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ABSTRACT

A circular uniform plasma sheath of complex conductivity is enclosing a
unit electric line source at the origin. The plasma sheath has an infinite axial
slot of arbitrary cross section. The problem has been reduced to a Fredholm
integral equation of the second kind in which the unknown function is the electric
current in the plasma. An approximate solution of the integral equation has been
obtained in the case of a locally partially transparent plasma sheath, On the basis
of this solution a formula for the radiation pattern is derived. As an example, the
radiation patterns are computed for a 36° wedge slot in the plasma sheath of
three different thicknesses. In addition, attenuation calculations have been per-

formed on the unslotted plasma sheath,
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I INTRODUCTION

A homogeneous plasma sheath of inside radii a and outside radii b is taken
to enclose a unit electric line current at the origin of the coordinate system (r, ¢, Z)
as shown in Fig. 1. The z-axis coincides with the line source. The plasma sheath
may contain an axial slot of area Aj. The area of the plasma sheath we have indi-
cated by Ap The structure is uniform in the z-direction. The free space permit-
tivity S and the permeabi]ity Ho is taken throughout, including the plasma. The
electric conduction properties of the plasma (Rose and Clark, 1961) are accounted
for by a complex conductivity

sz

op
= 1
o vHijw (1)

where w, v and Wy are the frequencies of field, collision and plasma respectively.

Since the primary current source as well as the plasma sheath does not de-
pend on the z-coordinate, it follows that the electric and the magnétic fields depend
only on the r and ¢ coordinates. Furthermore, the electric field 1s tangential to the
line source, and the magnetic field is trans?erse to it. That is to say, we are
dealing only with the electric field component E (r @) and the magnetic field com-
ponents H (r @) and H¢(r #). The other field components are zero. If we let the
plasma fill in the slot, then E (r ¢)—>- E (r) H.(r, @) » 0, and H¢(r g) > H¢(r)

1 Thus we have only one component each of the electric and the magnetic fields, and
they depend only on the radial variable r.

In this report we are concerned with the problem of finding the radiation pat-
tern of the electric line source enclosed by a uniform plasma Sheath that contains
an infinite axial slot, That is to say, we wish to discover the ¢ variation of Ez(r, ¢).
This field may be found from the line current and the electric current induced in

the plasma. The latter is the unknown quantity for which we derive a Fredholm
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FIG.1: COORDINATE SYSTEM AND SLOTTED PLASMA
SHEATH.
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integral equation of the second kind in Section II. We may solve this equation only
under restrictions which make the solution of very limited practical value. Setting
out in search of a better solution, we first solve the unslotted plasma sheath in Sec-
tion III. Defining the sheath current with a slot as the unslotted sheath current plus
a correction current, we are able, in Section IV, to derive an integral equation for
the correction current. We use the unslofted sheath curi'ent as an approximate cur-
rent from which we compute the radiation pattern for the slotted plasma sheath. An
approximate solution for the correction current serves as a basis for checking the
reliability of the radiation pattern calculations. The rationalized MKS system of
units has been used with time dependence of ejwt understood. In section V we pre-

sent numerical results and conclusions and indicate the direction of the future work,

11 REDUCING THE PROBLEM TO A FREDHOLM INTEGRAL EQUATION OF
THE SECOND KIND

The unit electric line source induces conduction currents i,(r', #*) in the

plasma sheath, The electric field (Harrington, 1961) of both currents is given by

E_(r, f)- - iwuoEif)z)(kor)Jr f f 1, (e, POE O, ]f—f'l)dA] (2)
A
P

where Hﬁ)z) is the Hankel function of the second kind, ko=wluo€0', and [f‘-f" is the

distance from the field point to the source point. We assume that Ohm's law holds

in the plasma, i.e,

i, (r, P)=0E,(xr, §) (3)

We are neglecting thereby any space charge effects in the plasma. Eliminating
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Ez(r, () between (2) and (3), we obtain an integral equation of the form

i (2,0) +3 010 // i, L gD ) E-laars - JougeEOE ) . @

We recognize that this is a Fredholm integral equation of the second kind with the
kernel H( )(koli"—f' ).

