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The propagation of a surfactant laden liquid plug in a capillary tube
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This paper considers the propagation of a liquid plug, forced by a driving preSBureithin a rigid

tube. The tube is already lined with a liquid precursor film of thickrfessBoth the plug and the
precursor film, as well as the interface, contain small amounts of surfactant whose concentrations
are assumed to be near equilibrium. Since the motions are slow, we seek asymptotic solutions for
small capillary numbeiCa<1, and also assume that sorption kinetics control the surfactant flux to
the interface compared to bulk diffusion. An additional asymptotic assumption is that the Stanton
number,St is sufficiently large such tha@=Ca'’¥/St<1, which relates the importance of sorption
kinetics to convection. The surfactant strength is measured by the surface eldstidity,3 where

M is the Marangoni number. The results of the analysis are that, for a giverCplullP increases

with increasinge but decreases with increasihg. The trailing film thicknessh,, increases with

AP, but at a slower rate whegis larger. Foth;<h,, criteria for plug rupture are established. This
model is relevant to delivery of surfactants into the lung by direct instillation into the bronchial
network as is done in surfactant replacement therapy and the use of surfactant solutions to carry
other substance®.g., genetic materipinto the airways. ©2002 American Institute of Physics.
[DOI: 10.1063/1.1416496

I. INTRODUCTION the bifurcating airways, the thickness of the film diminishes

Pulmonary surfactant reduces the surface tension at th%nd gravitational forces become weak compared with surface

