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8. CONCLUDING REMARKS

The theory we have been studying here may be
extended in two ways: One may develop a topo-
logical generalization or an algebraic one.

(1) In the case of a topological extension, (E,);e;
and F are supposed to be topological vector spaces.
We define then F-continuous formal series of (E,),c;
into F as being formal series of (E,),.; into F such that
their kernels ¢, , define continuous monomial map-
pings of T].; E; into F. For instance, in quantum
field theory the “generating functional”

TUI =3, = [ratens o xde -+ )

n20 N

is expected to be a continuous formal series of

CI8, [J]], where T is the field of complex numbers
and 8 the space of rapidly decreasing functions.
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(2) In the case of an algebraic extension, (E,),c; and
F are no longer supposed to be vector spaces, but they
are modules over a ring 4 (or A-modules).
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A Green’s function for the elastic wave equation, which satisfies certain boundary conditions on the
surface of a homogeneous half-space, is derived by means of the Fourier transformation. This half-space
Green’s function is then applied to the computation of radiative effects due to the earth’s surface when a
radiating source is located on or within that surface. The results obtained are to be taken as an extension
of a previous and similar formulation for the infinite medium due to Case and Colwell.

1. INTRODUCTION

A method for computing the elastic radiation from
a small source in the earth’s interior has been presented
by Case and Colwell.! This method, which assumes
the earth to be an infinite medium, can be modified
to include effects due to the earth’s surface simply by
replacing the (known) infinite-space Green’s function,
which is used, by an appropriate half-space Green’s
function. Our purpose here is, first of all, to obtain a
representation for the half-space Green’s function, and
secondly, to demonstrate its applicability in computing
corrections to the solution of Case and Colwell.

Our method is straightforward. To obtain the de-
sired Green’s function, we formulate the problem in
terms of an integral equation, which equation is then
solved by Fourier transforms. Our application of the
Green’s function then proceeds in a manner closely
parallel to that of Ref. 1. The only complication lies
in the fact that, once we choose a definite orientation
for our half-space, the matrices which occur are not
tensors, i.e., not rotation covariant. Hence tensor
theory arguments, with the computational simplifica-
tions they often afford, are not available to us.

The notation to be used here differs in several minor
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respects from that of Case and Colwell. In particular,

2-dimensional vectors will be denoted by an arrow:
d=(a,,a), a=(d a)

and we will use the convenient abbreviation

i=1,2,3.

0, =—,

ox;’ 0x;
The Fourier transforms of a function f{r) with respect

to 2- and 3-dimensional space will be denoted by
f and f, respectively, with the conventions

7, xg) = f exp (i - ) f(r) dF,
f(x) =fexp (ik - 1) f(x) dr.

Note that we deal exclusively, and hence tacitly, with
the Fourier transforms with respect to time. (It will
become evident below that the inverse transform for
the time variable is essentially as trivial here as it was
in Ref. 1.) The summation convention is used through-
out.

2. THE HALF-SPACE GREEN’S FUNCTION
Integral Formulation
We consider first a general region ¥ of r-space, and
seek the solution f;(r, r,) to
— 02pfi,(r, o) = 01D igem(0)fons (T, Fo) + 0450(x — 1),
eV, (2.1)
with the boundary condition
niDikm(a)fmj(rs ’ ro) =0, I, € S.
Here, n, is (the ith component of)) the inward normal to
the region V' with boundary S and
Dyym(0) = 2830, + p(0:m0s + Oem0). (2.3)
The infinite-space Green’s function G,; satisfies
Eq. (2.1) with V including all space:
~w’pGy(r, ') = 0, Dy3,u(0)G (T, ') + 8,8(r — 1),
4
We now proceed in a standard way to muitiply Eq.
(2.4) by f;, Eq. (2.1) by G;;, and subtract. Using the
easily verified identity
GilakDikmf mi f;'i akDikaml
= ai[leDikmfmi — i DamGml,  (2.5)

22

alir, 1.

we find
Ga(r, 1')8,,0(r — o) — fi,(r, 19)0,,6(r — 1)
+ ai[le(r’ r’)Dikm(a)fmj(r’ ro)

