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ABSTRACT

Since the publication in 1956 by Manley and Rowe of their
now famous study of power flow in nonlinear reactive media, a consid-
erable amount of work has been reported on the analysis of pumped
varactor diode circuits. However all these studies have been limited
in generality by two simplifying assumptions: the limitation of the
pump voltage to low amplitudes, and the restriction of signal power
flow to only a few sidebands. The first of these assumptions excludes
the possibility of harmonic generation by the nonlinear diode, while
the second presupposes the existence of ideal filters in the linear
circuitry.

This study is concerned with an analysis of pumped varac-
tor diode circuits without these two restrictions. Because the govern-
ing nonlinear equations are extremely complex and are insoluble using
algebraic techniques, recourse was made to numerical techniques
utilizing the digital computer. The input impedances of several
basic pumped varactor diode circuits were analyzed theoretically by

determining a suitable model for each circuit and then predicting its
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impedance characteristics. The results showed good correlation with
experimental measurements, indicating the adequacy of the circuit
model, and the validity of the analysis methods.

In developing an accurate circuit model, a number of inter-
esting and useful results were discovered. It was shown that several
circuit parameters, which had never before been considered important,
significantly affect circuit behavior. These parameters include: the
exact nature of the diode depletion layer capacity-voltage characteris-
tic; the circuit termination at the pump harmonic frequencies and their
sidebands; the minority carrier lifetime of the semiconductor mate-
rial; and the character of the electric fields in the diode junction.

The relationships between the exact expressions derived
here and those obtained using the assumptions of previous workers
were explored and clarified. A practical technique was developed
for experimentally measuring the pump voltage amplitude across the
diode junction. This method is useful foxr all save the smallest pump
voltage magnitudes and does not depend upon the presence of rectified
current flow through the diode.

The most significant outcome of this study is the develop-
ment of a circuit model which can accurately characterize a varactor
diode circuit. This model together with mathematical techniques de-
veloped here makes possible the accurate analysis of this type of

circuit.
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CHAPTER I

INTRODUCTION

1.1 Statement of the Problem

This thesis is concerned with analysis of the input impedance
characteristics of a pumped varactor diode circuit. This analysis, which
includes both theoretical and experimental studies, avoids simplifying
assumptions which would restrict the accuracy and generality of the
results.

Although the response of pumped varactor diode circuits to
small input signals has been studied extensively , most of this effort has
been concentrated upon low-noise amplifying devices. Reflection type
parametric amplifiers have received particularly wide-spread attention,
although both parametric up-converters and phase-shift amplifiers have
also been discussed frequently. Despite the multitude of studies reported
on parametric circuit development, no general study of the behavior of
these circuits has been reported. Certain assumptions are inherent in
all the published analyses and cause appreciable error in many cases.
This study examines the response of some simple pumped varactor cir-
cuits using a method free from these assumptions. Consequently, the analy-
sis presented here is more accurate than any previously reported study.
It is capable of accurately predicting pumped diode circuit behavior,
even under conditions of hard pumping where the applied pump power is

of such magnitude that the diode conducts over part of the pump cycle.



The operation and terminology of pumped varactor circuits
are conveniently reviewed by considering Fig. 1.1 which shows all the
basic elements present in a pumped varactor circuit in block diagram
form. These elements are

1) A varactor diode. This is a semiconductor PN junction
designed for operation under reverse-biased conditions
such that the principal impedance component comes from
the nonlinear voltage-dependent depletion layer capaci-
tance.

2) A linear network. This network may include lumped or
distributed circuit components. It contains a load resistor
which absorbs the output signal, as well as the impedances
associated with the external sources. It may also contain
filters designed to separate the various frequency com-
ponents generated in the parametric action.

3) A current or voltage source at frequency wp. The function
of the source is similar to that of the local-oscillator in
a mixer circuit. In parametric circuits it is usually
designated as the pump.

4) A current or voltage source at frequency w This

1
source provides the signal to be processed through
amplification or {requency conversion.

The pump at frequency wp and the input signal at frequency

wy are coupled parametrically by the nonlinearity of the varactor



capacitance. In general, the resulting signal contains all positive fre-

quencies in the set

W S mwp+nw1; n, m = 0, 1, £2, ... (1. 1)

In practice, the amplitude of the input signal is small com-
pared with the pump amplitude to minimize the nonlinearity of the signal
processing. The frequency of the input signal, Wy is usually smaller
than the pump frequency wp' The frequencies are then restricted to

the set

(1. 2)

where as before

m = 0,1, 2, .

but for linear processing to occur, £ can have only three values
£ =0, -1, +1

The components at frequencies where £ = 0 are the pump
and its harmonics. The largest and most important of these is the pump
fundamental (m = 1, £= 0). First order approximations, which are
valid at small pump amplitudes, ignore all other components and treat
both pump voltage (or current) and the resulting variations in diode

capacity (or elastance) as sinusoidal. For hard" or large amplitude



pumping, the sinusoidal approximations are often not valid, and more
accurate analytical methods are required.

Components at frequencies where £ = -1, or +1 have the
same information content as the input signal. Frequencies in this set
are denoted as signal frequencies. The output signal may be taken at
any of these signal frequencies. However, it is usually taken at wl,

Wy * Wy, OF Wy = Wy

1. 2 Review of Literature

The literature on pumped circuits principles dates back more
than a century to Faraday and Rayleigh, who showed that oscillation can
be produced in a mechanical resonant system by supplying energy or
"pumping' at a frequency twice that of the fundamental resonant fre-
quency of the system (Ref. 1). Prior to World War I, the principle was
expanded to include frequency ratios other than two-to-one and was
applied to electrical networks. In 1916, Alexanderson built a ""Magnetic
Amplifier" (Ref. 2). Although he was primarily interested in modulation,
or up-conversion, he did present data showing that negative resistance
and parametric gain could exist.

The next really significant advance occurred during World
War II when it was discovered by Torrey and Whitmer (Ref. 3) that cer-
tain microwave diodes had a nonlinear contact capacitance and could be
used for amplification. Shortly thereafter, van der Ziel recognized the

potential for building a low-noise amplifier (Ref. 4). However, it was



not possible to realize this potential until 1954 when Uhlir and his co-
workers at Bell Telephone Laboratories developed low-loss silicon non-
linear capacitors (varactors) (Refs.5 and 6).

Since that time, developments have been rapid, (Ref. 7)

The Manley-Rowe relations which describe the power flow at various
frequencies in an arbitrary nonlinear reactance were published in 1956,
(Refs. 8 and 9). In April 1957, Suhl (Ref. 10 ) proposed construction of
a parametric amplifier using a nonlinear ferrite material, and in July of
that year experimental realization was reported (Ref. 11).

Bloom and Chang (Ref. 12, in their paper of Dec. 1957
considered theoretically the performance of parametric amplifiers
using nonlinear inductors, and the following year both Heffner and Wade
(Ref.13) and Rowe (Ref. 14) published analyses of parametric amplifiers
utilizing nonlinear capacitors. All these analyses assumed that the
nonlinear element was varying sinusoidally at the pump frequency (wp).
They also assumed that only two voltages were present: one at the
original frequency (wl); and the other at the difference frequency or
lower sideband (wp - wl).

Leenov (Ref. 15)in a study of varactor up-converters pub-
lished in 1958 used a somewhat different set of assumptions. He
assumed sinusoidal elastance (elastance is the reciprocal of capacitance)
and the presence of only two currents at frequencies wyq and wp Wy

Three years later, Robinson (Ref.16) and Penfield and Rafuse (Ref. 17)



again assumed sinusoidal elastance and the existence of only a limited
number of currents. They advocated analyses which limited the number
of currents and treated the elastance variation as sinusoidal rather than
the methods used in previous analyses which restricted the number of
voltage components and treated capacitance variation as sinusoidal.

In a paper on parametric amplifier noise, Kurokawa and
Uenohara (Ref. 18) discussed both the case in which two currents (at
w 4 and wp + W 1) are allowed to flow as well as the case in which two
voltages (also at w4 and wp + W 1) are permitted to exist. Adams (Ref.
19) in a 1962 paper allowed both sideband currents to flow along with
the input signal current: Wy, wp + Wy, and wp - Wy He also relaxed
the capacitance waveform assumption somewhat by considering a sec-
ond harmonic component in addition to the fundamental.

Korpel and Ramasaway's (Refs. 20, 21) 1965 study of
pumped varactor input conductance was premised on essentially the
same assumptions as that of Adams (Ref. 19), except that they recog-
nized that the average capacity of a varactor is dependent upon pump

amplitude.

1.3 Topics of Investigation

The objective of this study is the accurate analysis of pumped
varactor diode circuit behavior. Detailed study of a general circuit,
such as that shown in Fig. 1. 1, does not yield results which are direct-

ly applicable to circuit design. To make the problem tractable, while



retaining some generality, it was decided to study the circuits in

Figs. 1.2 and 1.3. These two circuits are simple, but they contain
most features found in more complex, practical circuits. The results
of the study of these basic circuits are directly applicable to the analy-
sis of more complex networks.

The device shown in Fig. 1.2 is a very simple pumped
varactor circuit. The circuit is assumed to be resonant near the pump
frequency, so that a large voltage is produced across the diode with a
small expenditure of power. Most varactor diode pump circuits util-
ize resonant tuning to minimize the pump power requirement.

The pump circuit resonance may also be adjusted for tuning
at, or near, a sideband frequency. If the lower sideband (wp -w 1) is
near resonance, and the upper sideband is outside the passband, the
device is a simple,negative-resistance parametric amplifier. The de-
vice can also be made to behave as a simple positive-resistance varac-
tor up-converter by placing the upper sideband near resonance, and
the lower sideband below the passband. If the sidebands are tuned
symmetrically, the device behaves as an elementary double-sideband
or phase-modulation circuit. The simple circuit in Fig. 1.2, thus can
represent a large class of useful circuits.

The distributed circuit shown in Fig. 1.3 is somewhat more
complex. Most pumped varactor circuits are actually built using dis-
tributed rather than lumped elements, and this simple transmission

line circuit was chosen to represent this class of devices. The lumped
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Fig. 1.2. Pumped varactor circuit consisting of lumped elements
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Fig. 1.3. Pumped varactor circuit consisting of a
transmission line circuit

The input impedance for both circuits 1.2 and 1,3 is defined as the

ratio of signal voltage (at frequency wl) to signal current. Currents
and voltages are present at other frequencies (wl,
. etc.), and they affect the impedance significantly.

wp+w P pr+w T



circuit (Fig. 1.2) has only one resonance (or passband), while the
distributed circuit (Fig. 1.3) has an infinity of resonances. This
results in marked differences in the circuit behavior.

The theoretical method used to determine the behavior of

both circuits will include four steps:

(1) The pump voltage waveform will be found by solution
of a nonlinear differential equation. Once the voltage
across the diode is known, its small signal capacity
can be computed easily at every instant of time during
the pump cycle. Under these circumstances it is un-
necessary to assume that the diode capacitance (or
elastance) is sinusoidal, since this quantity can be
computed as accurately as desired.

(2) The capacitance (or elastance) found in (1) will be
expressed as a Fourier series, with the fundamental
at the punu)frequency,(uﬁﬁ and additional terms at
harmonics of the pump.

(3) The Fourier coefficients found in (1) and (2) will be
inserted into the harmonic balance equations. These
describe the mixing of the pump and its harmonics with
theinputsignal(atfrequencyc01)

(4) The set of harmonic balance equations will be solved,
and the impedance at the input signal frequency will be

found.

10



The whole process will be systematized so that all four

steps of the computation can be carried out on the digital computer,

1,4 Thesis Organization

Chapter II is a discussion of background material that is
necessary for the remainder of this study., Two important but unrela-
ted topics are discussed: (a) the properties of varactor diodes, and
(b) the Manley-Rowe general energy relations,

Chapter III discusses the harmonic balance equations,
These are a general formulation of mixing in a lossless, nonlinear
reactance. A discussion of the assumptions made by others and the
relationships between these assumptions and the exact expressions is
included.

Chapter IV is a short discussion of pump stability in var-
actor circuits. The conditions under which the circuit is unstable
are determined, and compared with experimental results. The com-
parison indicates that the simplified method of analysis which is
developed in this chapter is adequate for at least a quantitive under-
standing.

Chapter V is a theoretical study of pumped diode circuits
(Figs. 1.2 and 1. 3) under conditions of small signal pumping. The
nonlinear differential equation describing pump circuit behavior is set
up and a method for solving it is presented. However, the solution is
not in closed form, necessitating use of numerical methods for a spe-

cified set of input conditions.

11



Chapter VI is a theoretical study of diffusion or conduction
effects in the circuit of Fig, 1.2, The results are applicable even
under conditions of very hard pumping, where the diode is reverse-
biased with a DC voltage, but is driven into forward conduction during
a portion of the pump cycle by the large AC pump voltage.

Chapter VII contains all the numerical results from the
studies of Chapters V and VI, as well as the results of a rather exten-
sive experimental investigation, The experimental and numerical
results are then compared and discussed. This chapter closes with

the conclusions of the study.

12



CHAPTER I

FUNDAMENTAL PROPERTIES OF PUMPED VARACTORS

2.1 Introduction

The performance of a pumped varactor circuit is intimately
dependent upon the characteristics of the diode. The diode capacity-
voltage relationship, the diode resistance, the carrier lifetime, etc.,
all significantly influence circuit behavior. Thus, it is appropriate to
review some fundamental properties of varactor diodes prior to setting
up and solving the nonlinear equations describing the circuit behavior.

In the next two sections, 2.2 and 2. 3, the basic equations
describing varactor diodes are first set down and then put in special
forms which will be utilized in later chapters. A circuit model which
accurately characterizes the varactor is presented in Section 2. 3, and
is used throughout the remainder of this paper.

Some additional background material of a different nature
is discussed in Section 2. 4, where the Manley-Rowe equations are pre-
sented. These are the general energy relations which describe the loss-
less varactor mixing process. Unfortunately, they can provide only a
limited description of circuit performance, and hence are not used
quantitatively in this paper. They can provide some important insights
into circuit behavior, however; some of this insight will be particularly

useful in Chapter VII , where the numerical results of the computer

13



programs and the experimental results are set down and interpreted.

2.2 Barrier-Layer Capacity

Modern varactor diodes are made from p-n semiconductor
junctions, which exhibit a nonlinear capacitance when biased in the
voltage range between forward conduction and reverse breakdown. A
varactor diode is built to utilize this nonlinear reactive effect while
minimizing the bulk series resistance of the semiconductor material.

Figure 2. 1 shows the DC voltage current characteristics of
a typical microwave varactor. The current in the forward direction
increases exponentially, doubling in magnitude every 18 mv. In the
reverse direction, breakdown typically occurs between -5 and - 150
volts, depending upon the method of manufacture. In between, the con-
duction current is negligible and the device shows a voltage dependent
capacitance called the barrier, or depletion layer capacity. The phys-
ical origins of this capacity are thoroughly discussed by several
authors (Refs. 22, 23, 24, 25, 26), whose results are only summarized
here.

Under reverse bias,the barrier layer capacity is the prin-
cipal factor in determining the capacity of the varactor diode. At
forward bias, however, the diffusion capacity associated with current
flow may become important (Ref. 27).

The barrier layer capacity of a p-n junction is independent
of frequency up to at least 20 GHz (Ref. 28). Tt can be expressed

approxXimately as:



(uamps)

+40
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Fig. 2.1. Typical varactor DC characteristics
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C = (2. 1)

where
vy = applied voltage
Ca = junction capacity at zero bias
@ = contact potential
q = charge stored in junction
and M=2 f{for an abrupt junction device

M=3 for a graded junction device

The value of ¢ varies from 0.5 to 1.2 volts depending upon
the semiconductor material and the manufacturing process. The expo-
nent Ml is a function only of the junction configuration. Actual devices
can often be closely approximated by using a value between C.25 and 0.50
for the exponent, and then adjusting the value of ¢ for the best curve
fit.

Figure 2. 2 shows the measured capacitance-voltage curve
of a typical alloy junction varactor along with a very close approxima-
tion of the form (2. 1).

In Chapters V and VI, where the circuit equations are set up
and then solved, it is necessary to have an expression of the following

from which relates voltage to charge:

16
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Vi = f(qt) (2.2)

In the abrupt junction case, a relation of this form can be
obtained from Eq. 2. 1. The first step is to find the charge stored in

the junction. This is done simply by integrating Eq. 2. 1.

[MIE

Vit

q = '2Ca¢<]"5> +Q (2.3)

C

where QC is a constant of integration.

It is convenient here te introduce new variables. Let both
the total voltage and charge be the sum of two terms. The first term is
dependent only upon DC bias; the second is a function of the time vary-
ing signals. Kl and K2 are constants which will be used to scale both

VN and QN’ and thus obtain the simplest possible form for expression

2.2).
v = VBias + K]-VN(t) (2.4)
4% = Qpigs T KoQn(t) (2.5)
Combining Eqgs. 2.3, 2.4 and 2.5
!
Qpias * KQylt) = -2C, ¢ (1 ) V%ias ) Kl\;N(t)) +Q, (2.6)

QC can now be chosen so that QN(t) is zero when VN(t) is zero.

13



L

VB. 2
_ ias
Q. = Qpjas - 2C, 9 (1 T g > (2.7)

Equation 2.6 can be combined with Eq. 2.7, solved for VN(t)

and rewritten

2 2
‘(¢ - VBias) Kz QN (t) K22QN(t)
Vi) = K 2 Qme.. - Q) (2.8)
1 (QBias - Qc) Bias c
The small signal elastance at the bias point is found from
Eq. 2.8.
¢ A d V(t) ) 20- Vi) EE (2.9)
s dQylY @Qpias - Q) ¥y
limit QN-O

Expressions 2. 1, 2.8, and 2.9 can now be scaled by normal-

izing both signal and impedance to convenient values:

(1) Normalize the impedance level by setting the small

signal elastance at the bias pcint equal to one daraf.

s, = 1 (2. 10)

(2) Normalize the signal level by setting the "total DC bias"

equal to

Vaias~ ¢ = K (2.11)



Then from Eq. 2.9, Eq. 2. 10, andEq. 2. 11, K2 can be written as:

_ '(QBias - Q)

2 - 2

K Cc

The normalized equation for voltage (Eq. 2.8) now becomes

Qu()*
V() = Qut) + —5— (2. 12)

This is the desired expression having the form of Eq. 2. 2.

In normalized form, the equation for capacitance (Eq. 2. 1) becomes

1 (2. 13)

CN(t) - 1
[1+ v (®)]°

The small signal elastance can be computed from Eq. 2. 12

d V() Q)

SN(t) = m = 1+ 5 (2 14)

In Eqs. 2. 12 through 2. 14, the variables are constrained

by the following limits:

V) > -1 (2. 15)
5, > 0
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The same procedure can, of course, also be carried
through for the diode having a linear variation of the majority carrier

concentration in the junction area.

V() = -1+ 142 QL(t)]E (2. 16)

c (t) = 1 . (2. 17)
[1 ; VL(t)] 3

s,() = [1+.§. QL<t)] (2. 18)

The normalization here is carried out exactly as in the

abrupt junction case (Eqs. 2. 10 and 2. 11). The limits, however, are

different.
Q) > -3
VL(t) > -1 (2.19)
SL(t) > 0

2.3 Diffusion Capacity

Diffusion capacity arises from conduction processes in a
p-n junction, which occur through charge carriers (electrons and holes)
being injected across the junction, and diffusing into the region on the
opposite side. Once across the junction they continue to exist as minor-

ity carriers having a finite lifetime, and traveling with a finite velocity.
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The circuit effect of this process is a frequency-dependent capacity with
a large associated loss. For mixing processes, this compares unfav-
orably with the low loss, frequency independent capacity formed by the
p-n junction depletion layer. This section includes a short discussion
of some p-n junction physics, for, unlike the depletion layer capacity
which is treated in several references, there appears to be no ade-
quate discussion of the mixing processes occurring in diffusion capacity.

To compute the diffusion capacitance, it is necessary to
make several idealizing assumptions concerning the nature of the p-n
junction.

The assumptions made in this paper can be summarized as
follows (Refs. 25, 27, 29, 30, 31).

1) The problem can be reduced to one dimensional varia-
tions along the x-axis. This assumption introduces little error, for in
all practical configurations, the radii of the junction and the area of the
junction are both much greater than the junction thickness.

2) The device can be represented by a step junction, in
which the doping changes discontinuously at the junction. A depletion
region which is swept free of charge carriers is formed around this
junction. The potential across the depletion region is the sum of the
applied voltage plus the contact potential. Although this assumption is
an obvious over-simplification, exact computations for some special

cases show it to be surprisingly good (Refs. 32, 26).
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3) The energy of the charge carriers can be described by
Boltzmann statistics. This condition is applicable for varactor diodes
constructed of silicon and germanium and for most GaAs diodes . How-
ever, it may break down for GaP.

