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energy models and amino-acid alphabets: A consensus
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A variety of analytical and computational models have been proposed to answer the question of why
some protein structures are more “designab(eg., have more sequences folding into thehan

others. One class of analytical and statistical-mechanical models has approached the designability
problem from a thermodynamic viewpoint. These models highlighted specific structural features
important for increased designability. Furthermore, designability was shown to be inherently related
to thermodynamically relevant energetic measures of protein folding, such as the foldAtality

energy gapA,q. However, many of these models have been done within a very narrow focus:
Namely, pair—contact interactions and two-letter amino-acid alphabets. Recently, two-letter
amino-acid alphabets for pair—contact models have been shown to contain designability artifacts
which disappear for larger-letter amino-acid alphabets. In addition, a solvation model was
demonstrated to give identical designability results to previous two-letter amino-acid alphabet pair—
contact models. In light of these discordant results, this report synthesizes a broad consensus
regarding the relationship between specific structural features, foldabilignergy gap\,o, and
structure designability for different energy modébsir—contact vs solvatigracross a wide range

of amino-acid alphabets. We also propose a novel meé’ﬁmshich is shown to be well correlated

to designability. Finally, we conclusively demonstrate that two-letter amino-acid alphabets for
pair—contact models appear to be solvation models in disguise20@ American Institute of
Physics[S0021-96080)52305-9

INTRODUCTION possible in protein folding: One to the folded, native state at

A significant over-representation of certain protein foldsa temperaturd; and the other to a glassy state at a tempera-
in the biological database has been extensivelyure Tq.%"* For temperatures beloWy, the liquidlike pro-
documented® After uncoupling evolutionary and func- tein chain entropy drops to zefim the thermodynamic limjt
tional relationships between protein families in the databaseand the chain becomes solidlike and “frozen” in any one of
it was noticed that certain structural “superfolds” such asits low-energy, metastable states. Consequently, as the tem-
ol 3 doubly wound and triosephosphate isomer@3#) bar-  perature approachdg;, folding kinetics become slow and it
rels are represented11—13 times compared to, for instance, becomes difficult for the protein to transit from misfolded
the jelly roll motif which has been observed only threelocal minima to other stable stat€;, on the other hand,
times? The possible origins of this dispersion in structural defines the temperature at which the free energy of the folded
representation in the biological database poses an interestig¢gte is deep enough to be preferentially populated over other
question. Are there energetic, kinetic, or topological reasonkinetically accessible conformations and be stable to thermal
for this dispersion? Concerning this question, Finkelstein andluctuations. Thus, assuming that protein sequence foldabil-
co-workers were the first to use simple analytical models foity requires an equilibrium temperature regime which is both
protein sequence energy landscapes to demonstrate that éflequately belowT for the folded state to be stable yet
ergetic and topological constraints can indeed stabilize angufficiently aboveT, for the folded state to be accessible,
lead to easier “design” of certain protein motifs by random Wolynes and co-workers postulated that optimal folding en-
sequence$:® This mutually reinforcing relationship between €rgy landscapes would seek to maximizeand minimizeT
protein structure designability and energetic stabilization ha8'. equivalently, increase the raflq /T.*>'°Using the ran-
become the focus of recent analytical and computationalom energy mode(REM), it was shown that this ratio is

work on lattice proteins. equal to
One theoretical model that attempts to address kinetic
e . . . T F? F? (E)— EX
and stability issues of protein folding and structure design-  _f _ +/2——1  where F= 1)
ability was based on ideas first developed by Bryngelson and  Tg 25, 25, o

Wolynes. Two thermodynamic transitions are considered . . L
y Y where (E) is the average energy of the protein chain in all

conformationsEX is the global energy minimum belonging

3Author to whom correspondence should be addressed; also at: Departm : ; ;
of Chemistry, University of Michigan, Ann Arbor, Michigan 48109-1055; efH the native structurg, and o describes the variance and

telephone:  734-763-8013; fax: 734-647-4865; electronic maiI:f‘rOUghneSS” O_f this REM energy IanQScape. Cle_aﬂ—y/Tg
richardg@umich.edu is a monotonically increasing function of (equivalently
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FIG. 1. On the left is a generic sequence in the most designable lattice structure for th@air—contactmodel calculated by Monte Carlo sampling. On

the right is a generic sequence in the most designaklg &ttice structure for theolvationmodel, also calculated by Monte Carlo sampling. The interactions

in each energy model are represented by dotted lines and, for maximally compact lattice proteins, are constant across alltseevetaresalways 16
pair—contacts, nine buried residues per strugtuxmte the large number of long-range pair—contacts between amino-acids far from one another in the
sequence in thpair—contactmodel. For thesolvationmodel, in contrast, there is a high degree of symmetry and regularity in the buried—exposed pattern of
the most designable structures. Both patterns in these highly designable structures for different models can be explained by the same medaignadim. Nam
these structural interactions are rare with respect to the structural ensemble.