interface between the air within the lung and the thin quuidtens'.On forces. The dom!ngnt spreading .mechamsm is then
film lining the airway, thus increasing lung compliance andgr""d'ems In surface terysydne., Mgrapgonl f'Iowls
reducing the amount of work required to expand the lungs Motlvateo! by the clinical apphcatlon,_thl_s paper models
with each breath. Surfactant is formed relatively late in fetalt.he-prgpagat-lon of a sgrfactant-ladgn !qu|d plug along. a
development and, as a result, many premature neonates EMawd—lmeq airway after it has been instilled. The model is
born with a deficiency of pulmonary surfactant and may suf-_m_o_St applicable to the Iat_er doses of su_rfactant, as for the
fer from respiratory distress syndrori@DS). RDS is char- initial dose_s the gradients in surface tension are so Iarg_e that
acterized by low lung compliance, areas of atelectasis, aiflarangoni stresses cause the plug to rupture very quickly.
way closure, poor arterial oxygenation, and fluid filled '€ liquid plug propagates along the airway under the pres-
alveoli. Surfactant replacement thera8RT) is now a stan- Suré drop imposed across it during breathing. Ahead of the
dard treatment for premature neonates suffering from RD$!UY is @ precursor film and as it is pushed through the air-
and has had a dramatic impact on infant survival rate. Th¥/ay it leaves behind a trailing film, thus coating the airways
most common protocol for instilling surfactant is injecting With a layer of surfactant. Reopening occurs if and when the
four quarter dose aliquots into the trachea, although variaPlug volume decreases to a point at which it ruptures. We
tions of this procedure have been used clinichBurfactant ~model the airway as a liquid-lined, cylindrical rigid tube and
laden liquid plugs are also used to deliver drugs and geneti@ssume that the plug propagates in the axial direction along
materials to normal surfactant lungs. the tube. The thickness of the deposited film and the pressure
Halpern, Jensen, and Grotbérgnd Espinosa and required to force the plug along the tube will depend on the
KamnT considered the mechanisms via which a bolus ofcapillary numberCa, which is the ratio of viscous to surface
surfactant spreads to the periphery of the lungs after it hatension effects. We assume that the motion of the plug is
been delivered to the trachea. In the largest airways the ligsufficiently slow that the flow is in the Stokes regime and we
uid plug remains intact and blocks the flow of air along thetake Ca to be asymptotically small so that surface tension
airways. As it propagates it deposits a trailing film on theforces are large compared to viscous forces.
airway walls and may eventually rupture; see Howell, Wa- There have been a number of theoretical and experimen—
ters, and Grotber§j After rupture, the deposited surfactant tal studies on the low capillary number displacement of a
rich film then drains under gravity. As it spreads further intoVviscous wetting fluid by an inviscid fluid in circular capillar-
ies and between closely spaced flat plates, the results of
dpresent address: School of Mathematical Sciences, University of Notting\-NhICh are ‘?q“a”y applicable t.o |I_C1UId plugs. Exp(_erlmental
ham, University Park, Nottingham, NG7 2RD, UK. Electronic mail: WOrk by Fairbrother and Stubbindicated that the thickness
sarah.waters@nottingham.ac.uk of the liquid lining deposited on the wall of a capillary after
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a wetting viscous fluid is displaced by a gas bubble is prosurface phasehe bulk surfactant is in contact with the sur-
portional toCa*? for 10 *<Ca<10 2. Subsequent work of face and communicates directly with the surface phase. Ad-
Taylor® confirmed this finding and extended it to high@a. ditionally, surfactant molecules are adsorbed onto or
Marchessault and Masbmeasured the wetting film thick- desorbed from the surfa¢ae neglect the surface diffusivity
ness in an air—water system experimentally, using a techef surfactant The flux of surfactant to the surface will be
nique based on electrical conductivity, and found for capil-controlled by the slower of the two processes. We assume
lary numbers from 10° to approximately 10* the results that the diffusivity of surfactant in the bulk is so large that
were somewhat larger than those predicted by théhe bulk concentration of surfactant is constant, so that we do
Fairbrother—Stubbs correlation. However, none of these reaot need to solve the bulk phase transport problem. The
sults agree with the theoretical results of Brethéttamo  transfer of surfactant from the bulk to the surface is con-
found that, in the limit of small capillary number, the liquid trolled by the sorption kinetics. The transport of surfactant
lining thickness is proportional t€a?® work which was along the surface is determined by the relative degree of
later recast in asymptotic form and extended in Park anédvection by the flow and the amount of adsorption from the
Homsy,9 see also Wong, Radke, and Mortfsl Bretherton’s  bulk to the surface andice versalf the adsorption rate were
experimental work was in good agreement with his theoretinfinite the concentration of surfactant along the surface
ical predications fo€a>10"*, but for smaller values dfa,  would be constant and equal to its sorptive equilibrium
where his results should have been more accurate, his theovglue. Thus the surface concentration of surfactant would be
under-predicted the thickness of the liquid-lining. One theoryconstant and no gradients in surface tension would exist. In
put forward for the disagreement among the experimentaihis model we consider perturbations about an infinite ad-
and theoretical results was that small quantities of surfacgorption rate and hence introduce Marangoni flows due to
active impuritieg(surfactantswere present, which may have surface tension gradients. This is the same parameter regime
resulted in the air-liquid interface being able to support aas studied by Ginley and Radke.
shear stresésurface hardening We determine the effect of the imposed pressure drop,
Brethertofi and Schwartz, Princen, and Ki8saiccount-  surface tension, surface tension gradients and precursor film
able for the influence of surfactants in ad hocfashion thickness on the propagation of the liquid plug. In Sec. Il we
without a detailed account for the surfactant transport mechgormulate the problem and derive the dimensionless govern-
nism, either by applying the no-slip condition at the interfaceing equations and parameters. In Sec. Il we develop an
or by assuming a positive surface tension gradient, i.e., asymptotic solution for the governing equations in the limit
decrease of surface concentration in the direction of bubblef small capillary number and large adsorption rate. Finally,
motion. More rigorous analyses of the effects of tracein Sec. IV we discuss the implications of our results for SRT.
amounts of surfactants on the motion of long gas bubbles in
capillaries were carried out by Ginley and Ratfkand by
Ratulowski and Chantf. Ginley and Radke assumed that the
surfactant concentration in the bulk was uniform and adsorpH. FORMULATION
tion kinetics was the rate controlling mechanism for the Uy Model description
factant transport. Their results indicate that, for this particu- ~ P
lar regime, the surface concentration of surfactant increases We consider an axisymmetric, impermeable rigid tube of
in the thin film region compared to the bubble front so thatuniform radiusa* lined with an incompressible Newtonian
the film thickness decreases compared with the surfactafiuid of viscosity u*. Throughout this paper stars denote di-
free case. Ratulowski and Chang carried out a more comprenensional quantities. A liquid plug of incompressible New-
hensive asymptotic analysis for different convective, diffu-tonian fluid, also of viscosity.*, propagates at speédf in
sive and kinetic timescales and they showed that if the tranghe axial direction along the tubigee Fig. 1 and separates
port in the film is mass transfer limited so that a bulk two semi-infinite fingers of air. The length of the plug is
concentration gradient exists in the film, the film thicknessassumed to be of the same order as the tube radius. Since the
increases by a maximum factor of?% compared with viscosity of air is much less than the fluid viscosity we as-
Bretherton’s results at low bubble speeds. Padonsidered sume the air to be inviscid. The fluid contains surfactant
a similar problem for a finite length bubble and showed thewhich has bulk concentratio@F and surfactant molecules
film-thickening behavior to be dependent on bubble-lengthare adsorbed onto or desorbed from the interface with rate
The effect of surfactant present at elevated concentration otonstantk; andk3 , respectively. The sorptive equilibrium
the propagation of a semi-infinite gas bubble in a capillarysurface concentration of surfactant is thehk; /k5 and the
was considered by Stebe and Bastgiesel*® The displace- corresponding surface tensiondy .
ment of a wetting fluid by a semi-infinite bubble has also ~ We consider a cylindrical coordinate systeéair, a*z)
been considered in the context of airway reopening, whergith corresponding coordinate directions ¢). The liquid-
now the airway is modeled as a flexible-walled ved§ed?> lining thickness isa* h so that the position of the air—liquid
In our model the fluid contains soluble surfactant whichinterface is given by =1—h. The precursor film thickness
is transported between the bulk phase and the surface. Th® a*h, and the trailing film thickness ia*h;. The unit
bulk phase is the liquid region away from the surface, whersormal and unit tangent to the air-liquid interface are de-
the surfactant is transported by convection and diffusion. Imoted byn, t, respectively, and the interfacial curvature is
the region immediately adjacent to the surfatiee sub- given by K* =K/a* =(Vs-n)/a* whereV,=(1—nn)-V is
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the surface gradient operator. The fluid velocity % The boundary conditions for the fluid motion are
=U*(u,w) and U*ug is the surface velocity at the air— ,— _j; at = 1(tube wall), (33)
liquid interface. The fluid pressure iscf/a*)p and =

