The b param e ters can be in te rp ret ed in the

fo llowing way. If z is a d icho tom ous va riab le such as gende r tha t is dum m y-

coded with va lues, 0 for m a les and 1 for fem a les, then b 10 can be

in te rp re ted as the m ean of the a i1 -coe f® cien ts for m a les, and b 11 ind ica te s

the m ean shift in the a i1-coe f® cien ts be tween m ales and fem a les. Sim ila r

re su lts ho ld for the o the r b pa ram e te rs.

I t is o ften the m a in goa l o f a m ult ileve l ana lysis to ob ta in good estima te s

o f the leve l-two coef® cien ts a s they con ta in the in form a t ion that re late s the

cova riate s, fo r exam ple, z , to the a -coe f® cien ts tha t a re pa rt o f the

system a t ic com ponen t E (y ij) o f ind ividua l re sponses. T he m ain purpose o f

the leve l-one m ode l is to allow for corre la t ions am ong the repea ted

observa t ions with in ind ividua ls.

O bviously, a correct speci ® ca t ion o f the leve l-one m odel is crucia l fo r

the estima te s o f the leve l-two m ode l to give usefu l and valid re su lts.

Suppose that an im portan t var iab le has been om itted from the leve l-one

m ode l. I f tha t va r iab le is co rrela ted with o ther p red icto r variab les a lready

in the equa t ion it is we ll known tha t pa ram e ter e stim a tes will be biased

(B ox, 1966; M ille r , 1990) . H ence , the leve l-two m odel will t ry to p red ict a

b iased estim a to r . I f the b ias is considerab le then the re su lts o f the leve l-two

m ode l that t r ie s to p red ict th is rando m coef® cien t will no t be in te re sting as

they a re also b iased (see Bryk & R audenb ush , 1992, p . 203) .

2. Interpretation of Level-One Parameters

A ssum ing a co rrect speci® ca t ion o f a leve l-one m od el the ease with which

a correct and m ean ingfu l form ula t ion for the leve l-two m ode l can be found

depends on the m eaning of the leve l-one pa ram ete rs. To see how the

m ean ing of pa ram e te rs can be changed it is im portan t to unde rstand how

the inte rp re ta tion o f param e te rs can be ob ta ined from the m ode l

speci® ca t ion .

In gene ra l, the m ean ing of a pa ram e te r in a sta t ist ica l m ode l can be

found by tak ing a m odel equa t ion tha t con ta ins the pa ram e te r and then try

to so lve the equa tion for tha t pa ram e ter in such a way that no o the r

unknown param e ters are con tained in the resu lt ing equa t ion . O nce th is is
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achieved the in te rpre ta t ion o f the pa ram ete r can be found from th is

equat ion . W e will now dem onstra te th is for the leve l-one m ode l in

equat ion 1 tha t descr ibes the re sponse va riab le a s a quadra t ic po lynom ia l

in t im e by ® nd ing the in te rpre ta t ion o f a ll the th ree pa ram ete rs, a i0 , a i1 ,

and a i2 , con ta ined in that equa t ion .

F ind ing the in te rp re tat ion o f a i0 is stra igh tforward . W e sim ply inser t

zero as the va lue for t. Th is yields.

E (y (0)) = a i0 .

H ence , a i0 is the y-va lue that the quadrat ic po lynom ia l a ssum es when t

equals zero . If t = 0 describe s the poin t in t ime where the observa t ion o f y

sta r ted , a i0 can som e times be conside red a baseline . Th is m ay be a

substan tive ly importan t pa ram ete r for som e stud ies, fo r o thers it m ay be a

m ean ingle ss va lue. Fo r instance , if t is se t equal to age of ind ividua ls and

y ( t) rep re sen ts IQ -va lues over t im e, then a i0 has the m ean ing the expected

IQ va lue for tha t ind ividua l a t b ir th .

N ow, let u s look a t the m ean ing of a i1 . B ecause E (y ) is a sm oo th

function o f t ime , we can ® nd its ® r st der ivat ive with re spect to t. T h is yie lds

d

d t
E (y ( t)) = a i1 + 2 a i2 t.

A s th is exp ression still con ta ins two d iffe ren t a pa ram e te rs we ® rst have to

e lim ina te a i2 from the equa t ion to ® nd the m ean ing of a i1 . T h is can be

done by inser t ing zero for t. W e ob tain

d

d t
E (y ( t))

t= 0
= a i1 .

