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The problem of analytic continuation of the many-body scattering amplitude associated with a
perturbation-theory diagram under the rotation of the final momenta from real to complex momenta,
k — (1 + i0)k, is studied. It is shown that the contour of integration over internal momenta can be
distorted avoiding singularities of the integrand, as 6 varies for small enough 6. If the diagram is
connected enough, the potentials are Yukawa-type, Re E > 0, and Im E < 0. The rotation angle can be

picked independently of Im E.

I. INTRODUCTION

E intend to study the analytic continuation in 0

of a many-body scattering diagram, where the
final momenta, all initially real, are rotated under the
transformation k — (1 + i0)k. A more general type
of continuation will also be studied. We restrict our
attention to Re £ > 0, Im E < 0, the most interesting
situation. The heart of the study is an analysis of a
peculiar geometrical problem. The type of geometrical
analysis involved clearly can be applied to more
general problems than those studied here, about which
a few comments will be made later.

II. SCATTERING DIAGRAM

We deal with an N-particle scattering situation.
There will then be N masses, M;, My, -+, My,
and a Hamiltonian

k>

H= £

; 2M;

Clearly we limit ourselves to two-body interactions.

We change momentum variables so that H, can be
written

+ z Vidlx; — x,])- ¢y

i<j

Hy= 3K, @)

and there is then the equation of momentum conserva-
tion
> k,M?} = const. €)]
i

Now consider a perturbation-theory diagram
specified by a sequence of interactions and internal
momenta (before integration). We write the momen-
tum of each state as a vector in 3N-dimensional
Euclidean space (k,, k,, * * -, ky). By working in the
center-of-mass system, one can take

> Mk, =o. 4

If there are S intermediate states in the diagram, there

is then the following sequence of (S + 2) vectors:
" k", Ky

(ki, k3, -+, k)

(ki Kz, -+, ky)
(k{m, k;‘in’ - k]f;n . (5)

For each of the vectors, Eq. (4) holds. If the interaction
between the ith intermediate state and the (i + 1)th
intermediate state is Vi p, the vector difference in
3N-dimensional space

& kR — ki, 0L KY)
is parallel to the vector

(0,0,---,0,M$a,0,---,0,---, —M%a,O,'--,O)
(Lth place) (T'th place)

for some three-dimensional vector a. We prefer to

think of this difference as the appropriate succession

of three displacements in the directions

(0>0"-'9Mi'i50’.'.a0a _M%L()a'."o),
(O,Oa"'sMg‘ja(),“'aO’—M_I%jaoa.“’o)a (6)
0,0, -, Mk, 0, -+ ,0, =M}k, 0, - -, 0).

Thus we have a 3(N — 1)-dimensional vector space
(the subspace of E3¥ with 3 M}k,=0), and a
sequence of 4 4 3§ vectors in this space (breaking the
momentum transfer at each interaction into a sequence
of three momentum transfers, as indicated above).
In the sequence, two successive vectors differ by a
vector parallel to one of the 3[N(N — 1)/2] possible
directions (three directions are associated to every
interaction). These 3[N(N — 1)/2] directions will be
called preferred directions.

The integration over internal momenta is an
integration over all possible sequences of 3§ + 2
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vectors consistent with the direction restrictions
associated with the interactions.

We define, in the usual sense, the connectivity
properties of the perturbation diagram. The diagram
is M-connected if the sequence of 35 4 3 vectors
can be partitioned into M subsequences, and at most
M subsequences, such that the vectors in each
subsequence are a spanning set. (The sequence of
3S + 3 vectors is the sequence of preferred directions
associated with the diagram.) This is equivalent to
being able to subdivide the diagram into a sequence of
M diagrams, and at most M diagrams, such that each
subdiagram is connected.

