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Analytic approximations to nonrelativistic atomic ground state energies are obtained from the
first two terms of the 1/D expansion for the N-electron atom. These two terms describe the
equilibrium structure (D — o limit) and normal mode oscillations (1/D term) of a completely
symmetric N-dimensional configuration of localized particles. The connection between these
large-D results and real atoms is established through the vibrational state, which is restricted
by antisymmetry requirements at D = 3. Convergence considerations lead us to consider three
different approximations, depending on whether all, none, or part of the results obtained from
the 1/D term are used (in addition to those obtained from the D— oo limit); the maximum
errors are respectively about 8%, 3%, and 1%. In all three approximations the dependence of
neutral atom energies on the nuclear charge Z is roughly Z '*/* for physical Z (as observed for
real atoms) and roughly Z 7/? for very large Z (in agreement with the known asymptotic
result). The best approximation, which utilizes the 1/D term up to lowest nonvanishing order
in 1/Z, is comparable in accuracy to single-{ Hartree-Fock calculations.

I. INTRODUCTION

Dimensional continuation can offer novel conceptual
perspectives and computational procedures for a variety of
physical problems. The qualitative use of lower-dimensional
analogs for real-world problems has long been a familiar
procedure. Recently it has been shown, however, that in
many cases quantitative predictions for D = 3 results can
also be extracted from D # 3 calculations. The first and still
most striking example of this is the renormalization group
approach to critical phenomena, which utilizes D =4 as a
starting point."

Most recent applications of dimensional continuation
have employed the D— oo limit.? This is a classical limit dis-
tinct from 42— 0. Often this is augmented by one or more
semiclassical correction terms, which together with the
D— oo limit constitute the beginning of a 1/D (or 1/N) ex-
pansion.? The 1/D expansion has two important characteris-
tics, both arising from the classical nature of the D -» oo limit.
On the one hand, it is simple. Even for relatively complex
systems, like the many-electron atom treated in this paper, it
is possible to obtain the leading terms of the 1/D expansion
analytically. On the other hand, it is singular. This renders
the expansion divergent (though asymptotic), and accounts
for the poor accuracy of results obtained By straightforward
application of 1/D perturbation theory.

Substantial improvements in accuracy can be achieved
in several ways. First, one can factor out any exactly-soluble
component of the energy, such as the hydrogenic component
in electronic structure problems, in order to improve the
initial convergence of the asymptotic 1/D series.* Second,
one can obtain solutions at one or more other values of D,
such as D = 1, and combine these with the 1/D expansion.’
Finally, one can expand the individual terms of the 1/D se-
ries, and discard the divergent contributions.® When applied
to two-electron atoms, these procedures are capable of im-
proving the accuracy of the 1/D expansion to the level of
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conventional electronic structure calculations.

In this paper, we apply the method of 1/D expansions in
conjunction with two of the refinements just discussed in
order to obtain accurate analytic approximations to the en-
ergies of many-electron atoms. First the problem is general-
ized to spaces to dimensionality D 53, and solved for large
D; explicit expressions for the D— oo limit and 1/D term are
obtained. This solution for large D is then recast in a form
appropriate for use at small D by utilizing the exact solution
for the D-dimensional hydrogenic atom. Finally, the energy
is expanded in order to reveal the convergence properties of
its various components and eliminate those which are diver-
gent. The resulting energy expression yields predictions for
total atomic energies which are accurate to about 1%.

The method for treating atoms developed in this paper
differs from more familiar methods in several respects. First,
it engenders a very different picture of electronic structure.
Whereas the starting point in a conventional treatment is one
in which the electrons are delocalized and inequivalent (be-
fore antisymmetrization), the starting point here is one in
which the electrons are completely localized and completely
equivalent. The localization is a general consequence of the
classical nature of the D— o limit, while the equivalence is
due to the stability of the completely symmetric classical
configuration in this particular problem.

A second way in which the dimensional continuation
method differs from more familiar ones is in the nature of the
approximations which it introduces. In particular, by utiliz-
ing the dimensionality of space as its perturbation param-
eter, the method achieves a zeroth-order solution to the
many-body problem without recourse to any averaging or
uniformization, as in the Hartree~Fock and Thomas-Fermi
methods. This renders the approach especially suitable for
the calculation of collective effects like the correlation ener-
gy.

A final and especially noteworthy feature of the new
method is its extreme simplicity. It involves no parameteri-
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zations, integrations, or iterations, and even the most diffi-
cult step, which is to find the roots of a quartic equation, is in
principle analytic. In fact, all results reported in this paper
can be obtained on a pocket calculator without difficulty.
This simplicity is a consequence of the classical character
and symmetric geometry of the D— oo limit. It should be
noted, however, that although dimensional continuation is
much simpler than conventional electronic structure meth-
ods, it may not be able to offer comparable precision. In fact,
the asymptotic character of 1/D expansions may place a
strict limit on the accuracy attainable.

The structure of this paper is as follows. In Sec. II we
demonstrate how the many-electron atom can be general-
ized to D-dimensional space, and give explicit expressions
for the first two terms of its 1/D expansion. In Sec. III we
utilize the exact solution for a one-electron atom of arbitrary
dimensionality D and nuclear charge Z to determine the vi-
brational state and reexpand the energy in the form appro-
priate for application at small D. In Sec. IV we examine
convergence of the energy with respect toboth 1/Dand 1/Z
in order to motivate three successively more accurate ap-
proximations: D o limit plus 1/D term, D— oo limit
alone, and D— oo limit plus 1/D term to order 1/Z. Finally,
in Sec. V we discuss the significance of the results and their
possible extension.

Il. SOLUTION FOR LARGE D

Dimensional continuation always involves an extrapo-
lation from known physics, and therefore some degree of
arbitrariness. Indeed, any generalization which reduces to
known physics at D = 3 must be considered valid. For the
many-electron atom treated here we simply choose the most
natural generalization. In the end, however, it is the fact that
this generalization leads to a simple and effective computa-
tional procedure which serves as its primary justification.