A s the ® rst de r iva tive o f E (y ) eva lua ted a t t = 0 exp re sse s how fast the

function y change s at tha t po in t in t im e , the param e ter a i1 can be

in te rp re ted as the instan taneous ra te o f change for the t im e po in t tha t is

de ® n ed for t = 0. A s with the in te rpre ta t ion o f a i0 the substan t ive in te re st

o f th is pa ram e te r m ay crucia lly depend on how the tim e va riab le is sca led .

T hus, it m ay be the case tha t re sea rchers have no speci® c hypothesis

conce rn in g an instan taneous change ra te and it m ay the refore be d if® cu lt

to exp re ss a leve l-two m ode l for tha t param e ter .

F ina lly, le t u s see what m ean ing can be given to a i2 . C a lcu la t ing the

second de riva t ive o f equat ion 1 we ob ta in

d 2

dt2
E (y ( t)) = 2 a i2 .

T he re fore , a i2 can be in te rp re ted as ha lf o f the second de riva t ive o f E (y )

with respect to t. T he second deriva tive o f a function is often in terp re ted as
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the ``acce le ra t ion ’ ’ . A s the r igh t-hand side o f the last equat ion does no t

invo lve the variab le t the ``acce lera t ion’ ’ is constan t over the suppo rt o f t.

A lthough th is explana t ion concern ing a i2 m ay be sa t isfacto ry from a

m athem a tical po in t o f view, resea rchers ra re ly have substa nt ive hypo th -

e ses concern ing the ``accele ra t ion ’ ’ of a t ime-dependen t p rocess y ( t) .

T here fore , specifying a leve l-two m ode l for th is pa ram e te r is o ften hard , if

no t impossib le . Pe rhaps the best that can be done is to no t specify a m ode l

for that pa ram e ter a t a ll and conside r a m ode l where a i2 is just a llowed to

va ry random ly withou t specifying any m odel on how the m ean of th is

random va riat ion depends on cova riate s, tha t is, to use a m ode l a s

a i2 = b 20 + z i2 .

H owever , th is m ay no t be sa t isfacto ry because the possib ility to m ode l

va ria t io n in the ou tcom e va riab le unde r study is no t used .

3. A Sim ple Example for Determ ining the
M eaning of Parameters

P erhaps the best known change in in te rp ret at ion o f a pa ram ete r tha t is

achieved by m an ipu la t ing the va lues of the p red icto r variab les is the

change in the m ean ing of the in te rcep t pa ram e ter , a i0 , tha t re su lts from

sub tract ing a constan t c from the pred icto r va riab le . I f c equa ls the m ean of

tij one a lso says tha t sub tra cting c from each tij centr es the pred ictor t. T o

see how the m ean ing of the pa ram ete rs change s conside r the quadra tic

growth cu rve m odel

y ij = ~a i0 + ~a i1 ( tij ± c) + ~a i2 ( tij ± c)
2

+ e ij .

N o te tha t we have m arked eve ry pa ram ete r with a ``tilde ’ ’ as the

m an ipu la tion o f the pred ictor has changed the m ean ing of at lea st som e of

the pa ram e te rs. In o rde r to ob ta in an eq uat ion tha t con ta ins just the

in te rcep t pa ram e te r ~a i0 from wh ich its m eaning can be infe rred we inser t

the va lue c fo r tij instead of zero . T he re fore , ~a i0 has now the m ean ing of the

y -va lue tha t is expected to be observed if the observa t ion t im e takes the

va lue c.

N o te a lso , tha t the in te rp re ta t ion o f the pa ram e te r ~a i1 change s as we ll,

whe rea s the m ean ing of the pa ram ete r ~a i2 rem a ins the sam e . T he

pa ram e te r ~a i1 exp re sses now the instan taneous change rate if the t im e of

observa t ion takes the va lue c.

T he sub tract ion o f a con stan t va lue does not change the m ost imp ortan t

characte r ist ics of the m ode l unde r study such as for instance , the ® t ted

cu rve and , the re fore , the ® t ted va lues, the re sidua ls, the exp la ined va riance

in te rm s of R 2 , and so forth . H owever , the inte rco rr e la t ion o f the estima ted

pa ram e te rs m igh t change . Th is will only be o f in te rest if the sub tract ion o f
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a constan t va lue induces conside rab le m ultico lline ar ity am ong the

p red icto rs o f the m odel m a tr ix. H oweve r , in con tra st , m u ltico llinear ity

can often be considerab ly reduced by th is ope ra t ion . F o r instance, it is well

known tha t cen tr ing typ ically decrea ses the corre lat ion between the

co lum ns of the m ode l m a tr ix in po lynom ia l regression (von E ye &

Schuste r , 1998) .