As we will be concerned with analytic continuation,
we will allow the momenta to become complex. We
restrict our attention to distortions of the original real
contour that project one-to-one onto the original
contour under the projection that sends each complex
momentum onto its real part. Call these semiflat
contours. Such a contour is specified by associating
with each sequence of 3S + 2 real vectors in the
3(N — 1)-dimensional space, subject to the conditions
that successive vector differences are parallel to the
appropriate preferred directions, a second sequence of
3S + 2 vectors (the imaginary parts of the momenta),
with the same conditions on successive vector
differences.

The contour of integration may be distorted in any
bounded region provided the integrand is analytic
through the region of distortion. We will also allow
distortions of the contour at infinity, a procedure that
must be studied separately. The analyticity of the
integrand involves the analyticity of the potentials
and the analyticity of the energy denominators. For
the first result we aim at below, we require the
analyticity properties of the potential in momentum
space to be that of a superposition of Yukawa
potentials with a minimum mass greater than zero.
We will also give a similar result for the case of
momentum-space analyticity of the potentials in a strip
about the real momentum axis as is obtained if, in
coordinate space,

V() < cel®l, a>0 )

for some ¢ and «. The essential difficulties and interest
arise from consideration of analyticity properties of
the energy denominators.

The two results we obtain are among many that
are obtainable by a similar procedure. In the conclusion
we will indicate further directions. The type of
theorems we now aim at are chosen through a con-
sideration of those that seem most useful in the study
of many-body scattering theory along the lines of
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Faddeev’s study of the three-body system.! The type
of rotation of the momentum we consider in the
theorems below, applied in a more general context,
(outside of perturbation theory) could (hopefully)
provide a method for dealing with the singular limit
of the energy approaching the real axis.

IIl. GEOMETRICAL THEOREMS

We consider the following basic situation, motivated
as an abstraction of the considerations of the last
section. There is a Euclidean space E and a finite set
P of unit vectors in E (specifying preferred directions)
that together span E.

Lemma 1: There is a constant ¢ such that if any
vector v in E is expressed as a linear combination of
linearly independent vectors, a,, a,,-:-,a, from
P, each of the expansion coefficients is less than
c vl

Proof: Writing
vV=o,a + "+ x4,

we take the inner product of v with each of the unit
vectors a;, "+ *, a,:

8, V=>oa-a, i=12 g
k

This set of equations has a unique solution for the
a,, since the matrix of inner products (a,-a,) is
nonsingular. Because the value of the determinants
of all such matrices formed from linearly independent
subsets of P, being finite in number, is bounded
away from zero, the lemma follows.

Lemma 2: Let u be an arbitrary unit vector in E,
and let a,, a,, * -+, a, be any subset of vectors from
P. Let

max (ju-a,),
i=1,--",9

ﬂ:

and let 6 be the angle between u and the subspace
spanned by a,, - - - , a, (i.e., the smallest angle possible
between u and a vector in the subspace). Then

|cos 0] < geu,
with ¢ the constant of Lemma 1.

Proof: This follows immediately from Lemma 1
upon writing any vector in the subspace as a combina-
tion of the a,.

11L. D. Faddeev, ‘‘Mathematical Problems of the Quantum

Theory of Scattering for a Three Particle System,” AERE-Trans
1002, United Kingdom Atomic Energy Authority Translation.
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Lemma 2': There is a minimum angle between the
subspaces spanned by any subset of P and any vector
from P not in the subspace.

Proof: This follows since there are only a finite
number of such pairs of subspaces and vectors not in
the subspace formable from P.

Main Theorem: Let (B, 8y, > 8x,) be 2
sequence of vectors from the set P, possibly with
repetitions. The connectivity of this sequence is
defined as before as the greatest number of sub-
sequences the sequence can be partitioned into:

DR PR

(@05 B> ) aamun)(aamum] »7)

(azx[ﬁ(Mﬁl)ﬂ}, cee, a&(a))’ (8)

such that each subsequence contains a spanning
subset. Let {x;, X;, - - *, X,,1) be a sequence of vectors
from E with the property that x,,, — X; is parallel
to @,y . Let a be a fixed number greater than zero.
There is a d > 0 and an M, such that, for every two
sequences related as the above, there is a sequence
(Y1, ¥z, * ** s Ypuu) Of vectors with

(3) Yira — ¥, parallel to a,,,
® y, =0,
Yor1 = Xp41s
© virx, 20 if a—d<Ix|<a+,
provided the connectivity of the a sequence is greater
than M, .