We put the integral equation in a more convenient form by defining

b WO
0
TS (5)
o
and
K2 i(p, ) = 1 (r,0) (6)

where p=kor, and hence
" (2)
i(p,g)+7 1(p ¢)H '1)dA -TH " (p) (7

where now dA'= p'dp'd¢' . This is the fundamental equation of the problem.
The integral equation may be solved by the method of successive approxi-
mation (Mikhlin, 1964) provided that

|r|<-]1§ (8)

2
/[ H |5205-51)] aaaar . ©)
A A |
p b

(2)

By considering unslotted plasma sheath and a Hankel asymptotic form for Ho , we
obtain from (9) that
B2 27 k,(b-a) (10)

where
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and hence from (8) that
w2 0
E_< (11)

e
lv +wl 2 (b-a)

This estimate of the conditions of convergence is.on the pessimistic side. Never-
theless, Eq.(11) gives us a good indication that the successive approximation method
of solving the Fredholm integfal equation is of value only for either very thin plasma

sheath or very low plasma density.

OI THE CASE OF UNIFORM PLASMA SHEATH

The situation is as in Fig. 1, with the slot filled in by the plasma. An exact
solution to this problem can be obtained in an elementary manner. The electric field

may be expressed in the form;

E (r)=—}-wu H( )(k r)+A (k r), O<r<a, (12)
= A J (kr)+B2No(kr), a<r<b, (13)
- A1k k 1) b<r, (14)

where J o and No are Bessel and Neumann functions of order zero, respectively, and

k=ky 1] o/wey) : : (15)
Then from the Maxwell's equations the corresponding magnetic field is given as
H.(r) = - >k RN r)+--kiA 3. (k 1) 0<r<a (16)
¢ 4 K Wh, 117077 e
. EIT[Ale(erBZNl(krS_] , a<r<b, (17)
= __k A H(z)(k r) b<r (18)
J w“ 3 1 O > 3
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the cylindrical functions being of order 1.
From the continuity of E_(r) and Hz(r) at r=a and r=b, we obtain four algebraic
equations. By solving them we obtain the complex amplitudes of the waves:

wl-l

A kT o ka)H ()[R N (KBS (o) (KBYHLD) (b ] +

° (ka)H(l (k a)[le(kb)H(z)(k b)-k,J (kb)H(z) kob):] +

(@)

kN (ka)H(z)(k a) [k 3, (DY (k ) k3 (RO)H 2 (k ) | +

Ky (ca) i) [0, (DY H i ) N (KB E e

(19)
ko (2) (2)
Ay= Ik N_(kb)H;(k_b)-kN, (Kb)H Ak b)] (20)
2 o0 aDkZE 1 o0 ]
= — [ (E ib)-k TV E i b1 (21)
27raDk
Jukte,
3 7r2 kzoabD
where )
D=J, (koa)H; (ki b) [J (ka)N, (kb)-J (kb)N, (ka) | +
li—‘; {Jl(koa)ng)(kob)EIl(kb)No(ka) 7 (ka)N; (kb) ] +
3ol HL i) [T (RDIN, (ka) -3, (ka) (5] § + i
(2 3 @E ko) [3, (ka)N, (k)T (O)N, (ka] 23)

O

The current induced in the uniform plasma sheath i (r) is given by
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iz(r) = crEz(r) , a<r<b o0
= oE&zJo(erBzNo(kr;J .
By a similar definition as in (6) we introduce
i(p) = k—g— [457 (er)+ByN (r)] . (25)
0

The electric field outside the plasma sheath as given by (14) is rewritten in
the form
B, ()= - ; 0oy Xk EB%; A;J . (26)
The first factor gives the electric field of the unit electric line source in the free
space, the second factor introduces the effect of the plasma sheath on the radiation
1field. We define the latter factor as the radiation pattern for the electric line source

radiating through a concentric uniform plasma sheath, i.e.