I t is instructive to see how the transfo rm at ion just de scr ibed proceeds,

u sing a m ore gene ra l m atr ix form ula t ion . I t is suf® cien t to conside r the

leve l-one m od e l for a single observa t ion o f an ind ividua l. L et t Âij = (1, tij , t2
ij)

be the jth row of the m ode l m atr ix T i . T he ve cto r o f ind ividua l regre ssion

coef® cien ts is a Âi = ( a i0 , a i1 , a i2 ) . T he leve l-one m ode l is given as

E (y ij) = (1, tij , t2
ij)

a i0

a i1

a i2

,

o r exp re ssed in shorthand nota t ion

E (y ij) = t Âij a i . (2)

N ow, suppose we have a squa re m a tr ix Q of fu ll rank tha t t ransfo rm s t Âij
to t ÂijQ = ~t Âij, whe re ~t Âij = (1, ( tij ± c) , ( tij ± c)

2
) . Because by assum ption the

inve rse o f Q exists, we can exp ress equa t ion 2 as

E (y ij) = t ÂijQ Q
± 1 a i

= ~t ÂijQ
± 1 a i

= ~t Âij ~a i .

W hile ~t Âij con tains the p red icto rs from which the constan t c is sub tracted ,

the ve cto r ~a i conta ins param e ters with changed m ean ing.

F or the ope rat ion o f sub tracting a constan t from the pred icto rs the

m atr ix Q is give n as

Q =

1 ± c c2

0 1 ± 2c

0 0 1

.

Sim ply calcu la t ing t ÂijQ shows that Q yie lds the desired transfo rm at ion

from t Âij to ~t Âij. N o te a lso , that Q is o f fu ll rank . A t the m om en t , the

expre ssion Q ± 1 a i is no t of m uch in tere st . H ere , it m ere ly shows tha t the

transfo rm ed pa ram e te r ve cto r ~a i rela te s to the o rigina l a i th rough a linea r

t ransfo rm a t ion . H oweve r , fo r com ple teness we a lso p re sen t Q ± 1
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Q
± 1

=

1 c c2

0 1 2c

0 0 1

.

F rom th is m a tr ix it can be seen tha t although the m eaning of a i0 and a i1

change s as a re su lt o f the sub traction o f the constan t c from the pred icto rs

the m ean ing of a i2 is unchanged because o f the sim p le form taken by the

th ird row of Q ± 1 .

A lthough the p reced in g m a them atics were no t necessa ry to de rive the

m ean ing of the new param ete rs it shows tha t the change in their m ean ing

re su lts from a transfo rm a t ion of the m ode l m a tr ix T i to a new m ode l

m atr ix
~
T i . Th is transfo rm at ion is de ® n ed by the m a tr ix Q . H ence ,

t ransfo rm ing pa ram e te rs to a new substan t ive m ore m ean ingfu l in te r-

p re tat ion transla te s into the techn ica l question o f how to se t up the m atr ix

Q or equ iva lent ly, how to set up Q ± 1 .

4. A M ore Com plex Exam ple of Determ ining the
M eaning of Parameters

In the fo llowing exam ple we reve rse the lin e o f a rgum en ta tion . In the last

section we de te rm ined for a given transfo rm a tion the new m ean ing of the

pa ram e te rs. Techn ica lly th is corre sponds to specifying Q . In th is exam ple

we ® rst de ® n e the m ean ing the pa ram e te rs a re supposed to have and then

de term ine the app ropria te t ransfo rm at ion . T echn ically th is corre sponds to

specifying Q ± 1 . O nce th is m a tr ix is found , ca lcu la t ing its inve rse yie lds Q ,

and a fte r de term in ing
~
T i = T iQ the m ode l can be ® t ted as usua l and the

pa ram e te rs have the desired in te rp reta t ion .

