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A transmission-line analog is developed for crossed-field space-charge flows from the simultaneous solu-
tion of Maxwell's equations, the Lorentz force equation, and the continuity equation. A thin one-dimensional
injected beam is assumed. The resulting fifth-degree secular equation is solved for several values of w./wp. The
five system waves consist of a pair of hybrid waves, a pair of near-cyclotron waves and a near-synchronous
wave. The results indicate that noise transformers may be based on an equivalent piecewise uniform trans-

mission line.

INTRODUCTION

N important technique developed to aid in under-
standing the propagation of noise phenomena in
electron beams! and semiconductors® involves the use
of a transmission-line-like analog. The analog formula-
tion is developed rigorously from the Maxwell curl
equations and the transmission-line elements are related
directly to the characteristic impedance and phase ve-
locity of the electron stream or semiconductor medium.
To date, the theory of these analogs has been restricted
to one-dimensional rectilinear flow systems. In this
paper, the basic theory is generalized to include crossed
electric and magnetic field environments directly from
Maxwell’s equations and the transport equations.

A comprehensive treatment of both the theoretical
and experimental aspects of crossed-field interaction
and the characteristics of various crossed-field electron
guns are discussed in Ref. 3 although little attention is
given to the reduction of the characteristically high
noise in these systems.

Recent theoretical* and experimental’ studies on the
noise characteristics of crossed-field space-charge flows
have indicated that current fluctuations passing the
potential minimum of an electron gun are considerably
reduced (space-charge smoothing) and that the high
noise level characteristic of crossed-field streams is
associated with large velocity fluctuations.® It is shown
that noise transformers based on the above trans-
mission-line analog may be used to reduce the noise
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contribution due to velocity fluctuations without en-
hancement of the current fluctuations. Diocotron gain
in the transformer region is controlled (minimized) by
proper choice of operating parameters and the equilib-
rium stream position for a configuration as shown in
Fig. 1.

ASSUMPTIONS

The following assumptions are made in this analysis:

(1) Nonrelativistic mechanics, (2) the electrons drift
with a constant velocity along the z axis, (3) small-
amplitude conditions, (4) the beam is infinitely thin
(compared to the anode-sole spacing) in the ¥ direction
and infinitely extended along the x axis, (5) the force
on an electron due to the rf magnetic field is neglected,
(6) the ac fluctuations vary as exp(jwi), (7) the dis-
continuity in ac fields at the top and bottom of the thin
beam is not considered which amounts to neglecting
space-charge effects.

MATHEMATICAL ANALYSIS

In the framework of the above assumptions and for
the model outlined in Fig. 1 the component ac Lorentz
equations are developed as follows after separating out
and dropping the dc terms:

—nEp+odgh=[jotu.(8/92) Jar (1)
and
—nEy—wd1=[ jotue(3/3z) Jh, 2

where the suffix one indicates first-order perturbation
quantities, w2 7B and %, is considered invariant with
y. 72 the absolute value of the electron charge-to-mass
ratio and there is no dc y-component velocity.

The Maxwell magnetic field curl equation yields the
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Fre. 1. Coordinate configuration for a thin laminar beam
in crossed fields.
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following relationships between the current density com-
ponents and the electric field components:

1 /62E1y Ky,
JitjweE=— - \ - ) 3)
Jupo\ dydz  3y?
and
. 1 /62E1y 62E13
Jiytjweoky,=- — ) 4)
]wp.o\ 922 dyoz

After some manipulation and the introduction of con-
venient differential operators, the following equations
for Ey, and £, evolve:

1 o 9*
(1———PU_1 Pz_‘l )Elz

B Y0z 3ydz
11 32 1
= —pP,——P ) ——P, T, (3)
Jweo B2 Iydz Jwe
and
1 & A
<1———P;1 P, )Ely
B dydz  dydz
1 9?
=———pP1 Py‘ljlz———‘Pz_ljlw (6)
Joe kB2 0y93 Jweg
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k=w/c,
1 92
Pyé T
k2 9y?
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k? 9z°

and

P12 the inverse differential operation.

In the event that y-axis variations are nonexistent,
Eqgs. (5) and (6) considerably simplify.