4) The p-region is so heavily doped that the electron cur-
rent can be neglected. Forward current then is carried entirely by
holes, which leave the p-region to become minority carriers in the n-
region. Reverse current is due to holes originating in the n-region,
wiiich are swept across the junction into the p-region. This assump-
tion is consistent with current device fabrication techniques for silicon
devices.

5) A retarding electric field which is assumed to be con-
stant with distance exists in the n-region. This assumption is clearly
at odds with the step junction approximation. It represents only a first
order approximation to the actual fields in the junction.

6) The n-region is long compared with the diffusion length
of holes in the material. This is a valid assumption for most devices,
but is only approximately satisfied for some low loss epitaxial devices
which have very thin n-type layers.

7) The hole current is constant throughout the depletion
layer. Both transit time across the depletion layer and hole recom-
bination in this layer are neglected. This assumytion is almost always

valid for germanium PN junction, but is less accurate for silicon.
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8) The minority-carrier densities are small compared with
majority carrier densities. This is the ""low level injection' assump-
tion (Ref. 29). It allows both the carrier lifetime and mobility to be
treated as constants. This assumption is always valid for low current
levels, but breaks down under conditions of high currents and high
resistivitity n-type materials.

Under these assumptions, the continuity equation is valid

for holes in the n-region.

-0 (x,t)
p 7’ _ 3P(x,t) P(x,1t)
0x = d ot T 977 (2. 20)

where
jp(x, t) is the current density due to holes (p-type carriers)
q is the magnitude of the charge on an electron
P(x,t) is the excess hole density above P,

P, is the normal thermal-equilibrium density of holes
in the n-region

T is the lifetime of holes in the n-type material.

Since the carrier density cannot be less than zero, P(x,t)

has a lower limit given by
P(x, t) > P, (2.21)

The transport equation for holes in the presence of an elec-

tric field also is valid in this situation.
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CRe %)) Pé(z’ b, qE u P(x,t) (2.22)

where
D is the diffusion constant for holes in the n-region
E is the magnitude of the retarding field

1 is the mobility of holes in the n-region

The diffusion constant and the mobility are related by the

so-called Einstein relationship

L _ 9

Differentiating Eq. 2.22 with respect to x and combining

it with the continuity equation (2. 20) yields an equation which describes

hole flow in the n-region.

D 0 P(x,t) _ 2P(x,t) , P, t) LE o P(x,t)

3 x2 ot T 0x (2.24)

Since this is a linear differential equation, superposition
and a variety of transform techniques are applicable.

In general, the current through any cross section of the
diode is carried by both holes and electrons, that is,

I =1 +1 (2. 25)
Total P €
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However, one of the assumptions made here (assumption
number 4) is that the current across the junction itself is carried
entirely by holes. Then, taking the coordinate system origin at the

junction, the total current is given by

I(t) =1 = _qDAQ%_’_t_)

p 0
Total %=0 -0

- q AEu P(o, t) (2.26)

where

A is the area of the junction.

The final important relationship to be introduced in this sec-
tion comes from Boltzmann statistics. It gives the instantaneous density
of excess carriers at the junction in terms of the instantaneous volt-

age across the junction (Ref. 33).

oy (t)
P(o,t) = P, (eKT e ) (2.27)

This equation, in contrast to the equations describing hole
flow in the n-region, is nonlinear.

To compute the diffusion capacity of a PN junction at a
general frequency w, assume that the excess hole density at the junction

has a component T at that frequency plus a constant term, o,
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g € jot + 0, g (2.28)

P(o,t) = Re "

The only restrictions on 00 is that

-]owl N > -P,

The behavior of holes in the base region can now be ex-
pressed as a boundary value problem. The coordinate system is set
up so that the base region extends indefinitely in the positive direction

starting at x=0.

P t) _ 2Pt | P g 2P, (2. 29)

D 2 ot T 0xX

0X

P(o,t) = Re}o ety g s
W 0

P(c,t) = 0
I(t) = -qDA —8—13%—9] -q AEp P(o,t)
Total 1x=0

The solution to this boundary value problem can be found
using conventional techniques. Since the differential equation for the
excess hole density is linear, the component of current at frequency w
is dependent only upon o, and is independent of any other signal com-
ponent which may be present.

Using the set of equations (2. 29), the component of current

at frequency w is found to be

P



q A(l+jwT) T,

Iw = T qF - (2.30)
_2. (‘K‘T’) 1+ 1+ 31+ jwr) |
where
g - 4KTT
D7 q° E?

The voltage across the diode can be obtained from the

Boltzmann relation, (Eq. 2.27).

v,(t) = Re -I%l (n 142 (2. 31)

If o, is assumed to be small, this can be simplified and

the voltage component at w identified.

ag
vV = EY_(MW ) (2. 32)
w

g +D
q G “n

If o, contains any time varying components, the situation is somewhat
more complex due to frequency mixing. This case is discussed in
Chapter VL
The admittance of the junction is found from Egs. 2. 30 and 2. 32.
Diffusion capacity is defined as the imaginary part of this admittance

divided by w.
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. L, () 9 Al +jwr)(o_ + ) 2,33

or
q
== Vo
q . KT 'Bias
v - BT Pn(1+3w'r) e
w 1+\)1+B(1+jw7‘)]

where
qAp,
'n T T
2 KT

Under these conditions, the DC current through the junction is

q
= Vo
P (eKT Bias _ 1)

DC (1:y1+ D

I (2. 34)
where VBias is the DC voltage, and o, is the excess carrier density
associated with this voltage.

It is interesting to compare Eq. 2.33 with that for de-
pletion layer capacity (2. 1). Both depletion layer and diffusion capacity
are functions only of the instantaneous diode voltage. Depletion layer
capacity, however, is frequency independent and lossless, while
diffusion capacity is not frequency independent and has a large loss

associated with it at all frequencies.



Some further comparison of diffusion and depletion layer
capacity can be made with a numerical example. The data presented
here was obtained experimentally on a high quality diode having a
measured capacity-voltage relationship of the form in Eq. 2. 1. The
measurement techniques, together with a more complete set of data

are presented in Appendix E. The results are merely summarized

here.
Carrier lifetime r = 0.5 usec
"Normalized carrier density” P = 10”12 amps
Electric field term B =0.1
Junction field E = 600 volts/cm
Capacity at zero voltage Ca = 33.1pf
Contact potential ¢ = 1volt

The following table (Table 2. 1) was computed by using
this data in Eqs. 2.1 and 2. 33. 1t illustrates clearly why the dif-
fusion capacity can be neglected at reverse-bias voltages, and why

it is important under forward-bias conditions.
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The actual reverse current of the diode is several orders
of magnitude larger than the values calculated above using Pn' This
additional current is carried by holes and electrons which are genera-
ted thermally within the depletion region, and are then immediately
swept out by the electric field.

Diffusion capacity changes by a factor of about 10 for every

60 mv change in junction potential.

2.4 Varactor Equivalent Circuit

Varactor operation can be described by the equivalent cir-
cuit in Fig. 2.3 (Refs. 5 17, 34, 35, 36). The diode package is char-
acterized by the package capacity Cp, and a series inductance Ls' The
impedances of this equivalent circuit cannot be attributed to individual
effects, but must be considered as a lumped equivalent circuit. The
values in the equivalent circuit hold only at one frequency, and at other
frequencies the parameters have to be re-evaluated.

The junction itself is usually formed on a base of n-type
material. To achieve a reasonable reverse breakdown voltage, this
material must have a high resistivity (Ref. 37). The resulting "bulk"
resistivity is the major source of loss in varactor diodes. Usually, it
is independent of both voltage and frequency. Ilowever, some high quality
epitaxial varactors are formed on very thin base layers (Ref. 38).
Changes in voltage, which change the width of the depletion layer,cause

an appreciable percent change in base width for these diodes.
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Fig. 2.3. Varactor Equivalent Circuit
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Fig. 2.4. Uhlir varactor model
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The total admittance of the junction consists of the admit-
tance of the barrier layer capacity in parallel with the admittance due
to diffusion effects. The nature of these admittances are discussed in
Sections 2.2 and 2.3. Measurements by Eng (Refs. 24, 39) indicate
that for some devices skin effects on the semiconductor surface are
important. To account for this he proposes that a linear network con-
sisting of two resistors and one capacitor be placed across the junction.

The reactances of the package and of the skin effect are
small and can often be neglected, but in any case, they are linear and
can be lumped into the external circuit. If, in addition, Rs can be
considered independent of voltage, the diode model reduces to the so-
called Uhlir Model, Fig. 2.4 (Ret. 5). This model usually includes
only the effects of barrier layer capacity, but may be easily extended
to include diffusion effects as well. Tt will be used throughout the re-

mainder of this paper.

2.5 Manley-Rowe Relations

The relationships which describe the real power flow
through a nonlinear capacitor were first derived by Manley and Rowe

(Refs. 8, 9):

oC o m P
DD DL R
m-:o e S mwp + Nwy
(2. 35)
oC o0 nP
Yooy L.mn
m=-o¢ n=0 mwp Dy
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where Pmn is the power entering the reactance at frequency mwp Wy

Usually power entering is taken as positive, while power
leaving is taken as negative. These relaticnships are applicable to a
lossless capacitance and give the inherent limitations governing power
flow at a set of frequencies.

2.5.1 Single Sideband Up-converters. The circuit which

allews power to flow at only three frequencies @ ;up, and w_ + w4 is

termed an upper sideband up-converter. Power is applied to the cir-
cuit at the signal and the pump, while the output is taken at their sum
(upper sideband). The Manley-Rowe relationships (Eq. 2.35) in this

case reduce to

P'w P
L

) )

D u

(2.36)

P P
z;l““TB:O

1 “u

where w, = Wyt i e., the upper sideband. P’ is the power sup-
plied by the pump, and P1 is the power supplied by signal source.

A little algebra reduces these to
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u 1
P, P’
I (2.37)
w (€3]
1 p
-P w
v __u
P1 1

The first of these equations (2. 37) is simply conservation
of energy; the power out at upper sideband is the sum of power in at
signal and pump. The second shows that the two sources contribute to
the converted power in the ratio of their frequencies. The third equa-

tion predicts that the conversion gain from w, to w, is proportional

1
to the frequency ratio.
The circuit which utilizes the lower sideband, i.e.,

Wy = wp - wy in addition to the signal and pump is called a parametric

amplifier. For these frequencies, Eq. 2. 35 reduces to

P’ P
a)‘—* + Z:“Q— = O
1 0
(2.38)
P p
A an“ -0
Y1 %
These equations reduce immediately to
Py
P, = — w (2.39)
1 W, 1
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Power is not supplied at Pﬁ (i.e., PQ < 0); and therefore,

P, < 0. This means more power is leaving the circuit at w, than is

1 1
supplied. The resultant circuit effect is a negative resistance at w4
and at wp This is in contrast to the upper sideband up-converter in
which the signal source supplies a net positive power to the circuit,

which results in a positive resistance.

2.5.2 Multiple Sideband Up-converter. In the most general

linear case, power is allowed to flow at the set of frequencies (1. 2).

The second of the Manley-Rowe relations (2. 35) then reduces to

P, P P Py Pou Py
PR R R R P A 3w, ~w
1 Y Yy 1 179 179
P
. 3u 0 (2. 40)
w +(U1

Here Pn!Z and Pnu denote the power flow at the lower and upper side-
bands of the nth pump harmonic (i. e., at ncop- w4 and nw__ + wl). The

power flow at the signal frequency is

Pp Py Pay
Plzwl ® "% -“w. T30 tw. *
[ 1 p 1
Pu P2u P3u 9 41
T w20 +w, 3w +w, (2.41)
u 1 1
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Now PQ, PZQ’ P3Q, Pu’ qu, P3u’ ... < 0 because

power is supplied to the circuit only at w4 and wp. Thus, power out-
put at any of the upper sidebands (Pu, qu, P3u, ...) causes power
to flow into the circuit at w5 but power output at any of the lower

sidebands (PQ, PZQ’ P3Q, ...) causes power to flow out of the circuit

at w The resultant circuit effect is that the lower sidebands tend to

1

cause negative resistance at w ., while the upper sidebands tend to

1,
cause positive resistance at W, By virtue of the frequency ratios, the
power at the upper and lower sidebands of the pump fundamental usually

determine the sign of this resistance, but the sidebands of the pump

harmonics can sometimes be significant.



CHAPTER III

HARMONIC BALANCE RELATIONS

3.1 Introduction

The cbjective of this chapter is to present the Harmonic
Balance Relations (Ref. 40). These are a general formulation for para-
metric circuit analysis.

In Section 3.2, a set of linear equations relating diode volt-
age to currents is developed by expanding the diode depletion layer
elastance in a Fourier series. Iiithis set of equations, diode currents
are the independent variables. The dual set of equations invelving diode
depletion layer capacitance, and a:: independent set of voltages is pre-
sented in Section 3. 3. The relationships develocped ia these two sections
form an essential step in the corputation of the input impedance; and
they will be used in both Chapters V and VI.

The two sets of equations are compared in Section 3. 4. It
is shown that the twc sets of equations are intimately related to the two
types of assumptions which have been made previously by workers in
this field, and the relationship between these two types of assumptions
are explored and clarified. This provides a convenient framework in

which to examine the exact analysis presented in succeeding chapters.
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3.2 Flastance Expansion

The small signal (differential) elastance of a varactor
dicde can be written as a function of the total charge stored in the

junction, such that

1 dvy
S = = 3.1

where S(qt) represents the small-signal elastance and C(qt) the small-
signal capacitance; Vi is the total potential across the junction and q;
is the charge.

This definition of elastance is consistent with the defini-
tion of varactor incremental elastance as used by Penfield and Rafuse
(Ref. 17).

The potential across the juiiction can also be expressed as
a functicn of charge. If the charge coasists of a large component Qp
due to the "'pump" scurce prlus a ""small signal" charge qq, V, can be

t

written in the form of a Taylor series expansion

d'v_gﬁ "',[ QS
vlay) = @ ragh = VQ s dqt- ts” dq,” 2
a,-Q, 0t 5
where
q, = Qp 9,
Now let

AR CRERS
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The first term is simply the voltage due to the pump in the absence
of any signal. The remainder of the expansion is an expression for

the signal voltage Vg

2 2
vV o= _th + ‘ t i + (3.3)
s~ dq A . 5t .
t dqt
9.=Q -

When qq is small land v(qt) is sufficiently smooth]|, the
first term of the expression is dominant, and the relationship between

the signal voltage and signal charge may be approximated by the linear

equation.
dvt
v, ® -&l—; dg (3.4)
94=Q,
whenever
qg L< Qp'

This expression can be rewritten by using the definition

of elastance in Eq. 3.1

(3.5)

If the charge due to the pump is periodic with frequency

wp, a Fourier expansion may be written for the depletion layer elastance
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jnw _t

oC
Q) = ), S, e p (3. 6)
=-0C

where

S, = an because S(Qp) is a real quantity.

Now diode small-signal voltages and currents must be
found. These must satisfy Eqs. 3.5 and 3. 6 and be consistent with
the constraints imposed by whatever linear network which is con-
nected to the terminals of the diode. It is easy to show that if the
external signal source is sinusoidal at frequency W5, these conditions
are satisfied when the signal current consists of components at the

positive frequencies in the set.

nw, Wy n=0, 1, ... (3.7)
That is
o i : j(nwp,+w1)t . OZC . ej(nwp-wl)t
S s (nwp+w1) T (nw -wl) (3.8)

The charge must be of the form
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: e](nwp+w 1) t
+oo (nw p+w 1)

g ~ f 's dt = Z J'(nwpﬂ')l)

j(nwp—wl)t
+oC I(nco ~w ) €
p 1

) 1O
e ](nwp wl)

(3.9)

Equations 3.5, 3.6 and 3.9 can be combined to obtain the signal volt-

age, v, across the diode.

il(n+m) W+ 1] t

S 1
+oC m (hw _+w )
Ve T Z : i(nw +w.)
S m, n=-~oc ne p 1

j|(n+m)wp-wljt

S 1 e
+2C m (nw ~w1)
) ) (3. 10)
m, N=-oC “p 1

It is clear from Eq. 3. 10 that Vg contains the same set
of frequencies as is’ that is, all the frequencies in the set (3. 7). 1In
particular there are no voltages (and thus no currents) at any frequen-

cies in the set

nw_ + 3w1 (3.11)

The presence of these components would not be consistent
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with the linear equation (3. 4). However, if the signal amplitude be-
comes large, the higher order terms in Eq. 3.3 cannot be neglected
and the additional components appear. From a practical point of
view, their existence means that the signal is being processed non-
linearly. They can always be rendered insignificant simply by
reducing the signal amplitude. No signal frequencies other than those
in (3. 7) can exist if linearity is to hold.

Fquation 3. 10 can be rearranged and written in the form

j(nw _+w )t
S 1 e P 1
+oC n-m (mw +w.)
vo= ) b1
R ]
S m, e~ ﬂmwpw) 1)
j(nw -wl)t
S I e
+oC n-m (mw_-w,)
\ p 1
* Z’ jmw _-~w,)
m, n=-oC p 1

The individual terms in this equaticn can now be identified, and the

signal voltage can be written as

i +oC J(nwp+w1)t +o J(nwp-wl)t
vV = \% e + 5 \" e
S = N (nw_+w ) - (nw_-w,)
n=-oC p 1 n=-oc p 1 (3. 12)

where the voltage coefficients can be identified as (Ref. 40)
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+oC Sn—m I(mw +W )
M +0

= )

(nwp+w 1) oo ](mwp+w 1)
+0C Sn-m I(mw -w )
A p_1

(nwp-wl) o J(mwp—wl)

Because both Vg and is are real quantities

(nwp+w 1)

and

I
(nw_+w
p

N,

(3. 13)

It is convenient here to introduce some special notation.

Each signal frequency in the set (3.7) can be assigned a subscript

according to the scheme of Table 3. 1.

Special Notation for
Signal Frequency Components

Frequency w wp—wl wp+w1 2wp~w1 2wp+w

Special notation w4 We weq w

Table 3. 1. Frequency Notation

Lower sidebands are assigned even subscripts, while upper

sidebands are denoted by odd subscripts. The relationship between

positive frequency components and those at negative frequency can now

be written as
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The coefficients of Eq. 3. 13 can be expressed conveniently
in terms of this special notation. The results for the first few coef-

ficients are written out here:

Soly  S;lg Syl S 1, S,

V1 = 5= + = + = + = + s +
jwy jog  jwg jw 4 jog
S1 I_1 SC 12 Sz 1_3 S_1 14

V2 = g = T + +
Jop ey jwg Jwy

v S1 I1 S2 I_2 ) SO 13 S3 1_4

3 le ~]w2 ]w3 -]w4
S, 1

P2t
V4 = 'jwl + ... (3.14)

The complete set of signal voltage components may be
found in this manner. They may easily be expressed in matrix form.
The signal voltage, Vg, can now be written as a column matrix, which
is the product of a square impedance matrix [ S] which represents
pumped depletion layer impedance and a column matrix [ is’ which

represents the signal currents.
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To obtain a consistant set of signal currents, take the com-

plex conjugate of all the even rows in Eq. 3. 14. The resulting matrix

is written in terms of Vn and In for n odd and V_nand I_n for n

even. The first tew terms of the matrix are written out in Eq. 3. 15.

<
I

8] x |

J

51

[\

[#)]

&
Do

wn

|

£

)]

|

S
Do

95}
w

&
Do

-]

-]

S 4

w

3

5.9

W

3

(3.15)

The elements of the impedance matrix are of the form

(3. 16)



where £(m, n) is an integer and is given by

3.3 Capacitance Expansion

The harmonic balance equations in Section 3. 2 were de-

rived by defining elastance as

dv

S(q,) = @f (3.17)

and by expressing the voltage across the diode junction as a function of

the charge stored in the junction

Ve = vt(qt) . (3.18)

The computations were carried up to a point where a signal voltage
matrix was equated to the product of an impedance matrix and a cur-
rent matrix (Eq. 3. 15).

In this section, an alternate approach is presented. The
charge stored in the junction is expressed as a function of the voltage

across the junction.
q = qt(vt) (3.19)

Capacity can be defined as
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dqt(vt)

dvt

(3.20)

C(vt) =

This definition of capacitance is consistent with the definition used by
Rowe (Ref. 14), and Heffner's definition of "incremental capacity"
(Ref. 41). Heffner (Ref. 41) contains a complete discussion on the
definition of capacity.

For a periodic pump voltage, the depletion layer capaci-

tance can be expressed in a Fourier series
cv) = Y c_ nept (3.21)

The arguments from this point on are the dual of the argu-
ments in Section 3. 2, and the computations are carried on in exactly
the same manner. The results can be expressed in matrix form.

The signal currents are written as column matrix is] . This is the
product of an admittance matrix, [C], which represents depletion
layer admittance, and a column matrix, {Vs , which represents the
signal voltages.