(o§/a*)s is the stress vector. The air pressures behind ant-s=t-Vo (3b)

ahead of the liquid plug ares{j/a*)(P,,P,), respectively.
Finally, the surface concentration of surfactant is denoted b
a*C§T, the surface tension byg o and the flux of surfac- D

tant to the interface b g U* J. D rtm=0 (3d)

ssn=—gK—P, } at r=1—~h(air-liquid interface), (30)

wheres= —pn+ iCar-f and 7 is the dimensionless stress
tensor. Equation(3a is the no-slip boundary condition.
Equations(3b) and (3c) are the tangential and normal stress
We assume the plug motion is sufficiently slow that theconditions at the interface whil@d) is the kinematic bound-
flow is in the Stokes regime, i.e., we neglect inertia forcesary condition. In Eq.(3c) P, denotes the air pressuré®(
and move to a frame of reference in which the plug is sta=P; behind the plug andP, ahead of the liquid plug In
tionary and the walls are moving @imensionlessvelocity  order to determine the axial boundary conditions, we assume
—2z with respect to the stationary plug. We also neglect buoythat in the laboratory frame there is no flowzt + %, the
ancy effects. The dimensionless fluid dynamic equations arflat film regions. Thus in the plug frame of reference, the
the continuity and Stokes equations dimensionless upstream and downstream conditions are

B. Dimensionless governing equations and
parameters

U——2 as z— *om, (4)
V-u=0, (1a) o _ -
This limiting velocity boundary condition must be accompa-
) ) nied by a compatible limiting condition for the interfacial
Vp=3CaV-uy, (1b)  surfactant concentration since a flat velocity profile can only

exist in a flat film if the surface tension gradient, caused by a

whereCa=3u*U*/o% is the capillary number and is the Surfactant concentration gradient, is absent.
ratio of the viscous to surface tension fordélse factor of The flux of surfactant from the bulk to the interface is
three here is introduced for later convenience controlled by the sorption kinetics, withas follows:

The equa_tion governing the transport of surfactant along r
the interface is J=8 ,