Ei,=—(1/jwe)J 1, (7
and

E1y= — (1/jw€0)Pz_1]1y. (8)

The directional velocity components and current den-
sities are related as a result of combining Egs. (1)-(2)
and (7)-(8).

wol jBe(d/dz) J1= (n/jweo)T 1ot wen (9)
and
uo jBe+(d/dz) 1= (n/jweo) P4 yy—wey,  (10)

where 8,=w/uo, the phase constant for the drifting
stream. Furthermore, the component current density
expressions are given by

(11)
(12)

J1,=poth

J1= P&é1+P1Mu,
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where py and p, are the static and perturbation volu-
metric charge densities, respectively. Neglecting y-axis

variations the continuity equation is then
dJ1./dz= — jwpr. (13)

The theory of coupling of modes™? suggests a trans-
formation facilitated by the definitions

T2 Qe (14)
VEu/n
= Ue~ 7 (the z-component kinetic potential) (15)
and
“dz
f=w| —.
0o o

A direct result of the transformation gives one trans-
mission-line-like equation

dQ/dz=jB.(Jo/2V )T,

where u¢= 29V, An additional first-order differential
equation may be developed from Maxwell’s equations
to complete the system. The specific form relates
directly to the assumed field characteristics of the
system. Two specific cases are examined below.

(16)

Casel. E;, — 0

In the event that the y-directed perturbation field
approaches zero then the following is obtained when
Egs. (7)-(8) and (9)-(10) are combined.

(DP+Bn?) V= (1/ jowen) DJ 1z, (17)

where D[ 8.+ (d/dz)] and BmSw. 4, the cyclotron
wave phase constant. The coupled-mode amplitudes are
given by [using Egs. (9), (10), and (14)-(16)]

U= U+exp[j(6m2+ﬁp2)%zj+ U~exp[—j(ﬁm2+5p2)%z:|
(18)
and
BeJO

—_— U ; m2 213-
Q - (Bp2+6m2)*{ +exp[ j(Bn248,%) 2]

—U exp[—j(82+8,H%]},

where the kinetic potential has been decomposed to
forward (4) and backward (—) traveling components
and 8,2 wp/te, wpt=npo/ 0. The analog transmission-
line system is then suggested by the form of the coupled
Eqs. (18) and (19). The propagation constant and line
parameters are apparent in Eq. (19). Z,, the impedance
per unit length and ¥ the admittance per unit length
are given by the following :

Zo2 — 2V o (B2 +B,2)/BeT o
Yoé —'],Be(JO/ZVU)

7]. R. Pierce, J. Appl. Phys. 25, 179 (1954).
8 M. C. Pease, J. Appl. Phys. 31, 2028 (1960).

(19)

(20)
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This degenerate case (£,,=0) indicates that the
presence of an orthogonal static magnetic field serves to
modify the electron natural oscillation frequency giving
an effective plasma frequency of

Wpe™= ((‘U112+wr2);-

2y

Case Il. E,,#0

Under more general conditions the y-directed per-
turbation field does not vanish and we are led to a
generalization of Eq. (17) from the Maxwell equations,

(AD+B.2P )V = (1! jwe) A 12, (22)
where the operator
A2 P.D4 (wp/ jw)Bp.

Following a format similar to that in Case T and as-
suming the harmonic nature of Q) and U,

10| s

vl e,

yields a fifth-degree secular equation

2 w/\? 1 k?
wp Wy wy? B

2 w,\? k
T A
‘*’Pl wp/ 85

4

—ay =0, (23)

P

where w,’2 w,/w, w2 w,/w. The k/8,2 terms vanish in
the nonrelativistic limit [(#9/c)?— 0] yielding a re-
duction by one degree. In the very low velocity limit it
is preferable to rederive the secular equation directly
from Maxwell’s equations and the equations of motion.
The result is a fourth degree equation. The secular
equation eigenvalues are examined in some detail below
for the often studied open-circuit diode. In the zero-
field limit of B,, — 0 the secular equation is of second
degree and the Bloom and Peter' results prevail.

It is noted that the result of neglecting space-charge
effects leads to a degeneration of the two diocotron waves
to one synchronous unchanging wave. A consideration
of space-charge effects as treated by Gould® would yield
a six-wave system. The neglect of space-charge effects
is justified since their consideration adds only a pair of
growing and declining waves in place of the synchronous
wave on a drifting beam and the cyclotron-wave prop-
agation constants are not appreciably changed.

®R. W. Gould, J. Appl. Phys. 28, 594 (1957).
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Case III. Open-Circuit Diode

The open-circuit diode often examined in perturba-
tion noise theory is characterized by zero total alter-
nating current and thus

gy :"{_'I.wén]‘;lz: 0

. . (24)
J 1:,,+‘]we|\]'11,, =),

Equation (24) is a special case of Eq. (8) occurring
when /.= 1 and is valid at high frequencies where dis-
placement currents are important. Again following the
carlier method a third-degree secular equation evolves.

Y=, V=1 (0 /0y VP Jyte,/ =0, (25)

The above corresponds to large #° for w large and may
be obtained directly from Eq. (23) by neglecting appro-
priate terms. If w,’w— 0 then Eq. (23) reduces to
Case T supporting the assumption that £y, =0.