known as aZ-score in the protein design literattiféd), many possible sequences far from the optimum which are
which was termed the sequence “foldability.” While the still adequately foldabl&®>! Conversely, a protein structure
REM ignores all correlations in the free-energy landscape, itvith low Flc()pt would be poorly designable, as only the rela-
has been shown that maximizing the foldability for proteintively rare sequences with close-to-optimal interactions
sequences results in a reduction in the depth of metastablgould be able to successfully fold into these structures. Ad-
traps and the stabilization of conformations similar to thegitionally, for any relevant value of*, largngpt structures
native state producing the funnel-like energy landscapes cefyould have a larger volume of foldable sequences satisfying
tral to good folders®~** Additionally, it was verified both 7~ 7 than low Fs5; structures. Hence, an implicit conclu-
with molecular dynamic and Monte Carlo kinetic simulations gjon of this foldability—designability model is that those se-
that fasl'gelrefgkztlfrs had higher average foldabilities and largegences folding into highly designable structures should also
Te/Tg. e have larger, average foldabilit§//) and energy gagA o)

i fA|\ d(_:hffeligntt_e nerg)(; Itart]ndsca(;oe megsuctﬁqg_,l_talso re:f\tetd_ than their lowly designable counterparts. Using a statistical
0 folding kIn€lics and thermodynamic Stability was Trst in- ., g of protein interaction space, Govindarajan and Gold-

trodgced .by ShathOYICh and po-worké?é This energy ?tein analytically demonstrated a strong, positive correlation
gap is def'ln.ed as the.dlfferen(k:e in energy between the gIObab_etweeri:k and structure designability (i.e., the volume
energy minimum native state and that of the next highest of sequencg’é space folding into structlgé® Tr'me appeal of

energyE®. Upon running Monte Carlo kinetic simulations of . K . .
lattice proteins and analyzing their energy landscapes, Sh aving a measurgq, well correlated tov is that it can be

khnovich and co-workers noticed that the relevant statistica??!cma_te_da prion using only strugtural information. In ad-
feature for fast folding was a large energy gip,.2"2 Re- dition, it is easily interpretable which structural features lead
cent work using the random energy model and lattice prot© NigherFqy and, hence, designability. Govindarajan and

teins demonstrates that in spite of their obvious differences‘(zBOIdStem explicitly showed that those structures with

F and Ay, are inherently correlated. Hence, for all inten- faré” or “uncommon” pair—contacts with respect to the
sive purposesF and A,, can be used interchangeably as ensemble of all possible structures had Iarﬁégt. Even
similar measures of fast-folding and native state stability. With local, secondarylike propensities added to the lattice
The existence of a simple statistical measure of an enprotein model, the optimal foldability was predominantly de-
ergy landscape, well-correlated with increased thermodytermined by those rare, nonlocal pair—contacts between dis-
namic stability and the ability of the protein to fold, tant sequence positioi.Hence, one would expect highly
prompted Govindarajan and Goldstein to use foldabifitto ~ designable pair—contact lattice proteins to have a maximum
analyze structure designability. Upon calculating thenumber of long-range pair—conta¢tee Fig. 1a)].
maximum-possible “optimal” foIdabiIityF‘(‘,pt within a pair- In a computational tour de force, Li and co-workers ex-
contact model for a prototypical sequence folding into a tarhaustively enumerated the structural designability of two-
get structurek, Govindarajan and Goldstein demonstratedletter amino-acid alphabet hydrophobic pdlEiP) sequences
that there was a dispersion in possilotl'é;pt across all in different lattice geometrie§6X62D (two dimensional
structures® They postulated that those structures with theand 3x3x 33D (three dimensiond] for a pair—contact
largestF o, would be the most designable, as there would bemodel®® Not only was it consistently found that some struc-
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tures were more designable than others, but laxjestruc-  volume of sequence spadk folding into a solvation struc-
tures also had biggefA,,) compared to lowly designable turek, Li and co-workers showed that those structures, which
structures. Of particular mention, there was a large, disconhad a minimal density of other structures in their vicinity,
tinuous jump in(A ;) between highly designable and lowly were the most designable. In summary, Li and co-workers
designable structures. Similar in logic to work by Bryngelsonreasoned that those “atypical” or rare structures residing far
and Pandé*® Tang and co-workers posited that theseaway from the other solvation structures; hence having a low
highly designable structures were inherently more stable tolensity of surrounding structures, were the most designable.
perturbation and/or mutatiol:*> A recent deluge of compu- Further analysis demonstrated that highly designable struc-
tational lattice protein designability work makes a strongtures in a solvation model were identical to the ones they
case for the inherent relationship between thermodynamicalculated for a pair—contact model with an HP two-letter
and mutational stability, faster-folding kinetics, extensiveamino-acid alphabet: That is, structures with lots of “pro-
neutral networks, and the large designability of particularteinlike” symmetries.
structures®#8 All in all, these computational results voice Reconciling these results of Li and co-workers with our
support for the foldability—designability model of Govin- previous conclusions regarding alphabet-size artifacts and
darajan and Goldstein. However, in contrast to the results otructural featuresi.e., long-range pair—contagtanportant
Govindarajan and Goldstein, based on the structural featurder large designability, it is tempting to speculate that per-
of highly designable structures calculated from their HPhaps the two-letter pair—contact model is a solvation model
amino-acid alphabet Tang and co-workers concluded thah disguise. Indeed, recent papers by Ejtehadi and co-
“proteinlike” symmetries increased designability rather thanworkers delineate a mathematical framework that highlights
a maximum of long-range pair—contagsee Fig. 1b)]. such a link between solvation and pair—contact models for
There are several reasons to suspect the existence B¥o-letter HP amino-acid alphabéts>® Namely, they clev-
amino-acid alphabet dependent artifacts endemic to simplerly begin with a special case with mixing coefficiepy,
HP amino-acid codes; artifacts which should disappear for=0, that has pair—contact interactions of the form HH
larger amino-acid alphabetéPrevious work has shown that = —2€—ym, HP=—¢, PP=0. This special caseyy=0)
when Mest (the effective entropy of sequence Sphaed v allows these pOSSible pair—ContaCt interaction energies
(the conformational entropy per residusatisfiesmgz<y,  ¥(AiA;j) of two-letter amino-acid alphabets to be rewritten
there exists a sizable number of sequences with degenera€ @ linear sum
global-energy minima which are considered unfold&f&*°
However for larger amino-acid alphabets whergqs> v,
such ground-state degeneracies rapidly vanish. Consevhereo , is the energy of having amino-acid; form any
quently, specific designability conclusions for two-letter al- pair—contact, regardless of the identity of the other amino-
phabets might not be valid for those higher-letter alphabetgcid. In this special linear interaction framework, the energy
which have more diverse pair—contact interactions and largesf a particular sequence in a structure becomes not a question
Mmes;. Recent work of ours specifically explored the effect of of which amino-acid types form pair—contacts with one an-
amino-acid alphabet size on lattice protein structure desigrother, but rathehow manypair—contacts does a particular
ability for a pair—contact modéf.Indeed, it was noticed that amino-acid form in any given structure. Herein lies the con-
small amino-acid alphabets, such as the two-letter HP and Liection between the pair—contact and solvation model, as
et al.amino-acid code, had substantially different designabilthose sequence positions buried in the protein core inherently
ity results from those of larger amino-acid alphabets, such aform more pair—contacts than those on the surface.
the Miyazawa—Jerniga(MJ) 20-letter code or the indepen- For this linear interaction framework, there exists only a
dent interaction model. Namely, those structures which wergmall subset of the total pair—contact structures that have a
highly designable in two-letter amino-acid alphabets had meunique interaction pattern. Thus, most structures will have
diocre designabilities with large-letter alphabets and vicedegenerate global-energy minima and remain completely un-
versa. Moreover, with respect to the rolemof; andy, itwas  designable for this two-letter linear interaction modeiy(
shown that the large number of degenerate ground states fer0). Only by having a nonzero mixing parametgy; ,
smaller amino-acid alphabets was not the source of designvhich energetically favors hydrophobic pair—contacts, can
ability differences. In short, amino-acid alphabet dependenbne split the ground-state degeneracy of these undesignable
artifacts are inherent to the size of the alphabet rather thastructures. As the Let al. two-letter HP code is but a small,
the details of amino-acid pair—contact interactions or themixing perturbation f,,=0.3) of the “solvationlike” linear
abundance of degenerate ground states. interaction model, it should not be surprising that they have
An intriguing theoretical paper by Li and co-workers, pair—contact designability results similar to that of a solva-
based on a solvation model of lattice proteins where the ertion model. In addition, Ejtehadi and co-workers provide a
ergetics are only dependent on those residues buried in thguantitative explanation for the observed discontinous jump
protein core, elegantly recast the designability problem into an (A, between the highly designable and the lowly des-
vector framework! Namely, the energy of a sequence in aignable  structures (previously  undesignable  for
particular structure was equal to the Euclidean distance beyy,=0).33°2°3Additional work has shown that some pair—
tween the solvation structurke and the sequence vect&  contact structures can remain stable and highly designable
Thus, a sequencgfolds into the solvation structudewhich ~ across an entire range of mixing parametgysfor any two-
is closest in distance to it. By numerically estimating theletter amino-acid alphabét:>®