= [1: (0 %) Dy (0)G (¥, ¥)] = 0. (2.6)
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We now integrate Eq. (2.6) over V, apply the diver-
gence theorem, and note Eq. (2.2). Upon renaming
variables (and indices) and using the facts that

Gyi(x, 1) = G(rp, 1) (2.7

and
Dikm(a)ij(r’ l") = _Dikm(al)ij(rl’ l'), (28)

we obtain the desired equation

Jis(x,mg) = Gy(r, 1) + Ld2r'nk(l")ﬁ,~(l", To)

X Dklm(a’)Gmi(r,: l‘). (29)

A method for determining f;(r, r,) is clear from
Eq. (2.9). Indeed, our problem clearly reduces to
finding f,(r,, ¥o); and, by taking the limit of Eq. (2.9)
as r —r,, we obtain an integral equation which may
be solved for f;(r,, o).

Specializing to the case in which ¥ is the half-space
x3 2 0, we denote the half-space Green’s function by

8ist
8i(r, 1) = G, (x, 1p) +fdf’g;5(F', 0;1y)
X [Dyym(0)G ', Dlpyry.  (2.10)

A certain amount of care is required in taking the
limit x,—0 of Eq. (2.10), since the integrand is
singular on S. In fact, if we define

Zgi(r, ') = Dyu(0)G (1, 1),
then it easily follows from Eq. (2.4) that

a7, 045 7, 0) — (7,0~ 7', 0)
= _6“6(? - i”). (2-12)

(2.11)

Thus, we define the “principal value™
Z3u(, 7') = HEqu(7, 045 7, 0) + Zyy(F, 0—; 7, 0)].

(2.13)

Now let x; — 0 in Eq. (2.10). Using Egs. (2.12) and
(2.13), the result may be written as

32,7, 0;19) = G;(7, 05 1) + S?,{F, r), (2.14)
where

SUE, 1) = f dF'gu#, 03 E)ESLF, ). (2.15)

Equations (2.10) and (2.14) are the basic relations by
means of which our problem is to be solved.

Solution of the Integral Equation

Because of the translation invariance of G,
29,.(7', 7) depends only on the difference #' — 7. It
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follows that the 2-dimensional Fourier transform of
Eq. (2.14),

38,4k, 05 1)) = G,,(k, 0; 1) + Sk, xp), (2.16)
reduces to the purely algebraic equations
[38,, + HY()18,,(k, 0; 15) = Gk, 0510). (2.17)
Here, we have introduced a less cumbersome notation
for £9,(0; k):
HY(k) = y[H,(k, 0+) + H,(k,0-)], (2.18)
where
Hy(F, x;) = 2:1 f dkye ™55, (k1 = 0). (2.19)
T J—0
[The minus sign is occasioned by Eq. (2.8).] It is con-
venient to note here the identity
H,-,(ié, 0+) = H?z(ié) - %61'1, (2-20)

which follows from Eqs. (2.12) and (2.13) and which
will be useful below.
Equation (2.17) has the solution

8K, 03 10) = | A7, Gk, O3 1),
where || 47| is the matrix inverse to
141l = 38, + HY(K).
We obtain HY, from the known' fact that

(2.21)

(2.22)

B, e kk, k%, — kik,
Gi- k, N = ( i'vi tUij ] J), 2.23
7( 1') wzp k2 _ k? k2 _ k? ( )
where
k= ’p/(A 4 24), ki=o%pjn  (2.24)

and from Eq. (2.13). A straightforward computation
yields

2miw®pH g = kidul(k; — 85;ka)Io; + 8351,
+ w{2(k7 — k?)
X [(ky — O5ika)(k; — O5;k3)],
+ (ki - aaa‘ks)askls + (kk - 63kk3)53113
+ Ogiba;la] + Ki[0s;(ks — Ogka)l g
+ 63]‘63_;115 + ak:l'Ilt]}’ (2’25)
where?
Ioz.z(Ea X3) = = ¢ wilal,
Kt
Ly fk, x5) = Fime ™ vtlosl x, 20,
I1(k, xg) = [im|(k} — kDJ(e!™! — eIzl
I(K, x,) = [mj(k2 — kB(r,e el — g e=*dzl),
IR, xg) = [Fim|(k? — kB)](r2e~ i)zl — w2e—*deal),
%3 2 0. (2.26)
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In Egs. (2.26), we have introduced the abbreviations
ki, =k®— k2, .27