Suppose da ta from a pane l study a re go ing to be ® t ted by a two-leve l

m ode l. A ssum e further tha t a fte r exam in ing the da ta it tu rns ou t that a

quadrat ic polynom ia l p rovides a good descr ip t ion o f the ind ividua l

t ra jecto r ie s ove r t ime .

A lso assum e tha tÐ perhaps afte r sub tracting a su itab le constan t from

the pred icto rsÐ the param e ters a i0 an d a i1 have a substan t ive ly in te rest ing

in te rp re ta t ion and the re fore specifying a leve l-two m odel for the se two

pa ram e te rs is rela t ive ly easy. H oweve r , the pa ram e te r a i2 m ight no t

co rre spond to a m ean ingfu l re sea rch hypo thesis. F rom a substan t ive

viewpo in t the m ost in te rest ing pa ram ete r m igh t be the diffe rence o f two

m ean re spon ses tha t occur at two we ll-de ® n ed poin ts in t ime . F or instance ,

in deve lopm en tal psycho logy the m ost importan t var iab le for p redict ing a

fu tu re ou tcom e m igh t be the p rogre ss a child m akes in a va riab le be tween ,

say, the age s o f two and ® ve . If it is possib le to rep lace the ``accele ra t ion ’ ’

pa ram e te r a i2 by a pa ram e te r tha t exp re sse s the change be tween these two

ages it m ay be possib le to ® nd a good m ode l for tha t pa ram e ter because it

is the m ost m ean ingfu l and inte re sting one .
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W e will now show how th is can be accom plished by a sim p le line o f

a rgum en ta tion . Le t r1 and r2 rep resen t the two t im e po in ts o r ages. If a

quadrat ic m odel ® t s the da ta then the d iffe rence in m ean re sponse for the

ith ind ividua l can be exp ressed as

E (y i(r2 ) ± y i(r1 )) = a i1(r2 ± r1) + a i2(r2
2 ± r2

1 ) .

F rom this equa t io n it can be seen tha t the transform ed pa ram e te r
~a i2 = E (y i(r2) ± y i (r1 )) can be ob ta ined by a linea r t ransfo rm a t ion of the

o rigina l pa ram e te rs. Suppose tha t we wou ld like to re ta in the m ean ing of

the o ther two pa ram e te rs a i0 and a i1 then the m a tr ix Q ± 1 can be speci® e d

a s fo llows

Q ± 1
=

1 0 0

0 1 0

0 (r2 ± r1 ) (r2
2 ± r2

1 )

,

because ~a i = Q ± 1 a i . I t fo llows tha t the inve rse o f Q ± 1 , tha t is Q , is

Q =

1 0 0

0 1 0

0 ± (r2 + r1 )
± 1

(r2
2 ± r2

1 )
± 1

.

H ence , transfo rm ing the m ode l m a tr ice s T i to
~
T i and ® t t ing the m ode l

using
~
T i instead of T i a llows one to specify the leve l-two m ode l for ~a i2 tha t

ha s exa ctly the desired m ean ing.

T o ga in a m ore in tu it ive unde rstand ing of the suggested m e thod we can

solve the m a tr ix exp ression

E (y ij) = ~t Âij ~a i = t ÂijQ ~a i

and write it a s a sim p le equa tion . T h is yie lds

E (y ij) = ~a i0 + ~a i1 t ±
t2

r2 + r1

+ ~a i2

t2

r2
2 ± r2

1

. (3)

W e can now conside r equa tion 3 from a na õÈ ve po in t o f view and ask

abou t the m ean ing of the pa ram e te rs. I t com es as no surp rise and is ea sily

ve ri® e d that

~a i0 = E (y (0)) and ~a i1 =
d

d t
E (y ( t))

t= 0

as the transfo rm a t ion was in tended to leave these pa ram ete rs unchanged .

H oweve r , conside r the m ean ing of the pa ram e te r ~a i2 . T h is tim e ca lcu lat ing

the second deriva t ive will not re su lt in an equat ion where ~
i2 is the on ly

unknown in the re sult ing equa t ion . A lthough we already know its
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in te rp re ta t ion it is instruct ive to calcu late E (y i (r2) ± y i(r1 )) and see tha t the

re su lt is indeed ~a i2 . W e obta in

E (y i(r2) ± y i (r1))

= ~a i1 r2 ±
r2

2

r2 + r1

± r1 ±
r2

1

r2 + r1

+ ~a i2

r2
2

r2
2 ± r2

1

±
r2

1

r2
2 ± r2

1

= ~a i1 0 + ~a i2 1

= ~a i2 .

