THE JOURNAL OF CHEMICAL PHYSICS

VOLUME 35, NUMBER 2 15 JULY 197

Exciton Superexchange, Resonance Pairs, and Complete Exciton Band Structure

of !B,, Naphthalene*

Hwrl-KwaAN HoNG aND Raour KoOPELMAN
Department of Chemistry, University of Michigan, Ann Arbor, Michigan 48104
(Received 17 August 1970)

A method for the determination of complete exciton band structures in molecular crystals is given. Pair-
wise exciton interactions are derived from resonance-pair data using an exciton “superexchange’ approach.
Koster and Slater’s impurity cluster formulation is found to be applicable to nontrivial interchange sym-
metry systems, within the “restricted Frenkel-Davydov” theory. The derivation starts from the recent
general formulation for isotopically mixed crystals of arbitrary concentrations. The resonance pair states
are given by the second-order self-energy of the mixed crystal Green’s function. General symmetry argu-
ments and moment sum rules have been worked out for resonance pairs. It is demonstrated for naphthalene-/i
resonance pairs in naphthalene-ds that superexchange corrections are not only inevitable for the 1B,, pair
states but that they can also be utilized to assign experimental pairwise interactions to definite crystal
directions, i.e., specific pairs. The naphthalene first singlet excited state 0-0 vibronic exciton band is success-
fully described by the “restricted Frenkel-Davydov” dispersion relation:

e(kt)= 2 M, exp(ik-R,)+ = M; exp(ik-R;),
e i
where e=a, b, ¢, (at+c) and i=}(a-+b), [$(a+b)+c]. Three sets of M’s that are consistent with
all resonance-pair and monomer mixed crystal data are tabulated. The only one consistent with a multipole
expansion gives for the M,’s and M/’s, respectively, —0.6, —3.9, —3.7, 6.1, and 18.0, 2.0 cm™. This point
multipole expansion is safely limited to nonnearest-neighbor interactions and truncated beyond transition
octopoles (Qs=7 and Qy¢=72 A%). The translational shift is —4.54+4 cm™, and the hot-band density-
of-states function has been independently reproduced from the mixed crystal data, indicating that exciton—
phonon coupling is small. The results are compared with ab initio calculations and new criteria for theoretical

computations are suggested.

I. INTRODUCTION

We report here a determination of the complete
exciton band in a molecular crystal, a method of
assigning resonance pair data to specific pairwise in-
teractions, and a confirmation of our recently derived
density-of-states function.

The lowest excited states of molecular crystals are
generally excitonic (tight-binding excitation) in nature.
The Frenkel-Davydov theory! of these excitonic states
depicts the energies of crystal eigenstates as a function
of quasimomentum k. Within this theoretical frame-
work, the most important parameters are pairwise
interactions. Most of the investigations in this field
in the last decade have been involved with experi-
mental determinations of related properties such as
Davydov splittings, impurity states, band-to-band
transitions, and exciton migration? while the direct
attack on these parameters was limited to rough ab
initio  calculations.?

Recently, Hanson* investigated the fine structure
around the ‘“monomer” transition of some naphtha-
lene-kg in ds mixed crystals, with concentrations rang-
ing from a few thousandths of a percent to a few per-
cent. He successfully identified some ‘“‘resonance pair”
(“/dimer’’) absorption lines from their characteristic
concentration dependence and polarization. Since the
dimer splittings are, in the deep trap limit, deter-
mined solelv by the interaction of the pair, Hanson
obtained directly what may be termed “uncorrected”
intermolecular interaction terms with both magnitude
and sign.

Our recent experiments® on heavily doped mixed
crystals of naphthalenes show that, at large energy
gaps, cluster states similar to those reported by Hanson
exist even at higher guest concentrations. As a matter
of fact, the spectral features have been interpreted
semiquantitatively in terms of Hanson’s “isolated
cluster states” at low concentrations plus a broadening
due to the interactions among the “islands of guests.”
Therefore, the studies of these “‘isolated clusters” not
only provide a possible means of elucidating inter-
molecular interactions but also form a basis toward a
better understanding of more complex disordered
systems.

In a recent paper, Hong and Robinson® (HR) pre-
sented a Green’s function formulation for mixed
crystals involving multiple-branched exciton bands as
an extension of Yonezawa and Matsubara’s’ original
work on electrons in a random lattice. The spirit of
this formulation is different from that of the ordinary
Koster and Slater® method in that it allows (in fact,
it “requires,” for statistical purposes) an arbitrarily
large number of guests to be present as long as the
concentration is held constant. A rigorous expression
of the true propagator for mixed crystals of all con-
centrations was given as an infinite expansion in terms
of the free propagator. In this paper, we will use the
previous results as a starting point and examine the
behavior of the mixed crystal Green’s function at the
dilute and infinitely dilute mixed crystal limit. It will
be shown that the equations governing the energies of
cluster (pair) states are formally the same as those
of Koster and Slater’s formalism.® However, the present
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formulation has the advantage that all the possible
cluster states are contained in a single expression, with
proper weighing factors denoting the probability of
finding these clusters. Moment expansions and sum
rules are derived too. Symmetry rules for resonance
pairs are given and discussed, with emphasis on the
naphthalene-type crystal.

Actual calculations are performed on the energies
ol resonance pairs in the naphthalene-deuteronaph-
thalene systems. Since the deepest trap available by
isotopic substitution is only 115 cm™, corresponding
to naphthalene-#s in naphthalene-ds (compared with
a bandwidth of 160 cm~!) a large generalized quasi-
resonance effect was found (involving guest-host-guest
interactions). The effect not only alters the magnitude
of the splitting but also in some cases actually reverses
the ordering of the levels predicted by a first-order
argument.

The concept of exciton superexchange is introduced
to further emphasize the above effect and a simple
model is presented. A trial and error method has also
been adopted to the study of resonance pairs of naph-
thalene-#s in naphthalene-ds, using Hanson’s data? and
previous results of Davydov splittings and monomer
quasiresonance?f as experimental checks. Because of
the ambiguity involved in the assignments of the
translationally equivalent pairs, several sets of inter-
action parameters were found. Attempts were also
made to choose the best set consistent with the octopole
model by Craig and Walmsley,? except for the explicit
exclusion of nearest neighbors. It was found that one
and only one set of interactions can be fitted, the uniq}le
octopole parameters being Q5=7 A% and Qy*=72 As.

A comparison with previous ab initio calculations
finds the latter still open to question. On the other
hand, the recently determined experimental density-
of-states function is found to be quite reliable, indicating
that exciton~phonon coupling is of secondary im-
portance in these systems. An empirical “site” approach
to the pairwise interactions is discussed.

II. THEORY

A. Koster and Slater Equations and the
Exciton Self-Energies

The energy eigenstates of one guest (monomer) and
two guests (dimer) embedded in a host lattice were
first treated by Koster and Slater.? The monomer
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F16. 1. Diagrams representing the expansion of the exciton
?e‘il‘f)—)e]nergy in terms of the free propagator Ge(k) [compare Eq.
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energy E(1) and the dimer energies F,, E_ can be
obtained by solving the following determinants!6;

for monomer:

1—A | [po(E')dE'/ (E~ ') ]=0; (1a)
for dimer:
po(E")dE' pr(E)dE
I‘Af (E—E') "Af (E—E)
=0, (1b)
s [er(ENIE po( E")dE'
(E—E) (E~E)

where A is the trap depth and po(£’) and pgr(E’) are
the diagonal and off-diagonal density-of-states func-
tions, respectively.!! For example, for crystalline naph-
thalene in its !B, state, with two molecules per unit
cell, it has been shown that,®%" within the restricted
Frenkel limit,?® py and pg can be written as

po(E’)=N‘l{kZ+3 S[F —e(kt)]
+ gé[E’—e(k‘)]}, (2a)
and
pr(E') =N“{]§ exp (ik+ R)S[E'—e(k*) ]

+ Y exp(ik—R)S[E'—e(k-)T}, (2b)
2

where e(kt) and e(k~) are the pure crystal exciton
energies of the plus (4,) and the minus (B,) exciton
branch, respectively.’? N is the total number of mole-
cules or states and R is the distance between the two
molecules. The upper sign must be used for the trans-
lationally equivalent pair and the lower sign must be
used for the interchange equivalent pair.’® Equations
(1) can be easily solved to yield the following expres-
sions for E(1) and E,, F_:

[ {oa(ENAE /TE()~E']} =1/4, (3a)
J {Qoo(E)%pr (E) JAE'/ (E2—EN}=1/A.  (3b)

These are the familiar Koster and Slater relations.