From Eqs. (2.18), (2.25), and (2.26), we have

Hi(k) = 3a(k™)05,(k; ~ 8yks) + $b(KDBslk; ~ dyky),

(2.28)
where
a(l?) = —i[dr; — (A + 20)1)/(A + 2uw)iei(; + «2),
(2.29)
b(k®) = i, — (4 + 2))/(h + 2w, + K7)s
2.30)
whence (
1 1 0 ak1
4l = 5 0 1 ak, (2.31)
- Lbk, bk, 1
and we easily find
147 = 1—_—;;’?5 abkiky, 1 — abk? —ak,|.
—bkl —bk2 1
(2.32)

Equations (2.10), (2.21), and (2.32) provide the
desired half-space Green’s function. It is conveniently
written in the form

8:i(r, o) = G;(r, xo) + S;,(x, 10), (2.33)
where
~1
Si(r, 1) =
f( 0) (277)2
x f dR exp (—ik - DHF, x)
X NA M im Gslk, 05 7). (2.34)

3. APPLICATION OF THE HALF-SPACE
GREEN’S FUNCTION

We demonstrate the usefulness of the Green’s
function obtained above by applying'it to the solution
of an idealized problem similar to that considered by
Case and Colwell. That is, we provide an integral
formulation by means of which the radiation field
from a small radiating cavity may be computed. As in
Ref. 1, the problem is simplified by assuming to be
given certain quantities which could in theory be
determined (by solving an integral equation). Our
refinement here consists, of course, in taking the earth
to be a homogeneous half-space, rather than an
infinite medium. It is to the effect of this refinement,
i.e., to the difference between the half-space solution
and the solution of Case and Colwell, that we gener-
ally confine our attention.
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General Formulation

Let V be the half-space as in Sec. 2, with the ex-
clusion of a small cavity, located on or *“‘above” S,
with boundary B. Note that, ifr = (x;, x,, X3) is with-
in B, then x; > 0. We wish to determine the functions
u,(r) which satisfy

—w?puy(r) = 0, Dymity(r), TEV, 3.1

with the boundary conditions
1;Djypth () = 0, res, (3.2)
n; Dy, (v) = Fi(r), re B(F, given). (3.3)

That is, the normal component of the stress is to
vanish on the surface of the earth and to be prescribed
on the surface of the cavity.

Following a procedure closely analogous to that of
Egs. (2.1)-(2.9), it is a simple matter to show that
Eqs. (3.1)-(3.3) may be restated in the form

u,(r) = fB Prylgirss DF(rs)
— Uty Dy 8Ty, nl. (3.4

Given the geometry of B, we could now, of course, let
r—rp and attempt to solve the resulting integral
equation for u,(rg) (as in Sec. 2). Instead, we take a
more practical approach, paralleling that of Case and
Colwell, and assume the u,(rg) to be known. But first
it is convenient to isolate the effects of the surface S,
with which effects we are exclusively concerned below.
Let u{(r) satisfy

“(J‘O)(r) =Ld2rB[Gij(rB s DF,(rp)
— u(rp)M DG (Te, 1] (3.5)

ul® is precisely the solution investigated by Case and
Colwell. Here, we are interested in the functions

0y(r) = u,(r) — ugm(r). (3.6)

It is clear from Eqs. (2.33) and (3.5) that these are to
be determined from

v(r) = Ld *ralSif(tg, F(rg)

— (TN DyinS 1 i(te, D, (3.7)

where S;; is given by Eq. (2.34).