The first few terms of the resulting expression are written

out in Eq. 3.22.
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1 [ | , 1 .
I1 jwlco jwlcl ]wlc_l Jw1C2 Ce V1
I_2 -ijC_l —jwzco —jwzc_z -jwzcl Ce V_2
I jw3C1 jw3C2 jw:,’C0 jw3C3 Ce V3
1_4 = —Jw4C_2 —]w4C_1 ]w4C_3 Jw4C0 R B ¢ V_4
15 JwSCZ ]w5C3 ijC1 ]w5C4 V5
¢ V_6
i] = |[C]x|v
S S (3.22)

The Ymn term of the matrix has the value

m+1

= i(-1) C (3.23)

where

¢(m,n) is an integer

and, as before, can be expressed as

1 m
((m,n) = (<" [E?:_l.jl;(;_l)__] (™ [melz(‘l) ]

3.4 Short Circuit and Open Circuit Assumptions

Equations 3. 15 and 3. 22 are two representations of the
most general case of small signal varactor mixing. They are, how-
ever, exceedingly large and unwieldy. Thus far, most workers have

chosen not to deal directly with them, but rather to make simplifying
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assumptions. All the assumptions have one common goal: reduction
of the infinite matrices to finite matrices.

Many of the authors referred to in the literature review
(Section 1.2) (Refs. 13, 42, 18, 19, 20, 21, 43, 4, 14) choose to deal
with the set of admittance equations (Eq. 3.22). They reduce this
matrix to a manageable size by making the so-called "short circuit"
assumptions. The voltages are the independent quantities. The un-
wanted voltages are assumed to be shorted out by ideal filters. 1In
addition, the diode is represented by a capacitance varying periodically.

This is usually a sinusoid, although a few authors (Refs.
19, 20) have accounted for a second harmonic component in addition
to the fundamental.

On the other hand, some authors (Refs. 15, 16, 18, 17)
deal with the impedance matrix (Eq. 3.15). To reduce the size of
this matrix, they make a different set of assumptions, called the
"open circuit" assumptions. Only a firite number of currents are
permitted to flow through the diode junction. The currents are treated
as the independent quantities and the voltages are the dependent quan-
tities. Ideal filters prevent currents from flowing at the unwanted
frequencies, i.e., open circuit them. In this case, the diode is rep-
resented as an elastance varying sinusoidally at the pump frequency.

It has been argued that the open-circuit assumptions
correspond more closely to the physical situation than do the short-

circuit assumptions, due to the presence of the diode lead inductance,
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which has a reactance increasing with frequency. However it is
possible for the circuit external to the diode to present a reactance
which rescnates in series with the diode lead inductance and thus pro-
vides a short-circuit termination.

In practice the presence cf the diode series resistance
usually results in some power dissipation at all sideband frequencies,
and neither assumpticn is strictly valid.

3.4.1 Two-Frequency Case. Most of the early paramet-

ric amplifier werk was done by considering only two frequencies and

1

using the "'short circuit assumpticns.” 1In this case, signal voltages
are present only at the input frequency, w4 and the lower sideband Wg-
The voltages at other frequencies are shorted out, and while currents
may flow at the shorted frequencies, they are unimportant because
there is no power flow. In this case (3.22) reduces to the two fre-
quency short circuit equation.

L Jwy G Jwy €y Vy

= ‘ . X (3. 24)
22 SlweC oy Wy Gy Vg

On the other hand, the "open circuit assumptions’ can also
be used. In the two-frequency case, signal currents exist only at fre-
quencies w4 and W and voltages at other frequencies are of no

interest. These assumptions reduce Eq. 3. 15 to the two-frequency

open circuit equation.
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~ -
VvV ] _]‘ EQ.. ]—S——l-— r—I
1 w4 wz 1
= X (3. 25)
S S
-1 . C
\% -~} — ] — 1
-2 1 we i -2
L .

The relationship between the open and short circuit assump-
tions may easily be seen by inverting Eq. 3. 24 to obtain voltage in

terms of current (Ref. 18).

_ ~j CO ~j C1 -
Vl 2 2 Il
W€y -CiC ) wylCyT-CyC )
= ’ X (3.26)
J C-l J CO
V-2 2 2 Ly
_ Lo‘l(CO —CIC_ 1) wz(CO -Clc_l) |
Equation 3. 26 is identical with (3. 24) if one defines
C C
s, £ 2 0 and 8, £ 2 1 2
v ,2 <
CO - Cl | CO - Cl |

The open circuit and short circuit assumptions also give
identical results for the other two frequency cases in which power is

permitted to flow only at the input signal frequency, w,, and at the

1?
upper sideband frequency, Wag-

3.4.2 Three-Frequency Case. The relationship between

the open circuit and short circuit assumptions for three or more
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frequencies is somewhat more complex. For the short circuit as-
sumption assuming only three non-zero voltages, three non-trivial

currents, and sinusoidal capacitance, Eq. 3. 22 reduces to

7] [ . . . 7] =
I1 JwICO lecl ]wIC_ V1
I _j .2
1_2 = ]w2C_1 ]w2CO 0 X V_2 (3.27)
I jw, C 0 jw, C \%
3_ﬂ B 371 3 O_ L_3

From Eq. 3. 15 the open circuit assumption for the three frequency

case reduces to

— —
1 w4 W wq 1
S S
S | . 0
V_2 = -] o Ja—- 0 X I_z (3 28)
1 2
S S
1 . 0
% = 0 = I
3 ] w4 w3_ | 3

Equation 3. 27 can be inverted to give voitages in terms of
currents, but if this is done, the resulting equation is not the same as
Eq. 3.28. In particular, the terms on the diagonal have different forms.
In Eq. 3.28, these are just the impedances of ordinary frequency
independent elastances. The elastances in the diagonal terms of

the inverted Eq. 3.27 lack the property of frequency independence.

For the three-frequency case, the open and short circuit
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assumptions yield different results.

3.4.3 n-Frequency Case. The open circuit and the short

circuit assumptions also yield different results for the n frequency
case (n > 2). Tt will be shown here that only in the limit as n - o« can
the two assumptions become compatible.

This will be demonstrated by inverting the n-frequency
admittance matrix which is a squar¢ (nby n) matrix. It will be proved
that only as this matrix becomes infinitely large does the inversion
procedure result in an impedance matrix.

The mathematical techniques used in this section follow
those of Desoer (Ref. 44). Desoer, however, was concerned with the
errors produced by truncating an admittance matrix of the form (3. 22).
In this section the relationship between the admittance formulation of
reactive mixing and the impedance formulation will be explored.

If the capacitance variation is sinusoidal, the general
admittance matrix equation (3. 22) reduces to the simpler [ Y'(n)]

matrix (Eq. 3.29) in the n-frequency case.
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The [Y'(n)] matrix of 5q. 3.29 is shown partitioned into

submatrices as follows:

3 x 3 matrix

R

11
alz(n) - (n-3) x 3 matrix
a21(n) - 3 x (n-3) matrix
a22(n) ~ (n-3) x (n-3) matrix
STRTAL
[Y'(n)] = [------= = (3. 30)
@1l ] aga(n),

Because alz(n) and azl(n) each have only two non-zero
terms, the computation of the nine elements in the upper right hand
corner of the [Y'(n)] matrix is relatively simple. After some manipu-

lation the resulting inverse matrix can be written as

(3.31)

where:
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jwlcl jw1C1 jwlC_1
09(n) = | -jwgC g -jwgCo+Pyy(Mwygw CiC 4 -Pypln)wyw5CyCy
w3C1 ~32 1(m) w3w4C~ 1C_1 jw3C0 + 322(n) a¥5 CIC_1

[311(11), Blz(n), /’321(n), and Bzz(n) are the upper four ele-

ments in the Ugq- 1 matrix. They are evaluated in Appendix A, and only

the results are set down here:

1
Bl = — ‘ (3. 33)
-]w4CO 1 - 7/z
{ 1--}/2 )
1-7/2
1
Bzz(n) = (3. 34)
]wSCO 1 - ’)/2
| 1-9° A
1—)/2

By = By (n) = 0

where the pumping "hardness'' coefficient is defined by

C,C_4

and
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4) = B) = —-——-—-————-——1

in expressions (3.33) and (3. 34), the quantity > appears (% - 2)

times for n even and (’—21 - g) times for n odd.

It is also shown in Appendix A that in the infinite frequency

case, the expansion can be written in the simple form:

By40) = — (3. 35)
1wy Co (T 71"2>
1
1 1 2
Pigle) = Byyle) = 0 (3.37)

Now Eq. 3.32 can be inverted, and the resulting matrix
examined to see which values of Bll(n) and ,822(11) yield the proper im-

pedance elements. From Fqs. 3.15 and 3. 16 all the impedance matrix
j S
¢(m, n)
n n
(-1)

where S

elements must be of the form Z =
mn ¢(m,n

) is inde-
pendent of frequency.

The Z 1(n) term of H'l(n) can be computed by inspection.

1
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Wea W
- — 2 3 2 1
Zyy(n) = i Bﬁ +§B (M w CaC C 4 - IPggm)wsCaCyC

+ Byq(n) Bog(n) @@  C 2 c]_] (3.

1

38)

where ‘G(H)‘ denotes the value of the determinate of the 6#(n) matrix.

But from the impedance matrix (Eq. 3. 15)

So(n)
le(n) = ] I (3.
1
Combining Eqgs. 3.38 and 3. 32
o) Jwiwaws » v
S.(n) = [C“*jﬁ (x C,C,C ;| - jBgseln CC
¢ ‘H(n)* ¢ 11 PR S B TR} A O -
) . ) 2
+By4(0) Bog(n) w,wsC % C 1] (3.

39)

1

40)

The same vrocedure can be done for Zzz(n) and 233(11).

The results are

from Zzz(n)

“1¥2%3

s&n)::-Ta]- [ o - 1Byl we €y C_ . Cy - clcgl] (3.
from 233
jw1w2w3 .

$,(n) T P% +§By (W w, Cy Cy C].‘C1C-ﬂ (3.
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Ncw the elastances in Eqgs. 3.40, 3.41 and 3. 42 are all

equal. Combining (3. 40), (3.41), (3. 42)

/311(1'1) Wy = - Bzz(n) we (3. 43)

- 1 (3. 44)

. 1 >
1 ¥5 Co (‘z‘* 377 >

290

Equaticns 3. 43 and 3. 44 are identical to Fqs. 3.35 and
3.36. This means that the infinite short circuit matrix is the only ma-
trix which can yield the correct form of the open circuit matrix.

Now that the infinite matrix case is known to be the correct
one, all the terms may be found. The first few are written out in Eq.
3.45. Equation 3. 45 is the inverse of Eq. 3.29 only for the infinite

frequency case.

_]_S_Q. +]_S.l _J._S_'.!'.
“1 “9 3
S S S
-1 .0 . =2

1 2 3
(.A)l (.L)z (.L)3
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where

1
S =

0 Co\ll-‘h/2

S0 = -(—}—(1+27/2'+6y4 +20y° + T0y° + 252y 4 ...)
0

Cl(l-\/1-4y§)

s - - (3. 46)

2cf) Y \/1 - 447

C
8, = L (1432 100t 4350 4 126)° 4 ...
co"
4c§
S =
2 CB\/I- 47 (1+\1- 42)
C2
Sy = —= (1+ 4% + 15y* + 56,° + 210y° 4+ ...)
C3
0
2 Clc-l
'y - 2
Co

The following procedure provides further insight into the
relationship between the open circuit and the short circuit equations:
The capacitance considered in the short circuit matrix

(Eq. 3.29) has the form
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e]wt e-]cut

C=C,+Cy +C 4 (3.47)
The corresponding elastance is
Al 1 C1 jwt C—l -jwt !
S =& 1+—C-leJ - e e (3. 48)
¢ G 0

This may be expanded and the coefficients of like exponen-
tials collected. After some labor, the results can be expressed as an

infinite Fourier series.

S =88, @ asy %L cs e s e
(3. 49)
where
S. = L (1+ 2% 46y +209° 4 709 4 .. ) (3. 50)
0~ G,
C, ‘
S, = - (1+ 3% + 100* +359°% 4+ ...)
C 2
0
C 2
82: 1 (1+ 4% + 159* +569° + ...
3
o

I'he elastance coefficients in ¥gs. 3. 50 are identical with the elastance

coefficients in the infinite short circuit matrix (Eqs. 3. 45 and 3. 46).
A comparison of Eq. 3.48 with Fq. 3.49 shows that an in-
finite Fourier series in elastance is required to correctly represent

a sinusoidal capacitance variation. It is now easily seen why only the
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infinite elastance (open circuit) matrix is equivalent to a capacitance

(short circuit) matrix.

3.5 Summary

In this chapter, the harmonic balance equations were devel-
oped. The results can be expressed either as an infinite set of imped-
ance equations (3. 15), or as an infinite set of admittance equations
(3.22). These two sets of equations are the key to the entire paper,
and the majority of the material in subsequent chapters is devoted to
solving them. In the next two chapters, the elastance coefficients
which are the individual elements of the matrix are computed. These
elastance coefficients are then substituted in the matrix which is then
inverted to obtain the input impedance.

The open and short circuit approximations were discussed
at some length. They clearly illustrate the assumptions made by other

workers, and thus provide a background for this more exact study.
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CHAPTER IV

STABILITY

4.1 Introduction

The harmoaic balance equations in the preceding chapter
form the basis for the analysis of pumped diode input impedance. In
deriving these equations, it is assumed that the pump voltage and charge
are periodic and can be expressed in a Fourier series with the funda-
mental at frequency wp. The purpose of this chapter is to examine the
validity of this assumption. Particular emphasis is placed upon those
effects which result from nonlinear causes, and which affect the stabil-
ity of the circuit.

Although the linear veltage-current relations of the signal
are the primary concern in this paper, it is important to study nonlinear
instability effects for two reasons:

(1) They affect the pumyp voltage-current relaticns. This
in turn affects both the magnitude and phase of the Fourier coefficients
of elastance, and thus the signal.

(2) Under certain conditions, they cause the pump to be-
come unstable. Thus, some pump voltage-frequency combinations are
inaccessible.

The next section is devoted to a discussion of the "Ferro-

resonant effect.” It is a particularly sericus form of instability, since
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it occurs frequently in a high Q tuned circuit driven near resonance,
Almost all pumped varactor circuits use a tuning technique of this

type to obtain a large pump voltage across the varactor with minimum
pump power expenditure., In Section 4 3, instabilities of a high Q tuned

circuit are examined with the aid of Mathier's equation.

4.2 The Ferroresonant Effect

In this section, the ""Ferroresonant' effect (Refs. 20, 21,
45, 46, 47) is examined using an approximate method which yields quan-
titive agreement with theory The diode capacity is treated as a linear
capacitor whose magnitude is dependent upon pump voltage magnitude.
This allows the use of familiar impedance concepts to explain an inher-
ently nonlinear phenomenon.

In Appendix B, it is shown that the pump voltage across a

reverse-biased junction diode may be expressed as:

M

Vy = [1+<;>1\/[]M'1 -1 (B. 6)

where QM is the normalized charge due to the pump, and the small
signal capacity at the bias point is normalized to one farad. The expo-
nent, M, not necessarily an integer, usually takes values ranging from
5 down to 2, depending upon the impurity distribution in the diode.

M =2 for an ideal abrupt (alloy) junction, and M=3 for an ideal linear

(diffused) junction device.
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Fig. 4.1. Parallel RLC network excited
by a current source
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Consider now a circuit of the type shown in Fig. 4.1. The
diode capacity is tuned by the inductor, and the circuit is sinusoidally

excited at a frequency near Wy, the small signal resonant frequency of

1
the circuit. In this case, Wg = (L) ? because the small signal capacity

has been normalized to one.

If losses are small, the voltage is approximately sinusoidal.

VM = a cos wt (4. 1)

0 < Jal < 1

-—

From Eq. B. 6 the charge can now be written as

1_1

QM = (1 + a cos wt) M 1 (4.2)

Equation 4.3 has the same form (except for a constant)

as Eq. B.9 where

M
N = w (4.3)

Thus, it may be expanded using the techniques developed in Appendix B

and the charge flowing at the fundamental frequency can be written in

the form of Eq. B. 13.
Q(w) = (a+.0952a%+.0342a%+.025a" +...) cos wt (4. 9)

By Eq. 4.1 this can be written as
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— 2 4 6
Q(w) = (1+.095a" +.034a" +.025a +-oo)VM (4. 5)
which can be put in the common form
Q) = Ca) Vi (4.6)

where
Cla) = (1+.095a%+.034a" +.0252° +-..)

Kirchhoff's current law applied to the current at frequency
w which flows in the circuit of Fig. 4.1 yields the following equation,

Q) Sy at V0

0 + T + -1

=0 (4.7)

where IIN = T cos(wt +7).

All terms in this expression are sinusoidal at frequency w.
Combine Eqs. 4.1, 4.6, and 4. 7 and perform the indicated operations.

The resulting relation may be expressed in exponential form:

i o
e+jwt jaw C(a) ja L2 Iel
2 - 2wL T 2R 2
i p
. . -jT
. -jaw C(a) ja a Ie B
I 3 L 'R 5| = O
! p
. it
The coefficients of eﬂth and e '*" must both equal zero.

+jwt

Setting the coefficient of e to zero results in the familiar expression:
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V = — (4.8)

where

For convenience, the analysis is conducted with

‘VF _ w?‘ L2 IZ (4 9)

From Eq. 4.5, the capacitance C(a) may be represented by the approxi-

mate form
Ca) =~ (1+alViZ) 2 C(V) (4. 10)
where a is small, and
IVIE< 1

Substituting this value in Eq. 4.9 and differentiating with respect to

frequency, there follows

2v?

, 2wL? IIZN +4V% w LC(W) [1-w? LC(V)] -
aivi®

dw

: wQ” (4. 11)
— + [1-w® LC(W)]? - 202 L 6C[1-w? LC(V)]
QZ
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where the change in capacity is

6C = alVl?@

From inspection of the denominator of this expression, it
is apparent that under certain circumstances, the slope of the response
curve of V2 as a function of w will become infinite. A jump in output
will occur as the frequency of the exciting current passes through the
appropriate value.

The circumstances under which this effect occurs are found
by setting the denominator equal to zero and solving for the frequency.

After some algebra, it is found that the required expression is

—t
| W— |
o)
[NIE

[1+—1-—] [3+—-——
1+26C+6C |1 - oC oC

———

2
w = g Q (4. 12)
1+ 36C

It follows that the jump frequencies are always less than the

resonant frequency, and that these frequencies are real only if

[ @) )

QZ.

It is also apparent that the jump frequencies are a function of the mag-
nitude of the applied signal voltage.

Condition (4. 13) may be rewritten as
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(Q? + 1)’% +2
Q* -3

6C >

(4. 14)

Output jumps occur at two frequencies when this inequality is satisfied,
and at one frequency when equality occurs. Figure 4.2 is a graphical

plot of the relation:

5C = (4. 15)

This curve divides the area into two regions, with no output jumps in
the region below the curve and jumps at two frequencies in the region
above it. It indicates that the ferroresonant effect may be avoided in

a varactor diode circuit by reducing either the circuit Q or the applied
signal level.

Experimental measurements qualitatively confirmed the
theoretical results. Figure 4.3 shows three voltage-frequency curves
for a diode-loaded tuned circuit. When the level is small, 8C is below
the threshold value for jumps, and a conventional response occurs, as
shown in Fig. 4.3(a). As the level is increased by 10 db, the passband
of the response becomes asymmetrical, as shown in Fig. 4.3(b). In-
crease in the level by a further 10 db gives an output jump at one
frequency, demonstrated in Fig. 4. 3(c).

The voltage amplitude at which the jump in output occurs

may also be found by setting the denominator of expression 4. 11 equal
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to zero. Using the substitution

W = wy o+ 6w where éw << W to simplify the algebra,

the expression reduces to

(4. 16)

This expression is plotted for various values of Q in Fig. 4. 4. Each
value of @Q defines a parabolic area, on the voltage-frequency plane,
within which the circuit is unstable. The circuit is stable in the region
between the parabola corresponding to a given Q and the coordinate axes.
The experimental result of Fig. 4.5 illustrates this effect
clearly. The photograph in this figure shows the frequency response
of a diode tuned circuit. The vertical axis is response voltage, and
the horizontal axis is frequency, with the small signal resonant fre-
quency w occurring at the right-hand edge of the photograph. The
input frequency was swept continuously as the amplitude was slowly re-
duced. The light areas indicate conditions under which the circuit is
stable, while the dark areas indicate circuit instability since the oscil-
loscope trace did not remain in the unstable regions long enough to re-

cord an image.
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Fig. 4.5. Experimental results showing region of
ferroresonant instability
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a varactor diode



4.3 Other Instabilities

Consider a series LC circuit excited by a constant sinu-
soidal voltage source Ein cos wt (Fig. 4.6). The normalized differ-

ential equation of the circuit is

2
dQN

dat?