1-% (5
o whereSt=kj/U* is the Stanton number and is the ratio of
——+Vs (M (ug+2)=1J, (2)  thetime scale of the flow to the time scale for adsorption and
9z K=k} /k}a* is the adsorption equilibrium constant, thils
=K is the (dimensionlesssorptive equilibrium surface sur-
so that advection of surfactant along the surface is balancef@ctant concentration. Physically may be thought of as the
by the sorptive flux. We have neglected surface diffusivity indepth into the bulk-phase that would contain the same num-
this analysis. Agrawal and Neunfdmmeasured the surface ber of surfactant molecules per unit area as found at the
diffusivity, D% , of DPPC(the main lipid component of pul- surface, at equilibrium. The axial boundary conditions For
monary surfactantin myristic acid and found 10/< D are
<7Xx10°° cnP/s. Assuming thatu*~10"2 g/cms, o}
~10 dyn/cm and* h~ 10 um the surface diffusivity term is
O(u*D¥/oga*h)~O(10 %) compared with the advection Note that these boundary conditions do not imply that the
term and hence we are justified in neglecting surface diffuentire air—liquid interface far away from the plug has a sur-
sivity. factant concentration in equilibrium with the bulk surfactant

I'-K as z— * o, (6)
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concentration in the plug. The lengthscale of these far awagnd the position of the interface to be-R(z). We choose
boundary conditions is a few plug lengths. The maximumz=0 to be the longitudinal position at which the rear menis-
distance is of the order of an airway length, since at distancesus intersects the tube axis. The shape of the interface may
greater than this the next airway is reached and the condthen be determined by integrating the normal stress balance,
tions are different. (30), to give

Finally we need an equation of state relating the surface
tension to the surface concentration of surfactant. Since we (2)= i{ 1_(
shall be considering small deviations of the surface surfac- AP,

tant concentration from its sorptive equilibrium value we use , . = . . .
a linearized equation of state: which is valid up toO(Ca). The shape of the front interface

may be determined similarly. It is also convenient to define
o=1-M(I'-K), (7)  here the pressure drop across the front menisks, and

the pressure drop across the pl&F, respectively, as
Jdo
ar

B. Lubrication analysis

is the Marangoni number and represents the ability of the

surfactant to modify the surface tension from the equilibrium A Spherical cap(11) cannot be smoothly joined to the
value. uniform thin film regions upstream and downstream of the

plug. Therefore, transition regions are required in which the
viscous forces and the Marangoni stresses arising due to sur-
Ill. ASYMPTOTIC SOLUTION face tension gradients are as important as the effect of sur-
Numerical attempts to solve the much simpler surfactanface tension. These regions are marked Tran 1 and Tran 2 in
free problem have had some success for limited parametérd. 1. In the transition regions the liquid layer is thin, with a
range<*~2°As an alternative we seek approximate solutionsslowly varying free surface, so we can use lubrication theory.
to the governing equations by undertaking an asymptotidVe rescale as follow$®'*+°

2) 1/2

AP, ’ 11

TZ+1

where

Apzz_p+P2, AP:AP]__APZ (12)
M=— : tS)

I'=K

analysis similar to that of Howell, Waters, and Grotiefiay _ o
the surfactant free problem. r=1-ca’y, (133

Since the motion of the plug is slow, the capillary num- z+1=Ccal%z, (13b)
ber is very small Ca<<1). We thus consider an asymptotic
expansion for the dependent variables in powers of the cap- (h,h1)=Ca2’3(F,Hl), (130
illary number, retaining only leading order terms. The trans- .
port of surfactant along the interface is governedSiy(2) I'=CaZqr, (13d)
and(5)]. We are concerned with perturbations of the surfac- o
tant concentration from equilibrium that correspondSo K=Ca?*, (139
>Ca'® This is the bulk equilibrium model described in
Ratulowski and Chanyj Thus we consider a second pertur- u=Ca"4, (13f)
bation expansion in powers of Awhere B=StCa*>1. —
We will expect the leading order surface surfactant concen- w=w, (139
tration to bel'=K. The Marangoni numbem, is O(1)  \herez=—1 is the origin of the coordinate system for the
throughout. transition region. The rescalind3d is necessary so that the

) ) o Marangoni effects enter the surfactant transport equation at

A. Quasi-steady solution for the menisci leading order. Hence the validity of the analysis is restricted

Since Ca is the smallest parameter of the problem weto0 special cases in which only trace amounts of surfactant is
consider a regular perturbation expansion of the dependemresent. In order to simplify the analysis we take=1.
variables in powers o€a From (1b) at leading order we We start by considering the rear transition regi@ran 1
have that in Fig. 1). If the above scalings are substituted into Egs.