Our problem is solved by Eq. (3.7). The remainder
of this paper is concerned with bringing this equation
into an explicit form directly suitable for evaluation.
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The Case of a Source on the Surface

We consider first a situation in which the com-
plexities of Eqgs. (3.7) and (2.34) are considerably
reduced: When the source cavity B is on the earth’s
surface S. That is,

rg = (X5, X5, 0+). (3.8)
[The + sign is necessary because of the discontinuity
of the integrand in Eq. (3.7) on S—cf. Egs. (2.26).
Note that our original differential Eq. (3.1) holds only
for x; > 0.] Recalling the identity (2.20) and Eg.
(2.22), we see that the integrand of Eq. (2.34) here
takes the form

H (K, 0+) |47, G (K, 05 1)
= [ Al:, = 6,1 A 1y Gy, 051) (3.9)

= —B;u(k)G (K, 0; 1), (3.10)
where we have introduced the quantities
Bim = ”A—l”im - 61Tm' (311)

The B,; are most conveniently given in matrix form:

—abk? abkk, —ak,
abk,k, —abki —ak,]|.
—bk, —bk, O

The “surface-effects Green’s function” is now given by

Bl = 1-——2—7 (3.12)

— abk?®

Sia'(rB! l') = (277)2

x f AR exp (—ik - 75)Ben(R)C,, (K, 0; 7).

(3.13)

Heretofore, we have been dealing with the total
elastic disturbance. We now wish to compute the
effects of the radiation field only. This may be accom-
plished,! assuming the origin of coordinates to be

within B, by replacing in our formulation the exact
infinite-space Green’s function

G(r', 1)

!

—1 eik;[r—r’
i)
( Sr—r|

| ikele—r')
- (ki‘sw’ + aiaj) d )
lr —r'

(3.14)

- 47rw2p

by its asymptotic form for [r] 3> [r'|:
—1

mw?p

— €Xp (_ lktf . rf)(kfaﬁ + aiaj)eik,r]

ri2
o\—),
+ (rz)

G, (r',r) = 4 1 [exp (ikf - 1')0,0 "
r

(3.15)
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where f = r/|r|. Because of the very simple dependence
upon r’ in Eq. (3.15), there is no difficulty in obtaining
the Fourier transform needed for Eq. (3.13):

— 2 - P .
(2m) 1[a(k - k,i)a,.a,.e""f
r

dnwlp r
- a(ié — K f)(kia,.,. + a,.a,.)eikw].
r

(3.16)

Gifk,0;1) =

Here, of course,

60; — ky (7)) = O(ky — ky o(x,/7))d(ky — Ky o(x5/r))
3.17)

and, since Eq. (3.16) is exact with regard to the radia-
tion field, we have omitted the error term.

From Eq. (3.16), we see that the integral of Eq.
(3.13) is entirely trivial. The result is conveniently
written as

S, 1) = S,(0) exp (— ik - r')
+ Sir) exp (—ikf 1), (3.18)

where
Sir) = Bim(klf) (;12— ! a,,,a,.e"k") (3.19)
r/ \4mw'p r
k2 ikir 2
S B,.m(k,i)fmf, (3.20)
4rw®p r r

and, similarly,

k2 iker =+
: e—B,-m(ktf)(ém,- —t,1). (2D

Si(r) =
io(r) 47rw2p r

If we also define the (known) vector quantities

F0) Edezr’F,-(r’) exp (—ik, f-1r) (3.22)

__ CY(C — Clsin® ) — C, cos 6] — 2CYCE — Clsin® 6)*

R. D. HAZELTINE

and the symmetrized tensors

T =1 Ldzr'[ui(r')n,-(r') + )]
x exp (—ik, f+1), (3.23)

then it requires only some elementary manipulations
to write Eq. (3.7) in the form

v(r) = S, fi(F)
+ ik, A S 1 (D) Trn(®) + 268 TH®)Si(D)]
+ S5 fi®)
+ ik, (48,57 (DT 7 (@) + 268, T5@)S5,(0).
(3.24)

Note, from Egs. (3.20), (3.21), and (3.24) (which are
exact for the radiation field), that the transverse and
longitudinal waves are unmixed when the source is on
the surface.

We could now proceed, as in Ref. 1, to make the
small source approximation (r' € B=k, ' « 1) and
expand the exponentials in Eqs. (3.22) and (3.23):

exp(—ik, f-r)=1—ik, f-x'+---. (325
Since this calculation would proceed exactly as in
Ref. 1, we omit it, and instead consider the explicit
form of the matrices S};*.