4
Pyt ay @)

Wi,
This pattern is a constant; it does not depend either on r or ¢ However, it is
rather difficult to calculate because of the involved denominator in A3, waever, in
the case k,a>>1 and ]ka] >>1, P, can be reduced with a good.approximation to an
elementary form by using the Hankel asymptotic form for the cylindrical functions.
Taking two terms in the Hankel asymptotic series, we obtain
- [lb-a)-kob+{8koh) L + Zﬂ

2ke
~
Po = N =] (28)
ofdgrd; (Bl ]

where

[1+ = +( 14 K )gmi2k(b- a):]

a——)+

) e-jZk(b—a)] cos(k a- Z_lf ) | (29)

ko

j— El— — +(-1+—
ko ko ko
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and )
(b-a i2k(b- .
d “] (k— )[1-— +(- 1+k0) ~j2k( al)]sm(koa—%) +
a k k | -j2k(b-a)
= |-1-— -(-1+—)e : (30)
A A
From (1) and (15) we find that k=k'-jk" where
1
k'=k [ A+ 2 h24B ]/2 (31)
k''=k [ ; Ati JA2+32] (32)
and . 5
Az 1- X2 ; Bz sz (33)
1+Y 1+Y
with
Xz P ; ysZ (34)
W W

From (28) we observe that the amplitude of P, is determined principally by the
factor exp [k"(b—a)] as would also be the corresponding case of a normally incident
plane wave radiation through a plasma slab.

The asymptotic current distribution in the plasma associated with (28) is given

by J.__z_,
iT o
i(r) 2 ———W—E—Tl E1+§-—) H kib+~)(1+l;°{| o Ik(r-a)
do+d1(8k0a)
k 1,11 ko 7 jk[r-2(b-a)]
[(-E—O -1)4 5(@"}%? )(1- " )] e ) (35)

The first term in the { } brackets represents outward propagating current wave and
the second term the reflected current wave. Again the exponentials are the domi-

nant factors in this formula.
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The approximate forms of P, and i(r) for the case kja>>1 and [k[ b << 1 are

given by
3
ik b-) -1
e , 1 . bl . @, . 1 T
Poz W { B +312n(a):| s1n(k0a—4)—] k—oacos (koa—4)}
ova o) (36)
and
20144 b N
- XA (L4k b)) (- bl - b g
i(r) & 1+jk_b4n7 |sin(k,a-7)-j - cos(k, a-7) . (37
] 0 a 4 ‘a 0% 4
(1-]Y)2/27rkoa

The two formulas have been obtained using the small argument approximation for
the cylindrical functions of argument kr and the first term in the Hankel asymptotic
series for those of argument kor. That is to say, these formulas are valid approxi-

mations for a plasma sheath of sufficiently large radius and w~wp.
IV AN APPROXIMATE SOLUTION TO THE CURRENT INTEGRAL EQUATION
AND THE RADIATION PATTERN

We recognize that the normalized current of the uniform plasma sheath , (25),

is a solution of the integral equation (7) with Ap"" (Ap+AS), i.e.

2
i(prr / f () He (1p-5Maa= - 5D (38)
Ap+AS
We define a current i,(p, @) by
i(p, §) = i(p)+ig(p, §) (39)

and thus from (7) obtain
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5 )aar=-i(p B (p) -

(5-p
2

“ p)H( " 5-p]raar (40)

A
However, from (38) we see that the right-hand side of (40) reduces to

} 2),1- -
T ff 1(p')Hg N(5-5"]aar
Ag

iolp, T f io(p, $VH | 5-p"aAr=r f f i(o)B A |5-51]dar . (a1
Ap As

1(p¢)+7 fjl (o', P H (2
Ap

and thus

By opening a slot Ag in the uniform plasma sheath, we change the sheath current by
is(p,§) and the integral equation (41) defines this current. Integral equations (7)and
(41) differ only in their right-hand sides. Thus the condition (8) on the convergence

of the vresolvent applies also to the latter. The zeroth order approximation to

i(p,@) is given by

& (o 9= 7 f [somPis-pian . )
A

By opening the slot we reduce i(p)=0 in the slot area AS and assuming that we may

neglect i C( p, #) we obtain by a simple transformation from (2) and (14)

E (r ¢)~A3H( )(k r)+ wu /fl(l")H (kolr r'|)dA' , r>b .
(43)

10
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Using the asymptotic forms for the Hankel functions, we obtain