v(A; ,.Aj)=0'Ai+a'Aj where oy=—€ and op=0, (2
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More recently, an analytical, statistical mechanical treatversions of proteins, where the level of detail focuses on
ment for calculating the volume of two-letter HP sequenceamino-acids as entities occupying lattice points and protein
space folding into particular 2D pair—contact structures hasonformations as self-avoiding walks on these regular lat-
been presented by Kussell and Shakhnovfddpon decom- tices [see Figs. (8) and ib)]. Clearly, this ignores some
posing structures into various strings of pair—contacts, whiclvery real aspects of proteins, such as atoms, backbone
in 2D can form either strands or loops, Kussell and Shakhangles, sidechain packing, etc. Nevertheless, lattice proteins
novich established that highly designable 2D structures fohave a rich history in theoretical biophysics, not only be-
two-letter amino-acid alphabets should have the followingcause their simplicity captures salient features of biopoly-
properties:(1) No loops, (2) a maximum number of two- mers such as excluded volume and topology, but because the
length strands, anB) a minimum number of larger-length number of conformations is finite and amenable to
strands. analysis’’ Throughout this paper, we restrict ourselves to

Given the wide range of these results, this report is atmaximally compact %5 2D lattice proteins. Our choice of
attempt to synthesize a broad consensus regarding the cotiis particular lattice model is threefolt) Maximally com-
nection between sequence energetics and structure desigmact because in naturally occurring globular proteins, hydro-
ability for different energy models and across a wide rangehobic collapse is a dominant force and native structures are
of amino-acid alphabets. The latter is of specific interest asompact and solvent exclusiv€g) 2D because in a solvent
there is evidence of designability artifacts for smaller aminoframework, small 2D lattice conformations have a more re-
acid alphabet sizes, yet most research has considered orajistic buried—exposed ratio, arié) 5X5 because the num-
two-letter amino-acid alphabets in pair—contact modelsber of possible conformations is large enough to be interest-
Thus, our questions are: How do the aforementioned eneing, yet small enough to be feasible and have self-averaging
getic measure.%‘;pt, (F), and(A o) correlate to designability  statistics for designability calculations. Although there is a
V\? Does their relationship break down when done withquestion whether 2D proteins exhibit problems in terms of
smaller amino-acid alphabets? Within the solvation model?cooperative folding kinetic¥® energetic measures such as

