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ABSTRACT

A toroidal sample holder suitable for measuring the perme-
ability and magnetic losses of ferrite toroids is described. Equa-
tions describing its operation are derived and design problems are
discussed., The approximations used and the sources of error are evalu-
ated, Calibration curves are presented. A graphical means of deter-
mining the permeability and losses of the ferrite from the measured
value of impedance is described. The sample holder has been used
over a frequency range of 30 Mc/s to 500 Mc/s.

iv






ENGINEERING RESEARCH INSTITUTE - UNIVERSITY OF MICHIGAN

A TOROIDAL SAMPLE HOLDER FOR MEASURING VHF PERMEABILITY AND LOSSES

1. INTRODUCTION

The coaxial inductor is a toroidal sample holder suitable for use
at "very high frequencies" for the measurement of the permeability and the
magnetic losses of a ferrite ring independent of associated circuit para=-
meters, Used with suitable impedance measuring apparatus it allows rapid
measurements on large numbers of cores,

The coaxial inductor is composed of three sections: 1, A one-
turn toroidal inductance which takes the form of a short length of coaxial
line terminated in a shoft circuit; 2, A taper section which transforms the
inner and outer radii of section 1 to the radii of a standard coaxial trans-
mission line; 3. A coaxial transmission line joining section 2 to the point
at which an impedance measurement can be made., Figure 1 shows a coaxial in-
ductor which was used at the University of Michigan, Figure 2 shows an im-
proved design which is currently in use. The three sections of the inductor

are considered separately in the mathematical analysis which follows.

2. MATHEMATICAL ANALYSIS

2.1 Section One

A length of transmission line which is much shorter than a radian
in electrical length may be treated as a lumped impedance. A longer length

must be treated as a distributed impedance. The impedance ZA of a shorted

section of line of length f. and inner and outer radii of r, and ro is:l

1l i

1 Ramo, S. and Whinnery, J. R., Fields and Waves in Modern Radio, John Wiley

and Sons, New York, 1944, p. 47
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Zy, = Zytanhy Q = Z,y &4, for 4 << % , e, for |)'_Q'| < O.l. (1)
where? Yy = a+jp = jJwsue = propagation constant
and® 2y = %‘i /"/e log, ;:9, = characteristic impedance,
i

H{ and € are the permeability and dielectric constant of the dielectric

medium.

2
Z, = j b IOQe% = jol,
|

2 (2)

Here L, is the inductance of section one. Since H=py = %g? hy/m for the
air dielectric, there are no dielectric losses. That wall losses and in-
ternal inductance are negligible will be esteblished later.

This short length of shorted line is equivalent to a one-turn toroid
and we shall show this latter approach leads to the same equation. But first
consider a one-turn toroid with a two-media core, a ferromagnetic ring that
partly fills the region plus air that fills the remainder of the region
within the single turn. We require the ferromagnetic ring to be positioned
concentrically and to have the dimensions r; and r, for inner and outer radii

and Ly for axial length. It has a permeability of U = (K = JH5) Ho

H=—5— (amps/ m)

The flux through the area A, the cross-section of the toroid, is:

¢ = f§ dA webers (3)
A

2 Tbid, p. 3%2
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Taking the integral in two parts — over the entire region with the air per-
meability p, and over the ferromagnetic region with the contribution to ¢

over and above what an air medium would contribute — gives:

©-
1

o 2
= f,u-oH-Q| dr + f(#'#o)H-f-f dr
K r,
| K -HFo f2
2/.: [l loge 2 r t T 2¢ l0ge "rT] (L)

dé _

. : 2
Z, = jui, = 9% T 127r {‘0' |°ge|? + g [,LL l] 10Ge T, } )

If the ferromagnetic ring is removed, i.e., Ly = O, Eq 5 becomes

identical with Eq 2 as predicted above.

2.2 Section Two

T
If the taper section is short enough or if the change in -2 is
r
i
small from the input to the output of the section, we can treat it as a

-]

transmission line section with a constant characteristic impedance, Otherwise

one must calculate the impedance transfer function of this taper section.

Consider a linear taper of length lo and with radii:

ro = k,(x + x,) and r; =k (x + x3)

ro x+ xo ko
= k e where k = ET
i i i

Let us require £ + L2 << A. Then lumped-circuit techniques can be used.

