Including spin in the Raychaudhuri equation
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The Raychaudhuri equation for a spin fluid matter content is developed. The equation is
applied to the behavior of an irrotational, unaccelerated fiuid. The development of singularities

in the expansion is studied for constant spin densities.

I. INTRODUCTION

The Raychaudhuri equation is a very useful tool in gen-
eral relativity. It can be written as'

9 + 6:/3 - U‘:l + (o-uho-ulr - Q“I’Quh)
+ (k/2)(p + 3p) =0, (D

where U* is the fluid velocity, U“ the acceleration, @ the
expansion, {1, the fluid vorticity, and o, is the shear; p is
the fluid energy density, p the pressure, and « = 87G.

The relationships this equation gives between fluid pa-
rameters and matter content have been the basis of some
very interesting general theorems’ which can be applied to
the development of singularities in the universe treated as a
cosmological fluid.

The Raychaudhuri equation describes a perfect fluid
with a stress energy tensor

7“(1/) = (p +p)Ua Ulv +pguh' (2)

There are other stress energy tensors that describe more
complex fluids; for example, fluids with viscosity and heat
transfer. In treating cosmological problems, parameters of
this type are currently of limited interest. There is, however,
one parameter, intrinsic spin, which could have a significant
effect on cosmological Raychaudhuri arguments. The Ray-
chaudhuri equation (1), does not include any stress energy
content due to an intrinsic fluid angular momentum. Since
the “*galactic molecules™ that make up the cosmological flu-
id do have intrinsic spin, it would be very interesting to prop-
erly examine the effects of spin on problems treatable by the
Raychaudhuri equation.

Previous authors have considered spin in the Raychaud-
huri equation within the Einstein—-Cartan extension of gen-
eral relativity.”® These extensions have included spin by ex-
tending the normal Christoffel connection to include the
torsional connection. In this paper we will consider a stress
energy tensor developed by Ray and Smalley® that explicitly
includes spin. It describes a perfect spin fluid, a fluid that has
an intrinsic spin density S, defined across its extent. We will
derive the Raychaudhuri equation for spin fluids in general
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relativity and in the Einstein—Cartan theory. In the next sec-
tion we briefly review the spin-fluid stress energy tensor. The
Raychaudhuri equation is derived in Sec. I1I. In the last part
of the paper we apply the spin-extended Raychaudhuri
equation to the behavior of the expansion in irrotational,
geodetic fluids.

Il. SPIN FLUIDS
A. Spin density

The spin density S,, defines a density of angular mo-
mentum in the fluid. It is related to the trace free torsion’

Sab ¢ by

S = (k/2)S,, U" (3)
The complete torsion S, related to the antisymmetric part
of the connection,

Sap = Ffab ! 4)
is proportional to the trace free torsion plus a term involving
a torsion vector,

Sus =S = 35aSh1x™ ()
The torsion vector S,, * is frequently written as S,,. It is not to
be confused with the spin vector

Svu — €uhul( Uh /2‘/§)Sul' (6)
The spin density S, is constrained by the Frenkel condi-
tion®

U<s.,=0. (7
The torsion vector represents that part of the complete tor-
sion that is not Frenkel constrained. There is some evidence
that the torsion vector is useful in systems where particle
number is nonconserved.”” Normally the torsion vector is

not included in spin-fluid calculations. We include it for
completeness.
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B. Stress energy tensor
The fluid vorticity £, is defined by
Qo= — U[a;b}_Uian | (8)

In addition to the angular velocity described by this vorti-
city, there is an angular velocity w,,, associated with an in-
trinsic spin density. The rotation associated with the spin
can be described by the tensor

wob:A“j”Ab(m, (9
where 4 {,,, is a metric based, orthonormal tetrad chosen so
that 4 {;, lies along the fluid velocity U “. Tetrad indices are
in parentheses. (¢) = (0,1,2,3) and are raised and lowered
with the Minkowski metric ( — + + + ).

The Ray-Smalley spin-fluid stress energy tensor can be
written as the sum of two parts:

T = T?ﬁuid) + T (10)

(spin}

where T'¢}.q, is the usual perfect fluid stress energy tensor
described by Eq. (2).

The spin-fluid portion of the stress energy tensor is
Teh oy =2USPU, + VEU“SD) — o S» . (11)
This stress energy tensor is valid in both general relativity
(GR) and in the Einstein—Cartan theory (ECT). In GR, the

covariant derivative, ¥V, involves the usual metric connec-
tion. In ECT, the covariant *“‘star” derivative is written

V*=V, 425, (12)

where V, contains a spin contribution in addition to the met-
ric connection. S, is the torsion vector.

ill. THE RAYCHAUDHURI EQUATION
A. General relativity—Riemannian space-time
The field equations in GR are®
R, =«(T,, —ig,T). (13)

The Raychaudhuri equation can be derived from the field
equations by projecting out the components along the fluid
velocity:

R, UU"=w(T,,UU"+ T/2). (14)

The spin extended Raychaudhuri equation is
0+6%3—Us + (00, — Q") — kQS,,

+ (k/2)0*S,,, + (k/2)(p + 3p) = 0. (15)

The new contributions from the spin are both kinetic energy
type terms.

