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The combinatorics of the boson operator formalism in the construction of the SU(n) states provides
a natural scheme for the appearance of certain generalized hypergeometric functions. It is shown that,
while special cases exist where the functions thus generated belong to the class of generalized hyper-
geometric functions defined by Gel'fand ef al. as being the Radon transforms of products of /inear
forms, the general cases apparently do not. This is already so at the SU(4) level.

1. INTRODUCTION

In the representation theory of unitary groups,
much has been known on the problem of explicit
construction of state vectors for the irreducible
representation, in particular, with the device of the
boson operator formalism.! One of the crucial prob-
lems lies in the structural analysis of a general state
vector such that hopefully the algebraic complexities
which mount extremely rapidly as the rank of the
group goes up may be systematically controlled.

In recent years, some efforts have been made in,
among other things, the combinatorial structure of
the state vectors for the irreducible representation
of U(n).*® In particular, it was found®-® that one can
readily obtain the normalization constants by carry-
ing out essentially the following steps: (i) A general
state vector is obtained by applying an appropriate
string of lowering operators from a so-called semi-
maximal state,® the latter being expressed as appropri-
ate products of (antisymmetrized) determinantal
factors of creation operators (each factor being raised
to an appropriate power) acting on the vacuum
state; (ii) the process of pushing through the lowering
operators all the way to the right results in the
combinatorics as a consequence of the canonical
commutation relations.

One of the problems then is to study the combina-
torial structure entailed in the step (ii) above. More
explicitly, Baird and Biedenharn? have shown that
for SU(3) the operator-valued polynomials can, in
fact, be formally expressed in terms of the well-known
Gauss hypergeometric function ,Fy(a, &; ¢; x); namely,

|general SU(3) state)
= const (product of antisymmetrized creation
operators) ,Fy(a, b; ¢; x) |0), (1)
where the coefficients a, b, and ¢ depend linearly on

the Gel’fand labels” of the state, while the variable x
is formally an operator quotient in such a way that

all the denominators are cancelled eventually by
appropriate multiplicative factors outside the hyper-
geometric function.

Attempts have been made by Ciftan and Bieden-
harn* and in particular by Ciftan® to generalize Eq.
(1) to higher rank unitary groups.® Unfortunately,
because of the increasing algebraic complexities, no
simple expressions analogous to Eq. (1) are known.
For SU(4), Ciftan was able to recognize the structure
of the individual block constituents, where each block
of terms essentially corresponds to the action of one
particular lowering operator (raised to a power),
but the expression for a general SU(4) state was left
as a sixfold sum of operators.

The main purpose of this paper is to answer some
questions raised by Ciftan’s treatment of the SU(4)
state. The way that combinatorics of boson calculus
provides a natural scheme for the appearance of
certain generalized hypergeometric functions is rather
intriguing. In view of considerable interest in the
connection between special functions and group
theory,®!% it is perhaps desirable to ascertain what
class of functions does such generalization via
combinatorics lead to.

In fact, at the SU(n) level, the Gauss function ,F;
appears as a consequence of the action of the lowering
operator (L2=2)%. The Appell function!®1 of the second
kind, F,, is obtained from the action of (L?=3)*. The
Lauricella function'® of the fourth kind, Fj,, in
several variables occurs as a result of the operation of
(Lp=3)*. These statements are obvious generalizations
of the case n = 4. [See Eqgs. (9)-(11) below.]

The fact that these Appell and Lauricella functions
appear so rarely (if at all) elsewhere in theoretical
physics perhaps warrants a systematic analysis of
such functions, and generalizations thereof via the
boson calculus of the SU(n) state.

It is obvious that the combined action of products
of lowering operators will lead to a multiple sum of
products of folded blocks of terms. For example, at
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the SU(4) level, one already has to deal with a folded
product of the Gauss, Appell, and Lauricella func-
tions.

In analyzing the structure of these new,functions
beyond the known repertory, one criterion used is to
check whether their integral representations admit a
definite pattern of generalization. One class of
generalized hypergeometric functions has been defined
by Gel'fand et al'® as the Radon transforms!® of
products of l/inear forms. It so happens that all the
known hypergeometric and generalized hypergeometric
functions such as the Gauss, Appell, and Lauricella
functions have this property.”” The question arises
whether this feature holds for all functions generated
for the general SU(n) states. This question was hitherto
unsettled even for n = 4. We show that, in general,
these combinatorially generated functions for the
SU(n) states are not confined to the class of generalized
hypergeometric functions which are Radon trans-
forms of products of linear forms. Already at the
SU(4) level, while special cases may possess such
property, the general SU(4) states do not. This in
essence answers the question® posed by Ciftan in a
negative way.