(1)—(7) and we neglect terms that are ©4®) compared

Vp=0, ©) with the leading order terms we can derive the following
so that the plug pressure is constant. Hence, at@avwe  coupled ordinary differential equations for the film thickness,
expect the menisci on either side of the plug to the approxih, and the surfactant concentratidn,
mately static spherical caps. The surfactant equaf®n

gives thatl'=K at leading order so that the concentration is ~ —N°hzzz+ 3MTzh?+h—h; =0, (143

constant and equal to the sorptive equilibrium value. Thus 3

we have no Marang_oni effects in this region at this order. i(l“ —FEFZ—3MF—ZF—1) ) 223(1—?)- (14b)
Suppose we define the pressure drop across the rear me- 9Z 2

niscus,AP,, to be . . .
1 The equations are transformed into canonical form for nu-

AP,=—-p+Py4, (100  merical integration
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Mgt MTSHZ 4 H £ =0, (153
2 h?
i(F(EHZZZH2—3MFZH—1))=,8(1—F), (15h)
gz 2
using

he (168
h?

Z+s=h%z, (16b)

p=h3p, (160

whereh? is the constant trailing film thickness for a bubble
at constant sorptive equilibrium surface tension and an
arbitrary shift of coordinates. .

We consider an asymptotic expansion fbandI” of the
form

1
H=H0+—H+--- (179
B
- 1 —
=10+= 1+, (17b
B
so at leading order Eq$158 and (15b) become
, H°-1
szz: 03 (183)
Io=1. (18b)

Equation(183 is the Landau—Levich equation whil@8b)
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which has one positive real root and two complex roots with
negative real part. To ensure that the uniform film is ap-
proached aZ — —o0, we choose as our initial condition the
exponentially decaying eigenfunction. This one initial condi-
tion specifies the problem up to an arbitrary translatiod,in
so that the value cf is set by the choice of. The solution to
(199 is found similarly.

The solutions for(18a and (199 behave quadratically
for large, positiveZ

HO~1DyZ?+D,Z+D,, (22a

(22b)

whereDg, Dy, D,, andEgy, E;, E, are numerically deter-
mined constants. Once the film thickness in the transition
region has been determined it is straightforward to compute
the perturbation to the surfactant concentration using Eg.
(18b).

The transition region solution is then matched with the
quasi-steady solution of Sec. Il A

H~1E,Z2+E,Z+E, asZ—x,

lim R(z)=lim(1—Ca?®h).

z——|

(23

Z— >

Following Park and Homsy1984,° we observe that since
the origin of the transition region coordinate system is mov-
ing with the interface, we can anticipate thas not a func-
tion of Ca Hencel has only one superscript that represents
the order of 18

1
[=19+ 2| 4...,

B

In order that the spherical cap matches the free surface dis-
placement in the transition region the equation of the spheri-

(24)

gives that the leading order surfactant concentration is coréal cap,R(z), and the pressure drop,P;, must be of the

stant, as expected.
At first order the following equations are obtained

(whereH'=MH for convenience
H(—2H%+3) — BHO— $(HH,— 2HY )

Hzz7=

Ho* ’
(193

P 3 HY

St (19b)

andB= 1/MF}/W{. Hence, at first order in B/we introduce

gradients in surface surfactant concentration, and hence sur- Ap,~2(1+1.8Ca?3+0.4E Ca??),

face tension gradients.
We solve (189 and (198 numerically with boundary

form

(R@),APy)=, Ca¥®——(R™,API™), (25
n,m Bm

where the first superscript refers to the powerCa"® and
the second superscript to the power g8.1The trailing film
thickness and the pressure drop are then determined from the
matching conditions at each order.

The trailing film thicknessh,, and the pressure drop,
AP4, are given by

h,;~0.643Ca?3(1—-0.015F),
(26)

whereE=M/g is referred to as the elasticity constant and is

conditions obtained from the asymptotic behavior at2" indication of the degree of surfactant activity. These re-

Z—*co, in a manner similar to Howell, Waters, an
Grotberg® For example, an initial condition o183 is that
the film becomes uniform far away from the plug. We linear-
ize Eq.(189 by substituting