In a more general approach, we may consider #
guests, with »# being large enough so that statistical
averaging is a valid process (this is almost guaranteed,
considering the actual number of guest molecules
present even in a very dilute mixed crystal). It has
been shown by HR that, within the restricted Frenkel
limit, the mixed crystal Green’s function can be written
in Dyson’s# form as?®

(G(k))=Go(k)+Go(B)Z(k)(G(k)), (4a)
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and

2 (k)= (8/N)NPi(c)+ (A/N)NPy(c) 2 Go(K')
+(A/NY[NPs(c) kz kz) Go(K')Go(k'")
+N2Pi(c) P2 (c) 20 Go(K')Go(k')]

+ (A/N)N2P2(c) X 2 X b (k—kitke—ks)

ki1 k2 k3

XS(k1— kot ks— k)Ga(kl)Go(kz)Go(k3)
+(A/NPNP(c) 20 T Go(K)G(K)Go (K" )+- -+,

Kk’ k7 k17
(4b)

where ¢=n/N is the mole fraction of the impurity
molecules and

Go(k)=[L—e(k) ] (4c)

is the pure crystal Green’s function. Here (G(k)) is
the mixed crystal Green’s function. Any summation
2 x includes all the k states in all the branches. (k)
is the excilon self-energy and P,(c) is a polynomial
given by the following generating function's:
log(1—cteer) = 35 9%

—_ vl

)

The presence of 3, which will be defined below, is
peculiar to the problem of multiple-branched exciton
bands. As was stressed by HR, the ‘‘selection rules”
for exciton scattering by Impurities in multiple-
branched exciton bands contain not only the conserva-
tion of quasimomentum (associated with translational
symmetry) but also the retention of interchange sym-
metry®® (associated with factor group symmetry).
Mathematically, we have!?

s(prFpotpst---+p.)
=5(piFpotpst---+p)H (—1)"], (6)

where py=k—Kk’, p.=k’— k", etc., are the momentum
transfers between the impurities and the “‘exciton”
in each encounter. H[(—1)"] is the Heaviside step
function and m is the number of times an exciton is
scattered from one branch of the band to the other; so

H[(=1)"]=0, if m=odd,
H[(=1)"]=1,

A diagrammatic method in which each expansion
term is represented by a diagram in momentum space
has been developed by Edwards® and by Klauder.?
Equation (4b) can be depicted diagrammatically in
Fig. 1.%> We have represented the free exciton propaga-
tor Gy(k) by a horizontal line. Each vertex is associated
with a polynomial 2, (c), where » equals the number of
interaction lines connecting the impurity (represented
by a cross) and the exciton propagator line. Each
interaction line Is associated with a momentum transfer

if m=even.

AND R.

KOPELMAN

So= T AN
" Gy Qe
®

Frc. 2. (a) Diagrams included in the first-order self-energy
part Z;(k) which yields the single-impurity level. (b) Diagrams
included in the second-order self-energy part Z,(k) which yields
the resonance pair levels.

p and since the net momentum transfer to a single
impurity is zero, each vertex also carries a delta func-
tion [[8 in Eq. (6)]. The expansion can thus be written
down easily by enumerating all the possible diagrams.

The advantage of using the Green’s function for-
malism is apparently its great versatility. First, the
host and the guest are treated on equal footings so
that the dual symmetry is retained.®® Furthermore, it
is a unified theory which is valid for the pure crystal
on one extreme, for the dilute mixed crystal on the
other (this is the problem treated in this paper), and
for the heavily doped mixed crystals in between.® In
the following, we will examine the behavior of the
mixed crystal Green’s function in the limit of infinite
dilution. It will be demonstrated that in this limit the
Green’s function contains poles which correspond to
the monomer state and also to the ‘“isolated” pair
(dimer) states.

1. Monomers

In order to locate the “‘isolated cluster states” in-
cluding monomers, dimers, etc., we have to sum up
diagrams involving one vertex, two vertices, etc., in
Fig. 1. At low concentration of guests, the problem is
simplified because the polynomial P,(¢)—0 for all »
when ¢—0. We limit our discussions to monomers and
pairs and define Z; and Z; as shown diagrammatically
in Fig. 2. Diagrams that are reducible such as the
fourth one in Fig. 1 are of no concern here. Although
the particular diagram has two vertices it actually
represents the interactions between two different mono-
mers. Physically such diagrams are responsible for the
broadening of the monomer absorption line.

It is evident that when ¢ approaches zero, the
monomer partial sum is

2= (A/NIN[1+AGy (1) + AGR(E)++- -]

=cA/[1—AGy(E)], (7a)
where
Go(E)=1/N 3. Gy (k')
~1/NTS Go(kH)+ z Gol(k);
kt <
or, using Eqs. (2a) and (4c), we have
Go(E)= [ [oo(Z)dI'/ (1s—£) ] (7b)
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Notice that Z; has no k dependence. Furthermore,
from Eqs. (4a) and (4c) we have

(G (k))=1/[Go(k)'— 2 (k)]

=1/[E—e(k)—Z(k)], (8)
or taking the imaginary part of each side,
Im2(k
Im(G ()= ) ©)

[E—e(k)—ReZ (k) P+[ImZ(k) ]’
Since at low concentration Z(k) is very small, we can
putZI
Im(G (k) )~ImZ (k)/[E—e(k) ] (10)

In other words, the poles of (G(k)) outside the band
are the same as the poles of Z(k) and the residues
of these two functions at their common poles are re-
lated through Eq. (10).

It follows immediately from Eqgs. (7a) and (10) that
the monomer energy, (1), must satisfy (Z—Z,)

1— AGy(E)=0

J oo ENAE /[E)—E' ]} =1/A
which is the familiar Koster and Slater equation (3a).
The optical spectrum can also be obtained by using
the following relationships®:

LY(E)Y=7"Im{(G(k+=0)),

or

and

LO(E)=rm'Im(G(k—=0)). (11a)
For convenience, we will work with [,(E(1)) and
I,.(£(1)), defined as the total intensity attributable

to the monomer impurity integrated over the neighbor-
hood € of E(1):

E (1)4-¢
L{(EQ1))= LY (E)dE,
E(l)—e
E (1)-+¢
L (EQ))= I.2(L)dE. (11b)
E(l)—e
+ @
KK .

K K K K, K
s 1 [ R
TN

K K K KKK

. F16. 3. Possible scattering routes given by 6 (k—k;+ks~k;) X
§ (ki—k;+k;—k) according to our definition of the delta func-
tions. Terms to be summed are those in (a) and terms #ot to be
summed are those in (b).

@ b)

Fic. 4. (a) Typical diagrams included in Z,(k). For con-
venience, diagrams of this type were summed up to form the
partial sum that is represented by the first diagram in Fig. 5.
(b) Typical diagrams included in Z,(k). For convenience, dia-
grams of this type were summed up to form the partial sum
that is represented by the second diagram in Fig. 5.

From Egs. (10), (11a), and (11b), we found that
ED+eImZ,; (k+=0)dE’
C [F-eT

_ resZi[E'=E(1)]

- [EW-aF
where e,=€(kt=0). Since Z, is k independent (and

branch independent), Z,(kt=0)=Z2,(k~=0), we have
similarly

n@Ea) == [

E(1)—e

(12a)

resZ (E' = FE(1))
[E(1)—ea ’
where e,c=e(k~=0). The polarization ratio P(b/ac),
which is simply equal to fi,+| m, (/7 ac* | tac |2, can be
rewritten as
P(b/ac)=[E1)—eacl| m [H/[E1)—eP| sac [
(12¢)
where u, and p.. are the transition moments to the
two Davydov components. This result has come to
be known as the Rashba effect.?
Furthermore, the residue of Z; at E(1) can be

evaluated from Eq. (7a) and substituted into Eq. (12).
We find that

L(EM)={1/LEQ)—ea}/[(d/dE) (Z) Je=ra
_ ¢ ( po(E)al )“’1
[E()—e, TE()—ETP
={ca?/[E(1)—e P} [dE(1)/dA],

Lu(E(1))= (12b)

and
I (E(1))={cA/[E(1)~e PI[dE(1)/dA].  (13)

These results were also derived by Craig and Philpott,%*
based on the Koster and Slater formalism.

2. Pairs

Let us now turn to the pair problem. Z; is k de-
pendent and much more complicated to derive. The
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F16. 5. Diagrams representing the expansion of Z;(k) in terms
of partial sums.

following procedure is an adaptation of Yonezawa
and Matsubara’s’® method to the multiple-branched
exciton band. First, we examine the first diagram in
Fig. 2(b) [or, equivalently, the fifth term in Eq.
(4b)7. Our definition of the delta function & in Eq. (6)
imposes certain restrictions with regard to the inter-
change symmetries of the states involved in the scat-
tering. For this particular diagram, the implication of
Eq. (6) is clear from Fig. 3. It is noted that only those
scattering routes included in Fig. 3(a) are to be summed
over although all the routes would be legitimate from
a simple momentum consideration.

H.-K. HONG AND R.

KOPELMAN

We define:
fi(R) =k2+ exp(ith)Gﬂ(k*)‘*—; exp ik~ R)Gy (k™),
/1(R)=3 exp(ik-R)Go(ic") ~ X exp (ik~-R)Go (k).