We begin by introducing a universal framework ab- F, A;oand designability/,, as calculated in this report and
stracted from specific energy models and amino-acid compasthers, are not dependent on the kinetic connectivity between
sition with which to discuss principles of energetics and desstructures. For maximally compactx® 2D lattice proteins,
ignability. Within this simple framework, the relationship there are a total of 1081 unique structures after neglecting
between energy gafpg, foldability 7, and designability/,  conformations related to one another by rotational or mirror
becomes geometrically interpretable. Furthermore, a novedymmetries. Thus, given such a set of lattice conformations,
measureZ'c‘,, constructed to be correlated to designability, isthe energy landscape of a protein is determined by its amino-
introduced. We then calculate structure designability acid sequence and its peculiar energy model. In this report,
across a range of amino-acid alphabets from two-letter tove shall analyze these lattice proteins across two different
“infinite”-letter (Monte Carlo samplingcodes in both sol- energy models: The pair—contact and the solvation model.
vation and pair—contact lattice models. It is established that In the pair—contact model of aN amino-acid length
V, is indeed positively correlated toF), (A4q), f‘;pt, anle‘j protein, as shown in Fig.(&) the energy of sequenc®in
in both solvation and pair—contact energy models. In addi€onformationk is determined by the nonsequential, nearest-
tion, for comparison to work by Kussell and Shakhnovich,neighbor amino-acid pair—contacts that are formed. Math-
we calculate the number of pair—contact loops and interacematically, this is expressed as a linear equation:
tion strands versuéV,). Several notable results stand out:
(1) Across all energy models, the positive correlation be- ‘ ‘ "
tween(F), (A1g), Fey, Z, andVy consistently deteriorates Eszg vs(Ai, A)Di = vs D", (©)
for two-letter amino-acid alphabet&) the 20-letter amino- .
acid alphabet is identical to Monte Carlo sampling; both al-

o ~“where yg(A; ,A;) is the pair—contact interaction energy of
phabets accurately reflect the principles and structure desiggy,q arbitrary amino-acids whose values are specified in the
ability of the underlying energy modgl3) two-letter amino-

X . __definition of the amino-acid aIphabéD.Fj is shorthand for
acid alphabets for a pair—contact model and the 50|Vat'0%(||r!<_r.kH_a) wherer¥ r¥ are the sequence positions of
i : il

model share identical highly designable structuiess, pro- 5 ming_acids, j in conformationk anda is the lattice spac-
teinlike and symmetrigc and (4) while loops are negatively ing. In other WOde,’D:(J- is equal to one if a pair—contact

correlated toV, across all amino-acid alphabets, for two- between sequence positionandj is formed for structure
letter amino-acid alphabets having a maximum number Ognd 0, if otherwise. For the maximally compack’5 2D

one-length and three-length strands, not two-length strandfyice protein, there are 132 such possible pair—contacts

leads to higher structure designability. [132 is the dimensiom of the vector space in Eq3)] of
which 16 are actually formed for each structiré&ince each

UNIVERSAL MODEL seF of pair contacts for each of the 108; pqssib]e structures is
unique and nondegenerate, no vec®ris identical to the

For any given energy model, one commonly used frameether. Note that alD lie on ad-dimensional Euclidean hy-

work for analyzing the designability and energetics of strucpercube with a fixed distance from the origin.

tures and sequences across various amino-acid alphabets has In the solvation model of arN amino-acid length

been the lattice protein. Lattice proteins are coarse-graineprotein® as shown in Fig. (b), the energy of amino-acid

N,N



J. Chem. Phys., Vol. 112, No. 5, 1 February 2000 Protein structure designability 2537

sequence in conformationk is similarly expressed as Target
Structure k
N
Es= EI ys(Aj) D= ys- DX, (4)

whereyg(A4;) is the solvation energy of having amino-acid

of sequenceS buried in the protein core rather than the
solvent-exposed protein surfadek. is equal to 1, if sequence
positioni is buried in structuré, and O otherwise. For the
maximally compact X5 2D lattice protein, there are 25
possible residues that can be burjig8 is the dimension of

the vector space in E¢4)] of which nine are actually buried
for each structurek. However, unlike the pair—contact
model, there are degeneracies in Bievector; that is, there
are some structures which are different from one another in
the pair—contact model yet have identical solvation patterns
in the solvation model. Thus, regardlessyef the solvation
model is unable to distinguish energetically between these
two different structures and ground-state degeneracies will
occur. Thus, similar to Let al, we simply excise this de-
generacy by reducing the original 1081 structures to the 793
unique, nondegenerate solvation pattéfns.