Ein coswt = L + VN + RSQN (4. 17)
where QN is the charge stored in the capacitor, i.e., the integral of
the current, and VN is the voltage across the capacitor. For an
abrupt (alloy) junction varactor diode, the relationship between AC
voltage and charge was found in Section 2.2 and can be written as

Qu(t)*
Vg = Q) + —5 (2. 12)

Substituting this relationship, the differential equation for Q becomes

4°Q Qy’
N 1 N
=1 E, coswt- Qv- 1 (4. 18)

dt?

This equation can be checked for stability by perturbing q; slightly,

i.e., letting QN change to QN +¢€,, where ¢, << QN. Substituting

t’ t
this into Eq. 4. 16 the following differential equation for e is obtained.
de, dey 1
dtz + RS ——d‘i—“ + Et T.: + '2"1": =0 (4 19)
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If the solution for €, is stable, the circuit is stable. How-

t

ever, if €, is unstable (i.e., €, becomes large without limit) the

t t
circuit is unstable, since it indicates that a very small perturbation in
the circuit causes the charge and the current circulating in the circuit
to increase without limit.

If Ein is small (i.e., Ein << 1) then QN can be approxi-

mated by a sinusoidal function

Qy ~ g cos wt where g, << 1 (4. 20)

The differential equation for € ¢ then becomes

d®e de, € Q. cos wt
—t4R ——tﬁurt (1+—9—-—2————) -0 (4.21)

dta s dt
This differential equation is a form of Mathieu's equation.
It can be put in canonical form by making the following substitution for
the independent variable, and thereby removing the first derivative
term (Refs. 48, 49)
R

L
et(t) = f(t) e 2

and then making the following substitutions:
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2
2
4 Rs
= — - =
w L )
-q
0
Y= —
w"L
Then
d®f
+ (-2 cos2v)f =0 (4. 22)
dv?

This equation has been extensively studied and the results
tabulated. For a study of stability it is sufficient to note from the tabu-

lated information that for ¢ << 1 (i.e., q, << 1) the solutions are

0
unstable only for very small regions near: v¢ =0, 1, 2, 3, ... n...
2w
Since w = —— , the circuit can therefore be expected to be
Ve
unstable when
2 1 2
w = o, 2w0, wWer 3 W 3 Yy B Yo (4. 23)

The instability at w, has already been discussed; it is the

0
ferroresonant effect. Physically, the instabilities at the other frequen-
cies are related to harmonic and subharmonic oscillations. Many of

these oscillations have been observed experimentally.
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The insights resulting from the simple analysis presented
here are sufficient to understand both the numerical results of the theory

and the phenomenon observed during the experiments.

83



CHAPTER V

DEPLETION LAYER CAPACITY

5.1 Introduction

In Chapter III, a linear relationship (Fq. 3. 15) which re-
lates signal currents to signal voltage was developed. The parameters
in this expression are the Fourier coefficients of varactor elastance
which for signals of small amplitude are completely independent of sig-
nal. Two iterative techniques for comruting the coefficients of elastance
are developed in Secticiis 5. 1 through 5.4 of this chapter. These procedures
are applicable to situations where the diode is reversed biased in such
a way that conducticn and diffusion effects can be neglected, so that the
diode can be characterized by its depletion layer capacity. Once these
elastance coefficients are known, the input imredance at the signal fre-
quency is computed using conventional matrix techniques which are
outlined in Section 5. 5.

The computation of the time varying elastance is the subject
of the next three sections. Since the Fourier coefficients of this elas-
tance are independent of both signal amplitude and frequency, they can
be computed with any signal which is convenient. In this paper, the
elastance is computed using a signal of zerc amplitude; that is, all
signal voltage sources are replaced with short circuits, and all signal

current sources are replaced by open circuits. Of course, the pump
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source remains in the circuit. The resultant simplified circuit is
termed the pump circuit, and its use permits considerable simplifica-
tion, for now only the effect of one source need be considered when
computing the elastance.

In determining the behavior of the pump circuit, only the
"steady state'' solution is considered. The circuit is presumed to be
stable and to generate neither free nor subharmonic oscillations. This,
of course, is at odds with the results of Chapter IV, where it was shown
that instabilities are to be expected in this type of nonlinear circuit.
The "'steady state' solutions then, must be carefully examined to deter-
mine whether they are solutions of the physical problem.

Under the "'steady state' conditions, all currents and volt-
ages in the circuit as well as the diode elastance can be expressed as a
Fourier series with the fundamental at the pump frequency wp. How-
ever in much of the work which follows it is more convenient to deal
with the charge stored in the diode junction. It is also periodic in wp
and can be expressed as

Qu(0)

0 o
Qp(t) = —5— + n§1 QA(n) cos nwpt + ngl QB(n) sin nwpt (5.1)

or the equivalent exponential form

< | Q,(n) Qo(n)| jnw t
QW = Y |- S| e F (5.2)

N=-oc
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Fig. 5. 1. Thevenin equivalent pump circuit
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In much of this work it is expedient to express voltages and
charges in terms of frequency, rather than time by using the conven-

tional Laplace Transform. Using this notation, Qp can be written as

@ [Qum) - o7 Qgn)
Q) = L{Q 0} - 3 A n B (5.9)
n=

p i s - jnwp

Because all currents, voltages, charges, etc. can be expressed in
Fourier series form, the Laplace transform and the inverse transform

exist, and in fact,can always be determined with relative ease.

5.2 Pump Circuit Configuration

Figure 5.1 illustrates the pump circuit configuration used
in this chapter. By referring back to the basic representation of a
pumped varactor circuit shown in Fig. 1.1, it can be seen that the lin-
ear portion of the circuit as seen from the diode terminals has been
replaced by an equivalent Thevenin circuit. The nonlinear varactor
diode remains unaltered, and is not included in the equivalent circuit.

Because of the nonlinear element, the Thevenin equi-
valent impedance concept must be treated with some care. Usually,
the entire circuit is linear, and voltages and currents are present
at only one frequency, that of the voltage source. The introduction
of the nonlinear diode complicates matters somewhat, for now
voltage and currents may appear at frequencies other than that of the

source. For each frequency component, the Thevenin equivalent circuit
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must have the same (linear) voltage-current relation as the original
circuit.

Figure 5. 2 shows examples of two types of pumped diode
circuits which are considered in this chapter. Figure 5.2a shows a
simple circuit composed of lumped elements. The capacity of the
varactor diode is series resonant with the inductor L2 at a frequency
near that of the pump source. Pump power is coupled into the circuit
through the mutual inductance Ml‘ It can usually be assumed that the
pump generator is sinusoidal at frequency wp, and that losses in the
circuit are small. Under these conditions, the Thevenin voltage gener-
ator is sinusoidal, and the equivalent impedance can be closely approxi-
mated by the network in Fig. 5.4. Here Rs represents the diode loss,
while G accounts for both inductor loss and generator resistance, CS
is the parasitic capacity of the inductor.

In the ideal case when all losses and the parasitic capaci-

tance can be neglected, the Thevenin impedance reduces to
Z;(w) = joL (5.4)

Figure 5. 2b shows a simple distributed parametric circuit.
A length of transmission line is shorted at one end and tuned to reson-
ance near the pump frequency by a varactor diode placed across the
opposite end. A loop near the shorted end couples pump power into the
circuit. If the coupling is weak, and ohmic losses small, then the

Thevenin impedance can be put in the form:
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Z(w) = j XL(w) + RL(w) + RS (5.5)

Except for frequencies very near the resonances of the line,

the reactance takes the familiar tangent form:

W

XL(w) = Z0 tan (—2—w—L> (5. 6)

and for the common case of an air dielectric coaxial line the distributed

losses can be computed using conventional approximate techniques

(Ref. 50)
37.6 x 103<a—17+b—1,) (—4%‘)- + % sin(z)—w—»
R (w) = L L (5.7)
L Voo cos? ( ”w>
2wy
where

Z0 is the characteristic impedance of the line

w. 1is the radian frequency at which the line is one-quarter
wavelength long

a'and b' are the inner and outer conductor diameters in
meters

o is the conductivity of the material in mhos/meter.

A comparison of Eqs. 5.4 and 5. 6 indicates that although both imped-
ances can be adjusted to resonate with the diode at the pump frequency,
the impedances at harmonics of the pump can be considerably different.

The inductor presents a higher impedance to each succeeding harmonic;
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the line, because of the nature of the tangent function, need not follow
such a regular pattern. Indeed, the line can be adjusted so that either
a zero or pole of impedance falls at any harmonic. If the line length
and the characteristic impedance are varied together in a manner such
that the tuning of the pump fundamental remains constant, the tuning
(and, therefore, the amplitudes) of the harmonics change. These
simple circuits then provide a convenient means for studying the effects
of higher harmonics upon a varactor circuit.

Now referring back to the circuit of Fig. 5.1 it is clear

that

E.m(t) = VLIN(t) + Vp(t) (5. 8)

This equation is the basic pump circuit equation. The three
voltages are discussed in the following three paragraphs.

a. The Pump Voltage. The pump source is assumed to be

sinusoidal at frequency wp. Thus, the open circuit Thevenin voltage,
Ein(t)’ which would be present if the diode were removed, i.e., open
circuited, is also sinusoidal at wp. The varactor DC voltage bias is
taken into account by the relations developed in Chapter II and need not
be included. In general, the time origin is arbitrary, and Ein(t) takes

the form:

Ein(t) = EA CcoS wpt + EB sin wpt (5.9)
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b. The Diode Voltage. In the abrupt junction reversed

biased case, the voltage-charge relations for the diode were discussed

in Section 2. 2. Equation 2. 12 is of particular value here:

- p
Vp(t) = Q. (t) + 3 (2.12)

The subscripts have been changed from N to p. This
minor change in notation was made to emphasize the fact that all the
voltages and charges (currents) considered in this section are due to
the pump only. Here, Vp and Qp are normalized according to the

scheme in Section 2. 2 and must satisfy the inequalities of Eq. 2. 15.

Qp(t) > -2

In the remainder of this chapter, this abrupt junction equa-
tion will be used. The choice of the abrupt junction was arbitrary; the
linear diode (Eq. 2. 16), or measured data could have been used.

c. The Network Voltage. Using the complex frequency no-

tation introduced earlier, the voltage across the linear circuit can be

easily expressed in terms of the charge.

VLIN(S) =s Z(s) Qp(s) (5.10)

Here, the linear circuit components have been transformed in the
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usual manner into complex impedances. The impedances of the net-
work at the pump and its harmonics are important enough to justify a
special notation. The impedance of the linear network at the nth

harmonic of the pump is denoted as

Z(nwp) = R(n) + j X(n) (5.11)

where

The voltage across the linear network in the time domain can now be

found by combining Eqs. 5.1, 5.10 and 5. 11

oC

Vi = 2

L nwp [QB(n) R(n) - QA(n) X(n)] coS Ilwpt

- él nwp [QA(n) R(n) + QB(n) X(n)] sin nwpt (5.12)
The advantages of using the complex frequency notation are easily seen
by comparing Eq. 5. 10 with Eq. 5. 12.

A convenient form for the differential equation describing
pump circuit behavior can be obtained by combining Eqs. 2.12, 5.8
and 5. 10.

0 = E.n(s) - sZ(s) Qp(s) - L (5.13)

1

Qp(t) g

Qp?‘(t) ‘
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This can be solved for Qp(t) and rewritten.

1 | Q_“(t)

_ P

where the L~ 1{ } notation denotes the inverse Laplace transform.

This equation is closely related to Lalesco's Nonlinear
Integral Equation (Ref. 51). However, the sequence method ordinarily
used to solve this type of equation fails to converge in some instances.
One circuit of particular interest for which the usual method does not
converge is shown in Fig. 5.2b. In the next section, a scheme which
is useful in this case will be presented.

The quantity that will be treated as the forcing function in
Eq. 5. 14 has not yet been determined. It can be selected in a variety
of ways, of which letting Ein be the forcing function, and allowing
Qp(t) be the unknown is perhaps the wost natural. In this chapter,
however, a different choice is made. The forcing function is QA( 1),
the fundamental cosine component of charge at the pump frequency.
QB( 1) is set equal to zero; this is simply equivalent to choosing a time
origin. Ein and all the remaining components of Qp(t) are now the
unknowns. Physically, this is equivalent to replacing the voltage
source in the circuit of Fig. 5.1 by a current source in parallel with
an ideal filter (Fig. 5.3). The filter short circuits all frequencies ex-

cept wp; at this frequency it is an open circuit. The current source is
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Fig. 5.3. Pump circuit configuration used in Chapter V
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Iin(t) = -wp QA(l) sin wpt (5.15)

It is clear that under stable conditions nothing has been
altered by making this change in driving functions, for by the "substi-
tution theorem' (Ref. 52) a voltage source which is delivering a current
of 1 amperes to a load may be replaced by a current source of magni-
tude 1 with no change in the external circuit. However this choice of
a driving function along with the constraint of only a "'steady state”
solution does force the solution to the differential equation to be stable
and periodic in wp. Unfortunately the physical circuit is not so con-
strained and as discussed in Chapter IV, can become unstable under
certain conditions. Thus, an important step in characterizing the
pump circuit behavior involves examination of the steady state solutions
to determine whether, in fact, it is a stable solution of the physical
problem. This can be carriled out in a straightforward manner
by noting the behavior of Z—l%—[— at a constant frequency. Whenever
this term is positive; that is, whenever the magnitude of voltage in-
creases with current, the circuit is stable. However, if ;—:{%—‘ is
negative or zero, that is,if the voltage magnitude decreases with cur-
rent magnitude, the circuit is unstable, and the "steady state' solution
is meaningless.

This can be proven quite simply by recalling the results of

Chapter 1V, where the stability of a network driven by a current source

of constant magnitude is determined by examining the expression for
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.V
ow

becomes infinite; that is, where the denominator becomes zero. The

and searching for the conditions under which the expression

dual is also true; the stability of a network such as Fig. 5.1 which is
driven by a voltage source can be determined by examining the expres-
sion for %LC}L and searching for the conditions under which the denomi-
nator becomes zero (Ref. 45).

Following the same technique as used in Chapter IV, the

current at the fundamental frequency in the circuit of Fig. 5.1 can be

put in the following form:

B ! - (5. 16)

where A and B are functions of the indicated variables.

Now this circuit is unstable when the denominator of
0l Iml
Jw

equals zero, the voltage Ein being held constant. That is,

when

B B A
0 = (B T b o I) (5.17)
in in

Replacing the voltage source by a current source as is

done in Fig. 5.3 does not change the voltage-current relationship of
ol E.ml
oL, |
in
stant is examined, this function has zeros at

the network. If now the function

with frequency being held con-
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OB 3A
0 = <B+Iin oIL T~ 3TL I) (5.18)
1n mn

This is, of course, the same condition under which the

circuit by the voltage source becomes unstable. For the circuits con-
s lE, |
in
a1, |
in

which bound a negative region. These points correspond to the instability

sidered here, the function has either one zero, or two zeros

regions discussed in the previous chapter.

5.3 An Iterative Technique Applicable to Single Tuned Circuits

The preceding sections presented the basic pump circuit
equation and explained the selection of the driving function and the de-
pendent variable. In this section, an iterative technique is introduced
for solving the equation.

The basic scheme used to solve the equation is to

(1) Substitute an estimate for Qp(t) into the right side of
the equation and perform the indicated operations. The result is a
"better' estimate for Qp(t).

(2) This new estimate for Qp(t) can be substituted back into
the right side of the equation.

(3) The process is repeated until the resulting estimate is
as close to the correct answer as desired.

Formally, the process can be set down as follows:

The solution to Eq. 5. 14 is the limit of the infinite sequence

of functions: Qo(t), Ql(t), Qz(t), Qm(t)
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and

Qp(t) = Limit Qm(t) (5. 19)
m-oC
It is clear that in order tc be a useful process, Qm(t) must
converge uniformly to Qp(t). A sufficieat condition for convergence is

that the error become smaller after each iteration. Thus

{e (t)’ < le (t) | (5.20)

m+1 m i

for all m andall t. e m(t) is the error after m iterations, and

em+1(t) is the error after m+1 iterations.
en® = QU - Q) (5.21)
€ me1® = Q10 - QD (5.22)

After m iterations, the estimate for Qm+1(t) is computed

from Eq. 5.14, 5.21, and 5. 22 using the procedure outlined above.

-1 1
Qm+1(t) - Qp(t) +€m+1(t) = L s Z(s)
Q. (t) +e_()°
Em(S) - L ( P 1 ) + Q(t)+e () (5. 23)

Multiplying this out and substituting in the value of Qo as

determined by Eq. 5.13, Eq. 5.23 becomes
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S75) 5 t—g 7 em(t) (5.24)

From this equation, an estimate can be made for the condi-

tions under which the sequence will converge when

lem+1(t)| < !em(t)i (5. 25)

In order to make this estimate, some bounds must first be
placed on Qp(t) and em(t). A lower limit for Qp(t) can be obtained

from the fundamental equations derived for the abrupt junction diode.

Q) > -2 (5. 26)

One crude approximation of Qn(t) is that it is sinusoidal.
Certainly, this estimate should not be in error by more than a factor

of 2.

Then

Q)1 < 2 (5. 27)

In Eq. 5.1, Qp(t) is written in the form of a Fourier series.
The fundamental term has been selected as the driving function, and
thus is a known quantity. It can be reasonably expected that the funda-
mental will be the largest term in the solution, and that the sum of all
the harmonics will not be larger than the fundamental. Then, by Eq.

5. 27, and because the initial (and worst) estimate of Qp(t) is just this
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fundamental term, an upper limit can be placed on the error

!em(t)! < 1 (5.28)

for all m.

Now substitute Eq. 5. 25 into Eq. 5.24. By Eq. 5. 28, the
em(t)2/4 term is small compared with the other terms and may be
neglected. After taking the transform

2le (s)l
< m (5. 29)

s)|
m+1( ) |s Z(s)!
Thus, |em+1(s) < lem(s)l whenever s Z(s)! > 2. The
equation is set up such that only the pump and its harmonics are
present, and the iteration scheme is devised such that error term

exists only at the harmories. So

QA(O)m o oC
Qm(t) =y + ngl QA(n)m cos nwpt + n§1 QB(n)m sin nwpt
(5.30)
EA(G)m X x
em(t) = 5 + Z eA(n)m cos nwpt + Z eB(n)m sin nwpt
n=1 n=1
(5.31)
Then, the sequence will converge if
lnwp Z(nwp)] > 2 (5.32)

for n=2, 3, 4, ...
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With the aid of Eq. 5.32, the convergence of the iteration
process can now be examined for specific circuit configurations.

a. Ideal Inductor. If the coil is ideal and all losses in the

circuit can be neglected, then the Thevenin equivalent impedance re-

duces to an inductance and

Z (w) = jw L (5.33)

1
The impedance at the nth harmonic of pump frequency is

Z = j L 5.34
nwp) anp ( )

1l

The coil is usually chosen to resonate with the small sig-

nal dicde capacity (1 farad) at a frequency near the pump. Then
w?L =~ 1 (5. 35)

and
lnwp zL(nwp)x ~ n® (5.36)

forn=2, 3, 4, ...

The criterion of Eq. 5. 32 is satisfied in this case, and the iteration
procedure will converge for this circuit configuration.

b. Inductor with Series Resistance. In practice, the diode

is not ideal and its losses must be accounted for; in this event, the

Thevenin equivalent circuit may be approximated by an ideal inductor
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in series with a resistance. The impedance at the nth harmonic is

Z ]nwp L+ RS (5.37)

Lr(™)p) =

As in the previous example, the inductor is usually chosen to be
resonant with the small signal diode capacity near the pump frequency.

Then

Inw ZTN(nwn)l2 = [nz]2 +[nw_R_]%2 > [nz]2 (5.38)

for n=2, 3, 4, ...

The criterion for convergence (Eq. 5.32) is satisfied in this case for
all values of resistance.

c. Inductor with Parasitic Capacitance. The parasitic

capacitance associated with all real inductors can be very important.
The impedance of an ideal inductor increases linearly with frequency.
It therefore presents a large impedance to the higher pump harmonics,
and thus tends to prevent currents from flowing at these frequencies.
The circuit approximates the so-called open circuit conditions, in
which all currents except those at a few selected frequencies are pre-
vented from flowing.

In contrast, the impedance of a real inductor with parasitic
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Fig. 5.4.

Equivalent circuit for an inductor with
parasitic capacity
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capacity goes toward zero above the self resonant frequency. This
tends to short circuit the higher harmonics of pump. The circuit then
approximates the so-called short circuit conditions, in which no volt-
ages exist except at a few selected frequencies.

If losses are ignored, the impedance of the circuit of Fig.
5.4 at the nth harmonic is

jnw_ L
Z(nw ) = P (5. 39)

03]
Coil P 1-n2w 2 LC
p S

In this case, there are two resonant frequencies. The first
is the frequency at which the coil is series resonant with the small sig-

nal capacity of the diode. This is near the pump fundamental.

