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ABSTRACT

This study was conducted to determine -
the physical features of a lake breeze wind system
occurring at ‘the shoreline of a large deep lake.

In the first 'part of the study an observed lake

breeze in the vertical plane normal to the shoreline

is described at hourly intervals. The observed thermal
structure of the atmosphere on a day when a clearly
defined lake breeze occurred is also presented. In

the second part a numerical model for a symmetric

lake breeze is constructed and found to produce

results in good agreement with the observations
presented in part one.

The observations of the lake breeze
circulation system were made at a location on the
eastern side of Lake Michigan under circumstances
when prevailing external meteorological conditions
would exert minimum influence on the local thermal
circulation. Over the land the depth of the layer of
onshore flow is approximately 750 m and a maximum
velocity of 5 to 7 m sec~l is observed within 250 m
of the surface directly over the lakeshore. Above
the lake breeze current a well defined return flow
is apparent by midafternoon. The layer of return
flow is about twice as deep as the lake breeze and
velocities in the return flow are proportionately
lower. The local wind system affects large scale
atmospheric flow patterns through a depth exceeding
2500 m above the surface.

The simultaneous existence of a lake breeze
on opposite sides of the lake is demonstrated, at
least near the surface, using climatological records.
Homogeneity of the lake breeze along the shoreline
and the orderly progress of the lake breeze front
to a distance exceeding 16 km inland are clearly
apparent in the data presented. Turning of the
local wind in response to the Coriolis force is
also demonstrated by the observations.

In the second part of the study a
mathematical model of the lake breeze is presented

ix



starting with the differential equations for
motion and heating in the atmosphere, the hydro-
static equation and the equation of continuity.
The finite dimension of the lake is incorporated
into the model which is termed semi-bounded in
contrast to the sea breeze model which has no
horizontal restriction. The flow deviations
attributable to differential heating over land
and water are obtained using the techniques
developed by Estoque for the unbounded sea breeze.
The differential equations are represented by
finite difference approximations and a solution
for the lake breeze flow patterns is obtained
using an IBM 7090 digital computer. Features

of the development of the lake breeze in both
model and observations are in good agreement.



1. INTRODUCTION

1.1 Statement of the problem

The existence of the Great Lakes system as a
source of fresh water on the North American continent is
becoming increasingly important. As a result of the
availability of large quantities of water intense industrial
and associated commercial and residential development has
occurred in the Great Lakes Basin and the rate of develop-
ment is accelerating. Despite the high population concen-
tration along the shores of the lakes few intensive meteor-
ological investigations have been conducted to determine
the effects which the Great Lakes have in modifying local
weather phenomena except those which can be done using
climatological records.

The present investigation was undertaken to
determine the extent and physical characteristics of lake
breeze circulations and how they vary in space and time.

A second objective was to construct a mathematical model

of the lake breeze which can be used to guide further
investigations. In this discussion the lake breeze is
regarded as the onshore wind which occurs through the layer
next to the surface of the earth near the lakeshore and
which is caused by differential heating over land and water.

-1-



The modifying influence exerted by the presence
of a large lake on local climatic patterns in its vicinity
is an important factor in determining man's activities near
the lake shore. This influence has aided in the establish-
ment of a successful fruit belt along the shores of the
southern Great Lakes. The existence of the snow belt
(Thomas, 1964) along the shores of the lakes during winter
months is to be considered in locating major highways and
airports; and weather conditions in the vicinity of the lake
influence flying conditions for both large aﬁd small air-
craft. More recently the local circulation along a sea
coast (Frenzel, 1962) or a lake shore (Hewson et al., 1960;
Hewson, Gill and Walke, 1963) has been considered as a
major factor influencing local atmospheric diffusion

characteristics and pollutant transport.

1.2 The approach to the problem

Munn and Richards (1964) used climatological
records to show that a lake breeze occurs at a location
near Lake Huron. Their analysis of low level obse:vations
shows the existence of an internal micrometeorological
boundary layer near the lake shore but the data were in-

adequate for an analysis of the lake breeze as a mesoscale



flow system. The observations presented in this disser-
tation permit analysis of the lake breeze as a flow system
changing in space and time, both over land and over water.
To our knowledge no other paper dealing specifically

with the lake breeze flow system has been published.

While no information dealing with the lake breeze
circulation has been published a considerable literature
on sea breezes is available which is valuable in constructing
the initial lake breeze model. Although most sea breeze
investigations describe the flow over a point as a function
of time, Fisher (1960) and Frizzola and Fisher (1963) have
observed the sea breeze as a dynamic system varying in
space as well as in time.

The forces which act to govern lake breeze motions
are essentially the same as those governing the sea breeze
yet the lake breeze must be different from the sea breeze
as a result of the finite dimension of the lake surface.
The differences will be apparent in the flow patterns of
the two systems and in the extent of modification of other
meteorological variables.

The thermal circulation which occurs in the
atmosphere along the shore or coast line will be influenced

by mixing of air into the local circulation from the



surrounding atmosphere and the properties of the surrounding
atmosphere are in turn influenced by the nature of the
underlying surface. Over the lake, where the horizontal
extent of the water surface is relatively much smaller

than that of the ocean, there is less opportunity for the
air to take on characteristics normally associated with an
underlying water surface and /in the region of the Great Lakes
the surrounding atmosphere retains properties characteristic
of a continental air mass. Flow off the water is rapidly
modified in akshort trajectory over the land by intense
turbulent mixing as well as by heating over the land during
the day.

In a mathematical model of the lake breeze the
bounded nature of the lake surface must be introduced and
the model should be such that the effects of the general
circulation winds on the local flow system can be included.
In Chapter 3 a numerical model for a lake breeze which is
symmetric on each side of the lake center line is presented.
Development of the lake breeze is satisfactorily predicted
by the model using an IBM 7090 digital computer for the case
where external influences affecting the local flow system
are minimal. Work is continuing to improve the model and to

introduce the effects of a general circulation flow.



2. AN OBSERVATIONAL STUDY OF THE LAKE BREEZE ON THE
EASTERN SHORE OF LAKE MICHIGAN

2.1 Significance of the study

The Great Lakes of North America exert a strong
influence on local and large scale atmospheric behavior in
the eastern central portion of the continent. Examples are
given by Petterssen and Calabrese (1949), Schenfeld and
Thomson (1965), Thomas (1964) and Moroz and Hewson (1965).

Lake breezes have long been known to exist along
the shores of the Great Lakes yet no studies have been con-
ducted to determine the characteristics or physical features
of the wind system. The lake breeze is important in determining
the local climatology of those regions bounding the Great
Lakes. It affects both cloud amount and moisture evaporation
and transport from the lake surface directly and may be
important in affecting the circulations within the lake
itself. Industrial development and population concentration
is intense along the shores of the lakes and air pollution
has become a significant factor in many of the larger
population centers. Pollutant transport is frequently
controlled or affected by the lake breeze circulation or a
modified general circulation near the shoreline. Meteorolo~
gists are also interested in the sea or lake breeze as a
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mesoscale example of the conversion of spatial variations
of thermal energy input to kinetic energy of atmospheric
motions.

This study has been initiated to observe the
physical characteristics of the lake breeze along the shore
of a large lake in the Great Lakes Basin. A time series of
observations in space is required to permit analysis of
temporal variations of the thermal circulation and which
will be suitable for comparison with a numerical model of

the circulations.

2.2 Coastline wind characteristics

Sea and lake breezes at a given latitude would be
expected to differ principally in dimension and intensity.
In the absence of literature dealing with the lake breeze
a brief review of sea breeze characteristics is presented
here. While several authors have contributed to the know-
ledge of sea breezes, only the investigations of Fisher
(1960) and Frizzola and Fisher (1963) were undertaken
specifically to observe the development of the sea breeze
in space and time.

In midlatitudes horizontal velocities in the sea

. -1 .
breeze have maximum values of about 10 m sec which are



observed below 300 m (Fisher, 1960; Frizzola and Fisher,
1963) . The depth of the sea breeze onshore flow is usually
less than 1000 m (Frizzola and Fisher, 1963) and inland
penetration is 30 to 50 km (Fisher, 1960; Wallington, 1963,
1965). A characteristic wind direction change occurs in a
clockwise sense during the day in the northern hemisphere
in response to the Coriolis force.

A return circulation should exist above the sea
breeze but has never been clearly observed in midlatitudes.
sutcliffe (1937) notes the complete absence of the return
circulation in a study of average winds using data from
routine pilot balloon observations. The characteristics
of the sea breeze will, of course, be strongly modified
by prevailing general circulation patterns and it is
probable that the return circulation is frequently masked
by prevailing winds aloft.

In the tropics the sea breeze circulation has
greater dimensions and the change of wind direction in time
over the period of the day is not observed (Wexler, 1946).
W. van Bemmelen (1922) at Batavia (Djakarta, 7°s latitude)
and Dixit and Nicholson (1964) at Bombay (19°N latitude) did
observe a reversed flow above the sea breeze. In the latter

case the effects of the sea breeze return circulation were



still clearly evident at heights exceeding 3000 m. The
interpretation of van Bemmelen's results is made more
complicated at a location where local mountain wind systems

could occur.

2.3 The observations presented

The lake breeze arises in response to pressure
or density differences in the horizontal occurring as a
result of differential heating in the atmosphere over land
and water. /fhe extent and features of the flow system are
thus strongly dependent upon heat distribution and the basic
variables obtained to describe the system are wind and
temperature through the regicn where the local circulation
dominates atmospher ic flow patterns. In this study the
moisture distribution in the region of interest was also
determined because it was felt initially that moisture
content of the atmosphere could be used as a natural tracer
to aid in determining lake breeze boundaries.

During the 1964 season observations were made over
the land on the east side of Lake Michigan on fourteen days
when clear skies and weak prevailing synoptic pressure

gradients were forecast. On seven of these days a clearly



defined lake breeze occurred and during the period from
July 22 to July 24, 1964 a three day series of observa-
tions of a lake breeze flow system was obtained. An
analysis of lake breeze flow patterns at one hour inter-
vals over the land is presented in this chapter using data
obtained July 23, 1964. This day is selected for pre-
sentation because external factors which might distort
the local circulation were minimal. Unfortunately the
vertical temperature structure of the atmosphere could
not be obtainedAon July 23 and it is necessary to infer
the temperature structure using observations made July
22 and July 24 in the same general air mass.