T h is calcu lat ion shows tha t the param e ter ~a i2 has indeed the m ean ing it

is supposed to ha ve .

T he com pu tat ions for t ransfo rm ing the va lues in T i are ve ry sim p le for

the exam ple given and requ ire on ly a few program m ing sta tem en ts in a

SA S da ta step o r in o the r sta t ist ical softwa re packages a s SPSS, SY ST A T,

o r S-P lus. F rom equat ion 3 it can best be seen wha t ca lcu la t ions have to be

pe rform ed . O n ly the second and th ird colum n of the m ode l m a tr ix T i have

to be changed to yie ld
~T i .

T he va lues of second co lum n m ust be changed from t to t ± t2=(r2 + r1 )

wh ile the va lues o f the th ird colum n m ust be changed from t2 to

t2=(r2
2 ± r2

1 ) . In SA S th is can be ach ieved with the fo llowing sta tem en ts:

In gene ra l, transfo rm a tions o f param e te rs can be m ade a rb itrar ily

com plex as it is possib le , once a ® rst t ransform a t ion Q 1 is app lied , to rep ea t

the p roced ure ove r and ove r aga in using m a tr ice s Q 2 , Q 3 , . . . . F orm a lly,

E (y ij) = t Âij(Q 1Q 2 . . . Q k )(Q
± 1
k . . . Q

± 1
2 Q

± 1
1 ) a i

= t ÂijQ ~a i ,

whe re Q = Q 1Q 2 . . . Q k and ~a i = Q ± 1
k . . . Q ± 1

2 Q ± 1
1 a i = Q ± 1 a i .
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F or instance we can transfo rm the pa ram e ter s using the transfo rm at ion

of the last section to change the m ean ing of a i0 and a i1 and a fte r tha t

change the m ean ing of a i2 by app lying the transfo rm a t ion suggested in th is

section . I t shou ld be no ted tha t the transfo rm a t ion from th is sect ion will

re tain the change in m ean ing tha t has been achieved by the transfo rm at ion

of the last sect ion .

5. Example

T o illu stra te the ou t lined approach to ana lysing repea ted m easure s da ta

with m ult ileve l m od els we reana lyse da ta from a study of ch ild ren ’ s

vocabu la ry deve lopm en t du ring the second ye a r o f life (H u t ten loche r ,

H aigh t , B ryk , & Se ltze r , 1991) . The da ta se t is d ist r ibu ted with the H LM

(V ersion 4) com pu te r softwa re (B ryk , R audenb ush, & C ongdon , 1996) and

has been ana lysed by B ryk and R audenbush (1992, p . 141) .

I t com bines the da ta o f two d iffe ren t stud ies. In each study, the

vocabu la ry size o f 11 children was m easured a t the age of 12 m onths and

on seve ra l fo llow-up stud ies the rea fte r . The exa ct schedu le o f ob ta in ing

m easurem en ts as well a s the am oun t o f repeat ed observa t ions d iffe red

som ewha t be tween the two stud ies bu t th is poses no prob lem s when

analysing the da ta using a m ultileve l m ode l. H oweve r , it is im portan t to

no te that the num ber o f repea ted observa tions range s from 3 to 8 t im e

po ints. I f one does no t wan t to exclude ch ild ren with on ly th ree repea ted

m easure s th is re str icts the o rde r o f leve l-one po lynom ia ls tha t can be ® t ted

to the second-degrees.

W hen the ch ild ren were 16 m on ths o ld the am oun t o f m a te rna l speech

was a lso recorded . T h is m easure serves a s a leve l-two covaria te . T he o the r

leve l-two covaria tes a re gende r and study group .

B ryk and R audenbush conside red ® t t ing a m ult ileve l m ode l based on

the fo llowing decisions:

1. A ge is exp re ssed as devia t ions ( in m on ths) from the age of 12 m on ths.

The re for e, when speak ing of age ze ro in the fo llowing we essen t ia lly

refe r to the age of 12 m on ths.

2. The in te rcep t coe f® cien t for the leve l-one m ode l, a i0 , is constra ined

to be zero . Consequen t ly, a ll ind ividual t rajector ie s take on a va lue o f

zero vocabu la ry size a t the age of zero . Th is is equ iva len t to saying

tha t a ll ind ividua l t rajecto r ie s a re constra ined to pass th rough the

origin.