P =~ 1 (5. 40)

The second is W, the self-resonant frequency of the coil.

It can be defined as

w = e (5. 41)

Combining Eqs. 5.39, 5.40 and 5. 41 with the approximate

criterion for convergence, (Eq. 5.32), a condition for W is obtained.

w > V3 @y (5. 42)
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This is a reasonable value which most coils satisfy.

Other circuit configurations are easily checked for conver-
gence in the same manner. In general, the larger the impedance, the
faster the convergence. Tt should be clear that the sequence will not
converge for all circuit configurations. For example, the criterion
for convergence (Eq. 5.32) could not be satisfied if a zero of impedance

happened to occur at some harmonic of the pump.

5.4 An Iterative Technique Applicable to Distributed Circuits

An iteration technique for solving the pump circuit dif-
ferential equation was developed in the previous section. It was shown
that the sequencke does converge to the correct result for single tuned
circuits; it was also made clear in the discussion that the sequence
does not converge for all circuit configurations. In particular, the se-
quence does not converge for the distributed circuit of Fig. 5.2b. 1In
this section an iterative technique is presented which was developed to
solve this circuit. But, it is shown that the sequence will converge for
any circuit. This new technique is more complex than the previously
considered procedure, and generally, the computer running time is
longer.

The basic scheme used to solve the equation is to

(1) Substitute an estimate for Qp(t) into the right side of

Eq. 5.13 and perform the indicated operations. The

result is 6(t), the equation error (Ref. 53).
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(2) Using the equation error 6(t) and the estimate for Qp(t),
compute an approximate value for the '""solution error"
e(t) which is the difference between Qp(t) and the esti-
mate.

(3) A new estimate for Qp(t) can easily be computed know-
ing both the old estimate and the ""'solution error' asso-
ciated with it.

(4) This three-step process is repeated until the resulting

estimate is as close to the correct answer as desired.

Formally, the process can be set down as follows:

The solution to Eq. 5. 13 is the limit of the infinite sequence

of functions: Qo(t), Ql(t)’ Qz(t), ey Qm(t)

and

Qp(t) = Limit Qm(t)
m- o
Step (1) of the iteration procedure is implemented by com-
puting the equation error: After m iterations, Qm(t) is the estimate

for Qp(t), and Gm(t) the equation error is

Q._“(t)
5 (1) 2 E_(t) - 1! {s 7(s) Qm(s)} - [Q (t) + ”; ] (5. 43)

m m

Of course, by Eq. 5. 13 the equation error is zero when the solution is

found. Thus
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(t) = 0 when Q_(t) = Q.(t) (5. 44)

m m p

As before, Qm(t) can be written as the sum of an error term plus the

correct charge, where the error (hopefully) is small

Q. () = Q(t) +e () (5. 45)

In Step (2) of the iteration procedure, an estimate for the
solution error, (—:m(t) is computed. Substitute (5. 45) into (5. 43) and use
(5. 13) to obtain Om(t) in terms of em(t).

Q. (t) € (t)
6 (1) = -€ (1) - ST - L} {s Z(s)em(s)}

This is an algebraic equation for em(t). For convenience, the solution

will be written as

» Q]!
e _(t) = -Om(t) 1+ L {s Z(s)} + g (5. 46)

m

This is an expression for the "solution error." It is a
function of the "equation error' and circuit parameters (both of which
are known), and the solution (Qp(t) is unknown).

Although Qp(t) is unknown, an estimate can be made for it:
Q. (t) =~ Q_(t) (5. 47)
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From (5.46) and (5. 47) an estimate can be made for the "solution

error"”

» Q0]
e (0 = e (B = -5 () |1+ L7 {s 2(s)} + —% (5. 48)

In Step (3) of the iteration procedure, a new estimate for
the solution, Qp(t), is computed.

From Eq. 5.45

Q (t) = Q () -¢€ (t) (5. 49)

p m m

Therefore, (hopefully) a better estimate than Qm(t) can be made for

Q1
QM) = Q- ® Q0 (5. 50)
From (5. 49) and (5. 50)
Qay®) = Q) + e (- €l (® (5.51)

Equations 5. 43 through 5. 50 complete one iteration (the
mth) in the sequence. If the procedure is to be useful, the equation
error after m+1 iterations should be smaller than the equation error

after only m iterations. That is

5 < 16 (1 (5.52)

m+1
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should hold for all t.
Substitute (5. 51) into (5. 43), and use (5. 45) to obtain the
equation error after m+1 iterations in terms of the previous equation

error. After some manipulation

i q-1
6 (t) -1 (t)
m+1(t) = ——nzl— er'n(t) 1+ L “{s z(s)} + rr21
- . 2
) 1 Q (]
- 7 er “(t) L1 + L {s 26} + — (5. 53)
_ 2
6m+1(t) B O[Gm(t) ]
-1 Qm(t
Therefore, providing the operator |1+ L™~ {sZ(s)} + 5

and its inverse exist, the equation error is reduced quadratically each
iteration. The reason is that the expression for Qm+1(t) is stationary
with respect to small variations in Qm(t). Once the sequence has con-
verged to a value close to the correct solution, the variational property
assures rapid convergence. Of course, when the error is large, the
convergence is not as fast. In practice, the sequence converges to
six-place accuracy in from 3 to 6 trials.

Essentially, the iteration procedure described in this chapter
is an extension of the so-called Newton-Raphson method. The nonlinear
differential equation is first transformed into a set of simultaneous

nonlinear algebraic equations. ¥ach harmonic of the pump is
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represented by two of these equations: one equation represents the
cosine; the other represents the sine term. All the equations are
coupled through the Q%/4 nonlinearity.

The resulting set of nonlinear algebraic equations is then
solved with the aid of a linearization procedure. Each approximation to
the solution is found by using the preceding approximation as a starting
point. A linearized set of equations is generated from the nonlinear
set by expanding the nonlinear functions in a Taylor series about the
approximate solution and using only the first two terms. The linear set
of equations is then solved, and a (hopefully) better approximation to the
solution is obtained. The process is repeated until the solution is as
accurate as desired (or until it diverges ).

The usefulness of the method depends upon how closely the
linearized set of equations represents the nonlinear set in a neighbor-
hood centered about the approximate solution but extending outward to
include the actual solution. If the approximate solution is close to the
actual solution, and if the function is smooth enough in a neighborhood
which includes both, then e;(t) and higher powers can really be ignored
(as was done throughout this section). The sequence method will then
converge fast enough to be a useful process.

For the situation considered in this chapter, there are two
reasons why the sequence will probably converge:

(1) The varactor voltage-charge relationship < + %i>

is a "mild" nonlinearity. In the region of interest (-2 < Q < +2), the
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first two terms of the Taylor expansion adequately represent the func-
tion in a large neighborhood. The function is ""smooth' enough so that
the sequence will converge even with a bad initial approximation to the
correct solution.

(2) The initial approximation (the first estimate) is always
close to the correct solution. This is a basic study, and, rather than
just a single solution for one pump level, it is desirable to determine
circuit behavior for a variety of pumping levels. A family of solutions
can thus be constructed starting with the smallest pump magnitude and
building up toward hard pumping. For each pump level, the initial
approximation is the solution previously found for a slightly smaller
pump amplitude. The choice of a current source for the driving function
forces all the solutions to be stable, and the diode voltage increases
continuously with pump level. This insures that the solution found for
one pump level will be a reasonable initial approximation for a slightly

higher pump level.

5.5 Small Signal Equations

The procedures developed in the preceding two sections
determine the behavior of the pump circuit in the absence of signal.
They implement the first step in the determination of small signal input
impedance. The second step is straightforward, and is outlined only
briefly here.

Once the pump circuit behavior has been determined, the
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result can be expressed in terms of the charge circulating through the

diode.

. e}
Q (t) = + §QQ(n)cosnwt+\"Q
p 2 L—/l A p L

(n) sin nw t (5.1)
n= n=1 B p

By Eq. 2. 14, the small signal elastance (for an abrupt

junction device) can also be written as a function of charge:

Q_(t)
S(t) = 1+ g (2. 14)

Equations 2. 14 and 4. 6 can easily be combined and the re-

sulting small signal elastance can be expressed as an exponential

Fourier series:

SIQ,M) = L s e (3.5)

This elastance is a function only of pump.

In Chapter III, an expression (3. 15) is derived which

relates signal voltages across the junction to signal currents through

the junction. The elements in this matrix are the elastance coefficients

of Eq. 3.5.

Now the circuit of Fig. 1.1 may be redrawn to emphasize

the signal circuit. This is shown in Fig. 5. 5.

The diode is represented

as a time varying elastance of the form (3. 5), where the coefficients
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Fig. 5.5. Signal circuit.configuration used in Chapter V.
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can now be computed. The relationship between the signal voltage
appearing across the diode and the signal current is given by Fq. 3. 15.
The linear portion of the circuit, including the impedance of
the pump source can be replaced by a Thevenin equivalent impedance.
This equivalent impedance, ['ZS], must adequately model the circuit at

the entire set of signal frequencies:
W, Wa, We,
2 T3

The pump source may be removed since it is a linear cur-
rent source and plays no direct role in the signal circuit. Its only
purpose is to ""nump'' the diode, i.e., cause the diode elastance to vary
periodically in time. The voltages around the circuit (Fig. 5.5) can be

written in terms of the currents:
v o= (sl xi] + (2] xi] (5. 54)

VSJ and is] are column matrices
[S] is a square matrix of the form (3. 15)

[ZS] is a diagonal matrix representing the imped-
ance of the linear network. The nth element
of the matrix, denoted Zn, is the impedance

at the nth signal frequency, w -

In the most common case, the signal source has only one
frequency component (at wl).

The voltage matrix then reduces to
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V.l = (5. 55)

-

However, currents may still flow at all of the signal fre-
quencies.

The [ZS} and the [S] matrices can be combined as indicated
in Eq. 5.54 and then simplified with the aid of Eq. 5.55. The result is
Eq. 5.56. The input impedance of a small amplitude signal can
be computed from this matrix by ordinary techniques. The method
used in this paper was to reduce the matrix to its lower triangular
form, by using the Gauss-Jordon technique. The input impedance is the
(1, 1) element of the new matrix. Any method, however, will involve a

large amount of labor if the matrix is large.
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5.6 Summary

In this chapter, a nonlinear differential equation which
describes the behavior of the pump circuit was set up, and two itera-
tive techniques for solving it were developed. These procedures
involve the iteration of a sequence of solutions, and where properly
used converge rapidly to the correct solution.

The first technique (Section 5. 3) is useful for determining
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the behavior of single tuned circuits in which the impedance at the
harmonics is high compared with that of the diode. The second tech-
nique (Section 5. 4) converges for any circuit configuration. The solu-
tion to the pump circuit is expressed in terms of the charge Qp(t), but
it is clear that the result can also be expressed in terms of voltage or
current. Once it is known, the Fourier coefficient of the elastance
can be easily computed.

It was shown that these elastance coefficients can be sub-
stituted into the elastance matrix which describes the mixing process,
and that the small signal input impedance can be obtained by manipulat-
ing the resulting impedance matrix.

The numerical results which are presented in Chapter 7
were cobtained by algorithms of the procedures described in this
chapter programmed for a digital computer. The flow diagrams are

presented in Appendices C and D.
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CHAPTER VI

DIFFUSION EFFECTS

6.1 Introduction

The circuit effects of depletion layer capacity have been
treated in the previous chapter. The results of that chapter are valid
if the voltage across the varactor is negative (reverse) at all times, so
that the diode junction can be accurately characterized with frequency
independent depletion layer capacity. However if positive (forward)
voltages are applied to the diode, a second type of charge storage con-
tributes to capacity. It is called diffusion capacity, and the purpose of
this chapter is to determine its circuit effects. In Chapter II, the
physical origin of diffusion capacity was thoroughly discussed, and this
capacity was shown to be significant only for forward voltages, that is,
when there is some direct current flow. For reverse voltages, it is
negligible compared with depletion layer capacity.

Charge storage and diffusion effects are of interest primar-
ily because in many cases, the pumping is hard enough to cause recti-
fied direct current to flow through the diode. In most practical
circuits, the varactor is operated with a reverse DC voltage bias
on which the AC pump voltage is superimposed. This pump voltage
is often so large that the diode is driven into forward conduction dur-
ing each positive peak. In this situation, depletion layer capacity

dominates the varactor characteristics most of the time, but for the
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Fig. 6. 1. Varactor circuit used to investigate diffusion effects
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positive part of every cycle, diffusion effects become important.

The organization of this chapter is similar to that of Chapter
V. The behavior of the circuit in the absence of signal is treated
first. Section 6.2 discusses a circuit representation which is useful
when pump power is applied to the circuit. The nonlinear differential
equation which results from this model is solved in Section 6. 3.

The end result of this process is the determination of var-
actor voltage in the absence of signal. From this pump voltage, the
input admittance of the diode can be computed for a signal of small
amplitude. It is dependent upon the signal frequency, and is both time-
varying at the frequency of the pump, and linear. In Section 6.4, an
admittance matrix is generated which relates signal currents to signal
voltages. The input admittance (or impedance) at the input signal fre-

quency is then found by manipulating the matrix.

6.2 Pump Circuit Representation

The circuit of interest is shown in Fig. 6.1. It has exactly
the same schematic configuration as the circuit of Fig. 5.2a. In
Chapter V, however, only depletion layer (or barrier) capacity was of
concern, and the voltage across the diode was always taken to be nega-
tive so that diffusion effects were negligible. In this chapter, there
is no such restriction; both diffusion capacity and depletion layer
capacity are of interest.

From the viewpoint of the circuit external to the diode,
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diffusion effects and barrier layer effects appear in parallel. Phys-
ically, there is only one potential across the junction, the effects of
which are experienced by all charge carriers. However, there are
two components of charge (and therefore current). The first compo-
nent consists of the mobile charge carriers which are drawn out of
the depletion region by the electric field; their departure leaves some
fixed charge centers unneutralized. This form of charge storage con-
stitutes depletion layer capacity. The second component of charge
results from the mobile charge carriers which have enough thermal
energy to overcome the field in the depletion region. These carriers
travel across the junction and are stored on the opposite side as
minority carriers. These carriers constitute the charge stored by
the diffusion capacity.

It is natural in this situation to treat voltage as the indepen-
dent variable, and to reduce the pump circuit to its Norton equivalent
(Fig. 6.2). Here, the linear portion of the circuit as viewed from
the pump source, is replaced by a current source in parallel with an
admittance. This equivalent circuit must have the same current-
voltage relations at its terminals for all components of the pump.

As in the previous chapter, it is assumed that the solution is periodic
and stable, thus components exist only at the pump frequency and its
harmonics. The diode is unchanged, although schematically, it can be
split into two parts, a diffusion capacity and barrier capacity. The

signal source is omitted entirely because this circuit is intended to
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Fig. 6.2. Norton equivalent pump circuit
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an cpen circuit for all other frequencies

Fig. 6.3. Pump circuit configuration used in Chapter VI.
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represent only the pump circuit.
The currents in the circuit of Fig. 6.2 must satisfy the ele-

mentary relationship

IN = ILIN+ Id + Ip (6.1)

These four components of current can now be determined:

a. The Current Source. The pump source is assumed to

be sinusoidal at frequency wp. Thus, the short circuit Norton cur-
rent, IN(t), is also sinusoidal at @, This is, of course, the current
which would flow in the actual circuit if the diode was shorted. The
varactor DC bias is also supplied by this source. In general, the

time origin is arbitrary, and IN(t) takes the form

IN(t) = IDC + IA cos wpt + IB sin wpt (6.2)

b. The Network Current. The current through the linear

network can be determined in the usual manner

I = Ys) V (s) (6.3)

LING) D

It is assumed that currents and voltages exist only at the pump fre-
quency, wp, and its harmonics. The admittance of the linear network

at the nth harmonic of the pump fundamental is conveniently denoted as

Y(n) 2 Y(nw ) = G(n) + j B(n) (6. 4)



c. The Barrier Capacity Current. As in previous chapters

it will be assumed that the varactor can be modeled with an ideal
abrupt junction diode. In this case, a convenient charge-voltage rela-
tionship, in which voltage is the independent variable, is given by Eq.

2.4.

-

vV (H\*°
q(t) = -2 Cang(l - —%-—) +Q, (2. 4)

where QC is the constant of integration.

In the absence of signal,

4(8) = Qpps * QM)

QC can be chosen so that Qp(t) = 0, when Vp(t) = 0. This

selection reduces Eq. 2.4 to the following form:

V()

Qp(t) = zca¢ 1 - 1 - T (6.5)

The current through the barrier layer is the derivative
(with respect to time) of the charge. This can be written in terms of

complex frequency

Ip(s) =S Qp(s) (6.6)
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d. The Diffusion Current. As is the case for barrier layer

capacity, the groundwork for the diffusion capacity model is set down
in Section 2. 3. A relationship between the junction voltage and the
excess (over the thermal equilibrium density) density of charge car-

riers at the junction was set down there.

4 v 1)
Plo,t) = p_ (eKT P 1) (2. 26)

Because the voltage under stable operating conditions is a
periodic function of time, this expression can easily be transformed
from the time domain into the frequency domain:
4ty v (o)}

KT

P(0,s) = an e (6.17)

The solution to the diffusion equation yields a linear rela-
tionship between the excess carrier density and current (Eq. 2. 30).

In the frequency domain, this relationship can be written as

qA (1+s7) P(0,s)

%(%ET) (1+ '\/1+3(1+ST)> (6. 8)

Equations 6.7, 6.8 and 2. 33 can be combined to form a

s) =

Id(

useful current-voltage relationship.
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s
Pn(1+ ) L |e

(1 v AT+ /3(1+ST')>

A nonlinear differential equation which describes the behav-

(6.9)

Id(s) =

ior of the pump circuit of Fig. 6.2 can be obtained by substituting into
Eq. 6.1 the magnitudes of the various currents which are expressed

in Eqs. 6.2, 6.3, 6.6 and 6.9. The result is

0 = —IN(S) + Vp(s) Y (s)+ 2sCa ¢ 1 ’1 -'\/1 - .% L_I{Vp(s)}

P (1 +ST)

<1+ '\jl+ 1+ST>

L (6.10)

q
KTL {V(s -1z

6.3 Iterative Techniques

The technique for solving the nonlinear differential equation
(Eq. 6.10) employed is basically an extension of the Newton-Raphson
approach used in the last chapter. But before describing the proce-
dure for solving the equation,it is first necessary to make a few
remarks asto the nature of the solution and the choice of the forcing
function.

Here, as in Chapter V, it is assumed that the circuit is
stable and there are no oscillations of any kind. The solution to the
differential equation can then be taken to be periodic, with the same

period as the forcing function, and the pump voltage across the
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varactor can be written as

VA(O) o© .
Vp(t) = 5=+ ngl [VA(n) cos nwpt + VB(n) sin nwpt] (6.11)

The fundamental component of this voltage [VA(l) cos wpt +
VB(l) sin wpt] is selected as the forcing function. V,(1) can be
arbitrarily set equal to zero; this is simply equivalent to selecting a
time origin.

The physical significance of this rather unorthodox choice
can be seen by comparing Figs. 6.2 and 6.3. The current source
driving function ~IN(t), in Fig. 6.V2 ch))replaced by a series combina-
tion of a voltage source, E. = —%——— + VB(l) sin wpt , and an ideal
filter. This filter is a short circuit at DC and at wp; it acts as an
open circuit at all other frequencies. The current flowing through
this voltage source-filter combination, plus the voltage components
at harmonics of the pump frequency, will be treated as the unknowns.

The term E is selected to be the forcing function for three im-

N
portant reasons:
(1) The fundamental component of pump voltage has more
physical significance than the Norton equivalent current source. Only
when Y(w) is much less than the impedance of the diode (the current
pumping case) is the magnitude of the current source related to the

degree of hardness with which the diode is being pumped. The pump

voltage, on the other hand, is related to the diode capacity by Eq. 2.1
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Although there is no simple relationship between VB(l)

C(t) =

and the magnitude of the capacitance coefficient at the pump frequency,
there is at least a one-to-one correspondence. The hardness of pump-
ing increases smoothly with increasing pump voltage. Even this does
not always hold with the Norton current source.

(2) It is assumed here that the diode is biased with a DC
voltage source. It would be unreal to bias the diode with a DC
current source.

(3) The magnitudes of all the voltage components at har-
monics of the pump change smoothly as the fundamental voltage com-
ponent increases. It will be seen later in this section that the initial
approximation used to initiate the convergence procedure must differ
from the correct solution by less than a predetermined error, € max:

The value of ¢ max is "'built into'" the iterative procedure
and if the initial error is greater than € nax’ the sequence will not
converge. It is therefore necessary to control the relation-
ship between the initial approximation and the correct solution. To
implement this, a family of solutions is constructed starting with the

smallest pump magnitude and building up toward hard pumping. For

each pump level, the initial approximation is the solution previously
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determined for a slightly smaller pump amplitude. The voltage
source forcing function insures that the solutions change smoothly,
and thus guarantee that the solution previously found will be a reason-
able initial approximation.