In order to describe the complete lake breeze
flow system observations over the water are required.
During the 1964 season measurements were made only over
the land. To provide information about wind structure
in the vertical over the water a few observations made
from a research vessel July 10, 1963 in a well defined
lake breeze are presented separately. Climatological
records from surface stations are used to provide
auxiliary information on the surface structure of the

lake breeze flow system.
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2.4 Location of the study

Observations of the lake breeze were made at a
site on the eastern shore of Lake Michigan about midway
between Muskegon and Holland, Michigan. The site selected
offered several distinct advantages. Inland from the lake
shore the land is flat and uniformly developed for agri-
culture. Lake Michigan is deep and hence relatively cold
and temperature contrasts between land and water remain
strong throughout the summer. The lake is long and narrow
and observations at a point at the center of the long axis
of the lake permit initial investigation of the lake breeze
under conditions where curvature of the shoreline does not
strongly modify flow patterns.

There are additional reasons for selecting a
site on Lake Michigan. The Great Lakes Research Division
of the University of Michigan operates three research
vessels on this lake from which supporting data may be
obtained. At Muskegon near the lake shore and at Grand
Rapids 53 km inland surface meteorological observations
are recorded at hourly intervals at U.S. Weather Bureau
stations. These stations are located near an excellent

road running perpendicular to the shoreline on which other
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observing stations could be conveniently located with a
high degree of mobility between stations. Finally, through
the courtesy of the City of Grand Rapids, an excellent site
for a lakeshore station was provided on the lawn of their
water filtration plant which is located at the lakeshore
near the water intake.

The location of the study area relative to
Lake Michigan is indicated for orientation purposes in

the insert of Fig. 2.1.

2.5 The observational program
2.5.1 Wwind observations

During the 1964 season pilot balloon observations
were made over the land at stations along the road perpen-
dicular to the lake shore ("the line of observation"). The
observation stations were located at the lake shore and
at intervals of 8 km inland along a line through the lake
station. Fig. 2.1 is a sketch showing the location of the
stations from which data were obtained for the study and
the Lake Michigan shoreline near the site selected. The
vertical plane intersecting the earth's surface along the
line of observation is termed the "plane of observation"

in this report.
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Hourly wind fields of the lake breeze in the
plane of observation were computed from data obtained by
single theodolite tracking of pilot balloons released
simultaneously at hourly intervals at each of the observing
stations. Pilot balloons were inflated to have a nominal
ascent rate of 90 m min-l° Usually three stations were
in operation. Initially balloons were tracked to a
maximum height of 2200 m where it was considered gradient
flow would dominate. However, during the course of the
investigation it was found that it was necessary to
track above 3000 m before wind direction and speed
approached a steady value. Theodolite observations
were made at 30 sec intervals to permit analysis for
winds through thin layers in order that details of flow
changes with height could be discerned. Just prior to
balloon release surface wet and dry bulb temperatures
were obtained using sling psychrometers.

Pilot balloon observations were analysed using
a digital computer to obtain the alongshore and across
shore components of flow. No weighting functions were
used to smooth data although some smoothing is introduced
by using the conventional technique of averaging over two
layers to evaluate the wind at the mid-point of the layers.

The inherent error of wind analysis using single theodclite
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observations in regions where convergence or divergence
may be large is well recognized. However, comparison of
results obtained for a few runs early in the program
where double theodolite observations were made yielded
velocities for a given layer, with very few exceptions,
within 1 m sec—l of those computed by single theodolite
analysis techniques. The estimate of accuracy to + 2 m
sec ~ made by Frizzola and Fisher (1963) for single theo-
dolite observations in the sea breeze is applicable to
the results presented here.

During the summer of 1963 a few observations
of winds aloft were made over the water from the deck of
a 110 ft vessel operated by the Great Lakes Research
Division of the University of Michigan. The ship was
stopped during the observation period. The instrument
used for tracking the balloon is a split image sextant
to which a compass had been attached. The elevation
angle is measured from the horizon and the azimuth angle
is observed from the compass. The instrument is crude
but effective for low level observations but the balloon
cannot be tracked to heights exceeding 2000 m because

the sextant has low magnification. Reliability of computed

winds for a given layer is not as good as that attained
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using single theodolite data and some smoothing is
required. However, data obtained by this method yield
results in excellent agreement with those obtained by
theodolite and the accuracy is believed to be satis-
factory provided conclusions are not extended to small

scale phenomena.

2.5.2 Vertical temperature soundings

Vertical wet and dry bulb temperature soundings
to 2200 m were made using a Cessna 172 aircraft equipped
with shielded, naturally ventilated thermistor probes
with an associated indicator. The instrument has a time
constant of a few seconds at aircraft speeds and hence
provides reasonable detail of the temperature field but
with very sharp contrasts smoothed.

As noted, on July 23 the aircraft was not
available; however, observations of the dry bulb and wet
bulb temperature structure in the vertical were made
July 22 and July 24 at the same location. During the
intervening period the characteristics of the external
air mass remained relatively constant and on all three

days, (July 22, 23 and 24, 1964) a lake breeze was observed.
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The dry bulb and dew point temperature in the plane of
observations for July 22 are presented in Appendix A from
a previous paper (Moroz and Hewson, 1965); those for July
24 are given in Fig. 2.5 along with the wind components
observed at the corresponding time (Fig. 2.6). The wind
fields for July 23 are presented as typical of the lake
breeze rather than those of the 22nd or 24th because on
July 22 normal lake breeze development in the region of
observation was interrupted by a thunderstorm in mid-
afternoon, and on July 24 the lake breeze return current,
which is a well defined feature on other days, is partially

masked in the flow aloft.

2.5.3 Auxiliary observations

Auxiliary meteorological observations were
obtained from U.S. Weather Bureau offices at Muskegon and
Grand Rapids where routine observations are made hourly.
The Muskegon station is located 6.5 km inland and 21 km
north of the observation line and the Grand Rapids station
is 10 km south of the observation line and 53 km inland;
both stations are located at airports. 1In addition to

these stations an existing 85 m tower belonging to radio
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station WJBL, Holland, and located 10.5 km inland and 18.5
km south of the observation line was instrumented with wind
and temperature sensors at several levels.

Water temperatures reported here are taken from
records of the City of Muskegon water pumping station
whose intake is located 1.5 km offshore in 10 m of water.
The temperatures recorded at the Muskegon pumping station
were in good agreement with surface water temperatures
obtained from ships operating within 50 km of the obser-
vation site and are considered to be representative on the

broad scale for the region of interest.

2.6 The observed lake breeze

In the following discussion and in the figures,
the across shore component of the wind is designated "u”,
positive inland to the east and the alongshore component
is designated "v", positive to the north. The total wind
is referred to as the "vector wind" and its magnitude as
"velocity."

Observations over the land are presented for

July 23, 1964. While the lake breeze circulation is not

quite so intense as on some other days and vertical
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temperature soundings are not available for this day,
large scale atmospheric features which might act to modify
the local circulation are minimal. The 1964 program did
not extend to observations over the lake but a few pilot
balloon ascents made July 10, 1963 over the water in a
clearly developed lake breeze circulation provide some

detail for this region.

2.6.1 Prevailing meteorological conditions in the Lake
Michigan area

U.S. Weather Bureau daily weather maps at 0100
EST for July 23, 1964 and for July 10, 1963 are shown in
Figs. 2.2 and 2.3 for the region of interest. The inserts
in each figure are the 500 mb height contours at 1900
and surface pressure contours at 1300 of the previous
day to provide an indication of flow aloft and rates of
change of surface weather features respectively.

On July 23, 1964 a broad ridge of high pressure
at sea level extended southwest from an anticyclone
centered over Labrador. Pressure gradients over the
entire Great Lakes Basin were extremely weak. Shrface
winds in the Lake Michigan area were light and variable.

At 500 mb winds over Lake Michigan were 5 m sec-l and
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decreasing. The stationary front shown over lower Lake
Michigan was extremely weak and lake breeze observations
had been made July 22nd during the period of frontal
passage without detecting any frontal characteristics.
However, a thunderstorm did occur on July 22nd and inter-
action of the lake breeze and low level thunderstorm out-
flow has been described separately (Moroz and Hewson, 1965).
On July 10, 1963 (Fig. 2.3) a cold, surface
anticyclone dominated local weather in the Lake Michigan
area. Surface winds were again light in response to a
very weak pressure gradient near the center of the anti-
cyclone. At 500 mb over Lake Michigan winds were less
than 20 m sec“l at 1900 on July 9th decreasing to less

than 12 m sec-'l at 1900 on July 10th.

2.6.2 Temperature and moisture structure

Surface dry bulb temperatures of July 23, 1964
are plotted in Fig. 2.4 for several stations located
along the line of observation at warious distances inland.
The mean lake temperature change during the period of the
observations was less than O.,SOC° Air temperature at
Grand Rapids, which is beyond the inland penetration of

the lake breeze under normal circumstances, became equal
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to the water temperature at about 0700 in response to
heating which began at 0600. The temperature at Grand
Rapids rose fairly smoothly to a maximum of 11°¢c above
lake temperature by 1600 and after 1700 decreased as
radiational surface cooling became more pronounced.

At the lakeshore station air temperature
increased rapidly after dawn until 1000. Between 1000
and 1100 a sharp drop of temperature occurs as a result
of advection of cooler air off the water in the lake
breeze. After 1100 the dry bulb temperature at the lake
station held steady or fell irregularly until 1600 when
afternoon radiational cooling results in a more rapid
decrease-.