~jlk _r-7) jk_r'cos(g-¢")
E,(r,§)= - iwuo \/71'1{21' e E)o_ // i(re dat
¢} AS

r>>b (44)

and the radiation pattern PS(¢), consistent with the earlier definition in (27), is then

jkor‘cos(¢—¢')
PS(¢) ~ P~ ffi(r')e dA' . (45)
Ag

(o)

o (T, @) in the approximation we obtain for

It is clear that including the current i

the radiation pattern

jkor'cos(¢-¢') (o) jkor'cos(¢—¢')
PSC(¢)Q P - fi(r')e dA'+ i (r',@"e dA' .
Ap

As (46)
Equation (45) shows us that opening a slot amounts to adding to the existing cur-
rent its negative, i.e. to make the total current in the slot area zero. For over-
dense plasmas ] P, | << 1 and the negative current in the slot area then dominates the
radiation pattern. We believe that (45) gives a good approximation to the radiation
(0)(r, @) to the

c
radiation pattern PS(¢) in (46) is not so much to improve the approximation in (45)

pattern whenever i(r) penetrates into the sheath. The adding of i

as to provide perhaps a means of feeling out its bounds of validity. Whenever
Py(f) = P_ (f) (47)

one can reasonably say that (45) gives a good approximation to the radiation pattern,
If the slot is a wedge slot of width 2¢o, then the double integral in (45) may be

transformed into a series, and we obtain for the radiation pattern

11
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- sin(nf)
Py(f)= P0+2§250 E €, o Rncosn¢ (48)
n=o 0
where
€ =1, n=0
n
=2, n=123,...
and

kb
n :
R, = -j f i(p)d(p) pdp . (49)
koa
It is clear that the pattern is an even function in §. The ¢ variable is measured

from the center of the slot.

A NUMERICAL RESULTS AND CONCLUSIONS

In‘ Figs. 2, 3 and 4 we present the radiation through a uniform plasma sheath
for Y=0.01, 0.1 and 1, 0 respectively. With Y=0, 01 the plasma is only slightly
lossy. With Y=1, 0 the plasma is very lossy. The inside radius of the plasma sheath
has been kept at one free space wavelength Ao, and the sheath thickness has been
taken up to 3) o The plasma parameter X is varied in steps from 0.25 to 2. 0.

In Figs. 2 and 3 the calculations have been carried out using the exact formula
(27) for all X values except X=2, For X=2 calculation we used the asymptotic form
(28) with d1 set to zero, The same asymptotic form was used for all calculations
in Fig. 4. The asymptotic form for Po gave excellent agreement with the exact re-
sults in Figs. 2 and 3 where it was applicable, and surprisingly little disagreement,
even for cases (e.g. Y=0.01, X=1) where the arguments of the cylinder functions
were far too small for the Hankel asymptotic expansion to be valid.

The processes that inhibit radiation through the sheath are reflections, ab-
sorptive attenuation, and reactive attenuation by the plasma. The attenuation of the
radiation for 0 < X< (/2 approx. ) is due to reflections and absorptive attenuation, and

for X> (/2 approx. ) due mainly to both reactive and absorptive attenuation. In

12
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0 0.5 1.0 (b-a)/hg 1.5 2.0 2.5 3.0

FIG. 2: RADIATION GRAPHS THROUGH UNIFORM PLASMA SHEATH VS SHEATH
THICKNESS FOR a=12,, Y=0.01 AND X AS A PARAMETER.
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FIG. 3: RADIATION GRAPHS THROUGH UNIFORM CIRCULAR PLASMA SHEATH
VS SHEATH THICKNESS FOR a=1),, Y=0.1, AND X AS A PARAMETER
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0 0.5 1.0 1.5 2.0 2.5
(b-a) /A,

FIG. 4: RADIATION GRAPHS THROUGH UNIFORM CIRCULAR PLASMA
SHEATH VS SHEATH THICKNESS FOR a=1),, Y=1.0 AND X AS
A PARAMETER
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each case we may identify conditions where only one process is primarily causing
the attenuation. Thus for X </2 and Y=0.01 we see, in Fig. 2, the radiation graphs
oscillating because of the reflections. As Y increases to 0.1 in Fig. 3, the ampli-
tude of the oscillations decreases, and for Y=1 in Fig. 4, the oscillations are practi-
cally gone; but now the graphs have assumed a downward slope. This is caused by
the absorptive attenuation in the plasma taking over and eliminating the reflections.
Also, we see that we get quite a bit more attenuation for very lossy plasma (Y=1)
than for very low loss plasma (Y=0.01). For the case of X >/§' the opposite is true:
low loss plasma causes more attenuation than a very lossy plasma. This is due to
the effectiveness of the reactive attenuation.