Geometrically, we have abstracted these two different
energy models into an identical framework where the energyIG. 2. A heuristic example demonstrating interaction space and explaining
of sequencs in structurek, Ek, is simply a dot-product of the geometric framework of sequence-s_tructure energetics. Thg four s_truc-
the interacton vectons vith the structure VecloD". 35 Ui%eCRre: % St 5 ar sold s Tne o ieracn
contains the interaction values for all pair—contact or solvayrek, as it has the farthest angular distance agrom k. The dotted lines
tion energies formed in a given sequei®dll sequence and are the structure-degeneracy planes between all structures and our target
amino-acid alphabet specific information such as the identit?”“cwrd‘ The area of total interaction space, farthest away from the native

. . . . . . .. structure, folding into target structutke (drawn in the darkest shadés
of amino-acids and amino-acid energetics Is |mpI|C|tIy Con'bounded by a maximum of two of these structure-degeneracy planes. The

tained in and specified bys. However, because we have other shaded arc-areas represent portions of interaction space folding into

restricted our attention to only maximally compact latticethe other structures, respectively, farthest away from them. The small,

conformations we can also abstract this framework to b@lashed aLrow is the bulk-vect¢D) which is an average over all structure
mino-acid composition independent. Because all maXima”vectors.A spans between the target structirand the bulk vector. Note

a ) p . P : Yhat the largest areas of folding interaction space belong to those structures

compact lattice conformations have the same number Ofrthest away from the bulk vector and one another.

pair—contacts formed or buried residues, the following trans-

formations onys will have no effect on the relative energy

Structure-Degeneracy
Plane

Sequence S

Interaction Space folding
into Target Structure k

landscape We have constrained an infinitely large interaction space
c ) v to lie on the surface of a unit hypersphere whose “center-
1¥Ys7Ys of-mass” is zerd’ This universal vector framework, ab-
stracted from a specific energy model and amino-acid com-
Col+ vs—=> s, (6) P 9y

position, is inspired by and a synthesis of the work of
where 1 is the identity vector. The scalar transformation in Govindarajan and Goldstein and Tang and co—wor%?%.
Eq. (5) is equivalent to shrinking or expanding the energyAS & consequence, the energy for any given sequénue
landscape by a multiplicative factar, whereas the vector dependent of its specific composition, amlno—acwi alphabet
transformation in Eq(6) is identical to boosting the energy SiZ€, or amino-acid interactions, lies betwee®<Es<D,
landscape by a constant amount of enecgy The transfor- whc_ereD is equgl to the square root of the number of buried
mation described by Ed6) is the eigenvector spanning the residues or pair—contacts for each compagtSsstructure.
nullspace ofys across both energy models. For the pair—AS shown in Fig. 2

contact model the nullspac_e dimension is 1 and the eigenvec- gk |y DY|cosbis= D cosbys, 9)

tor is 1, whereas the solvation model has a nullspace dimen- ) o )
sion of 2 and eigenvectord,e=(0,1,0,...,1,0) andl,yg where cogjsis the projection angle between the normalized
=(1,0,1,...,0,1). Based on these transformationsyaltan interaction vectorys and structure vectabX. Assuming that

be remapped with no adverse effect on the relative energ?” of the compact states are kinetically accessible, the native

landscape and designability, so that Structure is the state of lowest free energy. Hence, in this
geometrical framework, the native structure is that which has
Ys vs=1, (7)  the lowest, uniqueE'g and D cosé,s or, equivalently, the

structureDX which is farthest away from the interaction vec-
vs-1=0. (8)  tor ys. Similar to Govindarajan and Goldstein anddtial,
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if one can further assume that the sequence spaa# pbs- tain the maximum amount of rare pair—contacts or buried
sible random, foldable protein sequen¢es} covers the en- residues are those with larg&y. Since the bulk energy gap
tire unit-hypersphere interaction space isotropically, then thé given by

designabilityV, of structurek breaks down into calculating

the surface area of the interaction space unit-sphere of di- AK=A,. yS:||Ak||coseAkS, (12
mensiond which folds into structurek: That surface area

furthest fromD* constrained by the appropriate structural-it is immediately obvious that those structures with a maxi-
degeneracy planes. The structural-degeneracy planes at@um of rare pair—contacts or solvated residues are also the
those hyper-dimensional planes of dimensibnl ininter-  most optimizable, or, eqUiva|ent|¥A'épt=||AkH- However,
action spacey where two structuresD! andD¥, have iden-  Govindarajan and Goldstein were interested in foldability
tical energy. In terms of our designability calculation for a #(ys), whose denominator is a function Bfand ys. Bi |
target structurek, one needs to determine the relevantl is a matrix representing the correlations between pair—
structural-degeneracy planes which constrain a surface of icontacts or buried residues amongst the ensemble of all
teraction space farthest fromD¥. However, note that those structures. NamelyB; ; is positive or negative if the pair—
relevant structural-degeneracy planes will nearly always be@ontact set or buried residieoccurs in conjunction with
determined by those structures closest in vector space to thfore or less often than what is expected at random given the
target structurék. This observation forms the essence of thepair_contact or buried residue frequencies found in the bulk
conclusions of Tang and co-workers; namely, highly designvector. From Eq(10) and the appropriatd, and B; ; of the

able structures are characterized by a low-density of surenergy model, the optimal foldability‘"‘(‘,pt for a target struc-
rounding structure vectors. Calculating which structural- ture k can be obtained in closed folt6:30.32

degeneracy planes are relevant for any given target structure
has no simple analytical solution. Throughout this paper, we V P Yon) = 0— Yop=B - Ay
instead numerically calculate the designability of structures . P

on the unit-hypersphere in interaction space via Monte Carlo S F = J(AYT-B LA, 1
integration. This is done by randomly drawing all{ys} ﬁ‘;pt (A K 13

interactions for the pair—contact or solvation model from a Both measurest and A 1, are simply related to design-