At 8 km and at 16 km inland from the lake shore
dry bulb temperature continued to increase until onset
of the lake breeze between 1400 and 1500 at 8 km and
between 1700 and 1800 at 16 km. Thereafter surface dry
bulb temperature changed little until the effects of
radiational cooling become significant. It is noteworthy
that after onset of the lake breeze dry bulb temperatures
at 8 km and 16 km inland continue to be within a degree
or so of the temperature at 53 km inland whereas that at

the lake shore is about 4OC lower. This feature was also
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observed on other days and indicates intense modification
of air off the water in a short trajectory over the land.
The relative humidity recorded at hourly intervals
at the Lake shore station, at Muskegon 6.5 km inland, and
at Grand Rapids 53 km inland is presented in Table 2.1.
At the lake shore station a distinct increase of relative
humidity occurs with onset of the lake breeze and these
high values are maintained throughout the day. At Muskegon
the sharp increase of relative humidity did not occur but
a slight increaée is noted between 1400 and 1500 during
the period when the lake breeze front would be expected
to pass this station. Grand Rapids records are presented
as being representative of values at an inland location.
The significantly smaller increase of relative
humidity a short distance inland from the lake shore
after passage of the lake breeze front indicates that
vertical mixing of drier air from aloft has occurred.
It also suggests that moisture transport upward from the
lake surface has been limited to a thin layer in a short
trajectory of the air over the water. Bellaire (in press)
has found that this is the case for heat transport over
Lake Michigan when warm air passes over cooler water.

Dry bulb and dew point isotherms in the plane
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TABLE 2.1

AT VARIOUS DISTANCES

INLAND FROM THE LAKE MICHIGAN SHORELINE

Lake Shore

69

63

54

58

67

73

72

72

75

72

74

75

75

July 23, 1964
Muskegon
6.5 km inland

69

59

51

48

45

44

44

47

47

47

47

50

55

Grand Rapids
53 km inland

79
58
48
46
45
45
44
44
42
44
47
53

63
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of observation are presented in Fig. 2.5 for July 24,
1964. Figure 2.6 shows the wind field of July 24 at
1600 during the period of temperature soundings. Temp-
erature observations made July 22 are given in Appendix A.

In Fig. 2.5 a surface inversion with top at
about 200 m is observed over the water a short distance
offshore where vertically downward motion may be most
intense at this time as a result of strong horizontal
divergence over the water. 1Inland, beyond 20 km, a dry
adiabatic lapse rate is observed through the lowest 1000 m.

Above 1500 m, directly over the shoreline,
the dew point isotherms are displaced downward and a
strong gradient of dew point temperature is observed.
This feature is also apparent over the lake shore on
July 22nd. Inland the vertical gradient of dew point
temperature at this level weakens. Over the land the
dew point isotherms dip downwards on the landward side
of the lake shore. This could result from downward
motion of drier air into the region of horizontal
divergence landward of the center of maximum velocity
in the return flow. Strong gradients of temperature

or moisture were not observed in this study at the
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interface between the air flowing off the water and the
return flow directly above it suggesting that strong

vertical mixing occurs at this interface.

2.6.3 Lake breeze flow over the land

Figures 2.7 through 2.18 give the hourly
fields of the u and v components of the wind at three
stations along the line of observation for July 23, 1964.
At 0900 (Fig. 2.7) near the lake shore, flow is toward
the water in the land breeze below 1600 m. The velocity
maximum in the land breeze occurs at 300 m with a strong
component from the south. Above the surface layer of
offshore wind the flow is onshore in the gradient wind
and/or land breeze return current. Velocity increases
upwards and the northerly component becomes more and more
dominant at higher levels. At 1000 (Fig. 2.8) flow
patterns are similar but weaker at all levels.

In Fig. 2.9 at 1100 a lake breeze has developed
over the lakeshore between the surface and 400 m. A
maximum velocity of 3 m sec_l occurs at 100 m with a
very weak southerly component. At the 8 km and 16 km
stations the flow is still offshore (toward the shore-

line) and strong horizontal convergence occurs at lower
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levels near the lake breeze frontal surface which is
considered to coincide with the zero isotach bounding
the region of onshore wind at the surface near the lake
shore. Directly above the region of onshore flow a zone
of intensified offshore flow is apparent indicating a
merging of lake breeze return current into an inertially
persisting land breeze. The land breeze seems to be
displaced upwards and to occupy a deeper layer than
previously, but above this, the onshore component of flow
increases upwards as before. The maximum depth of the
layer of offshore flow occurs directly over the lake
shore where the lake breeze return current is strongest:
this depth decreases rapidly inland.

At 1200 (Fig. 2.10) the lake breeze circulation
has not changed significantly but aloft the land breeze
is weakening. Flow in the lake breeze is still almost
normal to the lake shore and convergence is very strong
at the lake breeze front. The wind field for 1300
(Fig. 2.11) shows that the lake breeze has intensified
but that it has not progressed significantly further
inland.

By 1400, Fig. 2.12 indicates the lake breeze
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has deepened slightly to a height of just under 500 m
over the lake shore but that progress of the lake breeze
front inland is still less than 8 km. The v component
of wind has decreased from greater than 0 at 1300 to

-2 m sec_l at 1400 showing the turning of the wind in

a clockwise direction with a developing component of
northerly flow in response to the Coriolis force. The
lake breeze return current has still not emerged as the
dominant feature above the onshore flow.

By 1500 (Fig. 2.13) a pronounced change in
the dimension and intensity of the lake breeze onshore
flow has occurred. Over the lakeshore onshore flow
occurs through a depth exceeding 750 m. The onshore
component of flow has increased to 4 m sec—l between
75 m and 300 m above the surface. The vertical gradient
of u is strong near the surface. The lake breeze front
has advanced to 10 km inland and horizontal convergence
at the frontal surface is pronounced. Directly over
the central core of positive u at the lakeshore the
offshore flow has intensified to greater than 2 m sec
through a deep layer. The direction of flow is almost
opposite in the lake breeze from WNW, to that in the

return current aloft which is from the SE.
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The return current is clearly shown in the
observations of Fig. 2.14 for 1600 as an east wind bounded
above and below by a zero isotach. Flow above the return
circulation is onshore as before in the gradient wind.
Below the return current the lake breeze has bkegun to
decrease both in intensity and depth but the alongshore
velocity component has remained constant. Thus there
is a further rotation of the lake breeze wind vector,
from WNW to NW, as response to the Coriolis force becomes
more pronounced. Figure 2.15 for 1700 is similar to
that for 1600 except that a slight increase in lake
breeze depth is indicated.

By 1800, Fig. 2.16, the lake breeze has de-
creased to about 350 m in depth with a maximum positive
uof 2 m sec:ml centered at about 150 m. The wind
direction has swung further alongshore, approaching
NNW as indicated by the larger negative v component.

The lake breeze front has penetrated well beyond 16 km
inland. Strong offshore flow from the ESE persists
between the top of the lake breeze and 2000 m but above
this the general circulation flow remains onshore.

At 1900, Fig. 2.17, the center of the lake
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breeze appears to have shifted inland. Offshore flow
occurs near the surface inland and Grand Rapids records
indicate that the wind at this station is toward the

lake shore at 1900. Gradient flow is becoming dominant
above 2000 m but the lake breeze and its return circu-
lation are still prominent below this level to a distance
exceeding 16 km inland.

By 2000 a general weakening of the u-components
in the lake breeze is apparent in Fig. 2.18 and flow
has a strong alongshore component, being NNW below about
350 m. The return circulation persists aloft but above
this again positive values of u occur but the balloon
observations did not extend sufficiently far above the
upper zero isotach tc warrant plotting them.

The observations of the lake breeze presented
here were made under conditions when external factors
which might influence the local circulation were minimal,
i.e., the external pressure gradient in the Lake Michigan
region was very weak in the horizontal and winds aloft
were exceptionally light. Figure 2.19 presents a
summary of the temporal variations of wind speed and

direction near the level of maximum velocities in the
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lake breeze and in the return circulation. The advance
of the lake breeze inland with its onset between 1000

and 1100 at the lake shore station, between 1300 and

1400 at the 8 km station and between 1700 and 1800 at

the 16 km station is clearly indicated by the directional
change of the wind vector at 110 m (double shafted arrow).
The change of wind direction with time as the effect of
the Coriolis force becomes more pronounced and the low
level convergence in the region of the lake breeze front
are also clearly apparent. In the return flow aloft
(single shafted arrow) the direction of flow is approxi-
mately reversed from that in the lake breeze. Wind
speeds in the return flow are less than those in the

lake breeze and the effect of the Coriolis force in

causing a wind direction change is not as clearly evident.

2.6.4 Lake breeze flow over the water

The pilot balloon cbservations made from a
single vessel on Lake Michigan on July 10, 1963 are in
excellent agreement with more refined observations over
the land. The synoptic situation characterized by a

weak pressure gradient over Lake Michigan has been
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presented in Fig. 2.3. Figures 2.20 to 2.22 show the
results of six pilot balloon ascents made over the
water at various distances offshore. While the three
pairs of soundings are not simultaneous they are felt
to be sufficiently close in time during a period
approaching steady flow that they have been treated
as pairs of observations.

Observations over the water were made on the
eastern side of Lake Michigan offshore from Manistee,
Michigan, 140 km north of the line of observation. At
this location the shoreline is oriented NNE-SSW and
the lake width is 92 km. By analysing the data to
obtain the components of the wind perpendicular to and
along the lakeshore and by allowing for the difference
in orientation of the shoreline these observations over
the water become directly comparable with those made
over the land during the 1964 season.

At 0745 a single ascent 3.2 km offshore given
in Fig. 2.20 shows a weak land breeze from the surface
to 800 m with flow toward the land above this. A second
sounding 8 km offshore at 0830 indicated velocities
below 1 m sec"l from the surface to 1400 m where the

balloon was lost.
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Late in the afternoon about 1630 two balloons
were tracked from stations about 16 km offshore, Fig.
2.21; these show positive u components through a depth
of less than 500 m over the water with the depth of the
onshore flow decreasing sharply toward the center of the
lake. Above this surface layer the return circulation
extends through a deeper layer. The reoriented lake
breeze is from the NW, the same direction as over the
land, Fig. 2.14, for about the same time of day.