A. Generalization

Our generalized many-electron atom is defined by a
Hamiltonian which is identical to the usual one, except that
its Laplacians and Coulomb terms are now interpreted in the
manner appropriate to D-dimensional Euclidean space.’
Thus, for an atom with N electrons and Z protons, we take
the Schrédinger equation in atomic units to be

N N N

[Z h,-+2 Z gij]‘I/=E\l', (1a)
i=1 =1 j=i+1

where

h 1 D 82 Z D 2 — 172 lb

! 2 -V;l axi, [vgl XW] ’ ( )
D — 172
8y = [ zl(x“, —-—xj,,)z] . (1c)

We now restrict attention to spherically symmetric
states, and recast Eq. (1) in a form convenient for analysis at
large D. This involves three steps. First we introduce re-
duced variables, measuring distances in units of }/Z Bohr
radii and energies in units of Z?/Q hartrees, where
1 =31(D — 1)(D — 2N — 1). The reason for this choice of
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scaling will become apparent shortly. Next we transform to
internal coordinates, which we take to be the lengths p, of the
N electron vectors and the cosines y; of the IN(N — 1) an-
gles between them. This set of coordinates suffices for S
states. Finally, we rewrite the resulting equation as one for
the probability amplitude ® = J 1/2¥, where J is the Jacobi-
an of the transformation to internal coordinates. This elimi-
nates all first derivative terms.

After a bit of work, the details of which will be described
elsewhere,® we obtain

(T+ U+ PP =eD, (2a)
where the kinetic, centrifugal, and Coulombic terms are
N 2 L LY, 2
— __L ‘(2"2“ 7’,k Z’_]IYIk (9 ,(2b)
20 S dp;  FiS pi Y0
N (€3]
v=Lls 117 (2¢)
2 i=lP? F
4 I 1 a a4 2 2 —1/2
V== —+=2> X 0i+p —2pp7)" "%
i=1pP; Zt=lj=i+1
(2d)

Here, T is the Gramian® determinant }/3 ; ﬁj | = |yy|forall N
electrons, and I"” is the Gramian determinant for all but the
ith electron. The motivation for scaling distances and ener-
gies by ) = (D — 1)(D — 2N — 1) is now apparent. By
this choice, the dimensionality D appears as a variable only
in the kinetic term T, leaving an effective potential U + V'
which is independent of the dimensionality.

B. Classical limit

Equation (2) is in a standard form suited for calcula-
tions at large D. All dimension dependence is confined to the
large parameter ), which plays the role of an effective mass
that localizes the system near the minimum of the effective
potential. In the D o limit itself the localization is com-
plete, and the solution is given simply by the position and
depth of the minimum. This localization (which is quite gen-
eral) is the reason for calling D— o« a classical limit.

To obtain the minimum of the effective potential, we
tentatively assume that it will be a totally symmetric one in
which all electrons are equivalent. Because this leaves only
two free parameters-—a single distance p and a single angle
cos ™! y—the minimization under this constraint is readily
carried out. The solution is

- _1_*5_15]2,
P [ T_¢ (3a)
§
R ee————— 3b
Ve Ry (3b)
1[] 1-¢ ]3
= — —|wr—2—] (N — N ,
€ 2[1—§/N ( E+&) (3¢)
where £ is the smallest positive root of the quartic
8NZ2E2(2 —£)>= (N - £&)> (4)

We will show in the following subsection that the con-
figuration described by Eq. (3) is stable to deformation, and
therefore is indeed a local minimum, for all neutral atoms
and positive ions. (Not surprisingly, it becomes unstable for
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sufficiently negative ions.) We will not address in this paper
the much more difficult question of whether this configura-
tion is in fact the global minimum. To answer this question
will probably require a numerical survey of the full
IN(N + 1)-dimensional potential energy surface. We note,
however, that in the limit of very large atoms, ionization
does lower the energy for N /Z > 2°/2/320.943, so there will
apparently in general be some range of ions for which Eq.
(3) describes a local but not a global minimum.

- The D— oo limit solution to the N-electron atom, as giv-
en by Eq. (3), is one in which the electrons are equidistant
from one other and equidistant from the nucleus. Thus, the
electrons lie at the corners of a regular N-point simplex
(“hypertetrahedron’), while the nucleus lies along an axis
which passes perpendicularly through the center of that fig-
ure. For any NV, the overall geometry is specified by only two
parameters, which we have taken to be the reduced distance
of the electrons from the nucleus (p_, ) and the angle of the
electrons with respect to one another (cos ™! Y. ). For neu-
tral atoms, the reduced distance increases monotonically
from 1.000 for hydrogen to about 1.547 for large atoms,
while the angle decreases monotonically from about 95.3° for
helium to 90.0° for large atoms. The D — o limits of the first
three atoms (H, He, Li) can be pictured in terms of qualita-
tive molecular equivalents (HF, H,0, NH;). For larger
atoms the D— oo limit configuration cannot be embedded in
D =3, and there are no molecular equivalents.

C. Normal modes

For large but finite D the effects of the derivative terms
in Eq. (2) must be considered to first order. The rigid classi-
cal limit geometry just discussed assumes the role of an equi-
librium configuration, and the problem becomes one of de-
termining the normal modes of oscillation about this
minimum. The vibrational analysis is greatly simplified by
the very high symmetry of the equilibrium configuration,
and once again all results can be obtained analytically.

Except for the lightest atoms, which are even simpler, all
atoms have just five normal modes. ( Hydrogen has one, heli-
um three, and lithium four.) These belong to three different
irreducible representation of the symmetric group S, two of
which occur twice each. There are first of all two nondegen-
erate modes belonging to the representation [ V], which will
be designated 0~ and 0™; these are the totally symmetric
stretch and totally symmetric bend, respectively. Then there
are two (N-1)-fold degenerate modes belonging to [N-1,
1], and designated 1~ and 17; these are, respectively,
stretching and bending modes having single nodal planes.
Finally, there is a single 4N (N-3)-fold degenerate mode be-
longing to [N-2, 2], designated simply by 2; this mode is
purely angular, and is characterized by pairs of nodal planes.

For the simplest atoms, the normal modes can be pic-
tured in terms of their molecular equivalents. For example,
the 0* modes of lithium correspond to the two 4, modes of
ammonia, and similarly the 1* modes of the atom to the
two E modes of the molecule. The smallest atom with a 2
mode is beryllium, which has no good molecular equivalent.
However, because this is a purely angular mode, we can take
the E mode of methane as a crude model. ( The carbon would
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need to be displaced along a fourth coordinate axis to pro-
vide a better model.)