We treat the section as a single~turn toroid.
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I TP L C
Ly = & = TfB'dA =7 f f/ioHdrdx
di A Yo T
|
Fo fﬁi (k3o ) dx
= = 0 —_—
2w ¢ 0% \IXEX (6)
.02+Xo
KoK (Xi = Xo) [[Iogeydy] L5+ X;
2m - k)?
(y-k) o
X
X + Xg i
where y = k §f¢5§I and H = T
Integrating by parts:
ﬂ2+X°
Mok -loge ¥ dy 22+ X
B A
2m y -k y(y - k) Xo
Xi
ﬁz"’ Xo
C oKy [f0gey |, logely-K)  logey ] 2 * %
2m 7t Ty —k k k
k2o
Xi
_ Mo X X; 42+ %
= 'é‘;r‘{£2|oge k;? + A |Oge [—XT)W] + (7

X
+ . —3 - x.lo __0_}
X 10ge 53 0 09 7%,

If X, = X5 in Eq 7 it becomes Eq 2. The error introduced by
treating the taper as a constant impedance transmission line is given by the
last three terms in Eq 7. If this error is small enough the taper section

can be treated as a constant impedance transmission line, If we do this we
introduce an error by neglecting the taper, but counteract the error intro-

duced in calculating Eq 7, namely, using lumped circuit methods, This will

become apparent in the next section.
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2.3 Section Three

The impedance Z3 at the input of a transmission line of length L

terminated in an impedance Z, is:)

Zz cosh 713 + Zo sinh Y L3

8

Z3 ° Zo cosh Y4; + ZZ sinh Y 43 ©)
Z, + jZotan B4

Zo Zo, + jZ, tan B, for a low loss line (9)

This equation treats the transmission line as a distributed impedance. If it
is sufficiently accurate to treat the taper as a constant impedance trans-
mission line, Zy cen be substituted for Zo and Lo + 15 for 13 in Eq 9. In this

way the error introduced by the lumped circuit approximation is avoided.

2.4 Wall Losses and Internal Inductance

These are negligible since the wall impedance is negligibly small

compared to the impedances calculated above., The depth of penetration is:h

- lopoow meters (10)
where 0O, = wall conductivity.
The wall impedance Zy ig:?
s (4 1) = R+ jaL (1)
Zy = 2780y \ To r = jwly ohms/meter

3 Reference Data for Radio Engineers, 3rd Edition, Federal Telephone and Radio
Corporation, 1949, p. 311

L Page 204 of Ramo and Whinnery, op.cit.
5 Pages 332-333 of Ramo and Whinnery, op.cit.

7
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Using Egs 2, 10 and 11 and letting u = Ho gives:

I |

—_— —

Lw Rw o

La |Zal =J20ww;¢o' loge (rp/r;)

Using the dimensions of Fig. 1, a frequency of 50 Hc/s, and the con-

ductivity of silver, 6.2 x 10 mhos/meter.

R
Y '~ 0.07 %

|Z4|

Clearly, wall resistance and internal inductance are negligible.

2.5 Accuracy

The greatest error is in treating the taper section as a comstant
impedance transmission line, We use the dimensions of Fig. 1 which is ad-
mittedly a poor design for this approximation. This will give an extremum in

error.

k = 2,04 X, = 0.2 inches x; = 0.17 inches

Using Eq T, ® Lp = 6.32 ohms at 500 Mc/s and the error is 0.66 ohms,
a 9.5% error. This is a serious error, but it is negligible if one makes dif-
ference impedance measurements as will be demonstrated later. It is interesting
to compute the resulting error in Z5. For this calculation the maximum per-
centage error will occur at the lowest value of Zy, namely Zq = Z, (Eq 2). At
500 Mc/s, Zp % j 4.5 ohms. Z, =3 @Ly+Z =J 10,82 ohms if we use Eq 7 and
Zo = j 11.48 ohms if we use only the first term in Eq, 7. Using Eq 9 the two

values of Zx obtained are j 65.0 and j 66.7 respectively, a 2.6% difference.
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This is roughly the per cent error one expects in the impedance measuring
apparatus. Therefore, our approximation roughly doubles the possible error,
An additional, but small error is introduced by treating section

one as a lumped impedance. The percentage error in Z, is:

B4, - tan B2,
tan B4,

0.2% at 500 Mc/s and pu = b

3. DESIGN

One can alter the length f,, fp, and £3 in Fig. 1 to obtain a better
design. The dimensions of section one should be adjusted such that the ferrite
ring will occupy @ large portion of volume and still accomodate the range of
ring sizes desired. In order to maintain negligible shunting capacitance
between the faces of the toroid, Lz must not be decreased too much. This re-

quirement is met if the capacitive reactance 5% = ————il——~ is very much less

|
than wly. Here e "e—o + I Re(e) ~ —e—o

oLy Era
[ ] where € is the dielectric con-

stant of the ferrite ring,

A taper much shorter than a quarter wavelength in length is equivalent
to an abrupt or discontinuous change in the inner and outer radii, Sinee the
greatest error 1s introduced in the taper section, one should hold the length
of this section to a minimum. However, one must be careful that at no point
along the taper section does the ratio To decrease enough to produce an

r
1 2Tey

appreciable shunting capacitance. C = -r———z—j7—7- farads/meter for a con-
0Qe (o /T,

stant impedance line, This capacitive reactance must be less by orders of

magnitude than the series inductive reactance of

9
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Finally, it is desirable to maintain !5 as small as possible as
this simplifies Eq 9. Also, the smaller Lz, the less the impedance Z, is
isolated from the point of impedance measurement. This means that the error
in Z; due to an error in measuring Zz 1s decreased as !3 is decreased. This
is important because as computed eallier a 2.6% error in Z3 corresponded to a
9.5% error in Z, for a large !3.