It is easy to show that, in general, the theorem
would not be true if instead of (c) above we tried

€) yiox, 20 if x| <La
However, it does not seem difficult to modify the
proof to include the stronger theorem obtained
with (c) replaced by

€ ¥-x20 if 0<b<x[<La,
a and b given, limited only by 0 <& < a. This
generalization, important for some further applica-
tions, is not explored here.

Lemma 3: If |x; — y;| < @ — 4, the inner product
condition (c) is automatically satisfied.

Proof: This is immediate.

Lemma 4: If X, Xz, +, Xy, all lie outside the
shell a—-d<|x|<a+$d [(aa(l}s T aa{ﬂ(;)}) a
spanning set as indicated in the statement of the
theorem], then y; can be chosen equal to x, for i =
pr+1, Bi+2,-:-,g and yy,"**,ypp can be
chosen so that this set of y; satisfies conditions of the
theorem.
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Proof: Expand Xp).q in terms of &y, * -, 85150y,

X1 = %y + 0 4 %R -
Pick
Y1=0, Yo =81, ¥3= ;8 + oy,
Yoe+1 = Xpiypa-
These choices satisfy the necessary conditions.

Lemma 5: There is an g such that, if |x; — y,] < ¢
for some i and if a,¢;, " - , 8, form a spanning set,
then y,,, can be chosen equal to X, and intermediate
¥'s can be found consistent with the conditions of
the theorem.

Proof: Pick a linearly independent set of spanning
VECtOrs among a,(, * * * , fge - NOW expand
Ky = ¥ = Qg+ b sl ®
with coefficients different from zero only among the
linearly independent spanning vectors. Pick
Yirr = ¥i + ey + (X — X3,
Yier = Yerr + %ipaBaginy + Kipe — Xi),  (10)
Yorr = Xoy1.
It follows that

Yirr = Xga = (¥; — X)) + 28,0, (11
Visz — X = (¥; — X)) + 28, + S .
Thus

Witr = Xoied < lye — x| + z ol (12)

Since || < clx; — y,] by Lemma 1, if D is the
dimension of the space,

[Yirr = Xirel < (1 + D) ly; — x4,

=0,1,-++. (13)

If ly; — x| is small enough, then |y, — x,,| <
a — &, which, by Lemma 3, guarantees that these
y's work.

Lemma 6: If |x, — y,| < a — & for some i, then a
sequence of y’s can be found starting with y; which
satisfy the conditions of the theorem such that
IX; — ¥i| is monotonically decreasing; and each time
the a’s pass through a spanning sequence, the |x; — y,|
decreases at least by some factor r, r < 1. r depends
only on the vectors in P.

Proof: Pick y's successively by minimizing |x, — y,| at
each stage; that is, y,,.; — ¥, = A8, with 4, chosen
to minimize X3 — ¥l Itis clear that |x, — y,| <
a — 0 for all k, so the conditions of the theorem are
satisfied. It remains to see that |x, — y,| decreases by
some factor as the a’s go through a spanning set. We
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omit the proof of this fact; it may be constructed
along the lines of the following lemma.

Lemma 7: If a — 6 < |%| < a + 6 (with y, = 0),
an allowable sequence of y’s can be found such that
X1 — ¥You1l < @ — 6, provided a,,---,a, are a
spanning set (from P) and 4 is small enough. 6 may
be chosen, depending on 4 and the set P, but in-
dependently of the x’s.