3. The slope coe f® cien t o f the leve l-one m odel, a i1 , exp re ssing the

change rate a t age ze ro is a rando m va riab le with m ean zero .

The re for e, no leve l-two m ode l is necessa ry for th is pa ram e ter .
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4. The ``acce le ra t ion ’ ’ coef® cien t is m ode lled as

a i2 = b 20 + b 21z 1 + b 22z 2 + b 23z 3 + b 24z 1z 2 + b 25z 1z 3 + z i2 ,

whe re

z 1 = study group ,

z 2 = gende r ,

z 3 = m ate rna l speech index.

N o te tha t th is m ode l equa t ion con ta ins two in te ract ion te rm s. F ig 1.

gives a visua l impression of the da ta from bo th stud ies. T he le ft pane l

shows da ta from the child ren o f the ® rst group , the r igh t panel sho ws da ta

from the second group . For the observa t ions o f each child a second-orde r

po lynom ial was ® tted by ord ina ry lea st squa re s (O L S) . These regre ssion

line s a re a lso shown in the p lo t . N o te that a ll regre ssion line s a re

constra ined to go th rough the o rigin and tha t in the ® gu re the x -axis

expre sse s age as devia t ions from the age of 12 m on ths.

F rom Fig. 1 a few de ta ils shou ld be no ted . F irst, the da ta po in ts for each

ch ild a re usua lly qu ite close to the quadrat ic po lynom ia ls. Se cond, there is

no varia t ion o f the vocab u la ry size m easure a t age ze ro . L ook ing a t the raw

da ta shows tha t a ll ch ild ren ob tained a sco re o f one for vocabu la ry size a t

the age of 12 m onths. T h ird , a lthough the po lynom ials cap tu re the ove rall

shape of the growth in vocabu la ry size qu ite we ll, the re a re a lso som e

undesirab le cha racte r ist ics o f the po lyno m ia ls p re sen ted in the le ft panel o f

F ig. 1. N o te tha t the visua l im pression is tha t the re m igh t be two d iffe ren t

typ es o f child ren . T he ® rst typ e shows a fast increase in vocabu la ry size in

the t ime in te rva l unde r study whereas the second type shows on ly a

m ode ra te increa se . H oweve r , fo r the ``typ e one ’ ’ ch ild ren the deve lopm en t

a t the age of 18 m on ths is clear ly ove restima ted by the polynom ia ls

whe reas for the ` t̀yp e two ’ ’ ch ild ren it appea rs tha t at lea st fo r som e

ch ild ren vocabula ry size decrease s a t ® r st which is un rea sonab le .

P rob lem a t ic cha racte r ist ics o f ® t ted po lynom ia ls like the se are ve ry

typ ical. P o lynom ials are vir tua lly a lways ® t ted to data because they can be

easily hand led and are ve ry ¯ exib le . H oweve r , po lynom ials se ldom are

be lieved to be the ` t̀ rue ’ ’ m ode l bu t a re con side red a m ore o r less good

approxim a tion to it . F o r a d iscussion of undesirab le cha racte r ist ics o f

po lynom ial regre ssion m od els see R oyston and A ltm an (1994) .

C onside r now the pa ram ete r e stim a te s for the leve l-two m ode l for a i2 as

repo rted by Bryk and R audenbush (1992, p. 147) given in T ab le 1. F irst

no te tha t neithe r in te raction effect a ssocia ted with the coe f® cien ts b 24 and

b 25 is sign i® can t . W ith the con tra st cod ing schem e em ployed for ® t t ing the

m ode l to the data the d iffe rence in the average ``acce le ra t ion ’ ’ be tween
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boys and girls is estima ted to be 2
^
b 22 = 0.624 words/m on th 2 . L ikewise,

the d ifference in the ave rage ``acce le ra t ion ’ ’ be tween ch ild ren from the

two study groups is e stim a ted to be 0.866 words/m on th 2 .

T hese re sults a re no t easily in te rp ret ed as the un its in wh ich the

d iffe rences are exp re ssed a re a t least in the m inds o f the p resen t au tho rs

no t ve ry m ean ingfu l. T h is is due to the fact that the un its in wh ich the

regression coe f® cien ts a re exp re ssed include the te rm ``m on th 2 ’ ’ . E va lua t-

ing these regre ssion coe f® cients in a qua lita t ive way one cou ld say tha t a

positive va lue m eans a faste r growing change ra te for one of the groups.