B. Einstein-Cartan—Riemann~-Cartan space-times

In the Einstein-Cartan theory, the metric field equa-
tions are'’

G,, _vf(@abc"abca +@Cab) =T, (16)
where the modified torsion'' is
@abczsab(_*‘za(acsb B (17)

Separating the left-hand side of Eq. (16) (Ref. 12) into
the GR Ricci tensor plus torsion contributions we obtain
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Ru/} (GR) + ZSue {[Sb “{1 + ZSuc dShzl“ - S“iaScdh - 4S<er
= K( 71:/7 - 5&:/)T)~ (18)

Contracting Eq. (18) with U“U", we obtain the Ray-
chaudhuri equation in a Riemann-Cartan space-time:

02

0+——— U, +0"0,, — (Q’ + —'2‘— S“”)(Qm + -’—2‘— Sw,)
K K
n. " -—--——S‘”)S“h
+ > (wu 3 y
8 a 2 K
—5 U+ lp+3pl=0. (19)

It is quite different from its GR counterpart and also from
other treatments that did not include spin in the stress ener-
gy content. In Eq. (19), all covariant derivatives contain
only Christoffel connections. The spin connection has been
separated from the covariant derivatives and included expli-
citly,

IV. EXPANSION IN IRROTATIONAL AND
UNACCELERATED FLUIDS

A. General relativity
If the vorticities and the acceleration are zero, the Ray-
chaudhuri equation can be written
GR :0+60%/3 + 00, = — (k/2)(p + 3p).  (20)
Spin does not enter the GR result.
The solution to Eq. (20) is well known:>'?
1 i T
=t — (21)
g(r) 6(0) 3
and predicts an expansion singularity if the expansion is ini-
tially converging,

B. Einstein-Cartan

In Einstein-Cartan theories, the vorticities normally
have a spin contribution due to the torsional connection.
This contribution has been separated out of Eq. (19). The
full fluid vorticity €, and tetrad rotation vector @,,, can be
written as

auh =y, k(S(:Iy/2)7 (22)

Quh = Qoh + k(Suh/z)' (23)

For no acceleration, w,, equals . There are two pos-
sible ways that irrotational could be interpreted. The first
would be the strict zero vorticity condition

aul» == ﬁuh =0. (24)

The resulting Raychaudhuri equation, with zero torsion vec-
tor, is identical to the GR result, Eq. (20). The second inter-
pretation would zero the metric GR vorticities:

B = Qah = O- (25)
The Raychaudhuri equation for this case is

3

&+ %l + oo, — -'g— S, 4 12‘- (p + 3p) = 0.
(26)

Equation (26) leads to the expansion condition
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B+ 6%3 — (£/2)5*>0, (27)

where §* = §¢"S,,. It is clear that the presence of spin in the
Einstein—Cartan treatment could influence the development
of a congruence singularity.

The solution to (27) depends on the functional form of
the spin that may depend on the metric solution. Assuming a
constant spin density for purposes of discussion, we inte-
grate to find

6(1) — \/§KS>(0(0) - \/§KS) st (28)
0(r) + \ixS \O(0) + \[3«S
or
0(1)>J3xS [(1+ 46570 /(1 — 45" ], (29)
with
A=[6(0) — JIxS ]/[6(0) + xS ], (30)

A #1,

There are four separate cases to consider in discussing
the development of singularities in the expansion function.

(1) A>1: A will be positive and greater than 1 if the
expansion is converging

6(0) <0 and |6(0)[>K\/§S. (31
No singularities develop and the congruence remains con-
verging.

(2) 0 <A < 1: Values of 4 in this range are generated by
a positive initial expansion with

6(0) > |[3xS. (32)
A singularity will develop for this case.

(3) A < 0: Negative 4 can occur if

6(0) <0 and |6(0)| <. /3xkS (33)
or

8(0) >0 and 6(0) <\/%—KS. (34)

For negative 4, the expansion remains well behaved.
(4) The conditions 6(0) = + \/%—KS lead to a constant
expansion.

V. DISCUSSION

We have extended the perfect-fluid Raychaudhuri equa-
tion to include intrinsic spin and applied the results to the
behavior of the expansion parameter in an irrotational, geo-
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detic fluid. This particular application was chosen because
the development of space-time singularities is sometimes im-
plied by the development of singularities in the expansion
parameter of a congruence.'®> We have shown that the pres-
ence of spin in Riemann—Cartan space-times can avert the
development of an expansion singularity. The complete im-
plications of this result for the development of metric singu-
larities in space-times with torsion is under investigation.

Previous work on the development of singularities has
considered the effect of nuclear spins in the ultra high matter
density conditions just before a final collapse.'' Although a
continuium of nuclear spins is a spin fluid, our formulation
also includes the macroscopic view of spin density as de-
scribed by Kopczynski,'* Bailey,'” Israel,’® and Israel and
Bailey.'” In this picture, continuous media may have inter-
nal spin densities and collections of objects such as protoga-
laxies, turbulent eddies, or (primeval) black holes may be
described as a spin fluid.

Other possible applications of the spin extended Ray-
chaudhuri equation are star or galaxy formation from the
collapse of maiter clouds with intrinsic spin density, as well
as the inflationery formation or collapse of universes with
spin. The inclusion of spin in the Raychaudhuri equation
should lead to many interesting and valuable results.
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