Gaussianh_disl\t/lributiog. Iln the ;hzo_reti?al Erotein foldri]ng_ Ii(’;— ability in that any energy gap, whethaK of foldability or
erature, this Monte Carlo method is also known as the in eShakhnovich’sAlo, is but a projection ofys onto some

gﬁ)?]iirgfér;%?{?ctlon modelIM) or “infinite”-amino-acid spanning vecto* — DX, which always originates from the

global-energy minimum native stakeFor A¥, this spanning
vector is exactlyA,. Hence, those structures farthest away
from the bulk-vecto D) will tend to have sequences fold-
ing into them with largerA® and, neglectingd terms, the
Now that we have a universal model relating designabilfoldability 7. For Ay, the spanning vector is between the
ity V, to surface area in interaction space, the interestin{:ﬂ“’e state and the next farthestls_tructljf@m ¥s- Unfor-
question is how it relates to energetic measures, such as efynately for analytltf(al purposed?’ is sensitive to and olle-
ergy gapA ;o and foldability 7. Previous work by Wolynes pencli(ent on bothD" and ys. Notice, however, thatD
and co-workers derived a simple expression for the foldabil.— P IS but the vector defining the structural-degeneracy

FOLDABILITY, ENERGY GAP, AND DESIGNABILITY

ity ¢ of sequenceys folding into structurek plane of_ both the native stakeandl. Thus,_comip_g full circle
to previous arguments regarding designability, those
A'g (ES)—Eg Ax: s structures with a minimal density of surrounding structure
F(yd=— » (100 vectors will also be those with sequences folding into them

s VE((E9-E9® (19" B % with larger possible ;4. The connection relating both and
where(Eg) is the average energy of sequer®amongst all A, to designabilityVy is based on the aforementioned ob-
structures>*6*Note that the vectoA, and matrixB; ; con-  servation that those structures farthest away from the bulk-
tain only structural-information vector (D) also tend to have the smallest density of sur-
rounding structure vectors on the Euclidean hyper-cube.
A=(D)-D* and B ;|=(D,D)—(D)XD)), (1 Thus, given that these energetic measuFeand A ;o neces-
where the averaging--) is done over allN structures. As  sarily reflect the underlying distribution and density D,
shown in Fig. 2,A is a vector spanning between the targetis it really surprising that they be correlated to designability?
structure k and the “bulk” structural vector(D). The As a synthesis of this relation between low structural
simple interpretation of the bulk vector is that it counts howdensity, increased distance from the bulk, and higher design-
frequent(common) or infrequent(rare certain pair—contacts ability V,, we propose a novel structural measmﬁa The
or solvated residues are amongst the ensemble of possihbeain impetus behind this measure was to incorporate low
structures. Clearly, not al\, are of equal length as some structural density as a critical feature for large structural des-
structurek are farther away from the bulk than others. In theignability. Our measure is based on the Euclidean distance
limit of large N, |(D)|| is ~D?/\d. Because alD are of  between any two structural vectdrandk, d,,=||D'—DV|
equal magnitude, those structures which are furthest awagnd O<d, <2D. Given a target structurk and the density
from the bulk or, equivalently, those structures which con-of its distance from other structuregd,;)
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TABLE I. Statistical parameters describing the percentage ground-state degeneracy and the Pearson correlation

coefficients between various measuréfgt, Z5,(F), (A0 and structure designability, across different
energy models and amino-acid alphabets. These correlation coefficients are numerical supplements to Figs.

3-10.

Alphabet and energy model % Degeneracﬁ‘;m vs Vy ZE vsV, (FvsVy (A vsVy
HP two-letter pair—contact 81.58% 0.583 0.501 0.036 0.740
Li two-letter pair—contact 63.09% 0.414 0.345 0.442 0.783
7 two-letter pair—contact 61.65% 0.489 0.416 0.287 0.661
hXYX four-letter pair—contact 41.63% 0.669 0.630 0.279 0.928
MJ 20-letter pair—contact 4.39% 0.829 0.885 0.924 0.943
Monte Carlo IIM pair—contact 0.01% 0.828 0.907 0.942 0.926
HP two-letter solvation 84.72% 0.505 0.704 0.272 0.585
FVSQ four-letter solvation 45.40% 0.538 0.795 0.591 0.703
H,O—Octanol 20-letter solvation 8.58% 0.522 0.843 0.786 0.879
Monte Carlo 1IM solvation 1.64% 0.603 0.868 0.853 0.915

Ay (dy) — i (dy) ous mentioned, Monte Carlo sampling represents a numeri-
ke = , (14  cal calculation of the exact structure designabilitigs in
Tay V(A —di)?  VEj((d)—dy)? their respective energy models in the limit of isotropic dis-

tribution of sequences in interaction space.

For all two-letter amino-acid alphabets, we exhaustively
screened every possible sequence 2>433 million),
whereas~20 million sequences were selected at random for
the remaining higher amino-acid alphabets. Conformations
were considered degenerate if their energies differed by less
than 104, In all cases, our sampling was large enough to
suppress statistical fluctuation. Naturally, given the larger di-
versity of interactions, random sequences constructed from
larger amino-acid alphabets had less ground-state degenera-
cies than their smaller counterpafSee Table). For each
sequence folding into a ground-state structure, we calculated
the foldability 7 and energy gap ;4 of that sequence. Nor-
mally, all 7 are dimensionless and amino-acid composition
independent, but for explicit comparison to previous design-
METHODS AND RESULTS ability results we leftA;y unnormalized and sequence-