Fig. 2.22, drawn for approximately 1815,
shows a layer of onshore flow, also from the NW, to a
height of about 700 m at a location 5 km offshore. A
reversed flow from the SE occurs through a much deeper
layer above the lake breeze. Despite the fact that the
lake breeze should be weakening at this time of day
as a result of the weakening gradient of temperature
across the shoreline, the depth of the lake breeze
currents are greater than those observed an hour earlier
at 16 km offshore (Fig. 2.21). These observations
indicate that over the water the depth of the lake
breeze flow decreases with increasing distance from

the shoreline.
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2.6.5 Homogeneity of the lake breeze along the shoreline

The homogeneity of the lake breeze along the
shoreline and the orderly progress of the lake breeze
front inland are demonstrated in Fig. 2.23 for July 23,
1964. Wind directions for six stations in the region
of observation are presented. Wind speeds for the
stations are not shown; they are not directly comparable
because of the different methods by which the data
were obtained.

At the Muskegon and Grand Rapids U.S. Weather
Bureau stations observations are made using wind vanes
installed at a height of about 10 m. At the lake shore
and at the 8 and 16 km stations, mean winds in the
lowest 110 m above the surface as indicated by pilot
balloon ascents are plotted. At Holland data are
obtained from recording wind instruments installed at
19.5 m above the surface. Station locations relative
to the shoreline and to the observation line are given
in Fig. 2.23 with the station closest to the shoreline
plotted at the top and each successive station downward
being progressively further inland.

Wind direction changes at these stations in

response to the lake breeze are remarkable for their
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consistency and agreement considering the various
methods by which the data were obtained. The lake
breeze occurs first at the lakeshore as expected.
Thereafter the wind shift is observed to occur at the
stations 6.5, 8, 10 and 16 km inland in ordered time
sequence. Data for four lake breeze days show similar
results. The wind direction change at Grand Rapids

is not attributed to flow off the water as it did not
occur on other days and because it occurred prior to
the onset of‘the lake breeze at the 16 km station.

The clockwise turning of the lake breeze
wind at the surface is also clearly apparent in these
records. Initially the flow is almost directly off the
water from 2700 or perhaps with a small component from
the south. The wind direction gradually changes through

the day toward 360° in response to the Coriolis force.

2.6.6 Wind on opposite sides of Lake Michigan

Simple analysis suggests that the lake breeze
w1ll be oppositely directed on the eastern and western
shores of Lake Michigan. Table 2.2 gives the wind

speeds and directions on opposite sides of the lake
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TABLE 2.2

WIND SPEED AND DIRECTION AT U.S. WEATHER BUREAU STATIONS
ON OPPOSITE SHORES OF
LAKE MICHIGAN JULY 23, 1964.

Muskegon Milwaukee

Time Speed Direction Speed Direction
knots degrees knots degrees

0900 6 080 4 030
1000 4 180 6 050
1100 6 180 5 030
1200 5 100 6 030
1300 6 360 6 120
1400 7 250 7 100
1500 7 290 7 100
1600 7 320 6 1C0
1700 6 290 5 100
1800 5 320 5 100
1900 5 320 4 090
2000 5 340 3 110

2100 3 060 3 690
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between 0900 and 2100 July 23, 1964 taken directly

from the Muskegon and Milwaukee U.S. Weather Bureau
station records and shows that such is the case. These
two stations are selected for comparison because winds
are observed by similar techniques and both stations
are located a few kilometers inland from the lake shore.
At Muskegon onshore flow has direction 270° while at
Milwaukee onshore flow is from 090°.

Wind speeds at both stations are approximately
the same for.the period considered but it is immediately
obvious that flow has a strong onshore component from
approximately opposite directions at the two stations,
i.e., a lake breeze occurs simultaneously on both

sides of the lake.

2.7 Summary and conclusions

The spatial and temporal variations of a
lake breeze circulation system observed on the eastern
side of Lake Michigan during a period of very weak
gradient flow have been described. Horizontal tempera-
ture and moisture contrasts between air over the land

and air off the water are pronounced near the lake shore
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but a few kilometers inland these contrasts are much
weaker and in the vertical direction strong contrasts
were not detected. The rapid modification of air
properties in the horizontal and vertical described
in Sec. 2.5.2 indicates that intense mixing occurs in
the lake breeze and that the lake breeze circulation
cannot be regarded as a closed cell.

The lake breeze observed was homogeneous
along the lake shore, at least at the lower levels.
Winds at thé surface on both sides of the lake were
onshore during the day so that surface divergence
occurs over the water. A few observations of the
wind field distribution in the vertical over the water
indicate that the circulation system here has dimensions
and characteristics similar to those over the land
during the period when the lake breeze is fully developed.

Over land the lake breeze develops suddenly
three to four hours after the air temperature over the
land at an inland location becomes equal to lake water
temperature. Qualitative observations indicate that
the onset of the lake breeze at a given location occurs

in a series of pulses and wind reversals after which a
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continuous onshore flow is established. The lake

breeze front progresses less than 8 km inland in its
initial stage of development. Thereafter the front
progresses inland by surges after a period of intensi-
fication and development of the circulation system
which may last several hours. This characteristic
behavior was observed in all lake breezes analysed.
Horizontal convergence occurs from both sides of the
lake breeze front inland. Horizontal divergence over
the water is indicated both by winds observed and by
the presence of a warm layer of air near surface over
the water which could be caused by adiabatic descent
and warming as suggested in Fig. 2.5.

The depth of onshore flow in a fully developed
lake breeze is about 750 m and horizontal onshore
velocities exceeding 7 m secml have been observed.
Maximum flow intensity occurs late in the afternocn
within 250 m of the surface directly over the lake
shore. 'Maximum inland penetration of the lake breeze
front may occur a few hours later in a weakéning system.
The region of onshcre flow extends 25 to 30 km inland
but does not reach 53 km inland for any of the cases

observed.
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Above the lake breeze during periods of
light gradient flow aloft or when the thermal circu-
lation at the surface near the lake shore is largely
isolated from effects of the general circulation above,
as in the case where an inversion occurs aloft at the
top of a cold surface anticyclone, a very clear lake
breeze return circulation develops. The return flow
has about twice the depth of the layer of onshore
flow and velocities are approximately half as large.
Maximum velbcities in the return flow occur directly
above the corresponding maxima in the onshore flow
near surface. On the eastern shore of Lake Michigan
where normal gradient flow aloft is onshore, the off-
shore return circulation is sandwiched between two
regions of flow in the opposite direction. General
circulation flow patterns are influenced by the local

lake breeze phenomenon to depths exceeding 2500 m.



38

*uURHTYDTH O)eT

O3 OATIRIOI UOTIRAIDSCO JFO SUTT 9Y3 JO UOTIeDOT
9yl SMOUS 3JISSUI °*DUTTOIOYUS URHTIUDTW O3eT 9yl
IeSU SUOT3IRIS UOTIRAISSHO JO UOT3IeDOT °*T°Z °*DbTd

OZ<|_|_OI§
v

y3amoL”

amsn
&

Sdldvyd

ANVY9 NOILVAY3S80 40 3NI

b2 (W) 8
i 9| 0

NOILVAHY3SEO
40 3NIT

saldvy/f
aNVH9

v

¥OI¥3dNS NOOINSNN

VI




39

"Y96T ‘Tt ATInr LSHO06T 3Ie @deyins

qu Q0§ 9Y3l I0J SINOJUOD JYHTSY SMOYS JISSUT ISMOT
pue zz AIne LSHQOET I saInojuod axnsseaad TsasT
e9s 9yl smoys 33assut xoddn H9eT ‘€z ATnp I03
dew 19yjzesM ATTeq nesing Iayjlesm °S°nN °*Z°Z bta

=:3

AW Y\ 4 Y96l ‘22 AINr 3 006!

B X - sndidg

€L
2L
augyby ues £9
PRuL
worsnoH Skl St
wopaung

59
S e g

e vQT hmm
ooeM 600
g 09 orlm
8

oris audiay

09
mhe%2

> HE B
B2 3
AP w03 D BLIOHEN

{s
©8

t8o0




40

Nl N ° —m : ~
bT4 UT se 21 sS3I9SUT ' n
, . €96T ‘OT AIn, 103
dew xsyjesMm AT1Ted neaing IayjiesMm °*s-°n “¢°g bt
.m

R ot P S L
j : Su S|
. 0paie] 'y \

<=
B
60,@ 18
vonouny

o

& 7 !

i, gmﬁ,%A
t=y

S SESYRA X

o
Rl
e

R -~
% o o
. mﬁ

(]
R £

o
(Myphw, o <t

=
QuioW




*¥961 ‘€T AIne
9I0YS9)}R] 9Y3l WOIJ PURTUI S83aDULISTP sShoTIeA
e Auov 9axnjexadwey qInqg Axp @deyans °p°z °*b1a

(1S3) 3NIL
00 ¢ 074 8l 9l bl cl Ol 80
_ T

41

i | | | | ] |

JYNLVHIdWNIL 3NV

ANVINI WX €6
NOLVLS BMSN SQIdVY ONVEO._
=
- _ i
RN /\ FHOHSINYT ;
DR N/ \ ~7 /.R.l. \
noo /I - \ oooo- /
“© \ X7 /
° \

Jo JUNLVHIdNEL

(0]

2t



*96T1 ‘bz ATne
I0J TedT3ISA dSYJ UT 3IN3IdNIIS (Do) 2anjexadwual
(peysep) 3utod mop pue (pT1os) qing Axa -°g°Zz -bTa

WX NI ONVTINI 3ONvVLSId

42

JHOHS3INVT "HOIN MV
[4% ve ol 8 0 8-
. ¥ — 1
] —— 02—
A 82 _
\\\W\‘\\l\\\\:\\“‘\“rl —_— - —— 92 S
\ E—
- —_— — —_— ve
— T el—
—T 1L —_—
o - _ — - T — \\NNIO_
9 = — +— Pi—
\
o) — 0¢
21— ol -
— -
— ——— T T 8 -
e —— T -t — —— — 99— — ——
. — - ] — = —_—— e = —— — b 1
— . — -_ — 22— — 1+ ol
\
14
2G9I-1191 209l-1v6i 0gsi-0isl
dn NMOQ dn
—-672

SY3L3INW 40 SAIYANNH NI LHOI3H



43

1604 1610 1600

25)- | .
S A L
"3

-:»_,_———~—"—_—

20} BT o~ e
+2:\\ “n___l»