In Fig.5, we show a 36° wedge slot in the plasma sheath, and in Figs. 6 to 14
we present the radiation power pattern IPS(¢)|2 calculated from (48) for the sheath
thickness of 0.51,, 1.0A, and 2,0, respectively. The inside sheath radius is
kept at 1.02,. The graphs have been arranged in sets of three: Y=1.0, 0.1 and
0.01, and X is a parameter in each set. Since the power patterns are even functions
in ¢, we have plotted them only from 0° to 180°. By the constantlines we show the
attenuation in the power radiated before the plasma slot is introduced, i.e. the
radiation power pattern for the unslotted plasma sheath, These lines are obtained
from Figs. 2 to 4. In some cases the attenuation is so large that it is off scale.
These values we will give in a note. As a way of.calibration we mention that the
radiation power pattern of unit amplitude would correspond to the electric line
source radiating in the free space.

In Figs. 6, 7 and 8 we present the set Y=1. By opening a slot in this very
lossy plasma we have, for all practical purposes, re-established radiation in the
forward direction, i.e. ¢=0, independent of the sheath thickness. Outside of the
front lobe there is no significant recovery of the signal strength. Increased slot

width, the calculations will show, narrows the front lobe with some additional gain

16
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(r,0)

e
[oa 58
' N_/

Unit Electric= ~ -
Line Source [~

\\q /)/

FIG. 5: PLASMA SHEATH WITH a=l)\0, b=2>u0, AND A
360 WEDGE SLOT
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i —

7 2
0.05 J
2
| P (I
0.01_
T /2
0.005T
0 45 ' 135 180

* ¢ (degrees) %0

FIG. 6: RADIATION POWER PATTERNS FOR 0.5, THICK PLASMA SHEATH WITH
36° WEDGE SLOT, Y=1, AND X AS A PARAMETER. The parallel lines
are the corresponding patterns for the unslotted case.
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1.0
\/‘\_, ——
) 0.25
0.50
0.5 1 - |
0.1
0.05 - 1.0
Il
™
=
V(D .
B
1.0
0.01 \
0.005 T
q
0.001 lo. 1 ] o
0° 45° g 90° 135° 180

FIG. 7: RADIATIONOPOWER PATTERN FOR 1.0A THICK PLASMA SHEATH
WITH A 36" WEDGE SLOT; Y =1, AND X AS A PARAMETER. The

parallel lines are the corresponding patterns for the unslotted case.
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o 0.1
g o
n -
A
_— -
0.057 0.707
0,707
\
-
1.0
2 -4 e
NOTE: |Po| =2.3x10
0.014 for X =1
0. 004 : :
0° 45° g0°  tg 135° 180

FIG. 8: RADLA.TIOIg POWER PATTERN FOR 2.0X THICK PLASMA SHEATH
WITH A 36" WEDGE SLOT, Y=1, AND XOAS A PARAMETER. The
parallel lines are the corresponding patterns for the unslotted case.
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1.0 0.5 /A\
] \\ 0.707 \\t// \
] NOTE: |Po|2 = 2x107°
| for X = \/?
- 1.0
|Ps(¢)|2
V2 -
0'1'-\< 1.0 /\ 'J/ \‘
- \ / \
] / \
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i} / \ y;
[ /
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. |
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o 0 LMl‘]o L‘Pg J o ‘
0 45 90° t¢ 135 180

FIG. 9: RADIATION POWER PATTERN FOR 0.5\ THICK PLASMA SHEATH

WITH A 36° WEDGE SLOT, Y=0.1, ANDX

AS A PARAMETER. The

parallel lines are the corresponding patterns for the unslotted case.

21



THE UNIVERSITY OF MICHIGAN

5825-4-T

]
,’ NOTE: |P0]2 - 3.4x107°
. l' for X = ﬂ
/
.01
0° 45° 00° 135° 180

FIG. 10: RADIATION POWER PATTERN FOR 1.0X THICK PLASMA SHEATH

WITH A 36° WEDGE SLOT, Y=0.1, ANDX
parallel lines are the corresponding patterns for the unslotted case.
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/0.5
1.0 4
1 0.5

- A
0.707
1 ‘ \/—/
/1.0
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n
=l N
0.H v
NOTE: ‘P ]2= 1.7x10°°
- 0
for X =1.0
0.01 | l '
0° 45° 90°  t¢ 135°