(142)
Notice that, from Eq. (14a) and Eq. (2), we have
f1(0)/N=Go(E)
= [ Lpo(ENAE/ (E—~E")],
fiRe)/N= [ Lo, (£)dE/(E~F')],
LR)/N= [ [ow,(£)aL/ (E—FE')],

where R, is the pair distance between two transla-
tionally equivalent molecules and R; is the pair dis-
tance between two interchange equivalent molecules.

The first diagram in Fig. 2(b) can be rewritten in
terms of fi(R,) and f;(R;) [putting P.{c)=c¢ for
small ¢],

(14b)

(A/NYN22 Y 3 3 5 (k— Kyt ko— k3 )& (ki— Kot ks~ k) Gy (k1 ) Gy (k2 ) Go (k3

k1 ke k3

= (A/N)4J\76“’[RE exp(—ik*R)AR) [ (R,) £ %: exp(—ik=R)LR:) [ LR 7). (15)

The upper sign should be used if the initial states are in the plus branch (| k*)’s) and the lower sign should be
used if they are in the minus branch (| k—)’s). In deriving this, we have used the following equality:

Z exp[—z(k~ k1+ kz"' k:;) 'Re]‘*- (— l)m Z e\'p[—z(k- k1+ kg-‘- k3) 'Ri]z ]VS (k—— k1+k2—' kg), (16)
Re Ri

where & and m have been defined in Eq. (6).

Next we consider the third diagram in Fig. 2(b) (the second and fourth diagrams are actually variations of the
same type, generalized from the first diagram, vide infra). This term can also be rewritten in terms of f; and fa:

(A/NYNe2 Y 3 3 3 6 (k—kit+ ko— kst ki— k)& (ki— Ko+ ks — ko) Go (k1) Go (k2 ) Go (k3 ) Go (ks )

k1 k2 k3 ke

= (A/N)E‘NC"’EEZ | AR.) [+ RE 2R [1]. (17)

In general, it is easy to see that terms represented by diagrams of the type in Fig. 4(a) [these would include, for
example, the second and the fourth diagrams of Fig. 2(b)] can be written as

(A/N)“J\7c2[RZ exp(—ik:R.)A(R.) [ fi(R.) [?

=+ RZ exp(—ik*-R)L(R:) | R PILA/N)AO)FLA/NAO) ], (18)

where s=s,45,, t=04-+1 [in reference to Fig. 4(a)] are the total numbers of interaction lines associated with
each guest. Similarly, for diagrams of the type given in Fig. 4(b), we have

(19)

(A/N)WcQ[%: | iRe) [+ g | fo(Ro) MJC(A/N)A0) L (A/N)A0) T3,

where s=s,+s,+s3 and {=1-+4. These expressions can be derived from Egs. (14) and (16).

It is apparent that diagrams with the same values of s and ¢ but different values of s, ss, 53, 11, &, etc., are actually
equal and can be lumped together. The problem is, then, to calculate the number of possible partitions of s or ¢
interaction lines into two or three groups. This general problem was treated by Yonezawa and Matsubara.™
We will use their results here. If we denote the number of all possible partitions of s interaction lines into » groups
as B, we have

Bey=(s— 1)V (s—r)'(r—1)!, (20)
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or, alternatively, B, . can be given by a generating function:

<L>T= 3 By, (21)

l—x s=r

Infinite sums over all diagrams of the type represented in Fig. 4(a) or 4(b) can now be performed with the
aid of Egs. (20) and (21). Denoting these sums as Sy, or S32 (subscripts referring to the number of groups of
interaction lines associated with the 1st and the 2nd guest, respectively), we have, from Eq. (18),

Sa2= (A/N)4N62[§ exp(—ik*Ro)i(R.) | fi(Ro) [P RZ exp(—ik= R)fa(R:) | fu(R:) [*]

X {233,2[(A/N)f1(0>]s_2} {ZZ:O B.o[ (A/N)f(0)]2)
=N exp(—ik*R)fi(R.) AR P T expl(— KERAR) AR

X {(A/N)/[1—= (A/N)A(0)1}* (22a)
Similarly, from Eq. (19),

Sia= (A/NPNLE [ R [ 3 | A(R) l‘*]{é B[ (8/N)A(0) 12 {): Boo[(A/N)f(0) T2}
—NELT AR [ AR KH@/)/ T (/N5 00T (22b)

These two partial sums are represented by the first two diagrams in Fig. 5 where the second-order self-energy, Z,,
is written as a sum of these partial sums (each one of them, in turn, is an infinite sum ).

From the above discussion, a generalization can now be made concerning other partial sums in Fig. 5. In general,
the odd-numbered partial sums [i.e., the (2r—3)th diagrams in Fig. 5, for r>> 27 contain terms of the type:

(&/NYrNELS exp(— ikt RIA(R) | fi(R) 1o
+ %‘: exp(—ik=R)AR:) | £(R:) [ I0A/N)AO)FT(A/NAO0) I, (23a)

which are summed to give
Sy = ZVC?[Z exp (—1ik*- Re)fl (Re) I fi (Re) |2(r_1)
R,

A/N
1—(a/N)f(0)

Similarly, the even-numbered partial sums [corresponding to the (2r—2)th diagram in Fig. 5] contain terms
of the type:

£ ¥ exp(—iktRILR) AR P ). e

(A/N)r+ 11\’62[%: | AR.) [+ RZ | R [ICA/N)A0) =LA/ N (0) ], (24a)

which are summed, again, to give
S m VLR 1680 ot B ¥ ()

We are now in a position to perform the summation in Fig. 5. So, finally, we have

(24b)

w (A/N)N¢2
2(kE) = rr 1) =
2= 2 St Sen)= 5 0) F
s (3 SRS RI®RY | AR (i (VO @/) 1R ¢
> [ /M)A 0) = | /MR P

+exp(—ik=R)L(R:) | LR P[1— (A/N)A(0)T+ (A/N) | f2(R:) !4) 25)
[1— (A/N)AO)P— | (A/N)f(R:) |2 '

It can be seen that for general k+ and k-, the second-order self-energy contains poles which correspond to the
energy states of resonance pairs with varying separations (R, and R;). Furthermore, these pairs are equally

+ X
Ri
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probable (¢* dependence). At the poles, the following equations are satisfied: For translationally equivalent pairs,

(1= (A/N)0) P~ | (A/N)AR.) [2=0, (26a)
and for interchange equivalent pairs,
[1—(A/N)AO) P~ | (A/N)A:(R:) [2=0. (26b)
As we noted earlier,"! f;(R.) and f2(R;) are usually real. The solutions to Eqs. (26a) and (26b) are then
. [1(0)/N£fi(R,)/N=1/A (27a)
an
H0)/N£fi(R;)/N=1/A. (27b)

The equivalence between Eqgs. (27a), (27b), and Eq. (3b) can be easily established through Eq. (14b).
As for the optical spectrum, we simply put k*=0. Thus for translationally equivalent pairs, we have from Eq. (25)

(A/N)'Nefi(R.) | fi(R,)

2

% (kr=0) =2 (k-=0)= : , 28a
(== R =0T B W MNAO PIL- (/M)A 0 J-LA/MARDT 8
so that only one state /2y is optically allowed. Again, f; is real and af the pole, we have
A 2
5 (kt=0) =2, (k-=0) = - (28b)

(1= (a/N)f1(0) - [(&/N)AR) ]
The spectral functions [, and 7, which have been discussed before in connection with the optical properties of
the monomer can also be found through Egs. (12a) and (28). We have

L(F) = 1 [d (1)]*1
AN Eb‘+_5b]2 dE 22 =F+

(E—E')?
={AY [ —e, P} (dEL./dA). (29a)
Similarly,
Lo (Eq) = {*A%/ [ By — eac P} (A4 /dA). (29b)
The polarization ratio P(b/ac) is simply [comparing Eq. (12¢)]
P(b/ac)=[(Fr—ew)/ (Eime) (| po [*/] pac [2). (29¢)

For interchange equivalent pairs, the situation is slightly different. Zp(k*=0) and Z3(k—=0) are, in this case,
no longer the same. From Eq. (25) we note that 2, (k*=0) has a pole at E,, whereas Z;(k~=0) has a pole at E_.
In other words, both E, and E_ are optically allowed and uniquely and oppositely polarized. We have

Ac?
at i , (Kt =0)= : 30
e BSOS A RO AR 0
Ac?
I Zo k=0)= . 30b
e BT G RO WV RR) Gon)
The corresponding spectral functions Iy, £, are found to be
Iy (Ep) =/ [Er—eo I Doo(E)+pr, (£)JAE /[ Ey— E P
={AY/[Ei—en '} (dEL/dD), (31a)
Toe(B2) = {¢/[E-—ea P} [ [po(E) = pr, (E) JAE /[ E_— E'F}™
={2AY/[E_—ea P} (dE_/dA). (31b)
The doublet polarization ratio can be defined, in this case, as
P(b/ac)=[Iv(E+)-| m [/ [Lae(£-) "] pac 1],
which is simply
_CE—ee L [ (dE/dA
P/ = 3 e (dE_/dA>' (31c)

It is noted that, in the limit of small resonance splittings [ E;.~F_=~~F (1), i.e., when the doublet is not resolved
experimentally ], Egs. (29¢) and (31c) are all reduced to the familiar Rashba relation [Eq. (12¢)].
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In summary, we have demonstrated that the general formalism of HR contains, in the limit of infinite dilution,
all the “elementary” (or “isolated”) cluster states of Koster and Slater in a single expression, with proper weighing
factors denoting the probabilities of finding such clusters. It has the appeal of being adaptable to various impurity
problems. In the next section, we shall discuss some of the symmetry properties pertaining to the resonance pair
problem. While the discussion above, and below, is specifically geared to the naphthalene problem, i.e., a mono-
clinic crystal with two equivalent molecules per primitive unit cell, it is obviously directly applicable to any
crystal in which the interchange group®" is of order 2. This happens to be the most common case, by far, for mo-
lecular crystals.