The normal modes may be found by applying the FG
matrix method to Eq. (2). After quite a bit of algebra,® one
obtains the five normal mode frequencies (to lowest order in
1/D)

wg =110 — 4§ + 267 £ 70", (52)
off =210 186 + 76 £ 7,17, (5b)
co2=%[16—4(4—3/N)§(2—§)]”2, (5¢)
where

A=[_1T—E§—N 3, (5d)
7o = [132 — 96¢ + 40£ 2 — 16£3

+ag - ap U DL 8 -, (e)
7y = [132 — 168£ + 4062 — 12£3

+96%—24 (2_13_5)5(/2]\7_5) 7 (5)

Note that £ is still given by Eq. (4).

In general the ordering of the spectrum is given by
o] <@g <w,<o{" <wg". Thus, the two predominantly
radial modes are of lower frequency than the three predomi-
nantly angular modes. For large neutral atoms the five fre-
quencies tend toward the limiting forms

_ 083579 _ 035422
° p D ’ . — 167157
+_ 207902 ._ 187530 7 p

(l)o =, a)l =

D D

(6)

The asymmetric stretch mode 1~ becomes very soft for neg-
ative ions, and for large atoms vanishes when N /Z > 25/%/
5=1.131. This marks the point at which the totally symmet-
ric configuration ceases to be a local minimum.

All of the normal mode frequencies are proportional to
1/D because the effective mass () in Eq. (2b) was asymptoti-
cally proportional to D 2. It will be convenient to make the
dimension dependence of the frequencies @ explicit by ex-
pressing them in terms of dimension-independent character-
istic values A:

+ =+
A4 @ A 4, (N

Also for convenience we introduce degeneracy labels for the
five representations:

di =1 df=N—1 d,=IN(N—3). (8)

Finally, we bring together the results of this section.
Consider an atom or ion with n,, quanta in vibrational mode
4 (whereg runsover0—,0%,17,1%, and 2). Combining the
results for the classical limit and the normal modes, we ob-
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tain

z,u (n,u + %du )/1#
=) D M
Once the vibrational quantum numbers are specified, this

gives the total energy for any atom or ion at sufficiently large
D, correct to order 1/D.

€=¢€ 9)

il. APPLICATION TO SMALL D

In order to apply the results of the preceding section to
the real world, we need to determine which vibrational states
are consistent with symmetry requirements at low D, and
how energies vary with dimensionality away from the large-
D limit. For these purposes the only additional information
that will be needed is the exact solution for the energy levels
of a hydrogenic atom as a function of D. In hartrees, these
are given by'°

EH— _i[_zz_r
" 2iD+2n 31"

A. Vibrational state

(10)

In our generalization of the N-electron atom to D-di-
mensional coordinate space we have tacitly assumed that the
spin space and symmetry rules are unaltered. Thus, we re-
quire the wave function to be totally antisymmetric at D = 3.
This places certain restrictions on the possible assignments
of vibrational quantum numbers n, . The easiest way to find
these is to relate the vibrational states |ng ng" n{ n n,) to
the familiar configurations |n,/,...nyly ), for which the re-

" strictions imposed by antisymmetry are known. A transcrip-
tion between the two representations can be obtained in the
double limit D,Z —~ o where both are valid. (For large D, the
vibrational description becomes exact, while for large Z, sin-
gle configurations become eigenstates. )

Consider first the Z— o limit of the vibrational
(D— =) representation. The classical limit solution be-
comesp,_ =1,y =0, = — N /2. Furthermore, in the
vibrational analysis one finds an exact separation of radial
and angular motions, and the limiting characteristic values
become A5 =A; =2 (the radial modes) and A,

=A [ =4, =4 (the angular modes). Thus, the limiting
form for the total energy in Eq. (9) is
_ N+N2+2(no‘ +n) 4+ 4(ng” +ni" +n,)

E= — —

2 D

(11)

Now consider the corresponding expansion obtained
from a pure configuration. For purposes of comparison, it
will help to label the contributing orbitals by the quantum
numbers k; and /;, where k;, = n, — I, — 1 is the number of
radial nodes in the ith orbital. (/, is, of course, the number of
angular nodes.) Upon taking a sum of hydrogenic orbital
energies as given by Eq. (10), expressing this in reduced
units of Z?/€Q) hartrees, and expanding to order 1/D, one
finds

- N N2+2211'V=1(ki+1i)

2 D

(12)
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The quantum numbers in the two representations can
now be related in order to reveal the restrictions on vibra-
tional states imposed by antisymmetry. Because of the clean
separation of radial and angular motions, two conditions
arise:

N
ng +n. =3 k.

i=1

(13a)

(13b)

N
S .

ng +nt +n,= L

2=
These equations determine a set of candidate vibrational
states [ng ngt n;n;tn,) from the (known) set of permissi-
ble S-state configurations |n,/,...nyly ). When Z is made fin-
ite, one of these candidate states will have lower energy than
all others. This will clearly have all quanta assigned to the
lowest frequency radial and angular modes, namely 1~ and
2. Since a totally antisymmetric state can always be con-
structed from this assignment, it is the vibrational ground
state. Note that we limit consideration to the vibrational
equivalents of realizable D = 3 configurations. Thus, we do
not consider states like 15s*2s*2p™ —*, even though they can
be realized for sufficiently large D, because such states do not
correlate with real-world states.

Although a given vibrational state in general corre-
sponds to more than one configuration (and conversely a
given configuration to more than one vibrational state), for
the ground state it is not hard to see that the correspondence
is one-to-one. Hence we obtain a unique configurational
equivalent for the vibrational ground state. We can even go
one step further, associating the individual electrons with
the orbitals of this configuration. To do this, we consider the
atom to be built up one electron at a time. Then each added
electron must be accompanied by a certain number of vibra-
tional quanta in order to maintain antisymmetry. By means
of Egs. (13) we can associate these additional quanta with a
conventional orbital designator n,/;, and call these the shell
number and angular momentum of the added electron. This
inequivalencing of the symmetrically disposed electrons is so
far only conceptual, but we will see in the next subsection
that it has consequences for the energetics.

It is instructive to compare the configurational equiv-
alents of D— « vibrational ground states to known D = 3
configurations. The two configurations are usually but not
always different. For neutral atoms the ordering of orbitals is
the same as the familiar one, except that in a roughly degen-
erate set like 7s,6p,5d,4f (characterized by a common value
of n 4 1), the ordering is now strictly left to right, rather
than approximately right to left. Thus, the transcribed and
observed configurations of neutral atoms will differ except
for the alkaline earths, which are characterized by the filling
of sets like 75,6p,5d,4f. This is illustrated in Fig. 1. We also
note that as an atom is ionized, both the transcribed and
observed configurations quickly become lexicographic (that
is, ordered first by n and second by /).

