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Admissible forms of the static solutions to the SU(3) gauge field equation are examined. It is shown
that by a proper choice of the form of solutions which extricate the SU(3) indices, the set of
nonlinear partial differential equations is reducible to nonlinear ordinary differential equations for

the radial functions.

I. INTRODUCTION

In a previous paper coauthored by one of us,! some
static solutions of the classical SU(2) isotopic gauge
field? equations were discussed. A crucial feature is the
fact that by a judicious choice of the form of solutions
which properly extricate the isotopic indices, the set of
nonlinear partial differential equations is reducible to
nonlinear ordinary differential equations for the radial
functions,

The purpose of the present note is to examine the
static case of SU(3) unitary gauge field3 equations. We
find that the above feature also holds for the SU(3) gauge
field equations,

Il. LOCAL SU(3) GAUGE FIELD

As is well known, the number of the gauge field com-
ponents is equal to the dimension of the regular repre-
sentation of the underlying group. For SU(3), this number
is eight. The octet gauge field may be arranged in terms
of 3 X 3 matrices.

= kcA
Cu =Ky,

M summed over A=1,..,8, (1)

where k is a scale factor and A, are the set of eight 3 X
3 Gell-Mann matrices? satisfying the commutation rela-
tion

(X4 )\B] = 7gACBAC° (2)
Let
F, = «fir,, (3)
where
Tiv = ¢y — b, — keggpel e, 4

in which € is the coupling constant and the comma with
respect to p, v is a short-hand notation for the differen-
tiation
cA' =3 cA. (5
Away from sources, we take as the free Lagrangian
£0=_$uuAf;flll' (6)
The equation of motion reads
Swva =—KeEL5C S up. (7
Substitution of Eq. (4) then gives
ety t KegH, (2¢P, — cP ek — (ke) g gPrcBcEcE =0

povv v/ 4 (8‘)
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From here on, we choose the scale so that

ke =1, (9)

lIl. STATIC CASE
We shall primarily be interested in the static situation
where
(10a)
(10b)
Thus the only nonvanishing components are the spatial
ones,

Furthermore, the subsidiary condition holds:

cA =0,

B (11)

Instead of the label A =1,.,., 8, we find it convenient
to adopt double indices im, each running from 1 to 3.
The traceless condition would give us still eight inde-
pendent components D¥# . Under such a correspondence,
we make the following transcription.

For the indices:

A-=>Ilm,Bpq,D > rs,E > uv, F - xy,; (12)
for the field
cft— Dim; (13)
and for the structure constants
8agp ™ glm,pq,rs' (14)
Explicitly, the structure constants read
Simpa.rs = OmpParOsi = O1g0mr0ps- (15)
Equation (8) becomes then for the static case
Dfm; + gg'elz.rs(wir.% — Drs)ppe
- gi;"}],rsg:g.xy DquDiuu D]?fy = 0’ (16)

where the comma with respect to the spatial components
i or j only denotes a differentiation.

IV. FORM OF STATIC SOLUTIONS

We look for the static solutions to the field equations
(16) in the following form:

Dim = (e“jxjxm + eim].xjxl)f + €, € ¥n By (17)
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where f and & are two functions of the radial distance r
alone,” = (x} + x% + x3)1/2,

1t should be emphasized that for Eq. (16) to be satis-
fied for every internal index, severe restrictions must
prevail on the admissible forms of the solutions. It is
rather remarkable that the choice (17) indeed gives a
consistent solution. In other words, the symmetric com-
bination exx (in front of f) and the antisymmetric com-
bination eex (in front of ) become jointly preserved
under the operations indicated on the left-hand side of
(16). After a straightforward calculation, their co-
efficients can be collected. The vanishing of these co-
efficients gives a pair of coupled nonlinear ordinary
differential equations for f and k. The result is

f" + 6r-1f' — 14fh + Tr2fh2 — r4f3 =0, (18a)
R+ 41’ 4+ r2f2 — 3h2 — Trif2p + r2p3 = 0. (18b)
Or, in terms of a (F, H) pair defined as
F =73f, (19a)
H=1—72h, (19b)
Eq.(18) reads
F" + y2F(— 13 +7TH2 — F2) =0, (20a)
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H" +7r2[4—(5+ TF2)H + H3] = 0. (20b)

We shall not attempt to discuss the solutions to Egs.
(20) here except by making the following obvious
remarks.

(i) Equations (20) possess three real singular points
located at

()= ()

= and
H 1

(ii) In (17),the f part solutions cannot exist by itself,

while the k part can,i.e., when k = 0, f = 0; however,
when f = 0, 2 has nonzero solutions.
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