2. COMBINATORIAL STRUCTURE FOR
GENERAL SU(4) STATES

There are obvious advantages in reaching a general
SU(n) state by approximate application of lowering
operators from the semimaximal state. Besides the
apparent ease of getting the normalization constants,*
a subject which will not concern us here, the structure
of the semimaximal state is sufficiently simple so that
the combinatorics ensued in pushing through the set
of lowering operators can be systematically controlled.

We shall assume that the reader is reasonably
familiar with the boson operator formalism? for the
representations for the U(n) groups. Thus we shall
merely sketch the necessary expressions for the sake
of getting the notations straight.

In terms of the creation and annihilation operators
a!* and a», the elements of the Lie algebra read

E; = Za,‘-“dﬁ-“, ij=1-,n (2)
The commutation relations
[Eij’ Ers] = 6eris - 6@‘3Er;i (3)

follow from the canonical commutation relations for
the a’s,
[a, a") = 8,6, )
In terms of the (antisymmetrized) determinantal
factors
afxiz"‘ia = Ze(iﬂz e i,)a,-la,é e ai',

&)
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where e(ij7; * + - i) is +1 if the set of indices is an even
permutation of (1,2,---,5) and is —1 otherwise,
we have thus

|general SU(4) state)

My Mgy

M3 My My

My Moy

my

= const (LY (L(LY"

Mys
= const (L3)"*(L5)"*¥(L})"%(a195)"*(a;5)"
X (a19)"% (a14)"(ay)" ¥ (a,)™ |0), 6)

where the set of lowering operators are related to the
E,; as follows®:

L' =E, k=2, ,n—1, (7a)
L= 8o k1Exk—2 + Ep p1Ex—1 12, €tc., (7b)
§;=(E;—Ep)+(— DL (70)

In the exponent, the following short-hand notation
is used:

My = Mgy — Myg_ys Vig = My — Mgy . (7d)

We note first the action of each operator separately.
On the SU(4) level, (L3)™s leads to the Appell function
of the second kind Fy; (L3)™ gives the Gauss function
oF, and finally (L3)™* yields the Lauricella function of
the fourth kind F{3' in 3-variables.2® Since these are
crucial ingredients, they have been rederived and
recorded here below for the sake of readability. The
defining power series expansions and their integral
representations are given in the Appendix. We have

(L3)"**(a120)"*%(a12)"**(@14)"**(a1)"** |0)
_ T + DIYs + 2)
T'(vis — ng + DG + 2 — nyy)
X (8150)"*(a15)"**(a10)"*(a,)"* "1 (ag)"?
X Fy(—ny3; —Nge, —Nya;

—s — 1,95 — nyy + 15wy, wy) [0),

®

where s = v,3 + Vo3 + Mgy + N3y,
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11(1}23 + l) na—k Vog—Na3 n
L2 nay Qs na—k Qs Vag 0 = (G 2) an l(a .‘) 23 “(ﬂ ) 29
( 3) ( 124) ( 12) l > F(‘l’za— n23+ l) 124 12 13
X oFy(—ngg, —nge + ky; va3 — nyy + 15 wy) |0), %)
U(ng + 1) (ny, — ny), k nag—ni1g—k
Iy K naz—k nag—kse vizg—ni13tka —_ < = 3 3 23— H12—A3
(L3)"*(a134)™(a12) " %(a14) (a,) |0 T — 1y + 1) ("”23)1:, (a134) (a13)
X (a“)nzl—l‘z(al)le—"u H’z(aza)"lz
X F(Ig)(‘”m; —Nyy + ky, —v15 + nyg — ky, —ky;
1+ ngg — nyy — kg; we, wy, we) [0), (10)

where (c), = I'(c + r)/T'(c). The w’s are defined in Eq. (13) below. Expressing the ,F,, F,, and F$' in the
standard single, double, and triple power-series expansions, respectively (see Appendix), we get from
Eq. (6)

{general SU(4) state) = const X (d,93)"%%(a124)"%(a1) > "*¥(ayg)" 2> ™12

X (a14)""(aza)“"(al)v“_""(03)"”(04)"“Sm |0Y, ( D
s — z (_"1a)k1+k,(—"34)k1(_n24)h (nyp — "23)1:,("‘"34 + kl)k;.
ke (—s — l)kl(l + V3 — "13)k, (1 4 3 — "23)1:3
x (—'nlz)krl—k5+ks('_n24 + kz)k.(—"’la + ny3 — kz)kﬁ( ks)ke 1—[ (w; )k’ ’ (12)