B. Reexpansion

With the vibrational ground state determined, all quan-
tities in the first-order large-D expansion for the energy, Eq.
(9), are known. Before this expression can be applied at
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Observed

Transcribed

FIG. 1. Periodic structure in real atoms (left) and in the approximations
derived from the D— co limit (right). Elements are grouped according to
orbital or vibrational quantum numbers, with only the last element of each
group listed. On the left, row and column numbers specify the shell number
and angular momentum of the last added electron. On the right they specify
the same quantities transcribed via Eqs. (13) from the incremental vibra-
tional quantum numbers. (The ordering in the vibrational representation is
actually “normal” up to oxygen, as indicated by the detour to the right of
Be.)

D = 3, however, it must be reexpanded in a form appropriate
for small D. In its present form the expression gives energies
in units of Z >/ hartrees, and @ = }(D — 1)(D — 2N — 1)
is negative for D < 2N + 1. Thus, Eq. (9) asis gives no bind-
ing for any atom at D = 3.

The effective mass factor £) was chosen to scale energies
and distances because this eliminated all dimension depen-
dence from the effective potential. For the purpose of calcu-
lating energies, however, what is needed is a factor which
eliminates as much dimension dependence as possible from
the final energies themselves, especially as we have only cal-
culated contributions to order 1/D. Turning again to Eq.
(10) for the hydrogenic atom, we see that in the Z — oo limit
the factor ' = (D + 2n — 3)* would eliminate a// dimen-
sion dependence for electrons in shell #. We therefore reex-
pand Eq. (9) with Z2/Q’ as the overall factor, giving an
expression for contributions to the energy from shell » which
should behave well at low D as well as high D:

E,(N.Z)

___[ 2Z ]2

D+4+2n-3

N 2, (n, +3d A, + (2N +4n —4)e,, ]
D

x|e.

(14)

Note that several quantities in this expression (€, ,n,,d,,,
and A, ) depend on N and/or Z.

As the most natural definition of the total contributions

from the various shells we take the successive shell ioniza-
tion energies. That is, if there are V, electrons with principle

quantum numbers less than or equal to # (in either the con-
figurational or vibrational representation ), then the total en-
ergy attributable to shell n is the difference in energy
between ions with N, and N, _, electrons. Upon summing
the shell energies, we finally obtain an expression for the
total.energy (in hartrees) which should be applicable at low
D:

E= z [E.(N,,Z) —E,(N,_,,Z)]. (15)

n=1

It is readily verified that in the Z— « (hydrogenic) limit
which has served as a guide, Eq. (15) always yields the exact
energy. The results predicted for finite Z will be presented in
the following section.

IV. RESULTS

We will consider three approximations to the total
ground state energies of atoms and ions. The first one is sim-
ply that given by Eq. (15). This approximation utilizes the
first two terms of the 1/D expansion, and we will call it the 2-
term approximation. We then consider two more elementary
approximations. One is a much simpler 1-term approxima-
tion obtained by dropping all contributions of order 1/D;
and the other is an intermediate “1}-term” approximation in
which the 1/D term is included, but only to lowest nonvan-
ishing order in 1/Z.

We will see below that the two simpler approximations
are in fact more accurate. The reason for this is the singular
character of the 1/D perturbation expansion, which causes
the 1/D series to diverge except at low order. For the helium
atom the divergence is known to set in at third order in 1/D,
while for larger atoms we will see below that it appears to set
in even sooner (though not at lowest order in 1/Z). These
observations will serve to motivate the 1-term and 11-term
approximations.

A. 2-term approximation

The approximations to the total energies of neutral
D = 3 atoms given by Eq. (15) are listed in the first column
of Table 1. These values pertain to the lowest spherically
symmetric vibrational state, as derived in Sec. III. Approxi-
mate energies are given for all atoms for which reference
values are available in the literature, namely 1<Z<127. The
reference values, listed in the last column of the table, were
obtained from accurate Hartree-Fock-Roothaan calcula-
tions'~!* corrected for correlation effects.'>'®

The exact and approximate energies are plotted as a
function of atomic number in Fig. 2. Also plotted for com-
parison are the energies given by the Thomas—Fermi approx-
imation. The overall behavior of the total energies is mod-
eled quite well by the 2-term approximation. Thus, the
neutral atom energies are roughly given by — 1Z /%, as ob-
served for real atoms.'”*® It is noteworthy that the approxi-
mation does not give the Z /3-dependence of Thomas—Fermi
theory'®!® and other simple models.?® (In the domain of
very large Z, which is of course nonphysical for reasons of
both nuclear and atomic stability, the energies appear to be
proportional to Z 73, which is the correct asymptotic nonre-
lativistic result.?!)
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TABLE I. Nonrelativistic energies (in hartrees) of neutral atoms given by the three approximations of Sec. IV
and by accurate conventional calculations.*

