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For a simple cubic crystal, with forces resisting displacement along and perpendicular to the connecting
line between closest neighbors, the secular equation for the internal motions is rigorously broken down to

ultimate factors of the form

P=vit+a(n’+v),

in which », etc., are the normal frequencies of the one-dimensional crystal.
The corresponding frequency distribution shows no indication of the “infinities” found by Montroll for
a model with central forces between first and second neighbors.

N the first paper of this series! it was shown that the
nth frequency of a one-dimensional crystal can be
accurately expressed by the equation

va=(k/mm)tsin(ux/2N); 1<n<N-—1, (1)

in which & is the force for unit relative displacement of
neighbors of uniform mass m, # is an integer, and N is
the number of particles in the chain.

In the second section! it was proposed empirically
that the frequencies of an isotropic three-dimensional
array of uniform masses might be given by the equation

V=24 a(v,2+r.2) (2)

as a simplified approximation to the factored secular
equation. Here ., etc., are sets of solutions of Eq. (1).
While Eq. (2) should lead to a frequency distribution
accurate enough for a variety of models, it is probably
the exact solution for only one model. Because of the
empirical origin of Eq. (2), the description of the corre-
sponding model was not originally obvious, but a
search for the model was undertaken for the purpose
of providing the equation with as good a physical
foundation as possible.

It develops that Eq. (2) is the exact factored secular
equation for the simple cubic crystal studied by Hous-
ton,? in which the restoring forces are k for unit relative
displacement of closest neighbors along their connecting
line and ka for unit displacement perpendicular to the
connecting line. While this model is a somewhat sim-
plified representation of a real system, it could lead to
a good approximation to a generally useful frequency
distribution.

The operations which break down the secular equa-
tion into factors of the form of Eq. (2) are simple and
straightforward. In the first place, motion along each
of the three Cartesian coordinate directions parallel to
the edges of a rectangular parallelipiped of particles is
independent of the other directions. Consequently the
secular equation is automatically factored into three
equivalent parts. Secondly, each of these parts can be
factored to the form of Eq. (2) by repeated use of the
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factoring operations implied in the derivation of Eq. (1)
for the one-dimensional crystal.

The solution of the problem for a cube with three
particles on the edge will be developed. The extension
of the secular determinant to a larger model will be
described and it will be evident, from the method of
factoring, that the factors found for the twenty-seven-
particle model, with appropriate interpretation of the
symbols, are the rigorous factors for the general rec-
tangular parallelipiped of dimensions N3 X N:XN.

For the 3X3X3 cube, the particles in the successive
planes perpendicular to the direction of motion are
numbered as in the following illustration:

1 4 7 2 5 8 3 6 9
10 13 16 11 14 17 12 15 18
19 22 25 20 23 26 21 24 27

Near plane Middle plane Far plane

and the elements are introduced into the secular de-
terminant in the corresponding order. For example, the
elements in the eighth row and column are made up
from the energy terms involving xs and &5 for particle
number eight.

With the substitution %= (47%*n/k)— 2, the secular
determinant takes the form shown in Eq. (3). Only half
the determinant, as far as the secondary diagonal
(broken line), is shown. The rest of the determinant
is obtained by reflection through the secondary di-
agonal. Each successive set of three rows or columns is
associated with a row of masses aligned in the direction
motion, while each set of nine is connected with a plane
of particles parallel to a face of the model and to the
direction of motion. The determinant is divided into
3X3 blocks of which those on the diagonal belong
specifically to individual rows. The off-diagonal blocks
show the cross-linking between one row and another.
The 9X9 portions are associated in an analogous way
with planes parallel to a face of the model.

The determinant for the general N;XN2XN3
parallelipiped can be described with the aid of Eq. (3).
For the elements in the main diagonal, extension in the
direction of motion involves extending the 3X3 blocks
to N1X 4V, through repetition of the middle element of
each block. Extension in the second dimension requires
enlarging the 9X9 blocks to NiNyX NN, through
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repetition of the middle N;XXN; block of each set of
three.. For the third dimension, the extension involves
repetition of the middle ¥ V,X NV block until the
dimensions of the whole determinant are N,N.N,
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XN NyNs. The rows of unit cross-product coefficients
parallel to the main diagonal are unbroken within.the
N X N, blocks but are interrupted as in Eq. (3) at the
end of each such block.

In a similar way the inner rows of alphas are unbroken
within each NiNoXN. Ny square but N, alphas are
missing at the ends of each of these squares. The outer
rows of alphas extend without interruption through the
whole determinant.