The eigenvalues of Eq. (24) then facilitate the calcu-
fation of the perturbation charge density and velocity
through

dpi(0)/dz= (—pm/ud)[ (AU 'd)— 8. U]  (26)
and
:[/1 = — [jw-}-ﬂu((l' /dz)y— ('l)pu "/jwéu) P;_l]ilwnél, (27)
where
pr=p1(0)e P,

GENERAL RESULTS FOR CASE 1I
The normalized propagation constant written as
B8/8.=1—v(w, w)

is calculated from the eigenvalues of Eq. (23). These
normalized values are shown in Figs. 2 through 3 for
space-charge flows in orthogonal static electric and mag-
netic fields under the low-velocity assumption
(w0’ c=0.1) and varying w. ‘w,. If w.=w,, then we have
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F1G. 2. Case II propagation constants vs w/wp. (w.-/w,=0.5.)
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Fi6. 3. Case II propagation constants vs w/wp. (w./wp=1.)

laminar Brillouin flow. The degeneracy to a third-degree
system for large %2 is evident and to the first order y;
and y; correspond to the cyclotron mode propagation
constants.

It is interesting to note that the propagation con-
stants 84 and 85 have imaginary parts, plotted as #, for
small values of w/w, only. A comparison of the three
cases indicates that there is a critical value of w/w,,
given by (w/wp)e, such that if w/w,<(w/wple,
xs= — x50 and for w/w,> (wW/wp)er, ¥s=—2x5=0. The
value of (w/wp)er is inversely proportional to w./w, to
the first order. The corresponding values of y4 and y;
when xy=—x;%0 are negative, indicating backward
waves in the stream. The positive and negative values
of x indicate the presence of a growing backward wave
and a declining backward wave, respectively. The exact
physical significance of these waves is not clear. The
fact that the value of x decreases as w/w, Is increased
is in agreement with Gould’s® results, which indicate
that the space-charge effects in crossed fields tend to

=
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Fic. 4. Case II propagation constants vs w/wp. (we/wpy=2.)
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increase the impressed signal growth rate. It may also
be noticed that the value of x is decreased as w, is
increased.

The waves denoted by y; and y; are referred to as
cyclotron modes and are discussed further in the next
section. The waves denoted by 3, and ys may be called
hybrid waves, since they represent a combination of
space-charge wave, fast wave, and cyclotron wave
propagation constants. These hybrid waves are not
excited for large values of w/w,.

It can be seen in comparing Figs. 3 and 5 that there
is no appreciable change in the values of the propagation
constants when the electron velocity is changed. How-
ever, the value of x for small values of w/w, seems to
decrease as the velocity is decreased.

CYCLOTRON MODE EXCITATION

When a stream of the type illustrated in Fig. 1 inter-
acts with a slow electromagnetic wave the excitation of
cyclotron waves will be slight provided that the initial
velocity, position, and space-charge density perturba-
tions are extremely small. This condition, however, is
not generally the case and thus cyclotron wave excita-
tion becomes important. Significant initial velocity
fluctuations (noise) can lead to an appreciable excitation
of cyclotron waves.?

Under the restriction of £3>1 or presuming that the
modes designated by y, and y; are weakly excited the
solution of Eq. (23) is written as

3
Q = Z Qiei(ﬂe‘“yi) Z,

=1

(28)

which reduces for large values of w/w, (which implies
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Fic. 5. Case II propagation constants. [we/wp=1, (us/¢)2=0.001.]
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the neglect of hybrid waves) to

0= 01 Qv Qugivv, (29)
where
ylgﬁey
ya=y1—ky,
y3=y1+ kl,
and
k= (wc/w)ﬂc-
Equations (16) and (29) lead to
40/ds= = jhy(Que e —Ques)  (30)
aU/dz=(2Vo/B.J 0)k:i*(Q— ), (31)

where (Q—(Q;) denotes the contribution from the first-
order cyclotron modes of Eq. (29).
The following definitions of transformation variables

W2 QV/To)ki/Be

gpé/ kds
0

lead to the desired differential equations
(@U/dH)+U=0 (32)
(@Q/de*)+Q=0, (33)

where Q2 (0—Q,). The solutions of Egs. (32) and (33)
are

and

U(g)=U;cosp+@Q; sing
Q()=7(U/W) sing+Q; sine.

This result has the same form as Bloom and Peters!
except that the plasma phase constant is here replaced
by the cyclotron-wave phase constant to the first
order. It is thus apparent that perturbation signals may
be amplified or attenuated by periodic changes in W.