Atomic 2-term 1-term 1j-term Reference
number Element approximation approximation approximation energies
1 H —0.5000000 —0.500 000 0 —0.500 000 0 —0.500 0000
2 He —2.9317870 -~ 2737769 1 —2.9145458 —2.9037244
3 Li — 74751309 —7.2653349 -~ 7.3537232 — 74780257
4 Be — 14.942 896 —14.353 106 — 14.677 196 — 14.666 721
5 B — 24.876 044 —24.1477717 —24.356472 ~ 24.652 357
6 C — 38.349 223 — 37.464 031 — 37.464 031 —37.842 312
7 N — 55.033 685 — 53.931 594 —53.610777 — 54.584 524
8 (0] — 76.579 754 —74.578 711 — 74.637 636 - 75.059 270
9 F — 101.446 54 ~98.994 793 — 98.589 680 —99.719 300
10 Ne —131.176 21 —127.328 58 - 127.238 55 —128.91905
11 Na — 167.239 74 — 161.844 79 — 162.33093 — 162.232 90
12 Mg — 207.375 98 — 199.958 91 — 200.842 80 —200.026 61
13 Al —250.145 60 —242.652 14 —241.742 48 —242.315 68
14 Si —298.411 67 — 289.865 65 — 287.880 59 —289.322 31
15 P — 352.004 36 — 342,530 53 — 338.798 58 — 341.207 69
16 S —411.008 89 — 399.668 40 —395.186 78 — 398.060 85
17 Cl —477.277 32 —462.543 13 —458.61272 —460.101 87
18 Ar — 547.932 67 —530.170 38 —526.174 49 — 527.494 39
19 K — 628.172 42 — 603.804 67 — 603.478 12 — 599.924 53
20 Ca — 711.401 62 — 682.486 23 —683.136 87 —677.558 03
21 Sc — 796.159 54 — 766.580 29 — 764.095 61 — 760.575 52
22 Ti — 887.677 77 — 855.960 14 — 851.360 75 — 849,285 75
23 v —987.242 88 —951.086 50 — 945,757 96 - 943.804 20
24 Cr —1091.448 8 —1051.5942 —1045.157 1 —1044.3152
25 Mn —1206.018 3 — 11579800 — 11543260 —1150.8657
26 Fe —1323.5607 —1269.9326 —1266.592 1 —1263.4832
27 Co —1454.1197 — 1387.8879 —1391.620 1 —1382.4942
28 Ni — 1585.680 5 —1511.602 4 —1517.4857 —1507.990 5
29 Cu —1721.2263 —1651.6132 —1643.8404 —1640.122 8
30 Zn — 1866.8158 —1789.003 3 —1782.7655 —1779.0477
31 Ga —2017.5368 —1943.3389 —1923.6537 —1924.500 4
32 Ge —2177.7882 —2094.9729 —2076.1990 —2076.639 1
33 As —2344.4383 ~2264.1793 —2232.4103 —2235.558 2
34 Se —2519.984 5 —2430.6257 —2399.136 1 —2401.2258
35 Br —2703.318 3 — 26152489 —2571.460 3 —2573.8408
36 Kr —2894.792 1 —2797.076 0 —27529272 —2753.494 6
37 Rb —3083.9497 —2985.8387 —2931.9242 —2939.8270
38 Sr —3303.598 6 — 31954382 —31389221 —3133.0579
39 Y —3508.564 8 — 34004218 — 33324600 —3333.2312
40 Zr —3722.863 5 —3612.3010 —3534.4452 — 35405957
41 Nb —3950.793 7 — 3831.1287 —~3747.3899 —3755.2245
42 Mo —4182.0294 — 40572529 —3965.3189 —3977.2138
43 Tc —4429.9079 —4290.3778 —4197.568 2 — 42064953
44 Ru —4678.505 4 — 4530949 6 —4432.056 6 —4443.286 4
45 Rh —4947.047 4 — 47785704 —4684.499 4 —4687.6833
46 Pd —5213.498 5 —5033.792 4 —4936.162 7 —4939.747 1
47 Ag —5476.383 8 —5296.443 9 —5184.5400 —5199.5652
48 Cd —5774.218 1 —5573.4539 — 5462.691 5 — 5466.9922
49 In —6053.3025 —5852.097 1 —5726.1814 —5742.1170
50 Sn —6373.2872 — 61453189 —6026.207 5 —6024.9220
51 Sb — 6 669.008 5 —6440.273 8 —6305.2260 —6315.5155
52 Te — 70119551 —6750.014 3 — 6 628.000 3 —6613.854 8
53 I — 7324751 8 — 7061.600 9 —~6922.963 6 —6920.0927
54 Xe — 76914742 — 7 388.166 9 —7269.359 7 — 72342902
55 Cs —8021.7853 —7716.705 3 — 7 580.684 0 —7556.128 6
56 Ba —8413.0986 — 8060.403 7 —7951.5757 — 78857787
57 La —8761.3633 — 8406.213 9 —8279.676 9 —8223.3412
58 Ce —9120.769 2 — 8759.8497 — 8617.6662 — 8569.227 8
59 Pr —9501.289 6 —9121.0367 — 8972.003 8 —8923.5260
60 Nd —9880.728 6 —9490.688 8 —9328.6316 —9286.264 8
61 Pm — 10 284.681 — 98679120 —9705.343 3 —9657.5173
62 Sm — 10 684.417 —10253.721 — 10081.143 — 10 037.407
63 Eu —11112.311 —10647.119 — 10 480.976 — 10 426.034
64 Gd — 11532.691 — 11 049.225 — 10 876.481 — 10 823.196
65 Tb — 11 944,731 — 11 459.685 — 11 264.433 — 11 229.128
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TABLE 1. (Continued).