Figure 2 shows a better design. The major fault with this design

is the small ry in Section One., However, a steeper taper in the inner con-

ductor might have introduced appreciable capacitive shunting.

L, MEASUREMENTS

4,1 Impedance Measuring Apparatus

The impedance measurements may be accomplished by any of several
methods:6

1. Standing-wave ratio measurements with a slotted line

2. Byrne Bridge method

3. Admittance Comparator method

L, Directional-coupler methods

5. Probe methods

6. Hybrid Junction methods
Methods 1, 2, and 3 are available commercially. We chose the Byrne Bridge

method and purchased the Hewlett-Packard VHF Bridge which allows a

6 These methods are discussed in Section 4-10 of Electronic Measurements,
Terman, F.E. and Pettit, J.M., McGraw-Hill Book Co., 1952, pp 157-165

10
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coverage from 50 Mc/s to 500 Me/s. A H. P. signal generator and a H, P. de-

tector were used in conjuanction with the bridge.

4,2 Measurements with the Three Coaxial Inductors

Figure 3 shows a third coaxial inductor. Each of the three in-
ductors have different dimensions. Measurements were made on two ferrite
rings with each of the inductors. Figures 4 and 5 show the resulting curves
of pj and pp. Inductors No, 2 and No. 3 give identical readings. Inductor
No. 1 in Fig. 1, being of the poorest design, gives values a little different
from those obtained with the other inductors. However, as noted earlier for
inductor No. 1, a small error in the Z, measurement corresponds to a higher
error in Z5 and, therefore, a high error in B and po. Obtaining essen-
tially the same values of By and p, with the three different geometries

serves as a partial verification of the foregoing analysis.

4,3 Calibration

One must determine fo + Lz for use in the modified form of Eq 9. To
do this, one inserts in section one a brass toroid of dimensions ry, ri and fy.
The measurements made are Zp = J Z, tan ﬁ(zz + !5). The lowest curve in Fig. 6
shows the value of I + 15 versus frequency for inductor No. 2. The curve
shows roughly a 1% increase over the frequency range which seems to be typical
of measurements with our bridge. All of the points deviate within experimental
error from a straight line.

Rather than compute by Eq 2 the value of Zp, it is measured by re-
moving the brass shorting ring and making impedance measurements. Solving

the modified form of Eq 9 for ZA gives:

11
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100 Me/s.

UNIVERSITY OF MICHIGAN

]
Z3‘jzof0n 8(124'13) Z3 - ZB
Za = ZoZ oy B(L,+ £5) | (12)
- an
0~ % &= 3 ‘Z‘;z'(zo2 - Z3Zg)
The lowest curve in Fig. 7 shows 59__ versus frequency where % =
W/ W, 2n

This curve shows a 10% increase over the frequency range. Deviations

from a straight line are again within experimental error.

The average value

of %%5— gives an inductance L, that is about 10% below the theoretical value.
(o}

The value of L, was 9% below the theoretical value for both of the other in-
ductors.

The errors indicated by these calibration curves are not serious be-
cause we use the values actually measured for computing py and po. We be-
lieve that they are inherent in the bridge. Since repeated measurements give
the same curves it is reasonable to use the values actually measured. Then
only the change in impedance is used in calculating p; and pp.

On inductor No. 2 the calibration measurements were made twice; once
with the shorting ring as described above and once with the short in effect
placed closer to the point of impedance measurement. The latter method re-
sulted in an average value of lo + 15 of 3,50 cm instead of 4,03 cm and an

average value of _%A_ of 1.39 instead of 0.833 ohms. Ferrite rings gave
w/ Wy

identical Ky and ., curves versus frequency regardless of which calibration
was used, This indicates that the values of calibration data themselves are

not important so long as difference measurements are used in calculating by

and Hoe

16
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4.4 The Value of Characteristic Impedance, Zg

Figure 8 shows a cross—section of the transmission line of length

£z, It is not a simple straight pipe. The ratio Io varies along the length
ri

of the line, all of which is not visible. Values of characteristic impedance
for that part of the line, which is visible have been calculated and an average
value of 46 ohms has been obtained. The manufacturer quotes a value of 50 ohms
for his bridge and the latter value has been used. However, if one uses
slightly lower values the curves of I, + 13 and 5%%; are affected in & favor-
able manner. Figures 6 and 7 show curves for which the values of characteris-
tic impedance used were 45 and 47 ohms. The result is to decrease the positive
slope of these curves. In Fig. 6 the slope is zero. In Fig. 7 the increase
over the frequency range is 7.5% for Z, = 47 ohms and 5% for Zo = 45 ohms.