B. Symmetry Properties of Resonance Pairs

When considering the symmetry properties of the resonance pairs, it is important to distinguish between trans-
lationally equivalent and interchange equivalent pairs.® For translationally equivalent pairs, in centrosym-
metric crystals like naphthalene, one can show rigorously from group theory that the two molecules of the iso-
lated pair are in exact resonance. However, for interchange-equivalent pairs that involve a screw axis or a glide
plane, i.e., in naphthalene, there exists only “‘pseudoresonance,” i.e., resonance only within certain approximations.

Consider a centrosymmetric crystal with one translationally equivalent pair (all other guests are either remotely
located or distributed in a way that will permit us to speak of a “local symmetry” of the guest pair). While such
a crystal does not retain its translational symmetry, it always retains one inversion center, situated halfway in-
between the two molecules. This is obviously true for the nearest neighbor pair. A little reflection will show that
it is also true for general translational pairs. This center of inversion assures us that the true mixed crystal solu-
tions are either gerade or ungerade with respect to inversion. Obviously only the ungerade state is optically al-
lowed with respect to a dipole transition from or to the ground state.

The facts that (1) we have a genuine resonance pair and (2) one state is optically allowed and the other
forbidden are purely based on group theoretical arguments and, therefore, are independent of the model used.
For example, in the crudest oriented gas model, we can write the wavefunctions as

P (Z) =27 (¢ tep),

where ¢4, ¢5 are simply the free-molecule wavefunctions. Notice that in the transport convention'® ¢, is related
to ¢4 by a translation rather than an inversion. When the s/atic interactions between the guest and host are taken
into account, we have an “oriented site” model in which ¢, and ¢, now become the site functions. In the more
sophisticated model presented in Sec. IT the dynamic interactions were introduced. Because of the excitation
delocalization, ¢4 now contains half of all the localized site functions in the crystal; the other half, constituting
o5, is again related by the same inversion. It is expected that if we remove the constraint of short-range inter-
actions associated with the “restricted Frenkel limit,” the abovementioned description should still hold. Also,
obviously only the ungerade states are “optically allowed.”

The one quantity which does depend on the model used is the polarization ratio of the allowed component
P(b/ac). In the “oriented gas model” the polarization ratio for the pair is equal to that of one molecule. In the
“oriented site model” the polarization ratios for monomer and dimer are still the same (but not equal to that
of the free molecule). Finally, when the superexchange effect is introduced, even that is no longer true [compare
Eqgs. (12¢) and (29¢)].

Strictly speaking, an interchange equivalent pair is not a “resonance pair.” Note that even for an interchange
pair fixed in space, the resonance is removed by mutual polarization (a screw axis or a glide plane is not a point
symmetry element). However, it is common practice to assume that the mutual guest-guest and guest—host
polarization is isotope independent in an isotopically mixed crystal and therefore equal. Tt is within this context
that we speak of interchange pairs as “resonance pairs.” The concept® of “ideal mixed crystal” properly contains
such an assumption for guest monomers and is easily generalized to dimers.

Once the “‘resonance” condition is restored, we can always write our wavefunctions as

b
3 (ac) =21 gy gn),

whether we use the “oriented gas” or the “oriented site’” models. ¢4 and ¢5 are either free molecule or site func-
tions. Since ¢p is derived from ¢4 by an interchange operation, the resultant transition moments will be either
parallel to the monoclinic axis (b) or perpendicular to it (ac). In other words, the two dimer lines are uniquely
and oppositely polarized. We have shown earlier that this is true even when dynamic interactions are introduced
in a way consistent with the “restricted Frenkel limit” [compare Eq. (31)7. In the following discussion, we shall
explore, from the symmetry point of view, the implication of such an approximation, especially with respect to
the polarization and selection rules in the mixed crystal.
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Within the “restricted Frenkel limit,” the eigenfunctions of the pure crystal take the simple form?2
| k*>=N’”2[§ exp(ik-Ra) | o)== % exp(ik-Rg) | 8)], (32a)
rather than the most general form
| k7)y=N-{ A7 (k) RZ exp(ik-R.) | a)+ B/ (k) % exp(ik-Rg) | B)] (32b)

with

| A7(R) [+ | B/(K) P=1 and f=1,2.
It is well known that eigenfunctions of a system can only be determined to within an arbitrary phase factor e#.
If we rewrite Eq. (32a) as

1 ki>=N‘”2{§ exp(ik-Rq) [ o)== ;Z explik- (T—R.)] | B)}, (33a)

where T is the displacement vector from the corner of the unit cell to the interchange equivalent site, then it
is apparent that

| k*)=exp (ik-7/2) | k,*), (33b)
where
| le) = N2 explik: (Re—7/2)] | )t X explik- (r/2-R.)] | 8))
=NTLE exp(ik-Ry) [ @) T exp(—ik-R) | 6)] (33¢)

where we have replaced (R—T/2) with R,. The | k,%) must also be eigenfunctions of the pure crystal. It is also
known that, in the absence of magnetic interactions, eigenstates | k*) and | —k*) are doubly degenerate; so
are | k,*)and | — k,*). Linear combinations can now be constructed to yield symmetric and antisymmetric wave-
functions (with respect to “inversion” at the point R=71/2):

(/N3 cos(k-R,) | a)+ 3 cos(k-R,) | B>]1

2—1/2(‘ kp+>:|: [ _kp+>)= !
i(2/NYY sin(k-R,) | a)— RZ sin(k-R,) | 8)]
and (34)
(2/NYWY cos(k-R,) | a)— X cos(k-R,) | 8)]
2'_1/2([ kﬁ->:l: l _kp_>)= Ra B .

12/NYY, sin(k:R,) | a)+ RZ sin(k-R,) [ 8)]

This is a property peculiar to the eigenfunctions in the “restricted” Frenkel formalism. From the symmetry
point of view, we can argue that, in this limit, we are essentially ignoring some of the orientational dependence
of the pairwise interactions. In other words, the molecules are being considered temporarily as geometric points
occupying the lattice sites. (This is with the reservation that we still distinguish between translationally equiv-
alent molecules and interchange equivalent molecules by, say, painting them in different colors. This distinction
is necessary since ¢4 and ¢p are oriented differently in space although thev may be related by some symmetry
operations. In addition, this distinction also prevents the system from collapsing into a one-molecule-per-unit-
cell case with reduced cell dimensions.) Tt is immediately inferred that, within this limit, as far as the exciton
amplitudes are concerned, we do have a center of inversion at /2, as reflected in the eigenfunctions of Eq. (34).
We call this pseudointerchange symmetry “pseudoinversion.”

Now, consider an interchange pair at R=0 and R=. Since the ‘“resonance” condition is guaranteed by the
isotope independence of the static interactions, the perturbation is totallv symmetric with respect to the “pseudo-
inversion.” This assures us that our mixed crystal wavefunctions possess a definite symmetry under such an
inversion operation. Furthermore, the optically active states of the pure crystal, k+=0 or k—=0, are always
symmetric or antisymmetric with respect to the same pseudoinversion. This is so because the eigenfunctions of
the k=0 states always have the form of Eq. (32a), even in the general Frenkel case. Tt is immediately clear that
our mixed crystal wavefunctions will be either mixed with k=0 or k—=0 but never with both. In other words,
the “symmetric” and “antisvmmetric” states have transitions that are uniquely polarized, as indicated in Eq. (30).

Tt is well known that the pseudoinversion symmetry does not exist in the general Frenkel case, neither in the
pure crystal (k=0 is an exception) nor in the mixed crystal. Tt is expected that interchange pairs in this case
will have mixed polarizations. Experimentally, it is probably interesting to investigate how large such an effect
is by observing dimers in molecular crystals where long-range interactions are important, such as anthracene.
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C. Moment Expansion Method and Sum Rules

The moment expansion method which has been quite useful in the discussion of single impurity states® also
finds its place in the resonance pair problem. In addition to its practical use in the deep trap limit, this method
also serves to demonstrate the interplay of pairwise interactions in forming the resultant resonance pair splitting
(vide infra).