(8]
|

o
i

HEIGHT IN HUNDREDS OF METERS

oL
|
+
N
/
\\
X

hllxgg O LAKESHORE 8 16
DISTANCE INLAND IN KM

Fig. 2.6. Horizontal wind components at l600EST
July 24, 1964. 1Isotachs for the across shore
component (u) are solid lines with values at the
ends of the line in m sec-l; those for the along-
shore component (v) are dashed lines, with values
within the line where possible, in m sec~l. The
time at which the balloon was released is indicated
at the top of the fine vertical line for each
station where observations were made. The length
of the vertical line indicates the height to which
the balloon was tracked.
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Fig. 2.9. Horizontal wind components at 1100EST
July 23, 1964. Conventions of the figure are the
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Fig. 2.10. Horizontal wind components at 1200EST
July 23, 1964. Conventions of the figure are the
same as those for Fig. 2.6.
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Fig. 2.11. Horizontal wind components at 1300EST

July 23,
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Fig. 2.12. Horizontal wind components at 1400EST
July 23, 1964. Conventions of the figure are
the same as those for Fig. 2.6.
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Pig. 2.13. Horizontal wind components at 1500EST
July 23, 1964. Conventions of the figure are
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Fig. 2.14. Horizontal wind components at 1600EST
July 23, 1964. Conventions of the figure are
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Fig. 2.15. Horizontal wind components at 1700EST
July 23, 1964. Conventions of the figure are
the same as those for Fig. 2.6.
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July 23, 1964. Conventions of the figure are
the same as those for Fig. 2.6.
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Fig. 2.18. Horizontal wind components at 2000EST
July 23, 1964. Conventions of the figure are
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Fig. 2.19. Variation of wind speed and direction
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at 1000 m (single shafted arrow) above the surface
July 23, 1964.
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Fig. 2.20. Horizontal wind components over the
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July 10, 1963. Conventions of the figure are the
same as those for Fig. 2.0.
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3. A SEMI-BOUNDED NUMERICAL MODEL OF THE LAKE BREEZE

3.1 Differences between the lake breeze and the sea breeze

In Chapter 2 an observed lake breeze at a
location along the long axis on the eastern side of
Lake Michigan was described. Under conditions of
minimum gradient flow and external influence the lake
breeze starts 3 to 4 hours after the temperature over
the land at an inland station becomes equal to the lake
water temperature (time zero). Maximum development
occurs 8 to 9 hours after time zero. Progress of the
lake breeze front inland is irregular.

At the time of maximum development, for the
conditions noted, the depth of the layer of onshore
flow is about 750 m with maximum velocity of 5 to 7 sec
occurring within 250 m of the surface. The horizontal
extent of a fully developed lake breeze is somewhat
less than 70 km, 35 km on each side of the shore. 1In
contrast to sea breeze observations, in midlatitudes,
a lake breeze return circulation is clearly apparent.
Depth of the return flow is approximately twice that
of the lake breeze and return velocities are propor-

tionately lower. The effect of the local circulation
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over the shoreline is found to extend to heights
exceeding 2500 m above the surface.

Over the water horizontal divergence occurs
at the surface and horizontal convergence is indicated
aloft through the layer of return flow,“ Moderately
intense downward motion must occur over the lake. 1In-
flow from the surrounding atmosphere into the lake
breeze circulation as a whole must also occur.

The forces which act to govern lake breeze
motions are essentially similar to those governing the
sea breeze, viz., pressure gradient forces arising in
response to temperature contrasts resulting from
differential heating over land and water, the apparent
forces due to the earth's rotation and frictional forces
arising principally as a result of turbulent tramnsport
of momentum in the atmosphere. The major differences
between the lake breeze and the sea breeze will occur
as a result of the finite dimension of the water
surface. A mathematical model of the lake breeze
will thus be similar to that for the sea breeze with
suitable modification to incorporate the effects of

the bounded water surface.
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Early analytical treatments of Haurwitz (1947),
Schmidt (1947) and Defant (1951) dealt with the sea
breeze occurring in response to an assumed pressure
or heating function. The equations were necessarily
linearized and the effects of the non-linear advection
and turbulence terms could not be suitably included.
The development of the high speed electronic computer
made the retention of the non-linear terms possible
with correspondingly more realistic modeling.

Pearce (1955), in an initial numerical sea
breeze model, showed that the rotational non-divergent
velocity components arising in response to a specified
heating function represented the observed sea breeze.
Fisher (1961) using similar prognostic equations for
velocity introduced surface friction and the turbulent
transport of heat and momentum to predict the sea breeze
occurring when surface temperatures varied accerding
to observed values.

Estoque (1960) treated the sea breeze
circulation as a local disturbance on the general
circulation flow. The eddy diffusivity for vertical

transport of heat and momentum is evaluated in terms
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of the existing local fields of velocity and temperature

in the lower layers of the model. Heating is achieved

using a surface potential temperature over the land

which is a specified sinusoidal function of time. Estoque's
treatment enabled him subsequently (1962) to superimpose

a large scale flow on the model and to observe the effect

of surface temperature discontinuities near a coast in
modifying this large scale flow.

In this chapter we will model the lake breeze
by appropriate adaptations of the techniques developed
by Estoque and by introducing suitable boundary conditions.
A symmetric lake breeze on each side of the lake is
considered limiting the model to the case of no external
influence.

For the symmetric lake breeze, circulation
patterns on each side of the lake are identical and
horizontal flow across the lake centerline must be zero.
Thus the model is physically bounded in the horizontal
over the water and for this reason is termed "semi bounded."
The differential equations for motion and heating are
represented by finite difference approximations and a

numerical soluticn for lake breeze characteristics 1is
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obtained using a digital computer. The equations
required for the solution are the equations for
horizontal motion, the hydrostatic egquation, the
continuity equation and Taylor's (1915) heat diffusion

equation-

3.2 Physical formulation of the model

In the semi infinite sea breeze models the
circulation is considered as occurring over a straight
infinite coastline with land and sea extending an
infinite distance on each side of the coast. For the
lake breeze, to eliminate lake end effects, we will
here consider a lake having straight parallel shores
of sufficient length that the lake breeze is homogenous
in the alongshore direction. This condition is satis-
fied for a finite water surface having the configuration
of Lake Michigan (Chapt. 2) and should be valid for
almost all of the Great Lakes having major axes con-
siderably larger than their minor axes. The assumption
of homogeneity along the lake shore implies no change
in the alongshore direction, comsiderably simplifying

the equations and permitting modeling in two dimensicnal
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Cartesian coordinates. For our model x is positive
inland to the east, z is positive upward and y is
positive alongshore to the north.

For the vertical structure a two layer model
similar to that of Rossby and Montgomery (1935) is
assumed. Next to the earth a shallow boundary layer
in which shear stress remains relatively constant with
height is postulated. Above this is the transitional
boundary layer in which the effects of vertical tur-
bulent transport gradually diminish with height to
negligible magnitude relative to other terms in the
equations of motion. At the top of the model, there-
fore, balanced flow is assumed to prevail. Following
the notation of the computer program Z(l) is taken at
the ground, Z(2) is taken at the top of the constant
flux layer and Z(N) is at the top of the model.

Figure 3.1 is a schematic diagram of the plane

of the semi bounded model normal to the lake shoreline.

2.3 Mathematical formulation of the model
In the Estoque model of the sea breeze the

lecal mesoscale atmospheric quantitites Q are represented



as deviations Q' on the specified general circulation
values of the variables Qg’ which are considered to be
independent of turbulent transport.

Q=Q + Q'
)

The relevent variables in this model are pressure p,
temperature T, potential temperature 6, the across
shore and alongshore velocity components u and v
respectively and vertical velocity w.

In the general equations of motion applied
near the earth's surface frictional forces are
important. For our purposes it is assumed that
internal friction in the atmosphere arises principally
as a result of turbulent transport of momentum in
the vertical, that turbulent momentum transport in
the herizontal is negligible in comparison and that
the coefficient of turbulent transport is the same
for both horizontal components of velocity. Internal

friction is represented by a term of the form
o

=< (X, >
d az[

where F and V¥ are horizontal force and velocity

vectors respectively, and KM is the eddy diffusivity

for momentum.
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Similarly, the heat flux as given in

Taylor's (1915) heat diffusion equation is

& [k, & (2)
where KH is the eddy diffusivity for heat.
Through the surface boundary layer the
fluxes of momentum and heat remain relatively

constant, a condition expressed by

y .
L B BZ'KHBZ

M, 3 .. 28
3z ] [ ]

K
MOZ

where Z(2) is taken at the top of the layer of
constant flux. The equation of horizontal motion

for the general circulation may be written in the form

av 1
— - = \% - fk xWV
dt pg Py g

while the equation for the net flow in the transitional

layer below is

dv _ 1 - 9 OV
ac - T Ve - fkxv+ LIRSl

where V and Vé are horizontal velocity vectors;
f is the Coriolis parameter 2 () sin ¢, in which
Y is the angular velocity of the earth and
¢ is the latitude;

vV is the horizontal operator [%; + %;]; and
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k is the unit vertical vector.
The rest of the notation is standard.

By removing the external general circulation
contribution (subscript g) in the transitional layer
from the net flow (no subscript) an expression is
obtained for the sea breeze deviation flow (primed).
The prediction equations for the horizontal lake
breeze velocities are obtained by expanding the total

derivative, expressing p in terms of p and T, taking

L Vp = L V p and writing the equations in scalar
P g P
g9
form.
Thus
ou' _ _ Q! Bug _.oou' w! Bug o ou'
ot ox ox o0%Z o0Z
RT Op’ e, 9 ou
T p  Ox iV oZ [KM BZ] (4)
avt T T e
ot ox ox oZ oZ
v 9, OV
- fu' + Z [KM BZ] (5)

where homogeneity in the v direction has been assumed.
Following a similar procedure, the prediction

equation for potential temperature is

L) o6
09' g 08' g _00' O .. 06
ot - U Tk ™k Moz Yy T SZ[ HBZ]

(6)
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Combining the hydrostatic approximation,
the defining equation for potential temperature and
the equation of state yields a relation for pressure

in terms of predicted potential temperature

R/Co R/Cp

%E [p 1= - p

D |-

Details of the derivation of Eg. 7 are given in
Appendix B. Using this expression and knowing p
and T, p' and T' in the lake breeze may be evaluated.
Use of the hydrostatic equation for motions
on the scale of the lake breeze can be justified by
an order of magnitude comparison of terms as follows.
The equation of motion in the vertical for
a flat surface and neglecting the Coriolis component
(Petterssen, 1956) is written

dw _ 1 9p _
at -~ T p oz 97Ty

Wallington (1963) has observed vertical velocities
as high as 8 m sec_l at heights exceeding 1000 m
at the inland boundary of a sea breeze. Assuming
uniform acceleration these values would suggest

dw -2
— = 10
at 10 om sec
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and if one assumes that eddy transport of vertical
motion may be represented by a relation similar to
that for horizontal momentum, for uniform acceleration

. . -1 . .
to a vertical velocity of 10 m sec in a distance of

1000 m
Bzw 2510-5 -1 -1
SEE cm sec

and azw .
FZ = KM S-Eé- = KM ° lo

A large value of KM near the ground for highly
turbulent motion is 10 cm2 sec_l and the magnitude
of the eddy flux should decrease upward above some
level near the surface. Thus we may reasonably
consider %% and FZ at least one order of magnitude
smaller than g.