FIG. 11: RADIATION POWER PATTERN FOR 2.0, THICK PLASMA SHEATH

130

WITH A 36° WEDGE SLOT, Y=0.1, AND X AS A PARAMETER. The

parallel lines are the corresponding patterns for the unslotted case.
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for X= \f§
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/
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, |
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00

45

90° T 135° 180

FIG. 12: RADIATION POWER PATTERN FOR 0. 5, THICK PLASMA SHEATH
WITH A 36° WEDGE SLOT, Y=0.01, AND X AS A PARAMETER. The
parallel lines are the corresponding patterns for the unslotted case.
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0. 14

NOTE: |PO|2 =3.4x10°°

for X = VE
0.01
Po ) ) T L
0 45° S 90° g - 135° 180°
FIG 13: RADIATION POWER PATTERN FOR 1. 07\ THICK PLASMA SHEATH .
WITH A 360 WEDGE SLOT, Y=0.01, AND X AS A PARAMETER. The
parallel lines are the corresponding patterns for the unslotted case
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] NOTE: ]PO]2 = 1072 for X = 1.0

0.01

1 1
0 45° 90° t¢ 135° 180

FIG. 14: RADIATIOI\(I) POWER PATTERN FOR 2.0A THICK PLASMA SHEATH
WITH A 36 WEDGE SLOT, Y=0.01, AND X AS A PARAMETER. The
parallel lines are the corresponding patterns for the unslotted case.
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in the signal strength for §=0. If we halve the slot width, the forward lobe is con-
siderably reduced with no benefit for the rest of the pattern.

In Figs. 9, 10 and 11 we present the set Y=0.1. By opening a slot in this
sheath of "medium" lossy plasma we observe that for X < 0. 707 the formerly uni-
form pattern breaks into oscillations. The radiation is enhanced slightly in the
forward direction. The oscillating character for the pattern persists as X is in-
creased, i.e. a dominant forward mode is not formed in the range of the validity of
approximation, in contrast to the case of the very lossy plasma shea.thT Sections of
graphs for which the approximations are expected to break down are shown in the
dotted line. For X > 0. 707 the slot improves the radiation very substantially as
compared to the sheath without a slot.

In Figs. 12, 13 and 14 we present the set Y=0.01, i.e. a very '"low" loss
plasma sheath. The comments for this one are substantially the same as for the
previous case.

The sets of data have been presented as they were calculated. A dominating
forward lobe formed for the Y=1 set. It came as a surprise that for Y=0.1 and 0.01
sets no such dominance was found. However, there is no doubt that a dominant for-
ward lobe would develop as X is increased beyond E . Only (48) is not then a valid
approximation in the case of our thick sheath.

The method we have presented for calculating the radiation pattern for the
slotted plasma sheath makes use of the electric currents in the plasma before the
slot is opened. It is an approximate method which is expected fo give the radiation
pattern with good accuracy only if the electric currents sufficiently penetrate the
plasma sheath. If the attenuation of the unslotted plasma sheath is mare than 20 db,
i.e. [Polz <0.01, then we are approaching the bounds of validity of the approxi-
mation for the pattern as a whole. However, one expects that the forward lobe will

be given to a good order of approximation even for somewhat larger attenuation

27




THE UNIVERSITY OF MICHIGAN
5825-4-T

than 20 db, as was shown by calculations performed in (46).

If the attenuation of the unslotted plasma sheath is such that the radiation
through it is practically insignificant, we then find that the electric currents pene-
trate the plasma only a small fraction of the free space wavelength. If we open a
slot in the plasma under these conditions, the slot in fact becomes a waveguide
which connects the source with the outside space. For suitable slot boundaries one
can show that a finite number of modal fields can propagate in the slot waveguide.
These modes may be used as a basis for calculating the radiation pattern. Work is
in progress to exploit this waveguide approach for these cases where the integral
equation method becomes too cumbersome. This work will be reported as Part II
of this study.

The two significant conclusions indicated by this study are:

1) Opening a slot in the plasma sheath re-establishes radiation in the forward
direction to a substantial level.

2) The plasma slot should be at least one-half wavelength wide at its narrowest
cross section when the electric field is polarized tangential to the slot walls. In-
creasing the slot width beyond one-half wavelength brings only diminishing returns

as far as the radiation enhancement in the forward direction is concerned.
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