The main geometric theorem follows from Lemmas
3-7. If x never hits the spherical shell as the a’s pass
through the first spanning set, Lemma 4 shows the
existence of the y’s. If some x hits the spherical shell as
the a’s pass thiough the first spanning set, use Lemma
7 to obtain |x; — y;| < @ = J. Then use Lemma 6 to
get |x; — y;] small enough to use Lemma 5, complet-
ing the sequence of y’s.

Proof of Lemma 7: Let D be the dimension of the
Euclidean space, 0., be the angle of Lemma 2’, and
¢ be the constant of Lemma 1. Choose 6,, 8,, - -,
0p_, such that

b, = ¢1 >0,
0.1 — 2sin7! (Dcsin 6,) = ¢, > 0,
Omin — 2 5in72 (Desin 0y ) = ép > 0.

Let ¢, = min (¢y, ¢a, "+ *, ¢p); pick 4 such that
(@ + d) cos ¢, < @ — 4. By assumption, a — § <
%] < @+ 4. Let a;,a,, -, a2z be a spanning set,
but a,,a,, "+ ,ag , not. Leth, = a;, b, = a,,), b;
the first of the a,’s linearly independent of by, b,, - - -,
b,_;. bp will equal ap. Let p, = /2 — Z(b;, Xy).
By Z(b,, x;) we mean the angle between the vectors
b, and x; (minus their orientation), an angle between
0 and /2. Let v, be the first of the ¢’s with y,, > ¢,.
Then ¢y < 1, 92 < b, * 75 Y1 < Ppg, and 9y >
¢,.. Such a k must exist due to the nature of the ¢’s.
If |x5] < @+ 6, let

Y=Yy ="°"= yﬂ(k) = 0, yﬂ(k)+l = )‘bk’

A chosen to minimize |Xs;)01 — Ypayral- I [%p00] >
a + 6, with

(14)

X, <a+ 90, |Xpal >a+ 9,
ng+2|>a+5, e, Ixﬂ(k)|>a+6s
then pick
Vo=Yo='=y,=0,

Yor1 = Xg1 — Xy,

Yoy = Xy — Xy
Yoo+ = by + Ya0,
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A chosen to minimize [Xg). 1 — Ypual- One can
check that |yg)11 — Xgsal < @ — 6 in both cases.

IV. ANALYTIC CONTINUATION

Theorem I1: If E = a® — ie,a > 0, ¢ > 0, and if all
the potentials involved have the analyticity of a
superposition of Yukawa potentials with a minimum
mass greater than zero, then there is an M, and an #
such that any perturbation-theory diagram with
connectivity > M, considered a function of §, kg, —
(1 + i0)kg, [k, and kg, being real] has the property
that the intermediate-state integration contour can be
distorted through analytic regions of the integrand as
¢ varies from 6 = 0 to 6 = 7. 5 will depend on:

(@) N, (b) My, M,, -+, My, (c) the minimal mass
in the Yukawa decomposition of the potentials,
(d) a, (e) k;;, but not on ky,,.

It is important to notice that the requirement of
high connectivity is essential. For example, with
N =3, the simple second-order diagram with
interactions ¥V, followed by ¥y, cannot be continued
as above. With k;; and kg, specified in this case, the
possible rotation angle may approach zéro as ¢ — 0.
The existence of the rotation in the limit e — 0 is
most crucial.

It is reasonable to suppose that by increasing the
connectivity requirements the amount of rotation can
be increased beyond that allowed by the theorem.
This is an interesting question, but possibly not
important to the proposed application of the theorem.

To prove Theorem 1, we observe that the following
bounds can be put on |y,| and |y;;; — y.| by examining
the construction of Lemmas 3-7:

Iy < e lxq] + 2 x4,
[Yirr = Yl < e lXip0 — X5l + ¢4 [x4].