(1 + nyg —nyy —

k3)k'|+lr5-! ke

where because of the delicate folding of variables involved,

Q1034 a0, it does not seem likely that Eq. (14) in general can be
1=, Wy=——, brought to be the Radon transform of products of
12443 a3814 . .
linear forms. In the next section, we shall see that
158134 13054 only special cases of Eq. (14) will have such a simple
Wg="", W= ) (13) property.
Q130194 14093
aydys 130534 3. RADON STRUCTURE OF THE SEMISEMI-
Ws = ) Wg = . MAXIMAL SU(4) STATE
a1d33 Q23d134

This is another case which was started by Ciftan but

Equation (11) is essentially equivalent to Eq. (4.6¢c)
of Ref. §, apart from some obvious misprints there.

Using the standard integral representations'® ¢ for
those block constituents in (12), one can easily con-
vert the sixfold summation into a fourfold integral
representation’s:

1
S® = const x fff dt, dt, dty dt,
0

O TRy Py P L Pu L
x (1 — )™ %1 —
X (1 — 1)"3(1 — wyt)"24(1 — wyt,)V13~ms
X [1 — wyta(l — wety)/(1 — 2]
X {1 — wity[1 — watg(1 — wet)/(1 — t)I*

— waty(1 — wst) /(1 — wyt,) ™2 (14)

By inspection, one easily convinces oneself that,

tz)ﬂzﬁ-vu—ma(l — !3)v23

was left unsettled. For the semisemimaximal state,
i.e., the state with n, =0, or m, = m,;, the net
effect is that the threefold summation involving the
Lauricella function is now absent. The analog of Eq.
(14) here is thus considerably simpler:

S(‘)(n” = 0 Wy = W5 = Wy = ])
= const X f dtl dtz dtat—n:u—-l "”24—1t—7¢23—1

X (1 — "= —
X (1 = tg)"(1 — wytg)™

reit+vig—n
te) gitvis—n13

X [1 = wity /(1 — watg) — wyt,]™2,

(15)

Equation (15) can be easily cast into the Radon

form with the aid of the following change of variables:
Xy =wity, Xp=1— wy,,

X3 = (1 — wata)(1 — wyty).

(16)
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We have

5(4)("12 =0,wy, = w; = wg = 1)

= const X witiwj1sViaynas=ves

J:U dx, dx, dx; dx,0 (1 —-zx)

X H (&™), x)™, (17)
k=1

where

€0 =3t

denotes a linear form and the coefficients are

£ = (1,0,0,0), &2 =(0,1,0,0),

£ =(0,0,1,0), £ = (-1,0,1,0),

E® = (0,1, —1,0), £® = (0, w, —1,1,0), (I8a)
ED = (1,0,1,1),  £® = (wy — 1, wy,wy, w),
EO = (wy — 1, Wy, Wy — 1,0, — 1),

by = —ng — 1, b2=n13+n23—na4—v23,
by = ngy — Ny, by = nyg,

by = —ng — 1, bg = 73, (18b)
by = —nyy — 1, by=rng —s — 2,

by = nyy + v13 — ny3.

The right-hand side of Eq. (17) is readily recognized
as the Radon transform of products of linear forms
in a 4-dimension space. However, as mentioned
earlier, unfortunately the general case Eq. (14) does
not share this property.

We thus conclude that the class of functions gener-
ated by the boson combinatorics, in general, is not
confined to the class of generalized hypergeometric
functions defined as Radon transforms of products of
linear forms.

APPENDIX

For the sake of readability, we give here the relevant
definitions and integral representations for the Gauss,
Appell and Lauricella functions involved!®-4:

(a) The Gauss function ,F;:

oFi(a, b;c; z)

d a)k(b)k
(@), k!
I'(c)
I‘(b)I‘(c —b)

(A1)

k=0

f dt 711 — N1 — z0)7%;
(A2)
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(b) The Appell function of the second kind, F,:
F2(a; bla b27 Cl: c2; Zla 22)
(a)k1+kg(bl)k1(b2)kg ihéi

= (A3)
k1.kz (Cl)kl(c2)k2 ky !> ky!
_ P(c)T(e)
LF(bT(c; — by)T(b)'(c, — by)
1
X (1 — )21 — z,t, — z,t,)7%  (A4)

(c) The Lauricella function of the fourth kind,

F® in n-variables:

FD(a'bl,' ‘abn;c.zlau'szn)
@)% H: 1 (0 Z5"
> ()9 = k; ! A9
= —&-— dt (1 — 1) “‘1]'[(1 — z )
F@)l'(c — a) Jo i=1 (A6)
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