Consider first the longitudinal terms. According to
Eq. (3.20), our first task is to substitute k,7/r for k in
the matrix B,,, . This entails the substitution [cf. Eqgs.
(2.27]

K, = ik,cos 0, «, = i(k? — kZsin?6)}, (3.26)
where 0 is the angle between r and the positive z axis,
and we have chosen the signs in Eqs. (3.26) essentially
by means of a radiation condition (that we have
chosen them correctly will become clear below).
Using Eqs. (3.26) we compute

Similarly,

* > (3.27)
wC, cos 9[C,cos 6 + (C3 — C¥sin® 6)7]
where the C’s are the velocities of the longitudinal and transverse modes:
Ci=@+2wlp, Ci=ulp. (3.28)
22
b, = b(k% ’—2)
r
_ CICI(CE — Csin® 6)f — C, cos 0] — 2CY(CE — Cisin?B)} (3.29)

wC,(C? — C2sin? O)}(C? — C2sin? 6)F + C, cos 6]
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The matrix product in Eq. (3.20) is now easily computed and we find
K2 gt —2k afity a by i,y afif3
G e (————) abid, aflh,  af (3.30)
4nw®p r  \1 — a,bk?sin? 0 ves rais ‘

b,f;sin®0 bf,sin® 0 bt sin 0

In exactly the same way, for the transverse terms, we find

""2kt
1 — a,bk%sin® 6

k2 ez’ktr
S| = : -——(
NGl Ity

where

_ CCJ(CE — Cisin® 8)} — C,cos 6] + 2C% cos 6

atbtktfg - ati"ff'3
) —afbk i, + £fofs)

A A2

bt f;

—a(bktt, + B8, a,f;, — f'lf'g)
at(btff - i\'gi"s) at(fg - fzfg) ,» (3.31)
b,#,02 —b,t, sin® 6

=

w(C% — C2sin®6)¥[(C? — C¥sin?6)F + C,cos 6]
_ CCI(CE — Clsin® ) — C,cos 6] + 2C} cos 6

(3.32)

bt=

Actually, Eqgs. (3.32) and (3.33) are correct only for
6 < 6,, where 0, is the angle at which the radicand
vanishes:

sin?f, = C¥C? = u/(A + 2u). (3.34)

For 6 > 6,, we must modify (3.32) and (3.33) by the
replacement

(C*— CZsin? ) > i(C?sin? 0 — cBE. (3.35)

Equations (3.24) and (3.27)-(3.35) provide an
exact description of the surface corrections at any
point r to the radiation field from a surface source.
We observe from (3.27)~(3.35) that

(i) the matrices || B(k; //r)| are independent of w;
thus, the inverse Fourier transform with respect to
time is essentially as trivial here as it was! in the in-
finite medium case;

(i) no radiation due to the surface appears (i.e., the
radiation field of u; coincides with that of 4") on the
axis 7 = 0;

(iii) there may also occur, depending upon the rela-
tive magnitudes of 1 and u, cone-shaped regions on
which either the longitudinal or the transverse parts of
the radiation field due to the surface vanish. Specifi-
cally, we find from Eqgs. (3.27) and (3.29) that ||S?) is
zero on the cone (which may or may not be physical)

cos 6 = A[2u (3.36)
and, similarly, from Eqs. (3.32) and (3.33), that the
transverse terms do not appear on

cos 0 = (A + 2u)/4pu. 3.37)

We conclude our discussion of the case of a source
on the earth’s surface by considering the effects

wC, cos B[(C? — C2sin26)* + C,cos 0]

(3.33)

observed at a point r which is also on that surface.
(The result here is atypically simple.) Thus, we set
r=(x,x,,0), (3.38)

and find, from Eqs. (3.27)-(3.33) that 4, and b, are
infinite. It follows immediately that

0=1in

‘ IS =0, x3=0, (3.39)
an
P 2 —ff, 0
(8% = —+ ~if, 0] (3.40
4w r 12 ! (3.40)
0 0 0

Thus, the longitudinal waves on the surface are just
as in the infinite medium case, while the transverse
modes are modified by the correction term

v:'(xl » X2 0)
k2 eikﬂ'
= 477(22 —— (204 — Bif)
pr

X {fi®) + ik 28, Th.®) + 2uf, TE D], (3.41)
where i,j, k = 1,2 only and v3 = 0.