(15)

We identify the @ of the theorem and the a of the
geometric construction, and associate the x’s with the
real parts of the momenta, the y’s with a constant
A times the imaginary part of the momenta. It is easy
to see that, with a fixed a, fixed initial momenta, and
minimum mass of the Yukawa potentials, if 4 is large
enough (4 > 4, say), the real and imaginary parts form
a complex momentum always avoiding the singularities
of the potentials and the energy denominators. The
inner product condition of the geometric construction
guarantees that the denominators are never singular.
If Im E is fixed at some negative value, then the
sequences of y’s satisfying the conditions of the
geometric theorem form a convex set under vector-by-
vector addition. We can impose (15) and still maintain
a convex set of solutions. Since Im E < 0, we can
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replace the inner product inequality x;-y, > 0 by
X;+y; > —€, € > 0 for some small €, a condition
that also possesses a convex solution set. We observe
the following lemma.

Contour Construction Lemma: Let E**5 be Euclid-
ean (R + S)-dimensional space considered as a product
of E® and ES, with = the projection onto E¥. Let
U be an open set in E®® with the following two
properties:

(a) U projects, under =, onto all of E¥;
(b) Theinverse image of each point under the map
m: u— E® is a convex subset of ES,
Then there exists a differentiable (even C*) cross
section, i.e., there is a differentiable map F: E¥* —~ U
such that #F: E® — E® is the identity map.

Proof: Pick a point [x, #(x)] in U for each point x
in E®. Each such {x, #(x)] is contained in a product
neighborhood u;(x) X uy(x) < u. In the neighborhood
#(x) of x in E®, the map f,:y — [y, t(x)] is a C*
cross section. There is a locally finite refinement ¥,
of the u,(x) and a subordinate C* partition of unity
¢,. The convexity of the fibers allows this C*
partition of unity to provide a global cross section:

f= 2a: b.f. xla) >
where V, < u[x(2)].

This lemma enables us to construct a global contour
of integration. (1/4,) is the # of the theorem. For
0 < 6 < 7, the contour of integration may be chosen
to be the momentum surface associated with 4 = 1/0.
(The lemma is applied with E® the space of x se-
quences and £ the space of y sequences.)

If the potentials have analyticity in a strip about
real momentum values, and not in the full Yukawa
region, the above construction must be modified to
bound y,]. We restrict ourselves to the following result.
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Theorem 2: Let ky,, Ry, , and I, be real vectors,
with Ry, and I, satisfying the following conditions:
@) Myl < 15
(b) If k, is any vector.in the shell (¢ — ¢ <
tkol < a + 0) and Ry, ~ ko = 3¢ ¢, for
some subset indexed by J of vectors from P,
then I, — ko = Y., f.a; for some ;.
Then, given any B > 0, there is a Z; such that the
amplitude can be continued in the final momenta
written as kg, = Ry, + iAlg, from A=0to 1= 4,
and |Imk,| < B for all intermediate stresses. A,
will depend on: (a) My, M,, -+, My, (b) N, (c) B,
(d) Re E.

Proof: Let O be a sphere of radius greater than the
maximum of g + ¢ and 1, in the setup of the geo-
metric theorem before. As before, soive the geometric
problem for x; = k;, and x4, = Ry,. By Lemma 2
there is a sphere Q' greater than @ such that if any
subsequence of vectors in the solution set begin with a
vector in Q and end with a vector in @, the solution
set can be modified to keep all vectors inside Q'
With such modifications this theorem follows from
Theorem 1.

V. CONCLUSION

We indicate problems remaining to be studied.
First, the behavior at infinity must be studied suffi-
ciently to justify the contour distortion at infinity.
Second, the equations for many-body scattering
amplitudes should be continued similarly to the
perturbation-theory case. The geometry of this
problem seems treatable with only a slight generaliza-
tion of the theorems included here. If the analytic
questions relating to threshhold behavior and behavior
at infinity for the integral equations can be treated
systematically, a rigorous treatment of the problem of
asymptotic completeness may be achieved.