The integral in the off-diagonal element in Eq. (1) can be expanded in terms of various moments of the off-
diagonal density-of-states function pr (E’),

% — 5 <mR<°>+ m;;l) + mgf) + mgf) Feoeet mz() +-- > (35)
where
mp™= [ (E')op(E')dE".
It is evident from Eq. (2) that the moments can also be written as
m;e(")=z\7—1[kzr: e(kt)mexp (ikt-R)=+ kZ_: e(k~)" exp(¢k—-R)]. (36)

The sign depends on whether it is a translational pair or an interchange pair. The exciton dispersion relation is
especially simple within the “restricted Frenkel limit,”

e(k*)= 3 Mo exp(ik-Ra)== 2 Mg exp(ik-Ry), 37)
Ra Rg

where M, and Mj are translationally equivalent and interchange equivalent interactions, respectively. If we sub-
stitute Eq. (37) into Eq. (36) we find that

mR(")= EMlMng"'Mn, (38)
{n}
where My, Ma, M5, -+, M, are pairwise interactions between the molecule at the origin and the molecules at
Ry, Ry, Ry, ---, R, respectively. These n vectors must satisfy the condition that R;4+Rs+Rs+---+R,=R.
The summation ), must be carried over all possible sets of M’s that satisfy the above relation. A simple topo-
logical interpretation of Eq. (38) would be the following: Given # steps, determine all the possible routes in
going from one guest of the resonance pair to the other. The rule is such that we can move from one molecule
to the other if they are connected via a nonnegligible interaction; form the product of all the M’s involved in each
route and sum over all the possible products, one for each possible route. It is easy to see that mp® =0, me® = My,
etc. Equations (35) and (38) will enable us to examine explicitly how the resonance pair splittings depend on the
pairwise interactions and the trap depth.
A sum rule can also be derived by noting that

pre (EAE" [ 2or, exp(ikt-Ra) 2 k. €xp(ik~*Ra)
%: (E—E') =3 <k2+ E—e(kt) +kz‘— E—e(k™) >
4D (e =0) 4 (e =0) T} - [ P 390)
Similarly,
prg(B)AE _  (— 2irg exp(ikT-Rp) . 2org exp(Gk+Ry)
;2,, (E—E) = <k2+ E—e(k*) ﬁvf F—e(k™) )
=HIE—e(kr=0)]"—[E—e(k-=0)]"}. (39b)

In deriving these rules, we have used the closure properties of the pure crystal eigenfunctions. Furthermore,
when the resonance pair splitting is small compared to the trap depth, we can expand Eq. (1b) at E(1), the
monomer energy. Equation (1b) becomes®

ALE—EM)] [ Loo(ENAE/(E(1)—E')]==£A [ [or(E")dE'/ (E—E')],
or
J Lon(E")dE/ (E—E) ]

B OI=% T maE B —E

(40)
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We concentrate on the plus state and put £, —FE(1)=Sg. We also assume that the right-hand side of Eq. (40) is
slow varying and hence can be approximated by substituting £(1) for £,. We have, from Eq. (3a),

I Dor(ENAEY (E)—E')]

R

From Eqgs. (39) and (41), we have the sum rule,

[ Deo(B)AE/ (EQ)— )]
=ATdE(1)/dA] [ Cor(E')AE// (E(1)—E')].

(41)

%j Ske=ALAE(D)/dA]G{LEM) —e(kr=0) 7+ [E(1) —e(k-=0) ]} —a™")

and

> Sry=ATdEQ)/AAB{[E1) —e(kt=
Rg

0) 7 —[EM)—e(k==0)]7}. (42)

Notice that in the deep trap limit we have the expected results,
Z Sﬂa = Z Ma
Ra a

and

Z SR5=

Rg

III. RESONANCE PAIRS AND INTERACTIONS IN
!B,, NAPHTHALENE

A. Pairwise Interactions and Dimer Splittings

As shown in the previous sections, resonance pair
splittings (the Sg’s) become equal to the pairwise
interactions (the Mp’s) in the deep trap limit. Ex-
perimental results in this limit will, therefore, yield
both the sign and the magnitude of the latter quan-
tities. However, in practice, there are two difficulties:
(1) The deep trap limit cannot be readily reached by
isotopic substitutions, such as in the present case of
the naphthalenes (maximum trap depth=115 cm™).
(2) Within the restricted Frenkel theory, one can use
the polarization data to distinguish between transla-
tionally equivalent and interchange equivalent dimers;
however, within the same category, there is no simple
criterion for assigning a particular absorption to a
particular dimer. The second difficulty can be tackled
by reducing the trap depth and introducing the quasi-
resonance effects. As our results will later demon-
strate, at least partial assignments can thus be achieved.
As for the first difficulty, other related data, such as
density-of-states functions, single impurity levels, etc.,
will have to be used as criteria if the deep trap data
are not available.

The fact that only a few absorption lines attributable
to resonance pairs were observed* in naphthalene-/s in
naphthalene-ds indicates that intermolecular inter-
actions in the 1By, excited state do fall off very rapidly.
Restricted Frenkel theory is thus expected to be ade-
quate. When intermolecular distances alone are con-
sidered, the leading interaction terms are those listed
in Table I. The corresponding exciton dispersion rela-

> M.
8

tion can be written as®?
e(k*)=2M, cos(k-a)42M; cos(k-b)+2M, cos(k-c)
+2M . [cos(k-a) cos(k-¢)—sin(k-a) sin{k-c)]
4 (4Mys cos[ k- (a/2)] cos[ k- (b/2) J4+4M s
X {cos(k-c) cos[ k- (a/2)] cos[ k- (b/2)]
—sin(k-c) sin[ k- (a/2)] cos k- (b/2)71}),

where M1 designates the pair interaction for R=
3(a+b), My for R=%(a+b)+c, etc.

A trial and error method can be devised to obtain
several sets of M’s consistent with Hanson’s* experi-
mental data by using Eq. (43) and Eqgs. (1) and (2).
In doing this, it is especially gratifying that only one
interchange equivalent dimer was identified spectro-
scopically in 1Bs, naphthalene and obviously assigned
to the nearest-neighbor pair, R=%(a+b). This fact
not only removes any possible ambiguities concerning
the interchange equivalent dimers but also enables us
to distinguish one subgroup of translationally equiv-
alent dimers from the other as will be clear from the
following discussions. Alongside the large M. term
we also assigned a small M term, adjusted such
that their sum gives the right Davydov splitting.*

To proceed with our calculations, we assigned, quite
arbitrarily, the four known translationally equivalent
dimer splittings: —7.9, —5.1, —3.3, and 3.7 cm™ to
the four possible dimers (R=a, R=b, R=c, and
R=a+c). In principle, there are 24 possible assign-
ments, each representing a distinct physical situation.
However, within our simplified model where the inter-
actions have been truncated, the interchange of M,
and M. fails to produce a new physical entity.®®

(43)



TaBLE I. Possible assignments of pairwise interactions and dimer splittings in the !B, excited state of naphthalene.

Set {4 Set 2 Set 3
Classification Position® A Me Seale! Sass’d® §h M Seale Sassrd 8 M Sealo Sass'd 8
IE pairs» 1(a-+b) 5.10 18.0 15.0 15.3 —3.0 18.0 14.7 15.3 —3.3 18.0 14.2 15.3 —3.8
i(a+b)+c 7.8 2.0 1.0 . 1.0 cer
TE pairsb a 8.24  [—0.6)) —50 =51 —4.4 [—4.30 -715 <79 -3.2 [=1.20 -—4.8 -—51 =3.6/
b 6.00 |—-3.9/ —8.0 —7.9 —4.1 1 1.9 -3.2 =33 -5.1 146{ -34 =33 -5.0
c 8.66 [ 6.1 4.0 3.7 —2.1 —6.1] —52 —5.1 0.9 -89 —7.9 —7.9 1.0
atc 7.96  \-3.7 3.5 3.3 0.2 { 6.0 4.0 3.7 =20 6.0/ 4.1 37 —1.9
Translational shift —4.2 —-5.0 —35.0
# Interchange equivalent pairs. f Sgale=calculated energies of the plus state of dimer —calculated energy of the monomer.
b Translationally equivalent pairs. F Sase'd =Observed energy of the plus state of dimer —observed energy of the monomer.
© The positions of the second molecule of the pair with respect to the first which is at the origin. b § = (Sealc—{) or the exciton superexchange term, see text.
4 All in units of cm1. i Braces here indicates that two rows can be exchanged. See discussion in the text.
¢ M =pairwise interactions. I These values were misquoted in Phys. Rev, Letters 25, 1030 (1970).

TaBLE II. Other possible assignments of pairwise interactions and dimer splittings® (rejected because of poor agreements with monomer energies and density-of-states function).