T h is resu lts on ave rage in h ighe r vocabu la ry size va lues for one of the

groups with the d ifference between vocabu lary size growing over t ime .

N o te a lso , tha t the ``acce le ra t ion ’ ’ rate does no t depend on age . The re for e,

extrapo la ting vo cabu la ry size beyond the t ime pe riod from wh ich da ta

were ob ta ined should be avo ided because it m igh t give unreasonab le

re su lts.

W e now use the repa ram ete r isat ion tha t was exp lained theo re t ically in

the last section . F rom a sub stan t ive po in t o f view the change in vocabula ry

size be tween 12 m onths and 26 m onths o f age m ay be an in te rest ing

characte r ist ic. W e can ob tain a pa ram e te r that exp resses tha t d ifference

sim p ly by using eq uat ion 3. H owe ve r , be fore using th is t ransform a t ion we

``cen tre ’ ’ the age va riab le so tha t age 12 m onths co rresponds to age zero .

T here fore , the va lues r2 an d r1 in equa t io n 3 are set to the va lues 14 and 0,

re spect ively. A fte r having transfo rm ed the variab les in the design m atr ix

we ® t the m ode l aga in and ob ta in the re su lts tha t a re given in Tab le 2.

TABLE 1
Param eter Estim ates with Standard Errors (SE) for the Level-Two Model of the

`̀ Acceleration’ ’ Param eter a i2 , as w ell as the Variance Components for the Three
Random Effects in the M odel

Coef ® cient E stim ate SE t-value

b 20 Inte rcept 2.031 0.157 12.887

b 21 G roup ± 0.433 0.157 ± 2.747

b 22 G ender 0.312 0.165 1.891

b 23 M omspeech 0.793 0.334 2.370

b 24 Inte rac.1 0.144 0.165 0.876

b 25 Inte rac.2 ± 0.158 0.334 ± 0.473

R andom

E ffect

V ariance

Com p . d f x 2

z 1 18.778 22 39.547

z 2 0.282 16 39.864

e ij 707.156

D eviance = 1,284.3 with 4 d f

N ote: These values we re reported by Bryk and R audenbush (1992, p. 147) .
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B efore consider ing the in te rp ret at ion o f the pa ram e te rs no te tha t bo th

in te ract ion te rm s a re , a s be fore , no t sign i® can t . H ence , the m a in e ffects

behave add it ive ly. A lso no te that the t-va lues o f Tab les 1 and 2 a re

vir tua lly iden tica l. The reparam e ter isa t ion does no t change the va lid ity o f

the m ode l. I t m ere ly in ¯ uences the m ean ing of the param e ters.

T hese have now a ve ry na tu ra l in te rp ret at ion . Conside r ® r st the

coef® cien t for gend er , b 22 . R eca ll tha t a ll ® t ted po lynom ia ls a re forced

to go th rough the o rigin . T aking the con tra st cod ing schem e for gende r

in to accoun t (-1 = m ale , 1 = fem a le ) the estim a ted va lue o f
^
b 22 = 60.72 as

given in T ab le 2 m eans that on ave rage by the tim e the inve stiga t ion is

® n ished the m ean d iffe rence in vocabu lary size be tween gir ls an d boys is

1 60.72 ± (± 1) 60.72 = 121.44 a fte r con tro lling for study grou p and

m ate rna l speech .

In a sim ilar m ann er the estim a te for the group e ffect, b 21 can be

in te rp re ted tha t a fte r con tro lling for gende r and the m a te rna l speech index

the vocabu lary size o f the ® rst group (coded as -1) is at the t ime the

inve stigat ion is ® n ished on ave rage 169.2 un its h ighe r than the vocabula ry

size o f the secon d group (coded as 1) .

F ina lly, the pa ram e te r e stim a te for the m a te rnal speech index, b 23 ,

shows tha t an increase o f th is va riab le in loga rithm ic units is accom pan ied

on ave rage by a change of vocabu lary size o f 155.41 ove r the 14-m on th

study pe riod afte r con tro lling for gende r an d group .