For each amino-acid alphabet and energy model, we erflependent? f'épt andZ§ [as defined in Eqs13) and (14)]
sured that the native state was the nondegenerate groum¢ere also calculated for each structlraithin their respec-
state amongst all possible compact structures. Th& 2D  tive energy model. For aesthetic reasons, we normalized the
pair—contact model has a total of 1081 unique structures angfructure designabilities within a given amino-acid alphabet
there are 793 unique, nondegenerate structures for ¥ 5 Wwith the following constraint:
solvation model. Within the pair—contact model, we used six
amino-acid alphabets: The HP two-letter, Li two-letter,
two-letter, hHYX four-letter, MJ 20-letter, and the Monte > V,=10000. (15
Carlo (IIM) “infinite”-letter amino-acid alphabet. The inter-
action details for these amino-acid alphabets are described
elsewheré® For the solvation model, we used 4 amino-acid ~ We begin by looking at the pair—contact model results.
alphabets: An HP two-letter, FVSQ four-letter, Validating the basic premise of Govindarajan and Goldstein,
H,O—Octanol 20-letter, and a Monte Car{tM) infinite-  Fig. 3 is a plot ofjf‘f,pt versus designability/,,. The striking
letter amino-acid alphabet. The HP two-letter is identical tofeature is the positive correlation across all amino-acid al-
that used by Li and co-workers and analyzed by Ejtehadi anghabets, although significantly better for higher-letter amino-
co-workers, where a buried hydrophobe is energetically faacid alphabetsall statistical details are in Tablg. IFigure 4
vored [ y(H)=—1,y(P)=0].%17°3 Both FVSQ four-letter is a plot of Z'é versus designability/,. As expected in its
and 20-letter amino-acid alphabets were taken from experieonstructionZ¥ exhibits a better correlation to designability
mentally measured amino-acid water-to-octaob’s as than]—"; ; again, the correlation is significantly better pro-
given by Rosemaff FVSQ, a rough spectrum along the nounced for higher-letter alphabets. However, even for
lines of bulkiness and hydrophobicity, represents the fouhigher-letter alphabet, the correlation betwé’é‘,gt or Zd and
naturally occurring amino-acids. Both Monte Carlo alphabets/, is not perfect. Realistically, one could pred&tpriori
had each interaction, whether pair—contact or solvation, inwith confidence which lattice structures belong to which tier:
dependently drawn from a Gaussian distribution. As previdLowly designable, moderately designable, or highly design-

where(d,)=(1/N)3,d,,. Maximization of the target struc-
ture k distance from the bulk is handled by the numerator,
while the minimization of density of close, competing struc-
tures is implicitly taken into account by the denominator.
Thus, similar in nature to optimal foldabilitf,,, we posit
that highly de5|gnable structur&swill have Iargeer The
strong appeal oZd is that it is exceedingly easy to calculate,
unlike f'gpt which involves carefully inverting a high-
dimensional matrixB. Furthermore, our results demonstrate
thatZd is generally better correlated to designabilty than
]—";pt across both energy models. However, unlike foldability
and its relation tdl'¢ /T Zd is not obviously interpretable in
any energetic or thermodynamlc sense.
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able. This coarse resolution is an unavoidable trade-off folike, linear interaction model+,=0) for explicit compari-

using simple, scalar measures and avoiding the explicit enwson to their results. There are only 661 of 1081 structures
meration of all possible foldable sequences. with unique interaction patterns, which are drawn as large

Concerning thermodynamically relevant measukgs, triangles in Figs. 5 and 6. For two-letter amino-acid alpha-
and(A,y, we begin by earmarking those structures whichbets, there is a striking division between highly designable
are nondegenerate within Ejtehadi and co-workers solvatiortriangles and the remaining lowly designable structures. The

18 T T 18 T T 18 T T

FIG. 4. A plot of Z vs designability
V., calculated for various amino-acid
alphabets in a pair—contact model. The
amino-acid alphabet is listed above
each respective plot.
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significance of this segregation disappears for higher-letter The solvation model data, shown in Figs. 7—10, exhibit
amino-acid alphabets, as there is large-scale rearrangemddentical results to the pair—contact model g versus

in the relative designability of structures. The correlation be-f‘gpt, Z5, (F), and(A 4 as a function of amino-acid alpha-
tween(F) andV, exhibits dramatic sensitivity to amino-acid bet size. However, there are a few notable differences worth
alphabet size. Figure 6, a plot 0f ;) versusV,, is consis-  exploring. As shown in Fig. 11 and 12, unlike the pair—
tent with results of Ejtehadi and co-workers and Tang anttontact model, the designability, of specific solvation
co-workersi>**° namely, two-letter amino-acid alphabets structures across these different amino-acid alphatiets
with a small mixing parameteyy , such as the Li two-letter not significantly change! Namely, those structures which are
code, have a discontinuous jump (Ao between highly  pighly designable for the HP two-letter solvation model are

designable and lowly designable structures. However, whegg highly designable for the Monte Carlo alphabet. Addi-
Ym= Yo~ 1, @s for the HP two-letter and two-letter code, iqnajly, unlike the pair—contact model, the correlation be-

this discclmtinuity mo;,tly disappears. Thusf} in ”%‘ht of previ- tweenZE andV, in Fig. 8 is remarkably better than that of
OUS results;yy > ye does not appear to affect the Structure zk - paraieling this observation, the breakdown betw&gn
designability of two-letter amino-acid alphabets, but rather_ °°

only the statistics ofF and (A 1) with regard toV .>>%%%° and F,; is shown in Fig. 13, which is a plot of these two

The discontinuous jump ifA o) as observed by Lét al. is measures against one another in the pair—contact and solva-