The factoring of Eq. {3) (or the general secular equa-
tion) is accomplished by using the secular determinant
for the one-dimensional crystal as a key. For three
particles in a line the secular equation, with # defined
as above, has the form

u+1 1
1 «# 1 |=0 4
1 zf—é— 1

The roots are known, by Eq. (1), and this implies
that the determinant has been diagonalized, by the use
of linear combinations of the corresponding elements of
the rows and columns, to yield the equation

(w—w1)(u—us)(w—us)=0 )
or, in the general case for V particles,
(=) - (u—u) - (w—uy)=0. (6)

u+l-2a 1
o
1 u-2a 1 a a
1 usl-20 a @
u+l=3a 1
a a a
o 1u-30 1 a a {3)
o 1 V4le3q s a
u+l-20 1
a a
° 1 u-2a 1 e
o 1 u+l-2g @ =0
N TR S P - / N
a 1l u-3c 1 a /
o 1 usle-idg e
a u+l-ba 1 ~
yd N
a a 1 u-l.a\
o a \
- /(\
a /
a /

It becomes evident that the application of the same
factoring operations, in the same order, will diagonalize
the more general determinant, F, as shown in Eq. (7).

ut+B+y B
F= 8 uty 8
8 utBty

= (u+v— Buy) (u+v— Bus) (u4v—Bus)=0. (7)

By dividing each element by g and substituting
v={u-+v)/B, the determinant takes the form of Eq. (4),
and has the factored form (v—ui)(v—us)(v—u3)=10,
which, upon reversing the substitution and multiplying
each factor by 8, reverts to Eq. (7). Obviously the con-
stants 8 and + can have any values, including zero.

1f this set of factoring operations is applied, in Eq. (3),
to each 3X 3 square along the diagonal, every other 333
square will automatically be subjected to the same
operations, and, since all squares have the form of
Eq. (7), they will all be diagonalized, and the par-
ticular root #; will appear in the same position in all
squares in which it occurs. By rearranging the order of
the rows and columns, the determinant becomes fac-
tored into 3 (in the general case N;) exactly similar
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determinants, each of which contains only one of the roots u;, as follows:

In Eq. (8), each 3X3 (in the general case Ny XN,)
square again has the same form as the determinant F of
Eq. (7). For example, in the first square on the diagonal,
substitute y= — (#;,43a) and 8=« to show the equiva-
lence. Consequently, repetition of the previously used
operations will break down Eq. (8) into 3 (in the general
case V) factors of the form of Eq. (9), each containing
one root #; of the linear crystal equation.

u—u;—3a— ou; o
a u—u;—4a—ou; a =0.
@ u—ui—3a—auj

9

Equation (9) again has the form of Eq. (7), and the
ultimate factors, 3 (or ;) in number, are

u—u,-—4a—a(u,-+uk)=0. (10)

It should be clear that this is the general factored form
of the secular equation for a parallelipiped of dimensions
N1 XNoXNs. Since u= (4n**m/k)—2 and the roots #;
etc. can be similarly expressed, it follows that

= vt a(vi4 ), (11)

which is exactly the same as Eq. (2), proposed empiri-
cally in the earlier paper.

It is interesting that, in contrast to common experi-
ence in this kind of study, it has not been necessary to
neglect end corrections. Equation (11) is the exact
factored form of the secular equation for the model as
defined, without any approximations whatever. Conse-
quently, any inadequacy of the result is the fault of
the potential energy function, but is not attributable to
the derivation. By comparison with the probable
properties of real crystals, the model is clearly over-

simplified. For example, it does not provide for the

u—u;—2a o @
a u—u;—3a a a
@ U—u,—2a @
a u—u;~—3a @ o
a a u—u;—4a o @ =0, (8)
a @ u—u;,—3a a
o u—u;—2a «
a o u—u;—3a a
o o u—u;—2a

rotations of the entire parallelipiped, since only three
zero roots, obviously translations, can be obtained from
Eq. (11) in its three permissible permutations.

Nevertheless the cubic model employed here seems
far closer to physical reality than Debye’s continuous
model, and should therefore lead to a frequency dis-
tribution which is more generally useful than the
Debye function. The distribution curve will contain
four discontinuities, but will show no indication of the
“infinities” found by Montroll® for a closely related
model. It would therefore be a mistake to claim, at
present, that such “infinities” are a necessary feature of
the distribution curve for two- and three-dimensional
systems.

Unfortunately, it has not proved to be possible to
check Montroll’s distribution independently by factor-
ing the secular equation for his model by the methods
used in the present paper. Approximations can be ob-
tained, however, if the coefficients of certain cross-
products are neglected or reversed in sign. In each
approximation the resulting distribution curve resem-
bles the one prescribed by Eq. (11) more closely than
the Montroll curve. It seems, therefore, that Montroll’s
“infinities” are quite sensitive to the detail of the poten-
tial energy function, since they disappear when second-
ary changes are made in this function. This tends to
support the hypothesis that such peaks are not a
necessary feature of the distribution curve.

At some future date an attempt will be made to set
up and test against thermal data a usable continuous
distribution function with an acceptable limiting slope
at zero frequency, which will not deviate too far from
the distributions prescribed by Eq. (11) and by Mon-

troll’s studies.
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