Set 4 Set 5 Set 6
Classification Position A M Sealo Sasea s M Seale Saserd 5 M Sealo Soas'd 5
1E pairs 3(a-+b) 5.10 21.0 14.5 5.3 —6.5 21.3 15.0 15.3 —6.0 22.0 15.0 5.3  —7.0
i(a+b)+c 7.89 —1.0 —1.5 -2 .
TE pairs a 8.2¢4 [-0.1] —=50 —5.1 —4.9 /—3.5\ —-80 —7.9 —45 12.0] 3.7 3.7 —8.3
b 6.00 | 10.7f 4.0 3.7 =67 11.2 3.5 3.7 =17 2.4f =30 -33 -—5.4
c 8.66 [—8.8| —7.5 —71.9 1.3 —6.0| -—-5.5 -35.1 0.9 -7.0 -55 —S.1 1.5
atc 7.96  |—-2.8/ —=3.0 -—-3.3 0.2 -3.0f =33 33 -03 1—10.1/ —8.3 -7.9 1.8
Translational shift -2.0 —-2.6 —-5.4

2 All headings here are similar to those of Table I.
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Furthermore, because of the large M. involved, the
interchange of M, and M, also results in roughly the
same result.’® When these two facts are taken into ac-
count, we are left with only six possible assignments.
A total of 16000 points in the Brillouin zone were
included in the calculation. The convergence was very
good. Normally four or five iterations are needed before
we have a satisfactory set.

All above six sets are listed in Tables T and II. It
can be seen that in each case “quasiresonance” inter-
actions between the host and the guest are not negli-
gible. The first-order calculations by Hanson®* are
certainly inadequate. The “quasiresonance” effects on
the dimer splittings (as shown by the §’s in Tables

DENSITY or STATES [(E)

0 50
ENERGY (em™

I and II) are especially pronounced in the case of the
a and b dimers. Due to the large interchange inter-
action term, M1z, and hence the large degree of excita-
tion delocalization to the host, the final dimer splittings
are determined as much by the indirect couplings via
the host molecules as by the direct coupling between
the guest molecules themselves. In analogy to the spin
delocalization phenomena in the discussion of mag-
netic states® of solids, we call this effect ‘“‘exciton
superexchange.”

To illustrate this superexchange effect, we have
calculated the lhs of Eq. (3) as a function of energy
shown in Fig. 6. Notice that, according to Eq. (3),
such curves give directly £, (the solid curves) and K
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(the dotted curves) as a function of reciprocal trap
depths. The interaction parameters used were those
of Set tin Table 1. The E,. and E_ curves in Figs,
6(a) and 6(e) can be described as “well behaved” in
the sense that, for all the bound states (outside the
band), E, is always higher (lower) in energy when
the interaction between the guests is positive (nega-
tive). In other words, S always has the same sign
as M, although the magnitude may be different. An
extreme case is illustrated by the curves in Figs. 6(b)
and 6(c). On the one hand, bound states below the
band are marked by a splitting much larger than the
direct coupling and, on the other, level crossing actually
occurs for states above the band. § can be different
from M both in magnitude and sign. The curves in
Fig. 6(d) are considered as a border line case.

In Figs. 7(a) and 7 (b), more conventional energy vs
trap-depth plots are given for R=a and R=}(a+b).

Again it shows the dramatic superexchange effect on the

a dimer splitting: At a trap depth of 4200 cm™!, I, is
still higher in energy than F_ although M =—0.6 cm™!!

It is concluded that the superexchange effects must
be carefully checked in interpreting the dimer spectra.
As shown in our calculations, the pairwise interactions
inferred from simple first-order arguments may be
erroneous both in magnitude and in sign. On the other
hand, because of the specific nature of the superex-
change interactions, this effect can now be utilized to
assign a given spectral feature to a given pair, as is
discussed in detail below.”

B. Exciton Superexchange and Moment
Expansion Method

To gain some insights about the nature of exciton
superexchange, we consider here a simple model, con-
sisting of two guests and two hosts. We assume that
the specific guest-guest and host-host interactions are
small whereas guest-host interactions are large. Re-
ferring to the naphthalene crystal structure, we notice
that this simple model closely represents, say, a reso-
nance pair mode of one molecule at the origin and
another at R=a together with two host molecules at
R=1/2(a+b) and R=1/2(a—b). Consistent with our
assumption, we put M,=M,=0. The secular deter-
minant has the following form:

G—E 0 My My
0 G—E My My
Mo Mw H—E o |
My Mp 0 H-E

where G and H are excitation energies for guest and
host, respectively.

General solutions to matrices of this type have been
discussed before.®® In the present simple case the four
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eigenstates have energies given by
FH=H+3A+3 (A416M %)%,
EH=H,
E 6=,
L6 =G—5A—3 (A 16M 1)1

with A=G— H as trap depth. The corresponding eigen-
functions are

W= 3L (1 )8 (g 1) o (401 95

Y= (1) (@1 gt),

Y= (1/V2) (¢1—¢7?),

V=271 — (1—0) 2 (¢%+¢%2) +o (¢114¢2) ],
where ¢, ¢, ¢f1, and ¢f2 are localized excitation

functions for guests (Gy and Gi) and host (H., H,),
respectively, and

2Mn
(AM+[5 (AP 16M 1) = JA T

The exciton superexchange (es) term, which is exactly
1/2(E,¢~F_¢) in this case, because the 1st-order
splitting is zero, is simply

Bos=— FA—1 (A2 16M2?)112,

For example, in a mixed crystal of CipHs in CyoDs
(A=—115 cm™! and M;y~20 cm™), this quantity
amounts to

Bes™— 06 cm Y,
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Tasre 111, Various moments of pp(E’) as calculated from Set 1 for resonance pairs in crystalline naphthalene.

Resonance

pairs mp®  mp® X107 mg® X104 mr@ X107 mp® X 1078 mp® X 1070 M X 10712 pp® X 1071 gp® 10716
1(a+b) 17.8 —~1.69 5.74 —1.27 2.40 —0.81 1.14 —0.49 0.60
a —0.6 5.93 —0.99 2.70 ~-0.76 1.31 —0.51 0.68 —0.32
b -3.9 6.50 —1.75 2.99 ~1.02 1.45 —~0.62 0.76 —0.38
c 6.1 1.40 1.58 0.59 0.54 0.27 0.19 0.14 0.07
atc —3.7 1.38 —0.58 0.90 —0.24 0.50 —0.15 0.29 —0.11

which compares well with more exact results of Tables
I and 11. The extent of delocalization can also be esti-
mated by evaluating ¢?:

o’>~0.1,

a relatively small quantity indeed.

We have discussed above a simple manifestation of
exciton superexchange with a four-body model. The
situation is, of course, more complicated if the whole
crystal is considered. Here the moment expansion
method discussed in Sec. II.C is most appropriate.
In Fig. 8 we again use our first set of parameters to
plot pr, the off-diagonal density-of-states function, and
the corresponding integral [ [pr(E/)dE'/(E—E')].

The same electrostatic analogy?® can be made as in
the case of py (the pure crystal density-of-states func-
tion). If pg is considered as the charge distribution
(both positive and negative charges are present in
this case), then the integral is nothing but the poten-
tial. Through Eq. (35), this potential can be expanded
in powers of 1/E. The leading term, mg®W/E? [since
mer®/E is invariably equal to zero], gives the first-
order splitting and the higher-order terms will be the
“superexchange” contributions,

The first term in the superexchange contributions
to the dimer splitting is mg@/ E?. According to Eq.
(38), we can write down the following expressions for
various dimers in naphthalene:

a dimer m®=2M 124 2M M e,

b dimer m,® = 2M - 2M 12,

¢ dimer mP =2M M o+ 4M 12 Mo,
a+c dimer Mare® =2M M A-4M sM o,

$(a+b) dimer

It is immediately clear that a and b dimers have
large superexchange contributions due to My.?, whereas
¢ and a-+c¢ dimers are relatively uneffected. These
results are qualitatively in agreement with our cal-
culated results in Tables I and II.

We have tabulated in Table IIT some of the lower-
order superexchange contributions for naphthalene-/s
in naphthalene-ds. It is exactly this poor convergence
in the power expansion (or equivalently large super-
exchange contribution) that made it necessary in this
case to use the exact method [Eq. (3)] in interpreting
dimer data for B, naphthalenes. Note, for instance,
that for the $(a-b) pair the third moment is larger
than the second, which is reasonable due to the large
size of the 24/15° term.

C. Pairwise Interactions, Pure Crystal Density of States
Function, and Monomer Energies

As far as comparisons with dimer splittings in naph-
thalene-#s in naphthalene-ds are concerned, our above-
mentioned six sets of pair interactions are equally
good. Figure 9 shows how we generate these six sets

Myj2atny® = 2MpM (A 2M 2 My+ Moy M+ 2M1p M .

of parameters from Hanson’s data? It should be
pointed out that each set predicts very different dimer
splittings at the deep trap limit (where S=M). There-
fore, if deep trap data were available for naphthalene,
we could readily distinguish between dimers in the
ab plane and dimers outside of it, thanks to the
large Mo term (compare M and S values in Tables I
and II). However, the distinction between a and b
dimers (or between the a+c¢ and ¢ dimers®®) would
still require very accurate data and also more refined
calculations with more interactions. The important
point demonstrated here is how one can use the super-
exchange effect to aid the assignments of dimer data,
which would otherwise be very difficult.