; k
clearly an artifact of having a two-letter amino-acid alphabett'on model. Clearly,f‘c‘,pt andZ, are correlated to one an

that is but a small perturbation of the solvationlike IinearOther’ but remarka_bly more so for the pair—contact model.
interaction model. However, unliké&F), all amino-acid al-  11IS better correlation may be a consequence of the sparse-
phabets maintain a significantly positive correlation betweer€SS of common interactiorigven “rarer”) of the pair—
(Ay0) andVy, although much better for higher-letter alpha- cOntact model16 pair—contacts/132 possibleompared to
bets. All in all, in conjunction with our previous pap¥r, the solvation model9 buried/25 possibje This phenom-
these results indicate that two-letter amino-acid alphabet@non is certainly responsible for the larger fangétb& and
have irrefutable differences, not only with which structuresZ§ values for the pair—contact model compared to the solva-
are highly designablésee Fig. 11 but also inFg,, Z§, (#),  tion model.

and(A ;o) versusV,, when compared to higher-letter amino- Given our suspicion that two-letter amino-acid alphabets
acid alphabets for pair-contact models. Of notable mentionin @ pair—contact model could be solvation models in dis-
the MJ 20-letter and Monte Carlo alphabet have nearly idenguise, how do the relative designabilities compaoss
tical results and both reflect the exact pair—contact mode¢nergy models? Figure 14 is a scatter plot of the Monte Carlo
unlike the smaller-letter codes. In short, two-letter amino-solvation model designability}'® S*“"versus the structure
acid alphabets are plagued by artifacts that are in contrast @esignabilities for the six different amino-acid alphabets in a
the exact pair—contact model. pair—contact model. Even the hHYX four-letter code design-
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ability exhibits strong correlation to the solvation model, par-designable structures are a consequence of a hidden solvation
ticularly those highly designable structures. Thus, in retroimodel, rather than reflecting properties endemic to a pair—
spect, the HP two-letter designability results of Li and co-contact model.

workers concerning proteinlike symmetries of highly Concerning Kussell and Shakhnovich’s conclusions
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about 2D structural features pertinent to designability for ahree-length, four-length, and fivelength strands. Within a
pair—contact model, we also calculated the number of interelass, we averaged over the designabiliy,) for those
action loops and strands for every pair—contact structure anstructures containing a certain number of loops, one-length
divided them into six classes: loops, one-length, two-lengthstrands, etc. Kussell and Shakhnovich postulated that for 2D
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lattice proteins constructed with a two-letter amino-acid al-by Kussell and Shakhnovich for two-letter alphabets, only
phabet, highly designable structures were expected to haveops are in agreement. Strangely, the number of two-length
(1) no loops,(2) a maximum number of two-length strands, strands for two-letter amino-acid alphabets gives vague and
and (3) a minimum number of larger-length strands. Ourcontradictory correlations to designability. In complete dis-
results are shown in Fig. 15. Of the three conditions set forttagreement with Kussell and Shakhnovich, having a larger

FIG. 11. A plot of the exact design-
0 20 40 60 0 20 40 60 0 20 40 60 ’
v, v, Vi ability ~VMC par-contact v yarious
RHYX 4—code MJ 20—code Monte Carlo amino-acid alphabets, listed above
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number of three-length and four-length strands is synonynovich theory in 2D with a two-letter code does not agree
mous with higher designability for these two-letter alphabetsvery well with our lattice protein results. However, if Kussell
A possible source of two-letter alphabet deviation of thisand Shakhnovich’s analytical model is more valid for higher-
analytical theory from our lattice protein simulation involves letter alphabets, Fig. 15 hints that the following features for
the use of the REM assumption by Kussell and Shakhnovic2D lattice proteins should be strongly correlated with larger
to translate the energy spectruth(E), the number of se- designability for higher-letter alphabetd) No loops,(2) a
guences having enerdy for structurek, into designability.  minimum of one-length strands, a8) a maximum of two-
Their analytical results are contingent on the validity of thelength and three-length strands. Granted, four-length strands
REM. Yet, it is important to note that the REM is question- also give positive correlations to higher designability for
able for two dimensional systems: That is, both for a replicdarger-letter alphabets, but their signature is much weaker in
derivation of random heteropolymers in 5% and for a  comparison.

nonreplica derivation from loop entropy arguments for de-

S|gqed, proteinlike s.equencgsln addmon, it has also been CONCLUSIONS

conjectured many times and numerically shown by Pande

and co-workers that the REM works far better for higher-  Our results lend strong credence to the fact that we are
letter alphabets than for two-letter alphab@tsThus, it starting to understand the principles of what makes a protein
should not be too surprising that the Kussell and Shakhstructure designable. Based on the work by Govindarajan
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and Goldstein with pair—contact models anddtial. with and 7 and 8 demonstrate this principle across pair—contact
solvation models, those structures farthest away from thand solvation models. Naturallyhich structures are highly

bulk, which are also those with the smallest density of surdesignable depends on the particular energy model used. For
rounding structure vectors, are highly designablethe pair-contact model, highly designable structures have an
Structurally-calculable measuré%pt andZE in Figs. 3and 4 abundance of rare, long-range pair—contacts, whereas for the

T T
& - -0 HP 2-letter

& - -o Li 2-letter f
150 0m 2-letter b
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=——a MJ 20-letter o
+—— Monte Carlo

FIG. 15. A decomposition of pair—
contact structures according to number
of loops, one-length, two-length,
three-length, four-length, and five
length interaction strands plotted vs
the average designabilityV,) over
structures containing these particular
features. The data from the various al-
phabets are drawn with different
curves and symbols, as described by
the legend in the two-strand plot.

# 3-length strands # 4-length strands # 5—length strands
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