(34)
(35)

METHOD FOR VARYING W
A. Variation of Voltage

Reference to Fig. 1 indicates that for laminar tra-
jectories the z-axis electron velocity is governed by

wuy=|E|/B=V,/Bd

assuming a thin stream and no space-charge depression.
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Fi16. 6. Crossed-field voltage jump configuration.
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Fi6. 7. b/ (Jo/T o) vs T (we/wp=2).

Thus

Vo=n(Bd): (36)
so that Vo and d may not be varied independently,
while maintaining laminarity. In the case of a Brillouin
stream and assuming constant stream thickness, #<d,
the following dependence evolves

Voo/ Vo= (dz/dy1)? (37)

for the geometry of Fig. 6.

B. Variation of ,

The normalized characteristic impedance W also
depends on w, through Jo. Thus an alternative method
for varying W is to change the stream thickness, say by
the factor 7. Then w, changes by 1/v7 and J, by 1/T.
Such a change in the plasma frequency can lead to
space amplification or deamplification effects.

A plot of the normalized value of &,/ (Jo/Jo1) vs T is
shown in Fig. 7 where Jy; corresponds to the T'=1 con-
dition. These results assume w,=2w, and are strictly
valid only for w>>w,.

CONCLUSIONS

The propagation constants of a crossed-field space-
charge flow are evaluated for different values of w,/w,
and beam velocity. For small values of w/w,, the growth
rate in a drift region is evaluated and the variation with
wp Is in qualitative agreement with earlier results.

A comparison is made between the modes denoted by
vz and y; and the cyclotron modes. The effect of a finite
value of E,, is to reduce the absolute values of the
cyclotron mode differential propagation constants. Tt is
noticed that the cyclotron modes may be excited
strongly by velocity fluctuations. In the transmission-
line analogy, the cyclotron phase constant (as a first-
order approximation) plays a role similar to that of the
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plasma phase constant in noncrossed-field systems. The
characteristic impedance and admittance of the crossed-
field stream are defined and several methods for varying

the value of the characteristic impedance are outlined.

R. P. WADHWA

These general results indicate that noise reduction
transformers can be developed for streams in crossed
fields on the basis of an equivalent piecewise uniform
transmission line.
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The saturated emission currents from uranium carbide in cesium vapor were measured for four different
bath temperatures T: 167°, 197°, 227°, and 250°C (the cesium arival rates u,, in 10* atoms/cm?, were 0.3,
1, 3, and 6, respectively). The measurements were made with a “plasma anode’ tube at constant tempera-
ture. The plot of logu, vs 1000/7 was used to extrapolate the electron emission “S” curves to arrival rates
that differed by a factor of ten. Since calculations based on the assumption of a homogeneous surface yields
unexpectedly high hinding energies and surface coverages, it seems likely that some surface patchiness exists.

INTRODUCTION

HE work function of uraniwm carbide in a vacuum

has been measured by several investigators.!—

Haas and Thomas,® in a recent paper, report that

uranium carbide has a surface consisting of patches that

range in work function from 3.25 to 4.5 eV, which upon

thermal activation becomes covered with patches in
the narrower range of 3.0 to 3.25 eV,

Because little information has been published on the
emission characteristics of uranium carbide in cesium
vapor, and because several investigators have found that
cesium vapor can affect the emission from a refractory
metal,>7 it was decided to determine the effect of
cesium vapor on the emission characteristics of uranium
carbide.®

EXPERIMENTAL METHOD

A “plasma anode” tube similar to that used by
Marchuk? and Houston!® was used for the experimental

* Work performed under the auspices of the U. S. Atomic Energy
Commission at the Los Alamos Scientific Laboratory. This paper
is derived from a thesis submitted to the University of New Mexico
in partial fulfillment of the requirements for the Degree of Master
of Science in Physics.
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work (see Fig. 1). This tube used a plasma, produced
by the discharge between a hot cathode and a cold
anode, to neutralize space charge and act as a collector
for any emitter immersed in it. There were three emit-
ters in the tube; two were made of a 0.25 mm (10 mil)
tungsten wire electrophoretically coated with uranium
carbide 0.13 mm (3 mils) thick, and the other was a bare
0.25-mm tungsten wire; each emitter was shielded by an
alumina insulator so that only a small, uniform temper-
ature area of the loop was exposed to the plasma. The
bare tungsten emitter was used to check the method of
measurement.'! When data were being taken, the tube
and cesium reservoir were immersed in a constant
temperature oil bath (see Fig. 2 for the relation be-
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116, 1. Design of the experimental tube.

' The emission currents for cesium on W were compared with
those already published by J. B. Taylor and I. Langmuir (see Ref.
5 above).