Atomic 2-term 1-term 1}-term Reference
number Element approximation approximation approximation energies
66 Dy —12417.640 — 11 882.108 — 11 705.988 — 11 644.047
67 Ho — 12 847.946 —12309.777 —~ 12 111.126 —12067.943
68 Er — 13 347.092 — 12 749.468 — 12 578.750 — 12 500.833
69 Tm —13796.018 — 13 194.551 —13001.438 — 12942872
70 Yb — 14 322.131 — 13 651.707 —13495.931 — 13 394.187
71 Lu - 14 790.033 — 14 114.408 —13936.535 — 13 854.590
72 Hf — 15 343.849 — 14 589.225 —~ 14 458.697 — 14 324.080
73 Ta — 15 831.084 — 15 069.749 - 14917.581 — 14 802.689
74 w — 16 413.339 — 15 562.423 — 15468.212 — 15 290.467
75 Re — 16 920.269 — 16 060.975 — 15945.741 — 15787.498
76 Os — 17 464.016 — 16 607.382 — 16 440.946 — 16 293.656
77 Ir —17990.217 — 17 126.128 ~ 16 935.879 — 16 809.163
78 Pt — 18 556.887 — 17 693.401 — 17 452.797 —17334.211
79 Au — 19 102.689 — 18232.662 ~— 17 965.407 — 17 868.533
80 Hg — 19 692.733 — 18 821.107 — 18 504.524 — 18 412.167
81 Tl —20258.464 ~— 19 381.205 ~— 19035.084 — 18 965.042
82 Pb —20872.334 —19991.128 — 19 596.888 — 19 527.267
83 Bi —21458.324 —20572.383 — 20 145.671 — 20 098.887
84 Po —22096.470 — 21 204.090 —20730.646 —20679.844
85 At —22703.049 — 21 806.822 —21297.925 —21270.358
86 Rn —23365.924 — 22 460.620 — 21 906.559 — 21 870.197
87 Fr - 23993.420 —23085.151 — 22 492.607 —22479.324
88 Ra — 24 681.475 —23761.345 —23125.387 —23097.810
89 Ac — 25330218 — 24 407.995 — 23 730.476 —23725.740
90 Th —25992.972 — 25 064.004 — 24 347.756 — 24 363.326
91 Pa — 26 689.753 —25728.538 — 24 989.795 —25010.820
92 U —27377.563 — 26 403.599 — 25629.929 —25668.112
93 Np — 28 103.511 —27087.181 —26299.285 —26335.02
94 Pu — 28 816.495 —27781.399 — 26 962.745 —27012.26
95 Am —29571.938 — 28 484.130 — 27 660.059 —27699.30
96 Cm —30310.304 — 29 197.607 — 28 347.317 — 28 396.24
97 Bk —31029.618 —29921.121 —29017.376 —29103.78
98 Cf — 31 857.947 — 30 655.485 —29782.172 —29821.22
99 Es — 32 599.160 — 31 398.984 —30472.755 — 30 548.86
100 Fm —33459.834 —32153.294 — 31269.509 — 31286.70
101 Md — 34 223.227 —32916.919 — 31 980.946 —32034.94
102 No —35116.875 —33691.312 —32810.371 — 32793.58
103 Lw — 35902.737 — 34 475.206 — 33542.993 —33562.12
104 — 36 829.995 — 35269.818 — 34 405.804 — 34 340.76
105 — 37 638.621 —36074.122 —35159.941 —35129.70
106 — 38 600.129 — 36 889.091 — 36 056.852 —35928.94
107 — 39 431.817 — 37713.947 - 36 832.834 — 36 738.48
108 — 40 360.805 — 38 573.600 — 37 687.654 — 37 558.32
109 —41214.747 —39420.444 — 38483.951 — 38.388.66
110 — 42 174.437 — 40 302.316 — 39 369.033 — 39229.40
111 — 43050912 —41171.354 — 40 185.902 — 40 080.54
112 —44041.824 —42075.641 —41101.816 —40942.28
113 —44941.114 — 42 967.078 —41939.510 —41814.02
114 — 45 963.770 — 43 893.975 — 42 886.828 — 42 696.26
115 — 46 886.154 — 44 808.016 — 43 745.603 — 43 588.80
116 — 47941.075 —45757.720 — 44 724.894 — 44 491.74
117 — 48 886.835 — 46 694.570 — 45 605.006 — 45 405.18
118 — 49 974.544 — 47 667.277 — 46 616.840 —46329.12
119 — 50943.959 — 48 627.141 — 47 518.543 — 47 263.26
120 — 52064.977 — 49 623.048 — 48 563.491 — 48 207.70
121 — 53 058.330 — 50 606.130 — 49 487.041
122 — 54 067.926 — 51 599.583 — 50 424.518 - 50 124.69
123 —~55127.622 — 52 602.124 —51397.789 —51101.64
124 — 56 166.288 —53616.618 — 52 361.403 — 52089.68
125 — 57 259.600 — 54 640.184 — 53 365.696 — 53 088.82
126 — 58 327.357 — 55 675.798 — 54 355.871 — 54 099.18
127 — 59 454.483 — 56 720.466 — 55 391.747 —55120.71

* Reference energies were obtained from Hartree—Fock calculations of Refs. 11~14 and correlation energy
estimates of Refs. 15-16.
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FIG. 2. Nonrelativistic energies of neutral atoms (1<Z<127) given by the
2-term approximation [ Eq. (15), dashed line]}, by accurate numerical cal-
culations (Refs. 11-16, solid line), and by the Thomas—Fermi approxima-
tion (Ref. 19, dotted line). Not plotted are the 1-term and 1}-term approxi-
mations, both of which would fall within a pen width of the exact values.
Overall, the 2-term and exact energies are given roughly by — 0.53Z /5
and the Thomas—Fermi energies by — 0.77Z7/3,

The top curve of Fig. 3 gives the percent errors in the 2-
term energies relative to the exact values. The approxima-
tion overestimates the binding energies for all atoms except
lithium, and the error increases with atomic number. Thus,
for Z<10 the error is 2% or less, while for large atoms it can
be as large as 8%. This level of accuracy is comparable to
that achieved in variational calculations with several param-
eters (e.g., 2 per / value?®). The present approximation is
much simpler, but not variational.

Superimposed on the overall trend of energies is a kind
of fine structure, which is quite apparent in the error plot.
This structure arises from the changing vibrational state, the
larger local maxima marking the points at which the “va-
lence” vibrational level has been assigned as many quanta as
possible (so that a new level is excited in the next atom ). The
fine structure is not very realistic, though it is of the same
order of magnitude as that found in real atoms. This is illus-
trated in Fig. 4, where the dominant power-law components
of the exact and approximate energies (straight lines in Fig.
2) are factored out to reveal the small irregularities with
respect to Z.

Although the present approximation utilizes only two
terms of the 1/.D expansion, it is already necessary to consid-
er the question of convergence. Quite generally 1/D expan-
sions are asymptotic, and diverge at high order.?? In fact, for
most systems studied to date, the divergence sets in already
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FIG. 3. Errors in the neutral atom energies (1<Z<127) given by the three
approximations derived from the 1/D expansion. Percent errors were calcu-
lated relative to the sum of calculated Hartree—Fock energies and estimated
correlation energies. Hartree-Fock energies were obtained from Refs. 11
(2<Z<54), 12 (55<2Z<92), 13 (93<Z<120), and 14 (122€Z<127); cor-
relation energies were obtained from Refs. 15 (2<Z<18) and 16
(19<Z<127).

at low order when D = 3. In the helium atom, for example,
the perturbation contributions reach a minimum at second
order, and grow rapidly thereafter.’

Typically in an asymptotic series the error in a given
partial sum is bounded at least roughly by the magnitude of
the next term in the series. The optimal approximation is
therefore obtained by truncating the series just before the
smallest term.?* Thus, for the helium atom the best approxi-
mation is the sum of the zeroth- and first-order terms of the
1/D expansion—the 2-term approximation.