The effect of using Zo = 46 ohms on the p-curves is negligible as Fig, 9

shows.

4,5 Procedure

Once the calibration is made, a ferrite ring is placed in the in-

ductor and Zz is measured. 2] is then calculated using Eq 12, Then p; and

Ho are calculated using the following equations which are derived from Eq 5:

k[1m(z,) - 1Zal]

po- L=

_ k Re(Z))

M2 = © (14)
lf 4“0
2T r, .
where kK = r = g constant since for our cores ;2 is a constant,
2
wo o 10Ge T 1

18
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L.,6 2-0 Chart

The use of Eq 12 may be avoided by use of the Z-o chart.7 Then the
calibration procedure must include the computation of £§€E_£§ . We computed
and drew up a Z-0 chart of 12" radius. It was found satisfactory at the
higher frequencies and over the entire frequency range for cores of high per-
meability. For the lower frequencies data on low permeasbility cores could not

be used on the chart because of the difficulty in reading the phase angle

accurately on the chart for low values of Zj.

4,7 P-Contours

Since the calculation of iy and o is tedious even using the Z-9
chart, P-contours were compiled which greatly speeded the calculations. Com-
putations, heretofore not mentioned, are corrections of the bridge's readings
according to the calibration curves of a and b supplied by the manufacturers.

These computations are:

Z =Z 1+
3 corrected 3 measured ( 3) (15)

(16)

=9
g3 corrected g ©3 measured ' b

These corrections plus Egqs 12, 13 and 1k are all included in calcu-

lating the P-contours. Let us define

Po= 2e(i=1); Py o= Lepo

Then from Eqs 12, 13 and 1k:

7 Pages 152-157 of Ramo and Whinnery, op.cit.

21
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—
R kwe * Za *+ Zs
Z3 sin B3 = 7o T o "
| - Z—oz [P. /k(l)o + Zp - PZ /kaCOT 93] (17)
and P, w/
Zy cos 85 = K

z (18)
| - ——-";[P.w/kaJo + Zy + R w/k(‘,o tan 83]

In Egs 17 and 18 all values of Z are absolute values. 95 is the

phase angle of Z3,

These implicit relations allow the calculation of 23 and 63 corres-

ponding to a given set of values of Py and Pp. The procedure is:

1. Choose a value for P; and a value for P,

2. Guess a value for 95

3. Celculaste the right-hand sides of Egs 17 and 18

Lk, Take the ratio of these two computations and equate to tan e3.
Thereby determine 93.

5. Compare this value of 93 with the value guessed earlier. If they
are not equal, use the computed value as a more intelligent guess
and repeat the computation until the computed value of 63 equals
the guessed value,

6. Calculate Zz from left side of either Eq 17 or 18.

The values of Z5 and 95 Jjust calculated refer to the corrected values. So one
must use Egs 15 and 16 to find the measured values. The P-contours thus cal-

culated are plotted in the 25 measured - 95 measured - plane. P-contours must
be calculated at each frequency of interest. Figure 10 shows P-contours for a
frequency of 200 Me/s. Roughly 60 computations are necessary to establish this

chart. But it will be used for hundreds of measurements. In addition,
22
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computational errors are quickly isolated in computing the chart, whereas cor-
responding errors made in evaluating the data for each core according to the
procedure of paragraph 4.5 would be extremely difficult to isolate. We heve
calculated P-contours for frequencies of 50, 100, 200 and 500 Mc/s.

One merely takes the measured values of Zz and 93 to the P-contours
and reads the values of Py and Pp. Dividing by Iy gives ©; - 1 and Ko Te-

spectively. Thus p; - 1 and po are now easily computed.

5. CONCLUSION

The coaxial inductor permits the rapid measurement of (7 and pop

of a large number of ferrite toroids over a frequency range of 50 to 500 Mc/s.
A wider range is permitted if one has the necessary impedance measuring appara-
tus., The measurements are accurate to perhaps 5% if the inductor is judi-
ciously designed and the impedance measuring apparatus is sufficiently accurate.
The technique of measurement is rapid because an initial balance is not
necessary and because the ferrite ring does not require a snug fit in the in-
ductor. The only requirement is that it fit concentrically. We accomplish
this by sticking the ring in place with vacuum grease which does not affect

the measurements., The inductor packed with vacuum grease had the same im-
pedance as the air filled inductor. Finally, the use of P-contours mekes the

computations very rapid and there is little source of error.
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