A look a t the va riance com ponen t e stim a te s o f T ab les 1 and 2 is a lso

ve ry in te re sting. T he ® rst and the third va riance com ponen t a re ve ry

sim ilar in bo th tab les m ean ing tha t the varia t ion of the slopes a t tim e ze ro

TABLE 2
Parameter Estimates w ith Standard Errors (SE) for the Level-Tw o Model after

Reparameterisation as well as the Variance Com ponents for the Three Random
Effects in the M odel

Coef ® cient E stim ate SE t-value

b 20 Inte rcept 398.44 30.71 12.971

b 21 G roup ± 84.60 30.71 ± 2.754

b 22 G ender 60.72 32.17 1.887

b 23 M omspeech 155.41 65.34 2.379

b 24 Inte rac.1 29.05 32.17 0.903

b 25 Inte rac.2 ± 30.52 65.34 ± 0.467

R andom

E ffect

V ariance

Com p . d f x 2

z 1 17.557 22 36.639

z 2 24697.8.71 16 812.888

e ij 713.062

D eviance = 1,221.1 with 4 d f
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(12 m on ths o f age ) is abou t the sam e in bo th m odels and the random erro r

va riance of the leve l-one m ode l is abou t equa l in bo th m ode ls. H oweve r ,

the variance com ponen t for the ind ividua l d iffe rences in growth of

vocabu la ry size over the 14-m on th study pe riod is huge . Th is is a ve ry

desirab le cha racte r ist ic o f a param e ter since it is u su ally easie r to specify a

m ode l for a pa ram e te r tha t shows conside rab le va ria t ion than for a

pa ram e te r tha t shows on ly a sm a ll va r ia t ion .

I t shou ld be no ted tha t a lthough the exam ple illu stra te s how the

m ean ing of the pa ram e ters can be de te rm ined by transfo rm ing the m ode l

m atr ix it cou ld no t be used to dem onstra te how the m ode l bu ild ing process

is in ¯ uenced by m ode lling param e ters tha t are substan t ive ly m ean ingfu l.

DISCUSSION

A s with sta t istica l m odels in gene ral, conclusions d rawn from m ultileve l

m ode ls dep end heavily on an adequa te m ode l speci® cat ion and on a t lea st

app roxim a te ly sa t is® e d m ode l a ssum p tions. W hen using m ult ileve l m ode ls

the p rob lem of possib le m ode l m isspeci® ca t ion is even m ore p rob lem a tic

than in m ost o f the o the r sta tist ica l m odels since m ult ileve l m ode ls se t up

no t on ly a leve l-one m ode l bu t usua lly seve ra l leve l-two m ode ls a s we ll. I t

is well known tha t m isspeci® cat ion o f the leve l-one m ode l no t on ly leads to

b ias in the leve l-one bu t a lso in the leve l-two pa ram e te r e stim a tes.

A ddit ionally, a leve l-two m ode l for a leve l-one pa ram e te r tha t ho lds, will

on ly lead to the r ight conclusions if the re is no or on ly a sm a ll b ias in the

estim a te s for the leve l-one pa ram e te r .

A no the r im portant a spect o f form ula t ing leve l-two m od els is the m ean ing

of the leve l-one pa ram e ters. B ecause it is m uch easier an d m uch m ore

desirab le from a substan tive viewpo in t to specify m ode ls tha t focus directly

on the re sear ch hypo thesis unde r study, the possib ility to custom tailo r the

m ean ing of leve l-one pa ram e te rs m igh t conside rably im prove the stat ist ica l

analysis. O nce an adeq uate leve l-one m ode l is found , a repa ram e te r isa t ion

o f the leve l-on e m ode l form ula can lead to m ore m ean ingfu l pa ram e te rs

and the refo re to m ore na tu ral m od el form ulat ion a t the second leve l. T he

m ethod suggested by the p resen t autho rs can be used as long as the new

param e te rs can be exp re ssed as linea r funct ions o f the o rigin a l param e ters.

I t is ea sy to use and there is no need for specia lised software since in m ost

situa t ions it should be possib le to yie ld m ore m ean ingful pa ram e te rs

th rough re lat ive ly sim p le transfo rm a t io ns. Fu rthe rm ore , because a repa r-

am e te r isat ion can proceed in seve ra l steps the com pu ta tions can be sp lit up

to m ake calcu la t ions with m a tr ice s unnecessa ry.

M anuscrip t rece ived Sep tem ber 1997

R evised manuscr ipt rece ived A pril 1998
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