Ho~1+eeM where e<1. (20
The eigenvalua solves the cubic polynomial
A3—1=0, (22)

g sults are in agreement with Ginley and RadkaVhen E

=0 we thus recover Bretherton’s constant surface tension
solution® which indicates that the trailing film thickness and
the pressure drop across the rear meniscus increase as the
capillary number increases. The surface tension gradients,
introduced atO(1/B), result in a decrease in the trailing film
thickness. However, the effect is small; whEr1 the film
thickness decreases byl%. However, the surface tension
gradients result in a large increase in the pressure drop across
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the rear meniscus, the ratio afP7* to APZ° is ~0.2 when E

E=1 and the contribution to the total pressure drop from ) ———

AP2'increases aE increases. 1~ === 0.2
The same asymptotic arguments are applied to the front 2 S 0.5

of the plug. The governing equations for the front transition 1~ "~

region are as beforg18a), (18b), (199, and(19b)] with H j N e

now defined byH=h/hj andB by h3/(hoM) and are once ~ AP/Ca?/® | N Sl

again solved in a similar way to the methods detailed in 1 ~ e

Howell, Waters, and GrotbefThe initial conditions of uni- 1 S N

form H are now imposed for large positiv& Since (21) 297 N )

possesses two roots with negative real part, this problem ad- | ~ .

mits a one parameter family of solutions. The initial condi- 1 RS

tion on (183 is of the form

HO=1+ ele_(llz)zcos72 as Z—o, (27) 02 04 s 08 i

_0.
ha
where €; is an arbitrary constant which parameterizes the _ _ .
. . L. . FIG. 2. Total dimensionless pressure drop across the plug as a function of
solution space. Once again we expect the transition regio) X . =
. . i ; he precursor film thickneds,. E=0, 0.2, 0.5.
film thickness to behave quadratically as it approaches the

meniscus So
0 1A oo A ~ ted as a function of the precursor film thickness, i.e., we plot
H'~3D¢2°+D,Z+D; asZ——c. (28 Ap/ca?3 versush,. Three value ofE are considered. For
Matching, as before, gives fixed E, the total pressure drop across the plug decreases as
. h, increases. A€ increases, the total pressure drop across
Do= hg- (29 the plug, for a giverh,, increases. Thus, the surface tension

gradients result in an increase of the total pressure drop
across the plug so that it is harder to force the plug along the
tube.

In Fig. 3 we plot the air-liquid interface positions as a

However, in this casé_lg is a physically specified quantity,
i.e., (29 is an equation foD,. The method employed to
solve this problem is as follows: Equatig®7) is used as an

initial condition to solve(18a as an initial value problem, . .
with €, a shooting parameter to be adjusted UKE9) is function of the pressure dr_oyA,P, for various \_/alues oh,
L and E. In all cases, as\P increases the capillary number

satisfied. Once the leading order solutiétf, has been de- increases so that the film thickness increases. In R, 3

termined, the higher order equations are solved in a similar . o ) .
way g q corresponding té,=1 andE=0, the trailing film thickness

The pressure drops across the front meniscus is alds less than the precursor film thickness, so that as the plug

found by matching. Once this is found, we are then able tdPropagates it picks up more fluid than it deposits and the

compute the pressure drop across the plug. Note that tH%lug' therefore, grows in size. In Fig(ig, corresponding to

length of the plug plays no part in our analysis. This is alz=0-5 andE=0, we have the opposite situation and the

result of our implicit assumption that the plug length is theP!Ud shrinks in size as it propagates. In Figec)3and 3d)
same order as the tube radius. If the plug is much longef€ elasticity parameteg=1. The film height is much less

viscous drag contributes to the pressure drop across the pm@.a“ the corresponding situations wher-0. Increasinge

On the other hand if the plug is short, then the interactiodn€@ns that it is harder to force the plug through the tube so

between the two menisci must be accounted for. that for a given pressure drop the capillary number signifi-
cantly decreased, and thus the film height decreases.
C. Results In Fig. 4(a), the trailing film thicknessh, is plotted as a

. . _ function of the total pressure dropP, for three values oE.
Ginley and Radk€ considered the same equations as AP increases, for fixed values &, the trailing film