With these assumptions the vertical equation

of motion reduces to the hydrostatic equation

%§=-pg (8)

The final relation required for complete
determination of the velocity field is the continuity
equation. For a compressible atmosphere the equation

of continuity may be written to a high degree of
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accuracy (Kibel, 1957)

9

V.Vvs= - 37 [pw]

O |~

Thus, in a compressible atmosphere, the equation of
continuity in terms of the deviation and general

circulation quantities becomes

§§~ + w'%z[lnp] + wg%g[lnp-lnpg] ==V - v (9)

On the scale of the model Wy may have similar magni-
tude to w' but

1n g; Qf‘lnp‘

Thus the 3rd term may be neglected and Eq. 9 reduces to

%§—+ w'gz ln[pg+p'] = -V - V' (10)

in which %E[lnp] is almost constant. Equation 9 is

derived in Appendix B.

3.4 The eddy transport terms

While much recent evidence suggests that
the eddy diffusivity for heat is not the same as that
for momentum, we will here, a priori, specify KM/KH =1
for simplicity of solution so that KM = K_= K.

H

Further, near the surface, the effects of eddy transport
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of heat and momentum are dominant while aloft in the
free atmosphere these effects become small relative to
other forces. The relative magnitude of the eddy
transport term should thus decrease upward above the
surface boundary layer. This is achieved by allowing
K to decrease linearly from its value at the top of the
surface boundary layer tec zero at the top of the model
where the general circulation dominates atmospheric
behavior.

Within the surface boundary layer turbulent
transpeort varies with atmospheric stability and the
nature of the underlying surface. Priestly (1959)
has defined the free and forced convection regimes
for heat transport and, from observations, has estimated
that transition from one regime to the other occurs
at a Richardson number of

39 /dz
.__9_______:;
R =T Tov/oz]2

- 0003

For the free convection regime Priestly derives an
expression for the eddy diffusivity for heat in the
form 1

00, 2 .

SE] ;  Ri = -0.03 (11)
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where h is an empirical constant = 0.9. Estoque (1959)
obtains an eddy diffusivity for momentum for the forced
convection regime of the form

2.2 12 v
KM =%k"z" [1 + < Ri] 37 (12)

where k is Von Karman's constant = 0.4. This expression
is found to produce results in general agreement with

observation using X = =3.

3.5 The boundary and initial conditions

The matching equations for velocity and
potential temperature at the top of a surface boundary
layer of depth Z(2) for the forced convection regime
are derived in Appendix B. The equivalent equations
for the free convection regime have been given by
Estoque (1960). Monin and Obukhov (1954) have suggested
an average depth of 50 m for the layer of constant
flux and Yamamoto and Shimanuki (1964) have found the
layer extends to about 200 m over a large city. Above
the surface boundary layer a uniform grid spacing of
100 m is used in the vertical. Observation indicates
that the total depth of the lake breeze model should

exceed 2500 m and 3000 m has been determined as the
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level at which wind speed and direction become
relatively constant aloft. Thus in the computer
program Z(l) is taken at the surface, Z(2) = 50 m
and z2(32) = 3050 m.
In the horizontal, grid spacing was de-
termined using the relation
X(M) = X(M-1) + A + B[M-2] 5 M= 2

where A and B are constants,

round parentheses are used for subscripting,

(13)

square brackets indicate arithmetic operations,

and M is the number of the grid point starting from

the shoreline where M=1 and x=0 in Eq. 13.

This expression yields an expanding grid with smallest

spacing at the shoreline where gradients are strongest.

For our model A=B=3 providing reasonable detail near

the lake shore with a lake half width of 63 km, in

good agreement with the actual lake half width of about

67 km at the point on Lake Michigan where the cbser-

vations over the land presented in Chapter 2 were
obtained.
In the actual model the horizontal grid

numbers start at the center of the lake. The grid
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spacing decreases from 18 km at the lake centerline
X(1), to 3 km at the shoreline X(7). then increases
again inland to X(16). The model extends considerably
further inland than it does over the water because
there is no physical reason to restrict the horizon-
tal extent over the land and because it is desirable
to avoid influencing model characteristics by boundary
condition specifications. The effects of relaxing

the horizontal extent of the model and of using an
expanding grid on the vertical are currently being
investigated.

Q(t,m,n) is the value of the variable Q at
time t, at the mth grid point on the x axis and the
nth grid point on the z axis.

The symmetric lake breeze will occur only
if external effects arising from the characteristics
of the general circulation are negligible within the
region where the lake breeze occurs. Accordingly

u =v =w =20 for all t, m and n.

A+ the surface
u=v=w=20 for all t and m at n=1l.

At the top of the model the perturbation
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quantities, Q' become negligible and
Q' =0 for all t and m at n = 32.
At the inland boundary of the model it is assumed
that the lateral rate of change of the perturbation
of any dependent variable, Q', becomes very small, i.e.,

el
ox

At the centerline of the lake

= 0 for all t and n at m = 16.

u' = v =0 for all £t and n at m = 1

and the lateral derivatives %ﬁ- and %ﬁ— have the same

value on both sides of m = 1. Further op’ = 98" =
ox ox

T _ B

S - O for all t and n at m = 1.

At the surface, over the water the potential

temperature is taken to be constant, with the value
6 = 204°K for all t, 1= M= 6, n = 1.

Over the land, surface potential temperature is
specified according to Table 3.1 which gives the
hourly observed temperature 53 km inland from the
lake shore where surface temperatures are not affected
by air flowing off the water. For simplicity inter-
mediate values of surface temperature are obtained
by linear interpolation.

At the lake shore, surface potential
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TABLE 3.1

AIR TEMPERATURE OVER THE LAND AT
A LOCATION WELL INLAND FROM THE LAKESHORE

Time Temperature Time Temperature

Hrs. oK Hrs. OK
0* 294.0** 10 301.3
1 295.8 11 299.9
2 297.3 12 298.1
3 298.9 13 296.7
4 299.9 14 295.5
5 300.8 15 294.3
6 301.4 16 293.3
7 301.9 17 292.4
8 302.1 18 291.8
9 301.9 19 291.2

* Time zero corresponds to the time when
air temperature inland equals lake water temperature.
** These values represent a mean of obser-
vations on four lake breeze days taken relative to

a lake temperature of 294OK.
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temperature is smoothed linearly as follows

o(t,7,1) = &te6.1) ; 6(t.8,1)

An initial lapse rate, vy = 7.5 x lO_3 °c m

-1

is specified in accordance with observed values prior

to the onset of the lake breeze in the morning. The

initial fields of temperature, pressure and potential

temperature are uniform in the horizontal and are

given by
T, =T, = V2
/R at £t = 0
p_ = po[T/To]g Veor 1= m = 16,
E 3= n <32
_ -R/Cp
eg = T[p/po]

where TO and pO are temperature and pressure
respectively at the surface, Z(l). The values of
Tg' pg and Gg are retained throughout the forecast
period as representative of the unchanging general
circulation.

The initial values of the perturbation
quantities are uniformly zero throughout the plane
cf the model, i.e.,

Q' =0 at t = 0 for all m and n.

(14)

(15)

(16)

Computations were made for a latitude of 45°,
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3.6 Procedure for predicting lake breeze parameters

The usual technique of representing a
prognostic equation by its finite difference approxi-
mation using centered space and time differences with
the exception of the first step is employed. With this
technique Phillips (1956) has pointed out that the
second order turbulent transport terms will lead to
computational instability. For this reason it is
necessary to stabilize the second order terms using
the finite difference scheme of Dufort and Frankel
(Richtmeyer, 1957) which is unconditionally stable.

A precise analysis of the model equations
to determine the optimum time step for numerical
advance in time is impractical. While some estimate
of the time increment is possible final selection is
made on the basis of trial. A time step of 5 min was
selected for the bounded lake breeze model based upon
experience with the sea breeze model and on the basis
of computer time required for the computations.
Despite the larger central grid distance used in the
horizontal it was found necessary to differentiate

the equation of continuity with respect to z as
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suggested by Estoque in order to achieve computational
stability. In the finite difference expression for
Eq. 10 the difference of 1ln p over a 200 m layer is
found by hand computation to be -0.0195 with a vari-
ation of + 0.0003 from bottom to top of the model for
the prescribed initial conditions and this value will
change only slightly throughout the life of the model.

The value is thus taken constant

%E [In p] = C

and differentiating Eq. 10 with respect to height
leads to
2 ] 1 H
ow ow! 3 du

322 T S 3z = "3z 5] (17)

for a lake breeze which is homogeneous in the y
direction. The second term in Eq. 17 is found to
have negligible influence in the determination of
w' and may be neglected if desired.

The procedure used in predicting the lake
breeze features is as follows.

l. Compute the vertical fields of p, T
and 6 for 3= n = 32 at t = 0 using Egs. 14 to 16

and specified surface conditions.
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2. Compute 6 and K at Z(2) using the
relations appropriate for the prescribed convective
regime. In this model, initially Ri is infinite with
a zero velocity field everywhere and initial values of
@ and K must be specified at 2Z(2).