Now that the forcing function has been established, an iter-
ation procedure for solving Eq. 6. 10 can be described. The solution

to Eq. 6. 10 is the limit of the infinite sequence of functions

and
v (1) - ;i?;t V! (1) (6. 12)

The procedure for determining this sequence is identical
with the Newton-Raphson technique described in Section 5. 4, except
for one detail which is involved with the nature of the exponential term.

It was explained in Chapter V that the usefulness of the
Newton- Raphson method depends upon how accurately the nonlinear
equations are represented by their linear approximations. Normally,
the first two terms of Taylor's series are used as the approximation.
This works well when the nonlinearity is not strong. This is the case
in Chapter V, and also for the portion of Eq. 6. 10 which deals with
depletion layer capacity.

The function which describes diffusion capacity is more dif-

ficult to handle. The basic form of the function is
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f(v) = e (6. 13)

L.~ 40 . (6. 14)

It can be easily seen that the first two terms of Taylor's
series fail to approximate this function accurately. In fact, if € max’
the magnitude of the difference between the initial approximation and
the correct solution, exceeds .020 volts, a Newton-Raphson sequence
of the type used in Chapter V does not converge rapidly enough to be
useful.

To increase the range of convergence, two sequences of
constants, Fm and Gm, are used to improve the accuracy of the

linear approximation. In the mth iteration, the exponential function

is approximated by

! ~ 1 1
f(Vm+e) =~ Fm f (Vm) + Gm f(Vm) € (6. 15)

rather than the conventional two term Taylor's series approximation

(V! +¢) :ﬂV&)+%%Q ¢ (6. 16)

v=V'
m

The values of Frn and Gm are determined such that they minimize
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Solid line is the function.
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Dotted line is the 1°¢
two terms of Taylor's
expansion around V=0.
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Alternate solid and dotted
line is improved linear
approximation around
V=0 according to m=4. 420 -
(Table 6. 1)
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the maximum error between V as computed using the exact rela-
tionship (Eq. 6.13) and the approximate relationship (Eq. 6. 15) over

the range

VI -¢€ <V <V +e (6.17)
m max - -~ 'm  max

Figure 6. 4 illustrates this graphically.

As the iterative sequence converges, i.e., as m increases,
the error ¢ max decreases, and the linear approximation can improve
accordingly.

A useful sequence for Fm and Gm is shown in Table 6. 1.

It is assumed that the initial € max is less than 200 mv. This can
always be achieved by constructing a family of solutions as explained
earlier. If the initial € nax is greater than 200 mv, the sequence may
not converge, depending upon the relative magnitudes of the diffusion

capacity and the depletion layer capacity terms.

Iteration Max. Possible Max. Possible
Number, Error e max F G Error Is
m m m Reduced To
1 200 mv 208.0 7450 163 mv
2 163 mv 73.5 2040 127 mv
3 127 mv 20. 7 629 94 mv
4 94 mv 10. 4 272 62 mv
5 62 mv 3.2 95 30 mv
6 30 mv 1.38 50 8.2 mv
1 Use standard 1.0 40 .-
and up Newton- Raphson
method

Table 6. 1. Iteration Sequence
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Fig. 6.5. Signal circuit configuration used
in Chapter VI.
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6.4 Small Signal Equations

In the preceding two sections, a method was set down for
determining the voltage, Vp(t), across a varactor diode under condi-
tions of hard pumping , but in the absence of signal. In this
section, the signal is included, and the effect upon the signal of pump-
ing the diode is determined. Figure 6.5 shows the circuit redrawn in
a manner which emphasizes the signal circuit.

Admittance is used, because the depletion layer capacity
appears in parallel with the diffusion capacity. The linear portion of
the circuit, including the impedance of the pump source can be re-
placed by an equivalent (linear) admittance. This admittance must
adequately model the linear circuit at the entire set of signal fre-
quencies,

nwp;tw n=0, 1, ... (3.7)

or from Table 3.1

Wi, Wy, Way - (6.18)

The pump source is not shown, since it is a linear voltage source at
wp with zero impedance, and cannot interact with any component of
signal. The signal source is represented by a current source.

The currents in the circuit of Fig. 6.5 must satisfy the

elementary relationship.
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[ IS] = [ Ils] + Ids] + | iS] (6.19)

a. The Driving Source. IS is a current source, and is
independent of the signal voltage, but the three other signal currents
must be determined from the voltage-current relationships ( the

admittances ) of the three elements.

b. The Depletion Layer Current. The admittance of the

depletion layer capacity is represented by a matrix of the form of

Eq. 3.22.

[i,] = [C]x[v (6. 20)

S

The individual elements of this matrix can be computed by first solv-
ing Eq. 6. 10 for Vp(t), the pump voltage across the diode as outlined
in the previous section. In the abrupt junction case, the time varying

capacity can then be computed by substituting Vp(t) into Eq. 2. 1.

C
a

Clt) = . (2.1)
(- 50
1)

Since the pump voltage is periodic, the resulting capacity

may be written as an exponential Fourier Series:

oC jnwpt
clv, ] = ), Ce (6.21)
n=-=coC
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The capacitance coefficients in Eq. 6.21 when multiplied by the
appropriate frequency form the individual elements in the matrix of

Eq. 3.22.

c. The Network Current. The signal current through the

linear network can be written as the product of a voltage matrix and an

admittance matrix:

(6.22)

The admittance of the linear network can be represented as
a diagonal matrix of the form Eq. 6.23. The elements of this matrix
are just the admittances (or the complex conjugate of the admittances)
at the appropriate signal frequency. Recall that in deriving Eq. 3.22,
it was necessary to take the complex conjugate of all the even rows in
order to get a consistent set of signal voltages. It is desirable to have
the admittance matrices compatible, and so the elements in all the

even rows in Eq. 6.23 have also been conjugated.

Yl =10 o Y3 0 (6. 23)
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d. The Diffusion Current. The admittance of the diffusion

capacity is also a matrix; the individual elements of which can be
computed by using the pump voltage, Vp(t). It was mentioned in
Chapter II that parametric mixing occurs in diffusion capacity due to
the nonlinear nature of the Boltzmann equation (Eq. 2.26). Mixing the
nonlinear diffusion capacity is fundamental to the input admittance, and
is described here in some detail.

The Boltzmann equation relates the excess density of mo-

bile charge carriers at the junction to the instantaneous junction voltage.

PO,1) = p_ (e (2.27)

When both pump and signal are present, the total voltage

across the junction consists of both pump and signal components:

Vt(t) = Vp(t) + vs(t) (6.24)
+oC (V (n) j—n— \ (n)) jnw_t +oC
AV 7 inl "B P
v () = ), 5 t € + ) V(mw +w )
n=-o¢ m=-cC P 1
jmw_+w )t +oC j(mw _-w )t
1 3 1
e P ) Vimo -w) ® P (6. 25)
m=-cc p 1

By exactly the same reasoning used in Chapter III, the
pump voltage may be assumed to be much greater than the signal volt-

age. That is,
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Vp(t) >> vs(t) (6.26)

Equations 6.24 and 6. 25 may be substituted in Eq. 2.27 and

the result simplified because of Eq. 6.26. The result is

I e (VA(n)-J'Tg—I-VB(n)> inw t

P(0,t) = p_e D 5 e -
n=-c¢ n
+oC j(mw +w,)t +0C
q p 1
N o L Sy
KT *n e o (mwp+w1) e (mwp—wl)

j(mw_-w )t 'qu—-f +§:C (VA(n)-j—[%rVB(n)> ejnwpt
2

n=-oC

(6.27)

Now the individual terms in Eq. 6. 27 may be identified.
The first term on the right hand side is just the carrier density
due to pump in the absence of signal. This component of carrier den-
sity is

. n .
oC <VA(n)+]T_Tn VB(n> ]nwpt
Pp © = Ppe Z 2 ¢ -

n=-o¢

(6.28)
The coefficients of this series, the pn's, can be deter-
mined by first solving the pump circuit differential equation (Eq.

6. 10) for the pump voltage, and then expanding Eq. 6. 28.
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The last term on the right hand side of Eq. 6.27 is the sig-
nal component of carrier density. By using the definition of Eq. 6. 28,

it may be written as

A +oC j(nwp+w1)t +oC j(nwp—wl)t
P S L 0wl t L S )
n=-oc 171 n=-o p 1
+C jnw_+w )t
- Lrpw| Y v e P 1
KT “p oo (nwp+w1)
+0C j(nw —wl)t
¥ \ e P (6. 29)
(nw_-w,)
n=-oc p 1
and
+cC j(nw +w1)t +oC j(nw -wl)t
Z 0(nw +w ) * Z (nw_-w,)
n=-oc 1 n=-oc p 1
4 +% j[(m+n) w +w1]t
KT Py Y mw +w)) *
m, n=-o 1
+oC j[(m+n) w -wl]t
0 e p (6. 30)

The right hand side of Eq. 6. 30 can now be rearranged,

and the coefficients of the individual components identified.

o«

O(nwp:twl) KT Z Pm V[(n~m)wpd:w1]

m=-cC

(6.31)
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The relationship between the charge carrier density and
the current was derived in Section 2.3. It is a linear relation which

resembles an expression for admittance and it can be written as

Pn(l + jwT) o,

w ~ <1+ '\/1+B(1+jwr))

The current due to diffusion at any signal frequency is found

I (6.32)

by combining Eq. 6.31 and Eq. 6.32.

q Pn[l + j(nwpiwl)‘r] o

I = p_V
(nwpiwl) KT <1+ '\[1+ B[1+j(nwpi:w1)’r]> mz’oc m [(n-m)wpiwl]

(6.33)

This expression relates any one component of diffusion
capacity signal current to all the components of signal voltage. 1t is
convenient here to combine all the components of current into a single

expression which has the same form as the matrix of Eq. 3.22.

] x [v (6.34)

Where
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The final form of the admittance seen by the current source
is obtained by combining Eqs. 6. 19, 6.20, 3.22, 6.23, and 6. 34.
The result is written out in Eq. 6.35. IS and vy are column ma-
trices, but to determine the input impedance, signal is applied only at
one frequency, W45 and thus only one term of the IS matrix is non-
zero. However in computing the noise of a parametric amplifier, it
is necessary to account for noise which is generated at frequencies

other than w,, but is parametrically mixed with the pump and appears

1’
at the output. This can be done by assuming that the shot noise in the
diode and the thermal noise in all the resistors are uncorrelated at all
the signal frequencies. Noise due to each of these sources at any sig-
nal frequency can then be represented by an independent current source.
In this case, IS is a column matrix consisting of non-zero terms each

of which represents the total noise generated at a particular signal

frequency.
X [VS + [C] x [vs (6.35)

That is,

where

The first few terms of the complete admittance matrix [Yt] are

written out in Eq. 6. 36.
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The input admittance at w, can be obtained by manipulat-
ing this matrix. A number of schemes can be used, however,the method
used here is to reduce the matrix to its lower triangular form. The

desired admittance is then just the (1, 1) element of this new matrix.

6.5 Summary

In this chapter, the results of the previous chapter were
extended to the hard pumping case. Both depletion layer and conduc-
tion effects have been accounted for. A nonlinear differential equation
which describes the pump circuit was set up, and an iterative technique
for solving it was presented. This iterative technique requires the use
of a digital computer. Once the behavior of the pump has been deter-
mined, the signal is added to the circuit. The signal circuit behavior
is expressed in a matrix formulation, the elements of which are deter-
mined by the pump circuit. The small signal input impedance is then
obtained by manipulating this matrix.

The numerical results which are presented in Chapter VII
were obtained by an algorithm of the procedures outlined in this chap-
ter. The flow diagram of this program is similar to the one presented

in Appendix D.

145



CHAPTER VII

EXPERIMENTAL WORK AND CONCLUSIONS

7.1 Introduction

Throughout the course of this research, a great deal of
experimental work has been performed. This work was of considerable
aid in the development of the theoretical portions of the thesis, particu-
larly in the determination of accurate mathematical models for the
varactor diode and its associated circuitry. The experiments were
performed concurrently with the development of the theory, and as the
work progressed, the theory and circuit model were constantly altered
to conform with the observed facts. The result of this process is an
accurate characterization for pumped varactor circuits, which can be
utilized by an engineer to determine circuit behavior.

Three circuits were built and tested. The first two
served mainly in the development of the depletion layer capacity theory
of Chapter V. These two circuits are termed the "Lumped Circuit"
and the "Distributed Circuit.'" The third circuit is termed the ""Dif-
fusion Circuit" and aided in the development of the theory presented
in Chapter VI. A description of these circuits and the measurement
methods is found in the next section.

In Section 7.3, the results of the experiments are pre-

sented along with the corresponding theoretical results. In general,
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excellent agreement is obtained between the experimental results and
the theoretical results. The conclusions of this study are discussed

in Section 7. 4.

7.2 Experimental Methods

A block diagram of the measurement apparatus is shown
in Fig. 7. 1. The experimental setup is the same for each of the three
circuits. The impedance of the varactor under test is measured at a
High- Frequency signal (w 1) on the parallel tee bridge, using the Com-
munication's Receiver as a null-detector. The High- Frequency signal
is of course supplied to the varactor circuit through the bridge. The
frequency of this signal is in the 0. 5 MHz to 10 MHz range.

DC bias is supplied to the varactor through a micro-
amp meter which monitors the change in DC current with pump
power.

It is necessary to make all the input impedance measure-
ments under ""'small signal" conditions; that is, the signal components
must be restricted to the set of frequencies (3.7). The presence of
any components in the set (3.11) indicates that the small signal condi-
tions are not satisfied. The spectrum analyzer is used to observe the
amplitudes of these signal components, and if any undesired higher
order sidebands are present, the signal source is attenuated until
small signal conditions are obtained. In practice, the undesired sig-

nal components are always kept at least 20 Db down from the largest
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component in the signal set.
The spectrum analyzer is also used in conjunction with
the VHF creference signal to determine the pumping hardness. A

definition of pumping hardness is

C
A 1
0
or alternatively
S
A 1
1~0

where the S's and C's are the Fourier coefficients of the exponential
series. An adjustable inductive coupler permits a low amplitude

VHF reference signal (w 1) to be added to the pump power (w 1). As
explained below, this reference signal is useful in determining the
pumping hardness. The frequency of both the reference signal and
the pump are in the 60 MHz to 120 MHz range.

At these frequencies, there is no direct method to meas-
ure Y. However, an indirect method proved to be quite satisfactory.
It is known that the average capacity of the varactor increases with
pump voltage. Hence, the resonant frequency of the tuned circuit
decreases with pump amplitude. To measure y then, we simply
insert the small amplitude VHF  reference signal, and note the fre-

quency of peak response. This will usually be slightly lower (0 - 10%)
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than the unpumped resonant frequency of the circuit. In some cases,
however it may actually be higher because the signal response de-
pends not only upon the average capacity of the diode but also, and to
a lesser extent, upon parametric mixing with the pump. The value of
v can be obtained by comparing the measured shift in resonant fre-
quency with a plot of 'y versus shift" which can be computed using the
theory.

This method of experimentally determining y is simple
and reasonably accurate. The only difficulty lies in finding the peak
response points, for the response curve tends to flatten out (the cir-
cuit Q appears to become lower) as pumping increases.

Plots of 'y versus shift" are shown in Fig. 7.4. Curve
"3’ ig for the distributed network which is described in (Fig. 7.3;
Table 7. 2) when it is pumped at resonance. Curve ''b" is for the
diffusion capacity circuit (Fig. 7.2; Table 7. 1) when pumped at reson-
ance. For a resonant frequency shift greater than about 7.5%, curve
"b'" has little meaning, for beyond this point the diode is drawing a
measurable amount of DC current. It is much easier to read this
current, and correlate it with y than it is to measure the shift in
resonant frequency. In fact, measurement of DC current is the
accepted method of determining v. However, it has not only the
disadvantage of yielding no qualitative information when pumping is
not hard enough to draw rectified current, but also may be inaccurate

due to reverse avalanche current (Ref. 54).
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Curve "¢" is a first order approximation. It is derived
in the following paragraph using the approximate relations developed
in Appendix B.

For an abrupt junction diode (N=2) and small current
so that only the first terms of the expansions are important (B. 12)

and (B. 13) can be combined with (B.7) and (B.9) to obtain

_ 2
C0 = (1+.5a)CB (7.2)
C1 = (-.5a) CB (7.3)
The shift in resonant frequency is given by
-0 Cwo

Combining (7. 4) and (7. 2) and using (7. 3) in the definition
of ¥ in Eq. 3.31, an approximate relation between y and éw is ob-

tained

5
-

~ 2
— = -.38y (7.5)

o

This is the approximate relationship plotted in Fig. 7. 4(c).
Figure 7. 2 shows the test circuits which were used for
the lumped circuit and for the diffusion capacity measurements. The

DC bias is returned to ground through the bridge. Element values
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for both circuits are given in Table 7. 1.

Diffusion Capacity

Lumped Circuit Circuit
Diode Type CR 1 PC 1430 D PC 0622 C
Nominal Diode Capacity 7.2pf@-4 volts  14.6 pf @ -4 volts
Bias Voltage VBias -18.0 volts -2.0 volts
Diode Capacity at VBias 3.7 pf 18. 4 pf
Inductor L, 0.93 uh 0.179 ph
Inductor Stray Capacity CS 0.9 pf 0.75 pf
Inductors L2, L3 Negligible Negligible
Mutual Inductances Ml’ M2 Negligible Negligible
Cfl 11000 pf 11000 pf
sz 1000 pf 1000 pf
Small Signal Resonance W 76.0 MHz 84 MHz
Small Signal Q 100 56

Table 7. 1. Lumped and Diffusion Capacity Circuit Parameters

Figure 7.3 shows the test circuit built for measure-
ments on a distributed circuit. Element values are given in Table
7.2. The body of the cavity is machined of brass. DC bias is re-
turned to ground through the bridge, while the cavity itself is at

potential VBias from ground.
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Diode Type CR2

Nominal Diode Capacity

Distributed Circuit

PC 0642 C

13. 4 pf @ -4 volts

Bias Voltage VBias -25.0 volts
Diode Capacity at VBias 5.7 pf

I.D. 0. 244 in.
O.D. 0.5625 in.
Length d 26.5 in.
CB1 10 uf

Ctgr Cis 1000 pf
CB3’ CB4 4000 pf
Small Signal Resonance W, 100 MHz
Small Signal Q 140

Table 7. 2. Distributed Circuit Parameters

7.3 Experimental and Comparative Theoretical Results

a. The Pump Circuit Solution. As described in the pre-

vious two chapters, the first step in determining the behavior of a
pumped varactor circuit is to solve the pump circuit equation, that is,
determine the circuit behavior with pump power applied, but with the
signal amplitude at zero. The solution to this nonlinear equation takes

the form of a nonsinusoidal periodic waveform, which if desired can be
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expressed as a Fourier series.

A few computed waveforms for the "Diffusion Circuit" are
illustrated in Figs.7.5and7.6. Figure 7.5 shows the voltage waveform
across the diode for three values of pumping. The most notable fea-
ture is the clipping which occurs as the diode is driven into the region
near zero voltage. Here, the capacity-voltage curve has the greatest
curvature. As the pump level increases, the clipping becomes more
pronounced as the diode is driven into forward conduction during the
peak of the cycle. The characteristics for all the diodes used in the
experiments are summarized in Appendix E.

The total current wave shape is shown in Fig. 7.6. By
comparing 7.5 with 7.6, it can be seen that the current waveshape is
more nearly sinusoidal than the voltage wave shape. This can be un-
derstood by noting that the inductor presents a high impedance to the
harmonic components of current, and tends to open circuit them. For
this particular circuit, the current source approximation, in which only
the fundamental component of current is allowed to flow is a quite
accurate approximation.

The currents shown in Fig. 7.6 are the total currents flow-
ing through the diode. The two co.iponents of current are shown in
Fig. 7.7. The portion of current due to barrier capacity is shown in
Fig. 7.7a, while that current due to forward conduction and diffusion
effects are shown in Fig. 7. 7c. The diffusion currents for y = . 15 and

Y = 0.30 are negligible.
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The distinction between these components is important because the
diffusion current produces shot noise, while the current flowing through
the barrier capacity is noise free.

The double-spike waveforim of the diffusion current occurs
because the carrier lifetime is long compared with a period of the pump
cycle. Hence, few of the carriers injected across the junction dur-
ing the positive portion recombine, and when the voltage begins to
decrease, they are swept back across the junction. In this regard, it
is interesting to note that the current in the negative spike may actually
be larger than the current in the positive spike. An avalanche effect
may be initiated by the carriers coming back across the junction. The
result may be a net reverse rather than a forward current (Ref. 54).
This phenomenon was not observed during the course of these experi-
ments.

b. The Elastance Coefficients. After the solution to the

pump circuit has been computed, the next step in determining the be-
havior of a pumped varactor circuit is to calculate the elastance
coefficients. Some theoretical results of these calculations is shown

in Figs. 7.8 through 7.12. The magnitudes of the harmonic elastance coef-
ficients for a variety of conditions are plotted as a function of Sl/ SO’

that is as a function of y. No direct experimental verification of this
portion of the theory was obtained, for at these frequencies, it is im-
possible to measure the time varying capacity directly.