Physically, we have a situation where one can apply
an “anisotropic” environmental perturbation (i.e., the
superexchange) to the coupled oscillators (i.e., the
dimer). Depending on the magnitude of the anisotropy,
partial or total assignments can be achieved. Another
important point is that all six sets predict a very small
translational shift. The experimental (hot band) trans-
lational shift of about —24-10 cm™! for 'B,, naphtha-
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F16. 9. A schematic diagram for the pairwise interactions
tabulated in Table I and II. The top one represents the dimer
lines of Hanson.* The dotted lines connect all the pairwise
interactions generated from the same dimer lines due to different
assignments (Sets 1-6 in Tables I, IT). This diagram also re-
presents for each assignment the possible dimer absorption lines
in th(f):) deep-trap limit, with the monomer line at the origin
(E=0).

lene* is thus independently verified from the dimer
data. The large discrepancy Hanson* observed is simply
a result of not correcting for the superexchange effect.
In fact, we feel justified to place this important quantity
in an even narrower bracket of —4.544 cm™.,

In an attempt to narrow down the choice among
possible Interaction parameters, we have calculated
both the pure crystal density-of-states function and
the single-impurity levels for all the six sets in Tables
I and II. For single-impurity levels, 16 000 points in
the Brillouin zone were used as before, whereas for
density-of-states functions the number was increased
to 432000, with a 1-cm™ mesh. These results are
shown in Figs. 10(b)-10(d) and Figs. 11(a)-11(c).
Figure 10(a) shows the density-of-states function using
the uncorrected parameters. The agreement is rather
poor. On the contrary, the three sets included in Table I
give excellent agreement with the experimental hot-
band data. The other three sets which all contain one
large positive (translationally equivalent) interaction
term (~10 cm™') give density-of-states functions that
are well extended beyond the higher Davydov com-
ponents, as shown in Figs. 11(a)-11{(c). From the
density-of-states functions alone, the experimental evi-
dence seems to discriminate against the last three sets.

It has been argued?"»" that, because of the unknown
phonon contribution to the density-of-states function,
the hot-band results are not without uncertainties. 1t
is also known2!2 that investigations on single im-
purity levels are void of such complications. To have
an independent criterion we have thus calculated the
monomer energies for all these six sets. The results
are shown in Fig. 12. Tt should be noted that we have
lined up the lowest Davydov components found experi-
mentally with those predicted by each of the six sets
of parameters. Since the ac component of the host can
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be determined experimentally with great accuracy, the
experimental guest levels plotted in Fig. 12 are all
measured relative to the ac component of the host.
This scheme is slightly different from the previous one
(Figs. 10, 11) which uses the band center as the com-
mon datum. This was done to avoid any prejudice
with regard to the absolule position of the band center
and also to conform with previous work on the same
subject.2-2b
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Fic. 10. Density-of-states functions calculated with the inter-
action parameters given by (a) Hanson,* (b) Set 1, (¢) Set 2,
(d) Set 3. The last three sets are those in Table I. The super-
imposed solid curve is the experimental?® (hot-band) density-
of-states function (dashed part uncertain due to experimental
difficulties). In each case both the experimental and the cal-
culated band centers are placed at the origin. The vertical dotted
lines in (a) are the experimental Davydov components. For (a),
(b), (¢), and (d) the calculated Davydov components coincide
with the upper and lower band edges.
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From Fig. 12 we can see that for impurities below
the band, there is actually very little difference among
all six sets. However, for impurities above the band,
only the first three sets give bound states for the trap
depths investigated experimentally. In the region where
three bound states were observed experimentally, none
of the last three sets predicts any bound states. This
second criterion therefore unequivocally rules out these
last three sets.

By the above process of successive elimination, we
are left with three sets of intermolecular interaction
parameters which agree with: (1) Davydov splitting,
(2) the experimental (hot-band) density-of-states
function, (3) the monomer energies, (4) the resonance
pair data. In other words, as far as experimental data
are available and can be checked, our three sets are
consistent with them all. To further discriminate among
these sets additional resonance pair data for other trap
depths would certainly be helpful. As for the deep
trap limit, suitable vibronic bands may provide the
answers.%

Although our search for pairwise interactions is in-
complete, nevertheless, we can set some limits within
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F16. 11. Density-of-states function calculated with the inter-
action parameters given by (a) Set 4, (b) Set 5, (¢) Set 6 in
Table II. The conventions used here are the same as those of
Fig. 10. Since the calculated Davydov components do not coincide
with the band edges they are shown here as solid vertical arrows.
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F1c. 12. The monomer energies plotted as a function of the
reciprocal trap depth (1/A). The solid circles are the experi-
mental values? and the open circles are the values calculated in
Ref. 2(f), using the experimental density-of-states function. The
numbers given correspond to the set numbers (Table I and II).
Since the results from Sets 1 to 3 are quite similar, only the
curve for Set No. 1 is shown. For impurities below the band the
results for all sets are quite similar and bracketed within the
curves for Set 1 and Set 5. For impurities above the band, Sets
4 to 6 yield no bound states in the region investigated experi-
mentally, and this is indicated by dotted lines in the figure. The
arrows are the ac and b Davydov components calculated from
Set 1. Notice that the conventions used here are different from
those in Figs. 10 and 11. Here the calculated and experimental
bands are superimposed at the ac Davydov component (sec text)
rather than at the band center.

which the actual density-of-states function must lie.
Figure 13 shows such limits as defined by the density-
of-states function of Fig. 10(b)-10(d). It can be seen
that the experimental (hot-band) density-of-states
function does lie within these limits*# considering ex-
perimental errors. The fact that all three sets yield
density-of-states functions similar to the experimental
one is gratifying. It should be noted that had any such
set vielded a different density-of-states function, the
choice among the sets would be difficult and the validity
of the experimental density-of-states function could
not be checked conclusively. This is due to the fact
that phonons have practically no effect on impurity
levels but they always contribute to a hot-band transi-
tion to some extent. Any discrepancies in the density-
of-states function observed in this case would have
been attributable to phonon participation. In reality
our experimental evidence indicates otherwise. Figure
13 clearly demonstrates that phonons make little or no
contribution to the corrected band-to-band transition
in 1By, naphthalene. This is probably why the experi-
mental density-of-states function has been, up till now,
the best one available: It has been successful in ac-
counting for the monomer energies and even for
heavily doped mixed crystals,?® despite all the doubts
concerning the role played by the phonons.®?
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Fic. 13. Calculated and experimental 1B, naphthalene exciton
density-of-states functions. The cross-hatched area represents the
outer bounds of a superposition of the three functions derived
from the three sets in Table I (compare Fig. 10). The solid curve
is the experimental density-of-states function?d with the high-
encrgy edge truncated due to large cxperimental uncertainties.
Dashed lines represent the experimental Davydov components.
The calculated and experimental curves have been superimposed
at the band center (E-0).

TFinally, we would like to add some comments on
the sum rule developed in Sec. Il.c. Eq. (42) can be
regarded as a relation between the sum of dimer
splittings and the quasiresonance shift of the monomer
energy. For example, in the case of naphthalene-#; in
naphthalene-ds, it is known® that E(1)=231542 cm™,
dE(1)/dA can be estimated to be approximately 0.7,
and A=—115 cm™!. For the host (naphthalene-ds)
e(k==0)=31587 cm™ and e(kt=0)=31751 cm™.
From these experimental values we get roughly

> Sp,=—43 cm™!
Ry

and

2. Sr;=80 cm™!,

Rg
Experimentally, Hanson’s data! give, respectively,
—253 cem! and 61.2 e, Since the assumption of
dimer splittings being small compared to the trap
depth is not completely justified in this case, a dis-
crepancy is expected. Furthermore the experimental
values do not include more distant, and hence smaller,
pair interactions,

D. Pairwise Interactions and Octupole Model

In the past, many attempts have been made by
various authors® to discuss the intermolecular exciton
interactions in the spirit of the point multipole ex-
pansion. These efforts were probably inspired by the
prospect of being able to express the exciton interactions
in terms of a relatively small number of multipole
parameters which can, hopefully, be transferred from
system to system (like from CypHs in CyDs to CppHs
in durene). The obvious drawback is the poor con-
vergence of such an expansion as it is used in solids
where molecules are in proximity. Craig and Walmsley®
used this technique for !Bs, naphthalene by fitting
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the octupole parameters with the Davydov splitting
(and the polarization ratio). Since the Davydov split-
ting is mostly accounted for by the interaction Mz
between the nearest interchange-equivalent molecules,
this raises a serious question about convergence. It is
believed here that, if the octopole model is to work,
we have a better chance of fitting the octopole param-
eters with the interactions between more distant, trans-
lationally equivalent, molecules. In doing this we are,
of course, sacrificing the experimental accuracy associ-
ated with the measurement of larger interaction terms
for a theoretically more justified expansion, i.e., one
with a better convergence.