3. Evaluate the field of K for 3 = n £ 31
where K decreases linearly with height.

4. Predict the new values of u', v' and
6 ' through the transitional layer 3= n= 31, by
stepping forward in time using Egs. 4, 5, and 6.

5. Using the new values of u' and v' at
Z(3) determine V at Z(3) for each m. Assuming
constant wind direction below Z(3) determine the
new V at Z(2) using the relations applicable for the
prevailing convective regime. Obtain the new u' ard

v' at Z(2) using the relation

( ,m,2) —_-lm.—l:s—)L [U.(trm 3)]

and a similar relation for v. Obtain the new
9(t.,m,2) directly using the equations of Sec. 3.5
and the known values of 8(t,m,3) and 6(t,m,1).

6. Using Eg. 17 and the new field of u'

evaluate w' at each of the grid points.
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7. Using the new field of 6' determine 6 at
each of the grid points and the corresponding field
of p using Eg. 7.

8. The new values of T are determined using
the known fields of p and & and the defining equation
for 6.

9. Repeat steps 2 through 9 until the

desired forecast is obtained.

3.7 Results of a lake breeze forecast

Using the numerical model, a lake breeze
has been predicted employing a 16 x 32 grid in the
plane normal to the shoreline. The results of the
foerecast for a lake 126 km wide are presented in
Figs. 3.2 through 3.7. For compactness, the horizontal
extent of the figures has been restricted to the
region where significant changes occur.

In Fig. 3.2, four hours after time zero
when the forecast was started (time zero is the time
at which the air temperature inland is equal to the
water temperature), the lake breeze maximum onshore

velocity is 1 m sec_l directly over the shoreline at
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a height of 150 m. The lake breeze has penetrated

7 to 8 km inland from the shoreline and extends through
a layer 300 m deep over the land. Convergence occurs
from both directions at the lake breeze frontal surface
near the ground. Above the layer of onshcre flow a
weaker but deeper return flow occurs. The circulation
system at this time is restricted to the region near
the lakeshore and predicted vertical velocities are
small.

Figure 3.3 shows the forecast lake kreeze 6 hr
after time zero. The maximum velocity in the onshore
flow has increased to 2 m sec-'l centered at a point
3 km inland from the shoreline at a height of 150 m.

A secondary maximum is apparent over the water about
7 km offshore. A weak shoreward flow is shown inland
from, but near, the frontal surface. The depth of +the

lake breeze has increased to 450 m but the flow at

£y

9 km inland is still offshore and very weak. The
regicn of pesitive u-component extends considerably
further out over the water than it does over the land
bur velcocities are smaller over the water. Above the
layer of onshore flow the return circulation is well

defined through a deep layer. Horizontal velocities
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in the return flow are less than half those in the
lake breeze.

Figure 3.4 represents the vertical velocity
and temperature structure in the lake breeze at the
time corresponding to Fig. 3.3. Over the land upward
motion occurs while over the water air is descending.
A strong horizontal temperature gradient occurs at
the shoreline near the surface. The lapse rate of
temperature has become superadiabatic over the land
through a depth of 1200 m or so above the earths' surface.

Over the land maximum surface temperature
occurs 8 hr after time zero (Table 3.1). Figures 3.5
and 3.6 show the velocity and temperature structure
in the lake breeze 9 hr after the start of the forecast.
In Fig. 3.5 the onshore velocity has increased to a
maximum of 3 m sec_l at a point about 5 km inland.

The two velocity maxima shown in Fig. 3.3 are still
apparent near the shoreline. The region of onshore
flow extends inland to 13 km and through a depth of
500 m. Over the lake the flow is toward the shoreline
from distances greater than 30 km offshore but
velocities remain weaker than those over the land.

The return flow aloft has intensified to 1 m sec-l
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but the depth of the layer has not changed
significantly. A reversed cell has developed in
Fig. 3.5 inland from the lake breeze front and
model instability is becoming noticeable in the
waves on the isotachs over the water.

Figure 3.6 shows the vertical velocity
and temperature structure at the time for which
Fig. 3.5 is prepared. Waves have also developed
in the isotherms near the shoreline. The horizontal
gradient of temperature remains strongest near the
shoreline at the surface. The temperature maxima
at low levels about 9 km inland occur where
upward motion is strongest and where a parcel
lifted adiabatically in a superadiabatic atmosphere
should be warmer than its surroundings. A corres-
ponding dip in the isotherms is observed over the
shoreline at low levels where downward motion is
most intense.

The wind components normal to the shore-
line 12 hr after heating over the land commenced
are indicated in Fig. 3.7. 1In this figure the

waves in the isotachs directly over the shoreline
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have become more pronounced than those for 3 hr
earlier but the principal features of the lake
breeze are still clear. The across shore component
of velocity has remained constant over the land with
the central core of maximum velocity shifted
further inland but over the water the secondary
region of maximum onshore flow has undergone intense
development. The lake breeze front has advanced
16 km inland and the reversed cell has intensified.
In the return flow the velocity has increased to
2 m sec_l centered at a height of 1600 m above the
surface directly over the shoreline. The velocity
remains greater than 1 m sec_l to a height exceeding
2000 m. The return current above the lake breeze
appears to be merging with the offshore flow in
the reversed cell near the surface suggesting
mixing of air from inland sources into the lake
breeze return current.

Prediction of the lske breeze using the
numerical model was continued to 16 hr after time
zero but beyond 12 hr the effects of computational

approximations and inaccuracies become increasingly
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dominant. By 16 hr after time zero the across
shore component of velocity has decreased near

the shoreline but the cell over the water continues
to intensify and velocities in this cell reach 10
m sec“lo At the same time the reversed cell over
the land continues to develop. The net effect

of a velocity decay near the shoreline with
intensification in the boundary regions of the
lake hreeze is to distort appreciably the isotachs
so that those velocities arising from error and
model instakility mask the pattern of the lake
breeze itself. The figure for 16 hr after the

start of +he prediction is not given for this

reason.

3.8 Comparison with the observed lake breeze

The lake breeze predicted by the
numerical model for a lake of the width of Lake
Michigan develops much as the observed lake breeze
of July 23, 1964. If we consider that time zero
for the numerical model corresponds to a time
between 0700 and 0800 for the observed lake hreeze

comparisons between observation and prediction
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can be made.

Over the land the predicted lake breeze
is slightly weaker than that observed along the
Lake Michigan shoreline in mid-afternoon and the
inland penetration of the forecast lake breeze is
somewhat less than that observed. The return flow
aloft is clearly shown in the theoretical model
and exhibits characteristics in good agreement
with those observed. Convergence from both sides
of the lake breeze fromnt occurs in both model and
observations. The existence of the reversed cell
which develops inland in the model will be extremely
difficult to verify in the real atmosphere under
circumstances where prevailing external winds are
never truly zero. There is, however, some suggest-
ion that the cell does exist in the observations
presented previously. The coverall depth of the
lake breeze circulation system predicted by the
model corresponds well with that observed.

Over the water light onshore flow is
predicted below 1000 m from distances exceeding
30 km offshore in the numerical model. Obser-

vations made July 10, 1963 over Lake Michigan
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suggest that the actual lake breeze circulation

is more symmetrical on each side of the shoreline
under light gradient wind conditions. Additional
observations are required over the water to define
more adequately lake breeze characteristics in
this region.

In the predicted lake breeze the central
core of maximum velocity in the layer of onshore
flow shifts inland with time. This feature is
not as pronounced in the actual flow system and
has been seldom observed, even in a prevailing
onshore flow, and then only late in the day when
the lake breeze is dying. The cores of maximum
velocity which develop over the water and further
inland after 16 hr of model time are considered
tc be due to errors inherent in the numerical
model representation and computational instability.

The least acceptable feature of the
model from a theoretical standpoint is the
treatment of the turbulent transport of heat and
momentum which resolves itself in an empirical
formulation. A sufficient number of observations

have been made over land near the earth's surface
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to permit reasonable representation through this
region but, above the surface boundary layer of
constant flux, the representation is more question-
able. While allowance for variation of eddy
diffusivity with atmospheric stability has been
made no allowance for variations from water to
land nor for variations in depth of the constant
filux layer with either stability or nature of the
underlying surface have been incorporated. The
model has been found to be relatively insensitive
to changes of eddy diffusivity as large as an
order of magnitude except in the very early stages.

Over land, eddy diffusivities between lO4 and lO5

2 -1
cm  sec at the top of the constant flux layer
were computed in the unstable atmosphere. A

. . . 2 2 -1
minimum eddy diffusivity of 5 x 107 cm sec was
arbitrarily specified in setting up the model
to aveoid unrealistic conditions. This value
was used over the water at some distance from

the shoreline where winds remained very light

and Richardson numbers remained large.



-92-

3.9 Summary and conclusions

The above analysis indicates that
satisfactory agreement between the development
of the lake breeze observed and that predicted
by the numerical model has been achieved. Devel-
opment of the numerical model to improve repre-
sentation and to lengthen the permissible fore-
cast time to include a realistic lake breeze
decay 1is continuing. The existing model has been
tested on a smaller horizontal grid (for a lake of
width of Lake Ontario) and produces results not
significantly different from those presented here.
Use of the smaller grid also indicates that the
model results are not appreciably distorted near
the lakeshore by reducing the horizontal extent
of the model plane over land. With this option,
and by reducing the number of grid points on the
vertical through use of an expanded grid, the
lake breeze can be predicted for both sides of
the lake simultaneously on the IBM 7090 computer
without exceeding computer storage facilities.
Subsequently the effect of a superimposed general

circulation wind on the lake breeze flow system
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on both sides of the lake may be investigated.