For larger neutral atoms it appears that the convergence
is no better than in helium, and may be worse. The evidence
is indirect, because the only available data are the first two
terms of the 1/D expansion and the remainder term, ob-
tained by subtracting these from accurate nonrelativistic en-
ergies. (If the 1/D series converged, this would of course be
the sum of the higher-order terms.) These three contribu-
tions to the energy are plotted for all atoms studied in Fig. 5.

For small atoms (Z<12) the first-order term is larger
than the error term. This is consistent with the use of a 2-
term approximation, as in helium, For larger atoms
(Z > 12), however, the first-order term is smaller than the
error, which suggests that it is smaller than the second-order
term. Thus, it would apparently be better to truncate the
series before rather than after the 1/D term. We now turn to
this much simpler approximation.
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FIG. 4. Fine structure with respect to Z in the exact and approximate ener-
gies of neutral atoms. For each set of energies the fine structure is calculated
as the percent deviation relative to the best fit by a power law aZ * (i.e., by a
straight line in Fig. 2) to that set of energies. For the exact energies and the
three approximations (2-term, 1-term, and 1}-term) these fits were, respec-
tively, (a,a) = ( — 0.534,2.384), ( — 0.526,2.403), ( — 0.515,2.398), and
( —0.529,2.387).

B. 1-term approximation

For the 1-term approximation all contributions of order
1/D in Eq. (14) are dropped, leaving only the D — oo limit
term € _ . Thus, the 1-term approximation is given explicitly
by

) [__ZZ__]Z[e (N.vZ) — €., (N, _ D))
D+2p—-31"~"" T

n=1
(16)

Note that although no contributions of order 1/D are includ-
ed, the 1/D term is still used to determine the vibrational
shell structure. (To obtain an approximation based solely on
the D— oo limit, it would be necessary to assign the vibra-
tional state without reference to the vibrational frequencies.
This can be done in several ways, but we will not discuss the
results here.)

The total energies given by the 1-term approximation
for neutral atoms are given in the second column of Table 1.
These energies would fall within a pen width of the reference
energies in Fig. 2, and are therefore not plotted there. The
percent errors with respect to the exact values are plotted as
the middle curve of Fig. 3. The results are completely consis-
tent with the suggestion that it would be better to drop the 1/
D term except for the smallest atoms. In fact, the 1-term
approximation is better than the 2-term for all atoms with
Z>8. The binding energies are still in general overestimated,
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FIG. 5. Breakdown of total atomic energies with respect to 1/D. Filled and
open circles at the ends of the curves designate positive and negative values,
respectively. The zeroth-order contribution (D °) by itselfis Eq. (16), the 1-
term approximation; adding the first-order contribution (D ~!) gives Eq.
(15), the 2-term approximation. The remainder term was calculated as the
difference between accurate reference energies and the 2-term approxima-
tion.

but now by at most about 3%. For Z<12 the energies are
underestimated.

Asymptotically the neutral atom energies given by the
1-term approximation can be shown to behave as Z7/3, in
agreement with Thomas—Fermi theory. However, for the
known elements the behavior is again much closer to Z '*/°,
as observed for real atoms. (In fact, although the Thomas—
Fermi result is the correct limiting form, it is worse than the
1-term approximation for Z < 5000.)

With the 1/D term gone, the “fine structure” superim-
posed on the overall trend of energies is more tempered and
in some ways more realistic. As shown in Fig. 4, most of the
irregularities in the curve of reference energies are present in
the 1-term approximation, though in a somewhat carica-
tured form, with exaggerated and sharpened figuration. It is
interesting to note that for most atoms the local features
predicted by the 1-term and 2-term approximations fall on
opposite sides of those present in the true energies. We have
no explanation for this, but remark that the partial sums of
1/D series have been observed to oscillate about the correct
results in other contexts as well.?*?

The 1-term approximation is superior to the 2-term ap-
proximation on several counts, including simplicity, overall
accuracy, and fine structure. Except for the smallest atoms,
the 1/D term does not help. As discussed above, this is ap-
parently because the asymptotic 1/D series has already be-
gun to diverge by first order. We now turn to consider how a
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FIG. 6. Breakdown of the zeroth-order energy with respect to 1/Z. Filled
and open circles at the ends of the curves denote positive and negative val-
ues, respectively. Curves were obtained by evaluating the 1-term approxi-
mation, Eq. (16), at successive orders of 1/Z [using Eq. (17) and the infi-
nite-order result of Eq. (3¢)].
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FIG. 7. Breakdown of the first-order energy with respect to 1/Z. Filled and
open circles again denote positive and negative values, respectively. The
contribution of order 1/Z changes sign often for elements below copper.
Curves were obtained by evaluating the difference between the 2-term and
1-term approximations, Eq. (15) and Eq. (16), at successive orders of 1/Z.

convergent component can be extracted from the 1/D term.
By putting this back in, we obtain an approximation inter-
mediate between the 1-term and 2-term approximations in
complexity, yet superior to both in accuracy.

C. 1}-term approximation

Although there might be other ways to partition the
individual terms of the 1/D expansion, the most natural way
is to expand each of them in powers of 1/Z. As Eq. (2)
makes clear, this is just a perturbation expansion in the inter-
electron repulsion, starting with the hydrogenic or indepen-
dent-electron solution at zeroth order.

In Figs. 6 and 7, the first two terms of the 1/D expansion
are partitioned in this way. In each case the contributions
through order 1/Z? are plotted along with the remainder
term. (In this case the remainder term is the sum of the
higher-order contributions, because the 1/Z series con-
verge.) The perturbation expansions were obtained by ex-
panding the solution to Eq. (4) and then using this in Egs.
(3) and (5), giving

N[l N—1 (N—l)(4N—3)__m]

€, = ——{1—
* 2 2127 3222
17)
Aoy N-1  (N-1@4N-25)
° T ST )k 9622 T
(18a)
. 12N—11  144N? — 176N + 65
Ay =4— —
25127 76822
(18b)
1~y lN—8  14IN?—218N+100
! 2527 38472 ’
(18¢)
- g laN-—11 264N2 — 256N +65
t 2527 768Z> ’
(18d)
16N —15 _ 128N2— 192N + 75
Ap=4— e
2527 256Z 2
(18¢)

Figures 6 and 7 reveal that the 1/Z perturbation expan-
sion is much more convergent for the zeroth-order term than
for the first-order term. By itself the slower convergence of
the first-order term (Fig. 7) is not a problem, since we know
the result to infinite order. (This was how the error term was
obtained.) However, comparing Figs. 6 and 7, one sees that
convergence with respect to 1/D is affected. The 1/D series,
which cannot be taken to infinite order, is apparently better
behaved at low order in 1/Z than at high order. This sug-
gests that the low-order contributions to the 1/D term might
help.