Figure 7. 8 illustrates the harmonic elastance coefficients
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for a lumped circuit of the type shown in Fig. 7.2. The diode is
assumed to be an ideal abrupt junction device having a characteristic
of the form (Eq. 2.12). The self-capacity of the coil is assumed to be
negligibly small. Figure 7.9 represents the same conditions, except
that here the self-capacity of the coil has assumed a practical value,
making the coil self-resonant at a frequency just above the second
harmonic of the pump. The effect of the resulting pole of impedance
can be clearly seen by comparing Fig. 7.8 with Fig. 7.9. Tt virtually
open circuits the second harmonic, prevents current from flowing and
lowers the harmonic content of the elastance.

Figure 7. 10 illustrates the harmonic elastance coefficients
for a distributed circuit of the type shown in Fig. 7.3. As in Figs. 7.8
and 7.9, the diode is assumed to be an abrupt junction device. However
in contrast to the circuit conditions of Fig. 7.9, this circuit has an
infinity of series type resonances or zeros. The most important of
these resonances lies near the third harmonic of the pump. This zero
of impedance virtually short circuits the third harmonic, which results
in a large component of current flowing at this frequency and raises
the harmonic content of the elastance.

These figures indicate that the magnitudes of the har-
monic elastance coefficients are strongly dependent upon the circuit
impedance at the harmonic frequencies. From Appendix B, note that
if the commonly used open circuit approximations were used, all the

harmonic elastance coefficients would be zero.
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Figure 7. 11 illustrates the harmonic elastance coeffi-
cients for the same conditions as those in Fig. 7.9 except that data
on an actual diode rather than an idealized abrupt junction device was
used for the computations. Each of the deep nulls in the curves is
accompanied by a 180° shift in phase.

Figure 7. 12 is intended to summarize the results in Figs. 7.8
through 7.11.The second harmonic elastance coefficient is plotted for
each of the conditions described above. The curves illustrate that
elastance is dependent upon both the details of the capacity-voltage
characteristic, and the circuit impedance at the harmonics of the pump.

c. The Determination of Input Impedance. The third step

in the computation of input impedance is to insert the elastance coeffi-

cients into a small signal matrix, and manipulate this matrix to ob-

tain the desired quantities. Some theoretical results along with the

corresponding experimental values are illustrated in Figs.7.13through7.19.
In contrast to the pump voltage, pump current, and elastance

waveshape which are most difficult to measure experimentally, it

is relatively easy to measure the input impedance by using the tech-

niques described in the previous section. This in fact is one reason

for emphasizing the input impedance. 1t is easy to measure, and, as

will be shown, is also a sensitive function of the parameters which in-

fluence circuit behavior. These include the hardness of pumping, the

diode capacity-voltage characteristics, the circuit impedances at the

pump harmonics, the termination of the sidebands of both the pump
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fundamental and its harmonics, the electric fields in the diode junc-
tion the minority carrier density, the minority carrier lifetime, and
the diode series resistance. For these reasons, the input impedance
is an excellent media for exploring pumped varactor circuit behavior.
Figure 7. 13 illustrates the input admittance of the

"Lumped Circuit" for three values of y. The pumping was not hard
enough to draw rectified current or to cause diffusion effects to be-
come important. All the results,then,are due to nonlinear depletion
layer capacity. The experimental data is indicated by circles, while
numerical results are shown as solid-lines. The abscissa quantities
in all these figures is signal frequency (w 1) normalized to the small
signal resonant frequency of the circuit and expressed in percent, that

is: 100x(w 1/w The ordinate quantities are the input admittance of

0)'
the varactor at the signal frequency. Both the real and imaginary parts
of the admittance are expressed in yu-mhos. The real part of the un-
pumped diode admittance is zero p-mhos, while the imaginary part is
indicated by the straight dashed line. On each graph, data is shown

for several values of y.

The unpumped admittance of the circuit is 3.7 pf in
parallel with 0 y-mhos. Pumping is done at the small signal reson-
ant frequency of the circuit (wo = 76 MHz). The most striking feature
exhibited by these curves is a series resonant type of effect--except

that the signs of the real part as well as the imaginary part are

opposite from those of a passive circuit.
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This phenomenon can be understood (at least intuitively)
by considering only the behavior of the pump lower sideband (wp - wl).
By the Manley-Rowe relations, Section 2.4, the power dissipated at
this sideband reflects as a negative resistance into the signal frequency.

The magnitude of power at the lower sideband is deter-
mined both by y and the impedance; the maximum flow of power, of
course, occurs for large v and when the circuit is resonant at the
frequency of the lower sideband. From Eq. 7.5, the resonant fre-
quency of the circuit is seen to decrease with y. Thus, as pump is
increased, both the amplitude of the negative resistance curve, and the
frequency at which it peaks, increase. The bandwidth of the curve is
essentially determined by the @ of the unpumped circuit. For pur-
poses of argument, the effect of other sidebands can be ignored, for
they become further from resonance as pumping is increased. In the
curve of Fig. 7. 13, the amplitude of the (y=.3) curve has a minimum
at approximately 5.5% (4.2 MHz).

Figure 7. 14 illustrates the results of three different
methods for computing the input admittance. The Lumped Circuit
with a value of y=0.2 is used as the example. The first method is
the computer solution described in this paper. The results for this
solution can be seen to yield results which correlate well with exper-
iment.

The second method is the first order open circuit theory

which assumes a sinusoidal elastance variation and the existence of
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Fig. 7.14a. Comparison of methods for computing the real part of
the input admittance of the lumped circuit
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Fig. 7.14b. Comparison of methods for computing the imaginary
part of the input admittance of the lumped circuit
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Fig. 7.15a, Real part of the input admittance of
the distributed circuit
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Fig. 7.16a. Comparison of methods for computing the real part
of the input admittance of the distributed circuit
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only three signal currents (at wl, wp—ul, and wp+w 1). The results
using this method do not yield accurate results.

The third method is the above first order open circuit
theory which assumes a sinusoidal elastance variation, and the existance
of only three signal currents, but is modified slightly to account for
the variation of the average capacity and the resulting shift in resonant
frequency with pump power. This is done by using the first order
Egs. 7.2 and 7.5 to compute the average capacity and the shift in reso-
nant frequency. Except for a small error in the resonant freqeuncy
shift, this approximate method can be seen to yield quite accurate results
for this circuit.

Figure 7. 15 shows the admittance of the '"Distributed"
circuit (Fig. 7.3, Table 7.2). The unpumped admittance of this cir-
cuit is 5.7 pf. Curves are shown for pumping at the small signal

resonance (w, = 100 MHz).

0

In this case, the resonances exhibited by the lumped
circuit (Figs. 7. 13 and 7. 14) are masked by several extraneous
effects. First of all, the shift in resonant frequency with pump is not
as great for the distributed circuit as for the lumped circuit. This
can be seen by comparing Fig. 7.4(a and b). Also, due to the multiple
resonances of this structure, sidebands other than (wp -w 1) and (w pt
wl) are important. The tuning of these sidebands change with pump
in a manner different from the lower sideband, making this case dif-
ficult to understand intuitively.

The difficulty in understanding this circuit can be seen
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by comparing Fig. 7. 14 with ¥ig. 7. 16. In Fig. 7. 14 which illustrates
the Lumped Circuit, the three current open circuit theory is seen to
yield good results when modified by a shift in resonant frequency.
However in Fig. 7. 16 in which the distributed circuit is exhibited,
this simple modification yield results which are no better than the
conventional theory. This can be at least qualitatively explained by
referring to Fig. 7.12 where it is seen that the coefficients of the
higher harmonics of elastance are much larger in the Distributed cir-
cuit than in the Lumped Circuit. Thus, sidebands around the harmon-
ics of pump have a greater magnitude and therefore play a larger role
in the determination of input impedance.

Figure 7. 17 illustrates this concept. The input imped-
ance of the Distributed circuit for y=0.2 was computed using various
size impedance matrices of the form (Eq. 5.57) and is plotted here
along with the experimental results. The (3x3) matrix includes the
effects of only Wy, (wp- wl), and (wp+w1)o It differs from the first
order short circuit theory only by the inclusion of a shift in average
capacity, and the addition of two second harmonic elastance terms.

The (5x5) matrix includes, in addition to these effects,
signal currents at (2wp- wl) and (pr- w 1), as well as some elastance
terms at the third and fourth harmonics. The (7x7) matrix includes
signal currents at (3wp - wl) and (Swp +w1), and additional higher
harmonic elastance terms. It can be seen that even a (7x7) matrix
differs to some extent from the "correct’ solution which in this work

is assumed to be obtained from a (21x21) matrix. For this circuit,
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Fig. 7. 18c. Imaginary part of the input admittance
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the solutions obtained using matrix sizes greater than (13x 13) are all
virtually identical, indicating that signal sidebands around pump
harmonics above the 6th are nagligible.

The admittance of the "Diffusion’" circuit (Fig. 7.2}
Table 7. 1) is shown in Fig. 7. 18, for 6 values of y. The unpumped
admittance of this circuit is 18. 4 pf. The curves shown are for pump-
ing at the small signal resonance of the circuit (wO = 84 MHz). For
y < .38, diffusion capacity is negligible, and as illustrated in Fig. 7.18
(a and c), this circuit exhibits the same sort of resonances as the
"Lumped'" circuit. However, for y > .3, a measurable D.C. current
flows through the diode, diffusion and charge storage effects become
important, and the results [Fig. 7.18(b and d)] are no longer subject
to simple interpretations.

It should be pointed out here that, whenever diffusion
effects are important, the concept of v to denote pumping level must
be approached with some care, The parameter y as ordinarily used
and as defined in Eq. 7.1 refers to a time varying, but frequency in-
dependent capacitor. This is a valid concept for dealing with depletion
layer capacitance. In one sense, diffusion capacity is not really a
capacitor at all; it is merely an admittance with a positive imaginary
part, onto which we have applied the name capacity. Mathematically,
it must be considered as a time varying, frequency dependent admit-
tance, nothing more, The parameter y as used in Fig. 7. 18 refers

only to the depletion layer portion of the diode admittance; diffusion
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effects were ignored in computing it.

Figure 7. 19 illustrates the effect of the varactor dif-
fusion current model upon the input admittance. The admittance is
plotted for three values of junction electric field. This field is seen
to have a large effect upon the real part, but little effect upon the real
part. Some understanding of this very complex situation may be
obtained by recalling that (3=0 corresponds to a retarding electric
field with an infinite magnitude. This is the ideal step recovery diode
case (Appendix E). The high electric field prevents carriers from
diffusing into the n-region; this raises the Q of the diffusion capacity,
and results in low losses which are reflected in a small real part of

the admittance.

On the other hand, = o corresponds to zero electric
field in the n-region. This is the situation in an ideal p- n junction
diode. The Q of the diffusion capacity is always less than one in this
type of diode. The result is higher losses which are reflected in a
larger real part of the admittance.

The carrier density and lifetime have similar effects
upon the circuit performance.

It is interesting to note that the voltage waveform and
the elastance coefficients are affected very little by changes in elec-
tric field, carrier density, and carrier lifetime. Changes in these
quantities affect the input impedance mainly by altering the termina-

tions of sidebands at harmonics of the pump.



In constructing the set of curves (Figs. 7.13 - 7.19),
every effort was made to plot the results using a consistent set of y's.
This, however, proved to be impractical. For example, the maxi-
mum value of y obtainable in the lumped circuit was limited by the
onset of diffusion effects. For harder pumping, D.C. current flows
and diffusion effects become appreciable.

Also, y is limited by pump power. The oscillator used
as the pump source has a maximum output (into a matched load) of
200 mW. In addition, the circuit tuning changes as the pump power is
varied. The maximum value of y obtainable in the distributed circuit
was limited by these effects.

In general, the agreement between the theory and exper-
iment can be seen to be excellent. There are a few minor discrep-
ancies, however, probably caused by some idealizing of the varactor

diode model.

7.4 Conclusions

This paper has presented the theoretical development
and the experimental results of an investigation into pumped varactor
circwits. In view of the evidence presented in the previous section,
it may be concluded that the theoretical development given in this work
is adequate to analyze a pumped varactor circuit with some accuracy.
The quantity of experimental verification is insufficient to be totally

conclusive, but enough data was presented to indicate that the analysis
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is valid for a wide variety of situations.

The small amplitude pump restrictions of previous
analyses have been totally eliminated by using numerical techniques
to solve the nonlinear differential equations which describe the behav-
ior of varactor diode circuits which are driven by large amplitude
sources. The reactive mixing between the non-sinusoidal pump and
the signal was investigated by using a matrix formulation. All sig-
nificant mixing products were taken into account by using a large
matrix. This matrix was then manipulated by using numerical tech-
niques. The only assumptions made were certain general assumptions
as to the nature of the diode, and an assumption that the signal ampli-
tude (not the pump amplitude) is small.

The work has been exploratory in nature, and it is dif-
ficult to summarize precisely, However, it is possible to make a
few generalizations. The most practical of these deal with the char-
acter of circuit model and the nature of analysis which should be used
when studying pumped varactor circuits. An engineer, who has some
computer time at his disposal,can utilize the methods of this paper to
analyze practical circuit configurations. He can do this with some
confidence, because the theory yields good correlation with experi-
ment, correlation which is better than any previous work.

Specifically, it is possible to make the following practi-

cal suggestions on modeling a pumped varactor circuit:

183



1) The "'Unlir" model, with some modifications, ade-
quately represents the actual diode. Good experimental - theoreti-
cal correlation is obtained by using the equivalent circuit of Figs.

2.3 or 2.4, and including in the junction characteristics the effects

of diffusion as well as barrier layer capacity. For reverse bias, the
use of the barrier layer capacity yields results which can be verified
almost exactly with experiment, while for forward voltages, the
parallel combination of barrier layer capacity plus diffusion capacity
yields results which are almost as good. It is also clear that the var-
iation of series resistance with voltage, which sometimes occurs in
high quality varactors, must also be accounted for.

2) Under reverse bias conditions, the details of the
capacity-voltage characteristics can be very important. A diode
which appears to have only slight deviations from the ideal abrupt
junction may actually perform in quite a different fashion when used
in a circuit. Likewise, two diodes may have similar characteristics,
but very dissimilar performances. The practical implications of this
are obvious.

3) Under conditions of forward voltage, the diode junc-
tion model consisting of diffusion capacity in parallel with barrier
layer capacity appears to give quite adequate results. The diffusion
capacity model involves the assumption of a retarding electric field
which is uniform with distance. The magnitude of this field may be

varied from zero to infinity. Although this is an obvious
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oversimplification, this model yields quite accurate results.

4) The concept of treating the linear portion of the
network as an equivalent Thevenin or Norton impedance is most
aseful. This equivalent impedance appears across the terminals of
the diode, and terminates the pump harmonics as well as the funda-
mental and its sidebands. The nature of this impedance, even at the
harmonics, has been shown here to influence the circuit behavior sig-
nificantly. The so-called open circuit and short circuit conditions are
the limiting cases of this impedance.

5) The shift in average capacity is very important. For
applications where accuracy may not be of the greatest importance,
the three frequency open circuit model, modified to account for
changes in tuning with pump level, may be good enough. 1t is also a
useful concept in treating the ferro-resonant effect, and is helpful in
the intuitive understanding of some experimentally observed phenomenon.

This circuit model is the end product of evolution through
a series of models. The first model tried was the first order model
which consists of two sidebands and a sinusoidal capacitance (or elas-
tance). In succeeding trials, more exact circuit representations
were used, and the discrepancy between theory and experiment
narrowed. The present model is not the most accurate model which
could be conceived, but it does yield accurate results and is physically

meaningful.
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In addition to the work on the circuit model, mention
should be made of the following original contributions. These results
were effected while developing the circuit model, but are not logically
placed with the above results.

1) Obtained relationships which clarified the connec-
tion between the open circuit and the short circuit equations. These
relationships showed that even though sidebands at higher frequencies
are terminated in open circuits or short circuits, and therefore carry
no power, their presence affects the sidebands which do carry power.

2) Set up and then solved the nonlinear pump circuit
differential equation using an accurate circuit model. Computed the
reactive mixing between the non-sinusoidal pump and a small sinu-
soidal signal taking into account all significant components.

3) Devised a practical method for measuring the pump-
ing coefficient, y. This method is independent of whether the pumping
is hard enough to cause DC current to flow. It is fast, reasonably
accurate, and requires only two additional pieces of equipment: a
signal source, and a detector. Using this method, ¥y can actually be
measured while the circuit is being operated.

4) Obtained good experimental correlation of the analy-
tical portion of the work, The experimental work was carried out
using measured values of y, while the diode parameters used in the
analytical work were obtained using simple RF bridge and pulse

techniques. The good agreement tends to confirm the accuracy of
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the circuit model and the validity of the analytical procedure,

5) Obtained relationships which clarified the ferro-
resonant or jump effect. By treating it from an impedance viewpoint,
the present treatment avoids many of the complications associated
with other interpretations.

This work has presented a procedure for analyzing
pumped varactor diode circuits. Using the procedures and models
presented here, an engineer can analyze any circuit he chooses to
devise. Useful as this may be, the design engineer is still left with
a most difficult task. He must still base his design on simplified
theory (Ref. 55); and although he can utilize the procedures of this
paper to check this design, his method of procedure, should this ini-
tial design fail to be satisfactory, is not at all clear. The most pro-
fitable extension of this work lies in the development of advanced
design tools to make the analysis more useful.

The results of this work can also be used as a basis for
the consideration of more practical pumped varactor circuits. The
most important of these is the circuit consisting of a diode mounted
in a waveguide. Although all the concepts presented in this paper
hold true for this circuit, the computation of the impedances at the
diode terminals presents some difficulty. In a waveguide designed
to propagate the pump fundamental, higher order modes of the pump
harmonics will not be cut off. The impedance (both the real and the

imaginary parts) must be derived from the solution of field problems
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involving the excitation and the propagation of waves in an oversize
waveguide.

Work can also be profitably undertaken in the improve-
ment of the diode model. The use of a more accurate diode model,
especially in the forward-conduction region,would give even closer

correlation between theory and experiment than was obtained here.
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APPENDIX A

INVERSION OF MATRICES USED IN CHAPTER III

In Chapter III, the values of Bll(n), Blz(n), Bzz(n) were
simply quoted. The computation will be carried out in this appendix.

pll(n), p’lz(n), ;izl(n), pzz(n) are defined as the upper four elements

of the inverse of a22(n).

Where
— -
-w,Cy 0 -jw 4Cy ¢ 0 0
0 ]wSCO 0 WSC—I C 0
'ijC-l 0 -j(.u6C0 ¢ —ijC1 0
a22(n) = ¢ 1u7C1 ¢ Jw,CG 0 3w7C_1
0 ¢ -ijC_l C -jw8C0 ¢
0 0 G Jwgc]_ 0 ]wgco
(A. 1)

The symbol n is the order of the original matrix (3. 29); azz(n) is of
order n- 3 (n is greater than 3). The values of the 3's can be found
by dividing the co-factor corresponding to that 5 by the determinant
of the matrix.

The determinant will be computed first. The computation
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can be easily done if the arrangement of zero and non-zero elements
are used to advantage. Because there is only one non-zero element
below the diagonal in each row (for rows below the second), the
matrix can easily be put in upper triangular form. This can be sys-
tematized by starting from the top and working down. When this is

done, the result is
(See next page)

where

The value of the determinate is now just the product of

all the diagonal terms.

5 2
-3) 242 a a
lag ()l = F, , %3 (1,2 (1- ) 1-
22 (n) O 1_),2 1 - ,ya
1- 'yz
(A.3)
where
. . 1.
F(n) = (-]w4)(+3w5) [(_1)n+ ]wn] , and
7
. n |- 0t
y“ appears Z 5 times.

To complete the evaluation of Bl l(n)’ the co-factor Bll(n)
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of the (1, 1) element is also needed. This is a matrix of order n- 4,

which has the same form as !azz(n) I,

jw5C0 0 jwsc_l 0 0
0 —ijCO 0 -ijC1 0
Bll(n) = ]w7C1 0 ]w7C0 0 Jw7C_1
0 -jw8é_1 0 —jco8C0 0
0 0 ngcl 0 JwQCO

(A. 4)

This can be evaluated by the same procedure used to

evaluate (A.1). The result is

2

By, () = F'() €, (1) (1- v ) o2

1-y 1-vy
1-+92
(A.5)
where

. . 1.

F'(n) = (jwg) (-jwg) oonr (D™ jw ], and
n-1|¢ -%- (-1)ﬂ-%

v2 appears > 5 times.