The octopole-octopole interactions for translationally
equivalent pairs can be conveniently derived from the
procedures discussed by Buckingham.s In order to
check any possible electron overlap, we have projected
the molecules from the crystallographic coordinates
to the molecular Cartesian coordinates. Figure 14 shows
such a projection. The translationally equivalent mole-
cules are either well staggered or have a large plane-
to-plane distance. We included in our calculations all
the lower order multipole parameters: Q1'¢, Qs'°, and Q5%
The (transition dipole) Q' is known® to be about
0.03 A. The whole possible ranges of Qs¢ and Qs
as suggested by Cralg and Walmsley,® have been
covered (including also all the possible relative signs
between Qi'°, Qs'¢, and Qs%¢). For each set of octopole
parameters, the rms of the deviations between the
calculated and the experimental Mo, M», M., and Moy,
was tabulated and compared. The Franck~Condon
factor for the 0-0 transition of 'Bs, naphthalene was
explicitly included. The experimental sets of M., My,
M,, and M,,. consist of all the 24 sets (six sets from
Tables I and IT and all the possible permutations in-
volving the exchanges MM, and M. —~M.y.). It is
somewhat unexpected that there is only one set of
interactions (M’s) which can be meaningfully fitted
with such a model. As tabulated in Table IV, one
possible choice from set 1 can be nicely generated with
multipole parameters of (h/=0.03 A, Qse=7 A%, and
Qse=12 At

It is not clear whether the above nice fit has any
significance.®® The same parameters obviously wili not

Fi6. 14. Projections of naphthalene molecules in one sublattice
of a naphthalene crystal onto the molecular plane (right-hand
side) and the plane perpendicular to it and containing the short
molecular axis (left-hand side). The unit cell is indicated by the
dashed lines. Carbon skeletons are drawn to scale.
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fit the Davydov splitting (which has been fitted_by
Craig and Walmsley with Qsle=9 A%, Qgc=—12 A3).
On the other hand, it can always be argued that for
the short-range, nearest-neighbor interaction (M),
which is the major contribution to the Davydov split-
ting, the validity of the truncated point multipole
expansion is rather questionable. We have attempted
to transfer these parameters to the naphthalene-in-
durene system. Some preliminary dimer data® obtained
in this laboratory do not compare favorably with the
theoretical values. However, the experimental values
are by no means final, the site field differs and, besides,
here we also encounter the problem of molecules in
proximity (the b dimer being only 5.77 A apart).

E. Experimental and Ab Inifio Methods

Before any comparison between our “experimental”
results and those of “ab initio” calculations is made, a
word of caution is necessary. Our “first-order” exciton
formalism for pure crystals is based on zeroth-order
“‘site’” functions while the only computations available
were done with zeroth-order approximate molecular
functions. One should therefore only compare final
results. Furthermore, our numerical results are for
the 0-0 vibronic exciton band, not for the entire
electronic band, and for intercomparison one has to
use a Franck—Condon factor of about 160/195.

Greer et al.®* claim that their configuration inter-
action (““charge transfer’”) terms do contribute most
of the experimental site shift. However, the roles of
the Franck—Condon factors in modifying the “effective”
site shift were not at all clear in their paper. On the
one hand, an “effective’” Franck-Condon factor of 0.6
was introduced for benzene to get agreement with
experiments while, on the other hand, it was implicitly
assumed to be unity for naphthalene. The important
point to note here is that if such a factor were formally
introduced for naphthalene, it would have affected the
contribution of the charge transfer states to the
Davydov splitting and, consequently, reduced the mag-
nitude of the adjustable octopole parameters.

TaBLE IV. The pairwise interactions as fitted with the multipole
parameters: Q,1¢=0.03 &, Qs'=7 A3 Q%=72 A3,

Pairwise interaction

Ma Mb Mc Ma+c
Set 12 —-0.6 —-3.9 3.7 6.1
Over-all electronic
interactions? —0.73 —4.8 —4.5 7.4
Octopole model —-0.37 —4.6 —-3.9 7.8
Deviatione 0.80

® Taken from Table I, notice the permutation of 1/, and Maye.

b Corrected for the Franck-Condon factor of 160/195 for the 0-0
transition.

®Sum of the squares of the differences between the second and the
third rows.

NAPHTHALENE 743

100,
§ 3
= <
2 2
w o
2 @
w .
N
o
-50_ —y
d=a,b,¢c
-100 1
w/2d w/d

K =

Fic. 15. The energy dispersion for the 0-0 exciton band of
naphthalene 1Bs, state along the three Brillouin zone axes. The
band center is at the origin. The parameters used here are taken
from Table IV.

The differences between the octopole parameters of
Greer et al. and those of Craig and Walmsley® are
quite insignificant. These parameters would, in both
cases, be considered as too large compared with com-
puted free molecule values. In our approach, we deal
with “renormalized” molecular site functions which
include, by definition, some of the higher-order con-
figuration interaction contributions of the molecular
function approach. These site states could, in principle,
have octopole moments that are considerably different
from the molecular values. It should be emphasized
that a small site shift does not preclude a much larger
moment distortion due to the same site (environmental)
effect. In addition, we do not trust the accuracy of
presently available 7-electron-only naphthalene wave-
functions, especially when it comes to the calculation
of properties that depend crucially on the details of
the “tail end” of these functions. Such properties
would include intermolecular interactions in general
and higher-order transition moments in particular. One
final point is that the octopole moments of Greer
el al. arve not really ab initio values. Similarly to those
obtained by Craig and Walmsley, these moments were
derived by fitting the experimental Davydov splitting.
As we have mentioned earlier, this procedure essentially
involves the fitting of multipole expansion parameters
to the nearest neighbor pairwise interaction. This prob-
ably results in poor convergence, due to charge overlap.

In order to facilitate a comparison between our
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results and those of Greer el al. we have calculated
(Fig. 15) some dispersion curves (for the same special
k values given by Greer) using our dispersion relation
[Eq. (43)] with our set of pairwise interactions from
Table IV. Our curves differ significantly from those
in Greer’s Fig. 3, although the latter have been fitted
to match the Davydov splitting (k=0). As the
Davydov splitting is only determined by interchange
equivalent interactions, it is not surprising that the
largest discrepancies between the curves occur at the
boundary of the Brillouin zone, where the translational
equivalent interaction terms are dominant. It should
also be noted that our translational shift is —4.544
cm™!, compared with an “experimental” value® of
+10 cm™! given by Greer et al.

In our opinion, future ab initio calculations should
be aimed at the direct evaluation of pair interactions,
which can be directly subjected to experimental in-
vestigations as we have demonstrated here. Our “‘ex-
perimental” deep-trap values should provide a chal-
lenging and meaningful criterion for evaluating the
qualities of wavefunctions used in ab initio calcula-
tions. Until such high-quality wavefunctions are avail-
able, one may aim at improving and increasing the
list of empirically known intermolecular pairwise in-
teractions, with emphasis on both the radial and the
angular dependence.

IVv. SUMMARY

The purpose of this paper can be summarized as
follows: (a) In the broader aspect, we have demon-
strated how the multiple-scattering formalism de-
veloped previously for the multiple-branched exciton
band behaves at the low concentration limit. The de-
tailed structure of the average Green’s function was
further analyzed and its physical meaning was further
exposed. (b) The resonance pair problem was treated
within the framework of the ‘restricted Frenkel
theory.” The energy eigenstates and the optical proper-
ties were discussed together with some symmetry
properties pertaining to the pairs. (c) Specifically,
energy states of naphthalene-#s resonance pairs in
naphthalene-ds were calculated with a six-parameter
model. It was shown that quasiresonance interactions
cannot be neglected. This leads to the introduction
of the concept of exciton superexchange which, in
this case, largely overwhelms the direct excitation ex-
change for some translationally equivalent pairs. It was
also demonstrated how this superexchange effect can
be utilized in assigning the resonance pair spectra.
(d) Six sets of intermolecular interaction parameters
were obtained. It was found that three of these also
give a density-of-states function consistent with the
hot-band data and the monomer energies derived ex-
perimentally. Therefore, all the experimental data
presently available can be explained by these param-
eters. (e) It was also concluded that phonons have
little effect on the “‘experimental density-of-states func-
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tion”. The latter represents, to a large extent, the
“true” exciton band profile. (f) The octopole model
was also tested, not by fitting the Davydov splitting
but by fitting the pairwise interactions with the ex-
clusion of nearest neighbors. A unique fit gives octopole
parameters of Qy¢=7 A® and Q=72 A3. However, it
was emphasized that this might be a fortuitous result.
(g) A method for determining the complete exciton
band structure is now available for the “restricted
Trenkel-Davydov” case and has been demonstrated
for the first excited singlet state of naphthalene.

* Supported by the National Institute of Neurological Diseases
and Stroke, Grant No. RO1 NS08116.
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