The simplest possible approximation of this form, which
we will call the 11-term approximation, is obtained by in-
cluding the 1/D term to lowest nonvanishing order in 1/Z,
namely first order. (The contribution of zeroth orderin 1/Z
vanishes identically because this is just the Z— oo limit uti-

J. Chem. Phys., Vol. 86, No. 10, 15 May 1987



J. G. Loeser: Atomic energies 5645

lized in Sec. III to reexpand the energy.) This approxima-
tion would be justified if at this order of 1/Z, but not at
higher order, the 1/D term were still in the convergent re-
gime. For the two-electron atom this is indeed the case,?’ but

|

"max

for larger atoms it is only conjecture.

If we assume that only the 1~ and 2 modes are excited,
as in the vibrational ground state, then the 1i-term approxi-
mation reduces to

Ny

E= —_—
,.zl[D+2n—3

Again we note that #;~ and #,, which count the number of
radial and angular nodes, vary with V.

The total energies given by the 11-term approximation
are listed in the third column of Table I, and the errors rela-
tive to accurate energies are plotted as the bottom curve of
Fig. 3. The new approximation, which is intermediate
between the other two in complexity, is the most accurate of
the three. The errors are less than 1% for almost all atoms.
This is similar to the accuracy achieved in single-{ Hartree—
Fock calculations.!! The binding energies are still usually
overestimated, though there are now stretches throughout
the known Periodic Table where they are underestimated.

Although the overall accuracy of the energies is much
improved in the 1}-term approximation, the fine structure is
once again more pronounced and less realistic. In fact, Fig. 4
reveals that it is almost identical to that of the 2-term ap-
proximation. Thus, the lowest-order contribution to the 1/D
term (the “}”” term) helps the overall energies, but not the
fine structure. On the other hand, the higher-order contribu-
tions (the remaining “}”) hurt the overall energies, but have
almost no effect on the fine structure.

The 1}-term approximation is about as good as one can
do using only the first two terms of the 1/D expansion. There
is one further variant that might be considered, namely one
in which the 1/Z expansion for the zeroth-order term is also
truncated. From Figs. 6 and 7 one sees that this would appar-
ently be justified after order 1/Z 2, where the first-order con-
tributions exceed the zeroth-order. However, one also sees
that the truncation would have almost no effect, since the
terms dropped (the remainder term in Fig. 6) are so small
anyway. Thus, to improve significantly on the 11-term ap-
proximation it will be necessary to go to higher orderin 1/D.
As we will see in the next section, there is a good chance that
this will in fact help.

V. SUMMARY AND PROSPECTS

We have introduced three methods based on the 1/D
expansion for obtaining analytic approximations to atomic
energies. All three methods utilize the zeroth-order term of
the expansion, but they differ in the extent to which they
utilize the first-order term. The latter is used either in its
entirety (the 2-term approximation), to lowest nonvanish-
ing order in the interelectron repulsion (the 1i-term approx-
imation), or only to obtain the quantum numbers (the 1-
term approximation). In each case the resulting expression
for the energy at large D is recast in a form appropriate for
application at D = 3 by recognizing how the energy of a hy-

2Z 2 (32n —35)N? — (44n + 64n, — 3)N — 4n,
ot 29/2DZ

(19)

Nn—l

r

drogenic atom varies with quantum number and dimension-
ality.

The physical content of the terms entering the approxi-
mations is unconventional, though in some ways it is remi-
niscent of the concepts of the old quantum theory. The ze-
roth-order (D - « ) solution is a classical one in which the
electrons are completely localized relative to one another
and to the nucleus. It also happens to be highly symmetric,
since the electrons assume positions which are completely
equivalent. The first-order (1/D) term, on the other hand, is
a semiclassical correction for the effects of large but finite D.
It describes normal mode vibrations about the symmetric
equilibrium geometry.

This picture of electronic structure is of course radically
different from the usual orbital description, stressing com-
plementary aspects of the solution to the problem. Thus,
although dimensional continuation may not be able to pro-
duce good ionization energies or term structures, it does pro-
mise to model collective effects like the correlation energy
very well.%2® This is because these effects, which are so diffi-
cult to model by conventional methods, are already included
at zeroth order in the new approach. Even at this order, one
obtains atomic correlation energies that agree to within the
estimated uncertainties with most known values.?” The new
method also gives insight into the dynamics of electron cor-
relation,?® and helps to explain the success of certain other
approaches (such as that of hyperspherical coordinates®)
to the correlation problem.

These observations suggest that dimensional continu-
ation might best be used in conjunction with conventional
approaches. For example, the Hartree—-Fock method could
be utilized to calculate approximate energies or properties,
and then a low-order 1/D expansion to calculate correlation
corrections.® It is quite possible, however, that dimensional
continuation methods can be improved to the point where
they will give accurate results on their own.

The most obvious way to improve upon the results dis-
cussed in this paper would be to calculate higher-order terms
in 1/D. These will probably best be truncated, like the first-
order term. Indeed, it appears quite likely that the full 1/D
series will diverge beyond first order. The contributions of
lowest order in 1/Z, however, may not diverge until higher
order. For two-electron atoms, for example, these truncated
contributions converge through sixth order in 1/D,* even
though the full 1/D series converges only through second
order.’ .

We note that the attempt to calculate higher-order
terms in the 1/D expansion might be facilitated greatly by
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two approximations. First, it would probably suffice to cal-
culate the terms only to lowest nonvanishing order in 1/2Z,
since they would most likely need to be truncated at that
order anyway. Second, since the correlation energy is mod-
eled so well by lower-order calculations, and is in any case
only a small fraction of the energy in larger atoms, the high-
er-order terms could be calculated in the Hartree-Fock ap-
proximation.

If by means of either combination with standard meth-
ods or calculation to higher order it does prove possible to
calculate atomic energies to chemical accuracy, then it
would be natural to try to apply the same method to mole-
cules. The generalization of molecular Hamiltonians to arbi-
trary dimensionality and their analysis at large D will prob-
ably require significant work, but there is no apparent reason
why the methods described in this paper should not work for
molecules as well.
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