1=6
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Now that both the co-factor of the (1, 1) element, Bll(n)
and the determinate of the matrix ]azz(n)l are known, the inverse
element can be found.

Byy(n) 1

Bralm) = Ta, ()] - 2 (A.6)

Only the first and last terms in lazz(n)l are left after the division is
carried out. y> appears (—g— 2) times for n even and (% - -g-) times
for n odd.

In the limit as n- o«, the expansion of Eq. A.6 can be
put in a very simple form. This can be accomplished by giving the ex-
pansion a physical interpretation (Ref. 44). Cousider the ladder network
Fig. A.1 which consists of 1 ohm and (-v?) ohm resistors. Except
for the multiplicative factor Z—_cﬁ_l)—C_ , the input admittance of this

-]
4 -0
network can be put in the same form as Eq. A.6, where the network
has (52—l - 2) nodes for n even and (—g - g) nodes for n odd.
For n - o, the admittance can be put in a very simple

form by using standard image parameter theory.

= (A.7)
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Then:

1

| NE
1946 (‘2‘* 7- 72)

Bn(oo) = (A. 8)

The computation for Bzz(n) is carried out in exactly the

same manner.

1-';,/z

The continued fraction expansion is carried out until > appears
(121 - 2) times for n even and (% - g) times for n odd. In the infinite

case

1

(A. 10)
jwg)Co \g +Ng - 7

Bya(n) =

To evaluate Blz(n), the co-factor of the (2, 1) element is

needed. This can be shown by induction to equal zero for all n.
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By 1(n) =

corner is

the X's simply denote the presence of a non-zero element.

“Yn-2

60
jw7C1 0
0 -jw8C
0 0

-1

0
JoqCo
0

JogCy

“jwgCy

-lwgCy

jw

jw

0

7~ -

0

970

1

-jw,C

871

(A.11)

For all n greater than 6, the form of the lower right hand

X 0
0 X
0

0 O
0 0

X 0
0 X
X

0 X
0 0

the nth row can be multiplied by

Cq

nCO
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Now,

and then added to the



(n-2)Xth row. This operation changes the value of the (n- 2, n- 2)
element, and makes the (n-2, n) element zero. The determinate can

be expanded along the nth column, which now has only one element.

BZ, 1(n) = j(.unC0 B'z, 1(n— 1) (A.13)

The (') indicates that the B, ,(n-1) matrix has been

2,1
changed by the alteration of its (n- 2, n- 2) diagonal term. However,
if B

9 1(n- 1) is equal to zero simply by virtue of the arrangement of

b

zero and non-zero elements, then B'2 1(n— 1) must also equal zero,
because this arrangement has not been disturbed. By inspection,

By 1(4) = By 21!

zero and non-zero elements. Then sz 1(4) = B2, 1(5) = Bz, 1(6) = 0.

Thus, by induction, B2 1(n) equals zero for all n. Now
b

1(5) = B 6) = 0, because of their arrangement of

b

By, 1(n)

0 (n)] (4. 14)

By 4ln) =

and lazz(n)i has been shown to be non-zero for all n.

Therefore, Bl 2(n) = 0 for all n.
b

Bl 2(n) can be shown to equal zero for all n by the same
b

reasoning.
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APPENDIX B

VOLTAGE AND CURRENT PUMPING

In Chapter V, an iterative technique is used to compute the
elastance of a pumped varactor. This technique is applicable to any
circuit containing one varactor (see Fig. 5. 1), but it is laborious to
execute and the results are in numerical form. In this appendix, two
special cases, for which a power series form of solution can be ob-
tained, are presented.

1) The linear network can be approximated by a sinusoidal
voltage source with negligible internal impedance. In this case, cur-
rents may flow at harmonics of the pump frequency, but the voltage
must remain sinusoidal (Ref. 56).

2) The linear network can be approximated by a sinusoidal
current source with very high internal impedance. In this case, volt-
ages may exist at harmonics of the pump frequency, but the current
is constrained to be sinusoidal.

The depletion layer capacity of a varactor diode is given

by (see Section 2. 2)

dq, C

dvt
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The voltage of a pumped varactor can be written as the

sum of a DC bias voltage plus a time varying voltage. That is,let

Vi = Vgiao + Ky V() (B.1)
then
1
c, sV .
CM = T ) (B. 2)
M M
(9 - VBias) ( ) K, VM(t))
¢ - VBias

Now define C_ as the small signal capacity at the bias

B

point, and normalize the time varying voltage.

1
M
C, ¢

>

1
M

(¢ )

B VBias
K, = -¢6+V

Bias

Then Eq. B. 2 can be rewritten as

M (B.3)

and
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m
n
SIS

(1+V (B. 4)

where

VM > -1
In the case of sinusoidal voltage pumping

VM = acost

where
lal < 1.
The charge stored in the diode can be found by integrating
Eq. B.3.
e 1- "1\%/[‘
q = qdl-i@ D+VM] +Q, (B.5)

where QC is a constant of integration.

The total charge equals a constant, or bias, charge plus

a charge due to the pump.
9 = Qpias + K3 Qult)

QBias can be chosen such that QM=0 when VM=0, and

the time varying charge can be normalized
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Equation B. 5 can be written in terms of the new charge

variables, and solved for VM

M

AV R Lk (B. 6)

Combine Eqs. B.3 and B. 6 to obtain an expression for the capacity in

terms of the charge.

(B.17)

(B. 8)

w2
2
|
O
=
7>
=

where

QM > -1
For the case of sinusoidal current pumping:

QM = acost

where

lal < 1
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Under sinusoidal pumping conditions, the expressions
for the capacity of the voltage pumped diode (B. 3), for the elastance
of the voltage pumped diode (B. 4) for the capacity of the current
pumped diode (B.7), and for the elastance of the current pumped
diode (B. 8) have the same form:

1

, - =
K., = (1+acost) N

N (B.9)

where

]
=

for voltage pumped capacitance
for voltage pumped elastance

= M-1 for current pumped capacitance

2 2 =z 2Z
I
!
=

= -(M-1) for current pumped elastance

It is convenient to put this relationship in the form of a
Fourier series. To do this, the expression (B. ) can first be ex-

panded in a power series.

- ‘i (N+1) (2N+1) ... ([2-1] N+ 1) al(cos t)!
N0 o1 N (-

(B. 10)

The terms of the form (cos t)ﬂ can be expanded by using

trigonometric identities.
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£-1
2 [T
¢ 1 +(1)](!Z)' 1 2! cos (£ - 2k)t
(cost)” = FTE ) e kzo T-K)1 (®)]

Using this identity, the expression for K

N becomes
v E [+ () (Ne1)(2NS P-1] N+ 1) 2t
K, - Y [1+¢( )](Njﬂi(lN;);z ([£-1] N+1) a N
£=0 = G d
]
% 2 (N+1)(2N+1) ... ([£-1] N+1) aﬂ cos (£ - 2k)t
<1 K=o ot N 2l k) )
This éxpansion can be put in the form
\ o ) 2
KN _ Z (N+1)(2N+1 ([2¢ zlgj N+1)a .
2=0 (1)1 (2)! N (B. 11)

OZC T (N+1)(2N+1) ... ([0 +2k- 1]N+1) 2l * 2K

cos {t
=1 |k0 ot 2%k~ 1N“2k 1) (k)1 )1

Equation B. 11can easily be put into exponential form

+oC .
K. = Y g ot

f=-cc t

where the average value is

K, - é’j (N+1)(2N+1) ... ([20-1] N+1) a2

(B. 12)
=0 & )1 ) N2
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and the coefficient of the ﬁ—t-h harmonic is given by

K - (- ?:)ﬁ ic (N+1)(2N+1) ... (£ +2k- 1] N+1) o 2K
4 2 120 22k Nzk(jz Y

(B. 13)

The values of the first 24 of these coefficients have been
computed for various values of N. The results are presented in tabu-
lar form in Tables B. 1 through B.8. The values of £ are in the left

column; the values of a are in the top row.
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APPENDIX C

THE COMPUTER FLOW DIAGRAM TO SOLVE THE PUMP
CIRCUIT EQUATION FOR SINGLE TUNING

This appendix presents the computer flow block diagram
for the solution of Eq. 5.14. This equation describes the behavior of
the circuit in the absence of signal, and is valid for an abrupt junction
diode, although it can be easily modified for any other type of re-
versed bias diode.

Q.A(t)

p
— + Q)

QM = LM 57 |Ew® - L

(5. 14)

The method of solution which is diagrammed here imple-
ments the iterative procedure described in Section 5.3. It is useful
whenever the impedance of the linear portion of the circuit is such

that

!nwp Z(nw )i > 2 (5.32)

p
when n=2, 3, ...

The notation used in the block diagram is consistent with
that introduced in Chapter V. The computer block diagram is shown
in Fig. C.1. Tt computes both the waveform of the diode charge, Qp(t),
and the Fourier analysis of this waveform. The input data needed

includes QA(I), L, Rs’ G and Cs'
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The theoretical results presented in Chapter VII were
obtained by an algorithm of this procedure programmed in MAD
for an IBM 7090 computer. From four to twelve iterations were
necessary to obtain one millivolt accuracy. This number of iterations
varied depending upon both the pump level and the accuracy of the
initial estimate, QO (t). Onthe average, each iteration took about

one second of computer running time.
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APPENDIX D

THE COMPUTER FLOW DIAGRAM TO SOLVE THE
DISTRIBUTED CIRCUIT EQUATION

This appendix presents the computer flow block diagram
for the solution of Eq. 5.13. This equation describes pump circuit
behavior in the absence of signal, and is valid for an abrupt junction
diode. However, both the equation, and the program may be adapted
to fit any type of reversed biased varactor.

sz(t)
Q) + —

0 = Ein(s) - s Z(8) Qp(s) - L (5.13)

The method of solution diagrammed here implements the
iteration procedure of Section 5.4. It is useful for all circuit config-
urations which contain one varactor. However, it is more complex
than the method of Appendix C, and generally, the computer running
time is longer. The computer block diagram is shown in Fig. D. 1.
The notation used is consistent with that introduced in Chapter V. Both
the waveform of the diode charge Qp(t), and the Fourier analysis of
this waveform are computed. The input data needed includes QA(I),
W and Z(s) [or at least enough data to determine Z(s)].

In Step (2) of the mth jteration, it is necessary to set up

and solve the following set of equations for e'm(t).
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Q_(B) € (1
2

5 (s) = € (s)[-1-5 Zs)] - L (D. 1)

m

where because only the "steady state'' solution is of interest the equa-

tion error can be written as

6A(0)m % .
ém(t) = 5 + nZZ [GA(n)rn cos nwpt + (BB(n)m sin nwpt]
B (D. 2)
and the desired correction term is
AOw & o .
em(t) = 5— + 2 [eA(n)m cos nwpt + EB(n)rn sin nwpt]
n=2 (D.3)

The left side of Eq. D. 1 can be expressed in the time
domain as a Fourier series. In the time domain the first two terms

of the right side of the equation can be written as
-1 X
L " {e 'm(s) [1+5sZ(s)]} = Z [c—"b‘m(n) R'(n) + ebm(n) X'(n)] cos nwpt

oC
b ) e (MR - €} (n) X'(n)] sin nw t
n=2 P

(D. 4)
where the Thevenin linear impedance at pump harmonic is expressed

as

Z(nwp) = R(n) + j X(n) (5.12)
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and
(-1- Z(nw)p) £ R'(n) +j X'(n) (D. 5)

for n=1, 2, 3, ...

In the time domain, the last term on the left side of the
equation (Eq. D. 1) can be written as the product of two infinite
Fourier series. The result, of course, is a third Fourier series,
whose coefficients are combinations of QAm(n), QBm(n), eAm(n),
and eiBm(n). An infinite set of simultaneous linear equations can now
be generated by equating coefficients of the cos nwpt terms and the
sin nwpt terms in Eq. D.1. The n=1 term can be omitted from this
set of equations, because both Gm(t) and e;n(t) have no components
at frequency wp.

This infinite set of equations can be reduced to a finite
set by truncating each of the series and neglecting all harmonics be-
yond the {th.

The remaining equations can be put into the form of a

(20 - 1)x(2¢ - 1) matrix.

228



(9 -a)

- -

I

I

1-72‘1-7¢, |
“

. |

I

I

|

| i

1S B S A
......................... ;
1-22 7, m
m

i

. "

i

“

: 1

“

. '

“

1+7°2, 1

i

lllllllllllllllllllllllll lm
-1, ... THT
!

7°1-73,
g T*7,

77,
2 ‘g,
128 7R A 97

I°1-792,

229



Every term in this matrix has the subscript m implied.
The €' terms are coefficients of sines and cosines which are multi-
plied by constants [the R'(n)and X'(n) terms] and by other sine and
cosine terms [Qm(t)].

The resulting terms are, of course, also sine and cosine
terms, whose coefficients are the 6's. The individual elements of
the n matrix are constants plus the coefficients of products which

have one of the forms:

(a) [sinr] x [sin s]
(b) [sinr] x [cos s]

or (c) [cos r] x [cos s] .

Using the formula for products of trigonometric functions and after

much labor, the matrix elements can be found to be

r and s are dummy indices 2 < r <, 2<s</{(

1 - 2 Qy(0) + 1 (D. )
e =g QW) (D. 8)
TR X-NC) (D.9)
M, re0o1 7 % (D. 10)
Mep-1,1 = 3 D) (D. 11)
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3 Qu(0) + 5 Q,(21) + R'(x) (D. 12)

e r -

= 2 Qu(0) - 1 Qu(21) + RY(¥) D. 13
Meet-1,r40-1 = 3 Q0 -7 Q,2r) + Rir (D. 13)
Me reg-1 = ;]; Qp(2r) + X'(r) (D. 14)
Tegorr = 3 9p0 - X' (D. 15)

The following hold only for s # r

1 1
s, r = 7 Qu(s+1) +7 Q,(Is-rl) (D. 16)
Nost-1,1+0-1 = 7 Q151D -3 Qus+1) (D. 17)
Ms, r+0 -1 = 7 Qglls-rl) x5 Qgs+r) (D. 18)
= 1Q (s+71) £ 1 l l 1
Ms42-1,r = g ¥p\StT) 7y Q! s-rl) (D. 19)
In (D. 18) use + when s > r, - when s<r

In (D. 19) use - when s > r, + when s < r.

The theoretical results presented in this paper were obtained
by an algorithm of this procedure programmed in MAD for an IBM 7090
computer. The number of iterations needed to compute each pump
voltage waveform varies depending upon the accuracy of the initial
estimate, Qo(t), and the accuracy desired for the solution.

For the data presented in this paper from three to eleven

iterations were necessary to obtain one millivolt accuracy. The computer
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running time for each iteration depends upon the size of the n matrix
and whether diffusion effects are included in the program. For the
distributed network and a matrix large enough to include the first
eight harmonics between three and eight iterations are necessary.
The running time for each iteration is approximately three seconds.
The running time increases considerably when the matrix
size is increased to include the first twenty harmonics, and diffusion
effects are included. Under these conditions, the number of iterations
averages nine to eleven, and the running time for each iteration is

approximately ten seconds.
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APPENDIX E

MEASUREMENT OF VARACTOR DIODES

This appendix presents the measured characteristics of
the diodes used in the experiments. A summary of the measurements
which were performed is shown in Table E. 1, the data itself is shown
in Fig. E.2 and Table E. 2. It can be seen from Table E. 1 that a
complete set of measurements was not performed on every diode.

In every case, however, enough information was obtained to produce
a model which represents the diode under circuit conditions. The

measurement techniques are briefly described below.

Data Presented In:

Barrier Diffusion

Diode Used In Layer Q-V Capacity

Number Circuit Capacity Relation P, 7,8
PC 1430 D | "Lumped" Fig. E. 1(a) | Fig. E.2(a)

PC 0642 C | "Distributed" | Fig. E. 1(b) | Fig. E. 2 (b)
PC 0622 C | ''Diffusion" Fig. E. 1(c) Table E. 2

Ideal abrupt

junction Fig. E. 2(c)

Table E. 1. Varactor Measurements
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Measurements of barrier layer capacity were made on the
GR 821-A Parallel-T bridge. All these were taken at 1 MHz, and
are ordinarvy RF bridge measurements, except for two minor points:
a) The circuit was arranged so as to minimize the effect
of the DC . bias supply on the HF signal. BY supplying the diode
bias through the bridge terminals, the entire bias supply circuitry
was kept at RF ground.

b) Great care was taken to ensure that the signal across
A 99

the diode was really ""small': that the differential quantity C
was really the quantity being measured.
The plots of q, versus v, were obtained directly from the

dq

—d—vi curves by graphical integration and are normalized according to
t

the procedure in Section 2. 2.

The techniques used to measure diffusion capacity were
somewhat more novel. Using the diffusion capacity model (and the
notation) introduced in Section 2. 3, the diode can be completely char-
acterized if the following data is known:

a) Pn the normalized carrier density

) T  the carrier lifetime

c) 3 the electric field term

A relation between 5 and Pn can be obtained from the forward DC
current-voltage relation. From evaluation of this data and using Eq.

2.34, it is possible to obtain the value of
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Fig. E.3. Test circuit for pulse measurements
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Fig. E. 4. Minority carrier density in base of diode
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P
0 (E. 1)
1 + 1+5

The quantities 7 and S can be obtained from pulse meas-
urements. The carrier lifetime 7, of course, has been measured
by several workers. However they have either used the assumption
that =0 (Refs. 57, 58) or the assumption that 8=« (Refs. 59, 60, 61).
The method used involves formulating an expression for
the reverse current pulse which appears when the diode is switched
from forward to reverse bias with a square wave. The circuit is
shown in Fig. E.3. The generator voltage, EF’ and the resistor,
R _, can be cons{dered large enough so that during forward conduction,
the forward voltage drop, VF’ across the diode may be neglected and

E
I = (E. 2)

PR,

It is further assumed that the duration of forward current
is long so that steady state conditions are established. Before switch-
ing, the holes set up a distribution in the base as shown in Fig. E. 4.
When the diode is switched to reverse bias, the n region becomes a
source of positive carriers and reverse current flows until these
carriers have been removed. By Eq. 2.27 between the time the gen-
erator is switched (t=0) and the time when the excess hole concentra-

tion at the junction becomes zero (t:TS), the voltage across the diode

is small.



0< vV, <V for 0<t<T (E.3)

Then between t=0 and t=TS, the current can be considered to be

constant and equal to

=

I = -Rf- (E. 4)
After time Ts’ however, the voltage magnitude across
the junction increases very rapidly as more carriers are removed,
and the current magnitude drops rapidly to the normal reverse cur-
rent value. The result is an almost rectangular pulse, of reverse
current.

To determine Ts’ consider the behavior of holes in the

base region. In the one dimensional situation they are governed by

2
D " P(x,t) _ 3P(x,t) N P(x,t) _ LE o P(x,t) (2. 24)
3 %2 ot T 0x
X
The current through the diode is given by
1(t) = -q DA —@—%(}’—tz - qA Eu P(x,t) (2. 26)
TOtal X X:O X:O

where, as in Section 2.3, the junction is taken to be at the origin of
the coordinate system. The base region extends indefinitely in the

positive x direction.
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P(ec,t) = 0

At t=0, the current is switched instantaneously from
IF to —IR. A boundary value problem may be set up and then P(0,t)
may be solved using conventional Laplace transform methods. The

result is found (use Transform No. 42 in Ref. 62) after some labor

t
I.+1 - = -
P(O;t) = (—EB—R> e T (1 +erf’\/T—tB—)— '\/1+[3 erf A /(1;[;)’( -1

I
+7§[1+ 1. 9] (E.5)

by the definition of T P(O,TS) =0

and

T
fiien) T S [T
IF ) 1+ ‘\’1+B erf —“—?—E*s - € T (1+erf ?BS—)

(E.6)

For the case of 0 electric field (3=c), this relation re-

duces to that of an ideal PN junction.

— = erf T (E.7)

Likewise, for the infinite electric field case (3=0) the

function reduces to that of the ideal step recovery diode which is
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modeled by a parallel RC circuit
-T
! ()
—F o qleN\T (E. 8)

Figure E. 5 shows the function IF/(IF+IR) plotted as a
function of TS/T for various values of 3. Both 7 and 3 can be esti-
mated by using this graph in conjunction with a similar plot of meas-
ured values of IF/(IF+IR) versus Ts' The values of T and B for
diode number PC0622C which were measured using this technique are
presented in Table E. 2 along with an estimate of Pn. It should be
noted that the curves near 3=0 become very close together and an
accurate estimate for g is difficult, and so the very good comparison
of values obtained using pulse methods with those values which corre-
late with measured values of pumped varactor input impedance may
be somewhat fortuitous. However, even if the comparison should
not be this good, the use of this diode model and this means of meas-

uring the diode constants still apparently have some merits.

Measured Parameters of
Diode PC 0622 C

Pn T B
10712 0.5 usec. ~0,1
Table E. 2.
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