[(18a, (18b), (198, and(19b)] when analyzing the influence thickness increases, corresponding to an increase in the plug
of soluble surfactants on the flow of long bubbles through &ropagation speed. Increasifigresults in a decrease in the
circular cylinder. However, the boundary conditions for thisyrajling film thickness. Two factors contribute to this de-
problem are different since the precursor film thicknéss,  crease inh,. First, for a fixed capillary number the trailing
is specified. Here, the total pressure dr&yf, across the fiim thickness decreases Bsncrease$see(26)]. Second, as
plug depends on the precursor film thickness, the capil-  E increases it is harder to force the plug through the tube so
lary number,Ca, and the elasticity constar, Thus, ifAP,  that the capillary number, corresponding to a giveR, de-
h,, andE are specified, we can determine the correspondingreases and, sindg ~Ca??, the trailing film thickness thus
plug propagation speed, given Ba. Since many of the plug decreases. The second factor has the greatest influence on the
properties depend oGa we can thus investigate their varia- trailing film thickness.
tion with the parameters of the system. The rate at which the plug volum¥}, changes is given

In Fig. 2, the total pressure drop across the plug is plotto leading order b
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FIG. 3. Solution for the film height ahead and behind the plu§=0.1, 0.2, 0.3(a) h,=1, E=0: (b) h,=0.5, E=0; (c) h,=1, E=1; (d) h,=0.5, E
=1. Solid: AP=0.1; dashedAP=0.2; dotted:AP=0.3.

dv* dv - = -
I ~2ma*?U*(h,—h,), (30 Q= E~Ca(h2—Ca2’3hl)=Ca5’3(h2—hl). (32)
t
which, nondimensionalized gives the dimensionless volume The volume rate is plotted as a function G& in Fig.
rate,Q, 4(b) for two different values of the precursor film thickness
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FIG. 4. (a) Trailing film thicknessh,, versus pressure dropP. E=0, 0.5, 1.0.(b) Volume rate as a function of the capillary number.
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h,. As h, increases the volume rate, at a given valu€ef  decrease in the volume flow rate, for a giveR; despite the

increases. A€ increases, the volume rate also increases afact thath, decreases &8 increases, the dominant effect of
the amount of fluid that is being deposited on the trailing filmincreasingk is to reduce the propagation speed of the plug

decreases. Note, however, that the effect is very small comsignificantly and it is this effect that results @ decreasing.

pared to the effect of changing the precursor film thickness
In each case in Fig.(8) there is a value o€awhere the
volume rate changes from being positii@rresponding to
the plug volume increasingto being negativéplug volume
decreasing This we refer to as the critical capillary number,
Ca., for rupture. It can clearly be seen that Bsncreases

the critical reopening capillary number increases, but the ef

fect is slight(as expected since the effect of varyiBgn the
deposited trailing film thickness is small

The volume rate is plotted as a function®P in Fig. 5
for three values oE. Two different values of the precursor
film thickness h,, are considered. In Fig.(8), correspond-

in Fig. 5b), corresponding td,= 0.5, the precursor film
thickness is less than the trailing film thickness, and the plug
shrinks as it propagatésorresponding t@<0).

Finally in Fig. 6 the volume rate is plotted as a function
of AP for two different values of the overall precursor film
thicknessh,=0.1, 0.15, and two different values Bf As h,
increasegfor fixed E), the volume rate, at a given value of
AP, increases. In each case there is a valué Bfwhere the
flow rate changes from being positive to being negative. This
we refer to as the critical reopening pressus®,., for rup-
ture. It can clearly be seen that hg and E increaseAP,

ing toh,=1, the precursor film thickness exceeds the trailingincreases. However, whereas the effecttodn the critical

film thickness. Hence the plug grows as it propagates alon
the channel so thaD is positive. Increasinge results in a

0.004

teopening capillary number is slighgee Fig. 4b)] E signifi-
cantly increases the critical reopening pressure for rupture.
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FIG. 6. Volume rate as a function of the pressure drop,
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IV. DISCUSSION If, alternatively, a smaller amount of surfactant is added
in one dose then the resulting increase in capillary number is
We have shown that trace amounts of surfactant can sigsmaller and hence the effects of surface tension gradients are
nificantly affect the dynamics of a liquid plug as it propa- more significant and plug rupture is less likely allowing sur-
gates along a rigid, liquid lined tube. The important dimen-factant to be distributed further into the airways. Thus a large
sionless governing parameters are the capillary nun@er, dose of surfactant is more likely to rupture quickly prevent-
the pressure dropAP, the elasticity parameteE=M/p, ing delivery of exogenous surfactant to the smaller airways.
and the precursor film thickneds, .
As surfactant is added to the system the value of the
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