The Case of a Source in the Earth’s Interior

While no serious difficulties occur in using Eg.
(3.7) to determine the surface effects due to a source
buried within the earth, it is not possible in the case to
write the equation in any substantially simplified form.
[This is because the identity (2.20) is no longer appli-
cable.] Therefore, we confine our attention here mainly
to isolating the radiation field.

In this regard, a minor difficulty is seen to occur.
Equation (3.15), which we previously used to deter-
mine the radiation part of the field, is true for r > r’,
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but no such inequality holds if the source is deeply
buried and if, as we have stipulated in Sec. 2, our origin
of coordinates is on the surface S. Hence, first of all,
we affect on Eq. (3.7) a displacement of the origin
by a distance R in the x, direction. Since the only
relevant quantity which is not invariant under such a
displacement is H,,(k, x3), this modification is easily
accomplished. We let [cf. Eq. (2.34)]
R, 1) = — 2 —ik-#)
X HyR, %, + R) |4 ym G (K, O3 7).
(3.42)

Then we can conveniently compute the radiation due
to the surface S from Eq. (3.7) with S;; replaced by
R,;:

v,(r) = L d*r'[R, (v, r)F (")
— (" Dyi(@)R,,, (', 1)].

Equation (3.16) is now directly applicable (i.e., we
may again assume the origin is within B), and we find
that for the radiation field, Eq. (3.42) reduces to

Kk} et . PPN, L

dmotp 7 €xp —lk,——— £,

i

X H,.,(kl
2 ikyr
ki e

—exp
dnw®p r

X Hil(kt_rx:; + R) l
r

(3.43)

R, (x,r) =

-

P fe(E=rl)]
(—1kt‘:’)(6 —,8)
A—l(ze =k, f)

(3.44)

m

Here we recall

1471 (k = ky {FrDlim = Bim — 1BU )i

(3.45)

where the ||B|| matrices are given by Eq. (3.12), with
Egs. (3.27), (3.29), (3.32), and (3.33). The quantities
H,, are obtained by making the appropriate substitu-
tion (kK — k, (#r)) in Eq. (2.25); for example, a fairly
typical longitudinal matrix element is readily found to
be

P

Hll(kl_ ’
r

= :;i(kf{exp [—ik,zc-3 (x3 + R)]
w’p r

x§+R)

R. D. HAZELTINE

2

— exp [—i(ki —~ z;) (x5 + R):l} =
+ Ejexp [i(ks )*(xa +R)]). a9

The other elements H,; are similarly trivial to deter-
mine but lengthy to reproduce and it seems hardly
worthwhile to exhibit them here. We leave our formu-
lation of Egs. (3.43)—(3.46) with the following remarks:

(i) for a small, deep source (R > x;), we might
approximate by setting x; equal to zero in Eq. (3.46).
Unfortunately, this does not yield any major com-
putational simplification. In fact, the only apparent
situation in which the complexities of R,; are drasti-
cally reduced is that for which 7 = 0, i.e., when the
observation point is directly above the source (it is
easily verified that, in this case, most of the quantities
R;; vanish);

(i1) unlike the case of a surface source, the surface
correction to the radiation from an interior source
cannot be separated into terms propagating purely at
the velocities of Egs. (3.28) [cf. the square-root ex-
ponents in Eq. (3.46)];

(iii) finally, it is clear from Eq. (3.46) that we chose
the signs properly in Egs. (3.26).

4. CONCLUSION

Equation (3.7) gives a prescription, based on the
half-space Green’s function presented by Egs. (2.33)
and (2.34), for calculating the elastic disturbance due
to the earth’s surface when an arbitrary source is
embedded on or within that surface. (The earth is
idealized as a homogeneous half-space.) We have
examined the consequences of Eq. (3.7) in some detail,
especially in the case of a source on the surface, and
shown in general how the radiation part of the field is
to be distinguished. In the combination of our results
with those of Ref. 1, a fairly complete prescription for
the elastic half-space problem is obtained.
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