An additional feature of the local wind
system along the shores of a large lake may also
be examined using the numerical model. Of the
Great Lakes System, Lakes Superior, Michigan and
Ontario frequently remain open all winter at least
near the center of the lake. This is also true
of some fairly broad stretches of the St. Lawrence
River. During late fall and particularly early
winter there are periods under light general
circulation winds when an intense land breeze
should occur, with associated upward motion over
the lake. This land breeze can be studied using
the present and future models and the model
concepts can be extended to include the effects
of air mass modification as very cold air passes
over the warmer water during winter when effects

are more pronounced and most easily observed.
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4. SUGGESTIONS FOR FUTURE WORK
4.1 Extension of observations

Observations of the lake breeze show that
for a lake of width exceeding 100 km the physical
dimensions of the circulation occurring along the
lakeshore are approximately similar to the dimensions
of the sea breeze. Under light gradient wind
conditions the lake breeze occurs simultaneously
on both sides of the lake, at least at low levels,
and at midlatitude locations a lake breeze return
current is clearly apparent. The lake breeze and
its associated return current influence the general
circulation under light gradient wind conditions to
a height of 3000 m or more.

Observations of the lake breeze circulation
system are currently being extended to reveal details
of modification of air flowing off the water. The
depth of the layer through which the air is modi-
fied in its trajectory over the water and the rate
at which this air is modified as it passes over the
land are of particular interest because analysis of
these details will permit interpretation of mixing
or diffusion characteristics near the lakeshore both

over the water and over the land. Further study of
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the circulation system over the water and on the

opposite shore of the lake are required to permit
a more adequate description of circulation systems
which occur simultaneously on each side of the lake.
Vertical motions in the lake breeze require
further investigations. 1In the sea breeze, over the
land, Wallington (1961, 1963, 1965) has provided
excellent general detail of upward motion derived
from glider flights by himself and others made near
the sea breeze front. This technique of observation
might be extended to model glider flights, radio
controlled from the surface, to provide observations
of the upward motion over the land. Over the water
downward motion must prevail. Some measure of the
intensity of this downward motion may be obtained
by radar tracking of constant volume tetroons
equipped with a transponder. This observational
technique has been used successfully (Angell and
Pack, 1961 and Pack 1962) for trajectory analysis
and would provide information not otherwise avail-
able, particularly over the water where glider

observations cannot be made.
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4.2 Extension of the numerical model

The mathematical model of the lake breeze
successfully predicts lake breeze development but
some experimentation and modification are‘desirable
to improve model stability using a reasonable time
step and to extend the period of forecast to include
lake breeze decay and development of the land breeze.
This work is currently in progress. Further testing
of the model is desirable in an atmosphere where
the lapse rate changes with height. Data are already
available to permit comparison of the flow patterns
predicted by the model with the observed flow system
for the case where an inversion exists aloft.

The numerical lake breeze model must be
extended to incorporate the flow system on both
sides of the lake and to study the lake breeze
under conditions where a synoptic general circulation
pressure gradient occurs. Analysis incorporating
the effects of a prevailing wind in the surrounding
atmosphere will, of course, include the case where
the general circulation flow is only modified by
the local surface and temperature discontinuity at

the lakeshore and no true lake breeze occurs. The
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equations of the current model can be used without
change €or this extension but changes in the grid
system must be made in order to accomodate the

larger number of grid points on the horizontal

using presently available facilities. The model
should finally be extended to a three dimensional
coordinate system so that the lake breeze along the
shoreline of a lake which is bounded in two dimensions
in the horizontal can be studied. The principal
deterrent to modelling the lake breeze in three
dimensions is currently computer storage capacity.
However, experimentation with the model and with

the model grid system may also lead to some acceptable

solution to this problem using present equipment.

4.3 Interaction of local winds and circulations
within the lake

Lastly, study of the local winds along
a lakeshore may lead to studies of circulations
within the lake itself. During the course of this
investigation it was found that, as a result of
overturning or upwelling, lake surface temperature

changes of SOC over a period of 24 hours are not
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uncommon. A temperature variation of the same
order of magnitude is also frequently observed
across the width of the lake. It is apparent
that lake surface temperatures are considerably
more dependent upon the immediately preceding
synoptic weather than ocean water temperatures
are and in this respect the lake breeze is more
complex than the sea breeze. It may be that the
lake breeze circulation itself strongly influences
flow patterns in the lake and that the two

phenomena should be studied simultaneously.



APPENDIX A

DRY BULB AND DEW POINT STRUCTURE IN
THE VERTICAL FOR JULY 22, 1964
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APPENDIX B

DERIVATION OF PERTINENT EQUATIONS
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APPENDIX B

I. Derivation of Eq. 8, Chapter 3:
The hydrostatic approximation has been

shown to be valid for lake breeze motions
9B _ 8 3
Sz = pPg Eg. 8, Chapter 3

Substituting for p from the equation of state

_ B
P = gr

and for T from the defining equation for potential

temperature

where P, = 1000 mb = assumed surface pressure initially

c_/c
R/C R/C R/C v
op _ gl N T pp_ F
02 R 6 “o R o 2]
where g, Cp' R and P, are constants,
g R/cp
Let R po = A
-Cy/C, op _ _ A
then p p 37 P)
or 3 [pl'cv/cp] _ AR
0% 6 Cp
R/C

then i-[pR/Cp]=-g'-p p% (7)
p
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APPENDIX B (continued)

II. Derivation of Eg. 9, Chapter 3:

Kibel (1957), by an order of magnitude
comparison of terms, has shown that for a compressible
atmosphere the equation of continuity with good

accuracy may be written

T)II—-‘

g—[pW]=V-V7 (1)

Expanding the derivative this equation becomes

ow W Op

ztoa="V "V (2)

Similarly, for the general circulation Eg. 1 becomes

Mg, Yq g
oz Th e TV Y (3)

Subtracting Eg. 3 from Eq. 2 to get the deviation

quantities

w_ 0
=2 [w-w ] + 2 % _ g —EH'- -v - [v-v_]
p 0z p_ 0Z

But the deviation quantities Q' are defined by

Q' =Q - Qg where Q may be w, p or V here. Thus

. o 9 :
SE[W 1+ wgg[lnp] - wggz[lnpg] = -V .V

which may be written

ow' 9 o .
\Z + w' [lnp]+ wgaz[lnp—lnpg]— v - v

which is Eg. 9 of Chapter 3.
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APPENDIX B (continued)

III i) Derivation of the equations for velocity
and potential temperature at the lower
boundary of the transitional layer Z(2),
for the forced convection regime:

For the forced convection regime

2 2 .12 dV
K=k [z+zo] [1+ X Ri] 3z (1)

where Zo is taken as the bottom of the constant
flux layer very near the ground. For ZO<< Z
Eg. 1 reduces to Eg. 12 of the text. Through the

layer of constant fluxes of heat and momentum,

(@]
d oV
7 [KazI 0 (2)
3 98, _
3z [Kaz] 0 (3)

Integrating Egs. 2 and 3

ov 2
K 3z - ™ (4)
and
06 ,
K 52 = VkQ* (5)

where Vx and 0% are constants of integration.
Substituting in Eg. 4 for K from Eg. 1

= [Z+Zo]2 [1+ o«Ri]z[éy]2 2

37 = Vs (6)
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APPENDIX B (continued)

oV V*

Thus [1 + X Ri] 3z = ETE:E;T (7)
But ri - 2 36 /52
1T % [ov/oz)2

where 6 is the mean potential temperature over the

layer. Equation 7 may thus be written

L 4 %49 [36 /37 oV _ U
6 [ov/oz]%] oz ~ klz+z ]
Thus oV | &g 00/0Z _ Vise
R/ 8 ow/oz  k[z+z,]
Substituting in the 2nd term for 06 and oV from Eqgs. 4
. : 0% 0Z
and 5 and rearranging gives
OV _ Vs _ X9 9%V« (8)
32  k[2Z+Zo] 6 [ww]?

Integrating Eg. 8 with respect to Z yields

_ _ &g OxVx
= ln[Z+ZO] 5 TQ;TQ'Z + C (9)
At 2z =0, V=20. Solving for C; and substituting
in Eq. 9
Z2+7Z
_ Ve ° *g Ox
V= 1n[Z ] 9\/7*2 (10)
o
Following a similar procedure
Z+Z 2
_ 9« o Xg 6%
9 -%1) % lnlizo] 5wz 2 (1)

Following Rossby and Montogmery (1935), in order to

fit the solutions for velocity and potential temperature
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APPENDIX B (continued)

at the level Z(2), continuity of wind speed and

direction, the potential temperature and the vertical
derivatives of velocity and potential temperature
are assumed through the layer Z(l) = zZ = z(3)

where Z(3) = z(2) + A;Z. Thus

Z(2) _ ow
Az Y/ 2

(12)
(2)+2

o
where the LHS represents the finite difference
approximation to the vertical derivative of velocity
through the layer Z(2)=< Z = Z(3) and the RHS
represents the derivative at the level Z2 = 2Z2(2) + Zo.

Substituting in Egq. 12 for v ) using Eg. 10

Z(2

V2.(3) _ Vi _‘>_<_Q_9_z<_+3- Vi

Az k[z(2)+2z ] 6 W  k[z(2)+25] |
12(2)+70 In z(2)+zOT_ g Ox Z(2)4Z0 .,
A Z 6 i Nz

But
Ox _ 0uVx  _ KO0/ 07
U (W12 V0T

and through the layer Z(1l) = Z = z(3)

6 -6
8x is represented by ﬁ?}/ _ _2(3) "z(1)
Z(3)

Vi

Substituting in Eg. 13 and combining terms
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APPENDIX B (concluded)

Az In 7

) ﬁg[eZ(3)—eZ(l)] @ , z(2)+zo]
TE)

V2(3) _ Vi {1 N

z(2)+zo z2(2)+24
Az k[z(2)+2z ] }

Rearranging and cancelling terms

k[z(2)+zo]v%(3) f g
Ve = z(2)+z, \' +[ é}
[§Z+[Z(2)+Zo]lnf—z———9
O
(e -6 ]
z2(3) "z(1)
) [2(3)+2 ﬂ} (14)
[ (3] °
_ ) k[Z(2)+Zo][6Z(3)—eZ(1)] iﬂi
and By = Z(2)+Z 1 + g?
Az+[z(2)+zo]1n——-z-———Q -
(o]
(6 -0 ] 1
.{ ?é?l ?él) [z(3)+zo]! (15)
Z(3) S
Knowing Wi« and Ox. Wé(z) and 92(2) may be evaluated.

III ii) Evaluation of K for the forced convection
regime

Substitute for 0W/0zZ from Eg. 8 into

Eg. 4 to get
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