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NOMENCLATURE

Alphabetic
A surface area
Ay see Eqn. (5.4-10)
1
a probe radius (= &)
A
B; see Eqn. (5.4-10)
D coefficient of diffusion
e electronic charge
f function representing ro (Eqn. (5.3-5));
function used in sheath cutoff (Egqn. (6.4-24))
g function used in sheath cutoff (Eqn. (6.4-29))
H parameter for finite difference calculations (Egn. (5.2-8))
h function used in sheath cutoff (Eqn. (6.4-30))
I current
J current density (positive species)
s eD
K mobility constant ( = = )
kT
k index for solutions of cubic equation (Eqn. (6.4-14));
Boltzmann constant
L current density (negative species)
£ displacement
n number of incremented steps in a calculation;

number of particlesg in a Debye cube
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NOMENCIATURE (Continued)

Alphabetic
P arbitrary field point
P parameter used in flow line computation (Egn. (5.2-12))
Q charge;
point on central axis of torus (Fig. 11)
o} charge
R distance from coordinate origin

R1,Ro,R(P) distances identified in Fig. 9.
r radial cylindrical coordinate;

minor radius of torus (Egn. (5.&-18))

S point in charge density field (Fig. 11)
s distance normal to flow lines
T point on torus (Fig. 11);
temperature
t time(-::c—}:YL );

variable used in sheath cutoff (Eqn. (6.4-27))

v neutral gas flow velocity ( = %K )

v composite velocity term (Eqn. (5.2-2))

X variable used in sheath cutoff (Eqn. (6.4-23))
Ng see Eqn. (6.4-6)

Z axial cylindrical coordinate

oty dimensionless ratio (Eqn. (5.4-13))



NOMENCIATURE (Continued)

Alphabetic
B dimensionless parameter (Egn. (6.2-5))
4 parameter used in sheath cutoff (Eqn. (6.4-27))
A parameter in difference formula (Fig. 7)
o} indicator of finite increment
€ dielectric constant;
error due to approximations
¢ negative charge density ( = -l')
o
1 parameter used in sheath cutoff (Eqn. (6.4-33))
K complete elliptic integral of the first kind
A Debye length ( = [ )
eo'y,
" see Eqn. (6.4-12)
0 charge density (Eqn. (5.4-9))
ot see Eqn. (5.4-26)
o positive charge density ( =9 )
Oco
T vo lume
(0] electrical potential ( = EEL )
kT
o azimuthal cylindrical coordinate
Subscripts
i counting or identifying index

evaluation after n increments;
summation index
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NOMENCIATURE (Concluded)

Subscripts
o} identifies flow line (see Section 5.3, p. 16).
evaluation for sphere in torus routine (Eqn. (5.L4-24))
P condition at probe
r radial component
z axial component
e condition at infinity

Superscripts and Miscellaneous

quantity before being nondimensionalized;

image (Eqn. (5.4-5))i

evaluation for flow line tangent to probe (Eqn. 6.4-3))

evaluation for flow line target to probe (see p.30)

~ unit vector

v gradient operator ( = AV')
la| absolute value of a
la] greatest integer in a.
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1. INTRODUCTION

Since l9h6, when University of Michigan investigators first proposed
such experiments, Langmuir probes have been widely used to study the E and
F regions of the ionosphere. The theory of operation of Langmuir probes,
for these regions, where the mean free path of the particles is large, is
well understood and therefore their volt-ampere characteristics can be ac-
curately interpreted in terms of ambient charged particle parameters.

The growing interest in the physical properties of the lower parts of
the ionosphere has provided impetus to study the feasibility of the use of
such current collecting probes for the D region. Recently a number of Lang-
muir probe measurements have been made at these low altitudes. It is, how-
ever, difficult to interpret the data from such measurements, since to date
no relevant theoretical work has been published dealing with the current col-
lection characteristics of such probes in regions of high neutral gas density.

This report deals with the development of a probe for D region charged
particle density measurements and the work done to enable the interpretation
of the current measured by such a probe in terms of the ambient density. A
test model of the probe was constructed and placed in the wind tunnel of the
Aberdeen Proving Grounds. The results of these tests are also discussed.



2. SELECTION OF THE PROBE CONFIGURATION

A probe configuration enabling measurements to be made in the E as
well as the D region was the aim of this study, since the sounding rockets
which are likely to carry these experiments will pass through both of these
regions. DBecause there is a great deal of confidence in E region ILangmuir
probe measurements, these results could also be used to provide some degree
of calibration for the interpretation of the D region data.

First the question of the probe position received a great deal of con-
sideration. The velocity of the vehicle is expected to be supersonic, re-
sulting in the formation of a bow shock wave. As even the neutral gas flow
well behind the shock is not understood it is considered imperative that the
probe be located on the tip of the nose cone or on a boom of sufficient length
to place it outside the shock cone of the vehicle. In either case the probe
itself will create its own shock disturbance. A nose cone probe was chosen
since the technical problems involved in its construction are considerably
less than those for a boom supported probe. Because the tip of the nose cone
is preferred for a number of other experiments it is felt that if the results
from the nose cone probe experiments are encouraging work should be initiated
towards the design of boom mounted probes.

Having established the nose tip as the preferred position of the probe,
a configuration using a hemispherical tip was chosen. The main advantages of
such a probe over a conical one, are:

(a) the collector area projected in the direction perpendicular to
the velocity wvector is not very sensitive to small changes in
angle of attack as would be the case for example with the usual
conical nose tip;

(b) +the current collection theory for spherical collector has been
worked out for the long mean free path operation to be en-
countered in the E region.

The principal disadvantage of the spherical over the sharp conical arrange-
ment is the increased serodynamic drag, but this increase is not expected to
be significant for most applications. For both D and E region application it
is considered important to minimize the effects of the distortion in the sheath
about the probe, caused by the rest of the nose cone. All these considerations
led to the choice of probe configuration indicated in Fig. 1.
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Fig. 1. Configuration of probe assembly.



3. WIND TUNNEL TESTS

A decision was made at the beginning of the contract period to ob-
serve the behavior of the probe in the wind tunnel at the Aberdeen Proving
Grounds. The relatively high operating pressure of this wind tunnel (total
pressure 100 torr) clearly does not permit the simultion of conditions
typical of the D region but still tests were carried out in the hope of ob-
taining certain information about the behavior of the probe (e.g., satura-
tion, etc.). A radioactive source was employed to achieve partial ioniza-
tion in the tunnel, but since there was no way of knowing the degree of ioniza-
tion, the percentage of electrons and negative lons and what the recombination
rates were along the flow, no real interpretation of the experimental results
was possible,

A photograph of the probe constructed for these tests shown in Fig. 2.
The electrometer amplifier used in this test fixture was capable of measuring
currents from 10™*2 to 1077 amperes in seven linear ranges. A remote con-
trolled voltage stepping circuit allowed the application of eleven different
voltages from -15 to +15 volts to the collector and guard.

Current versus voltage readings were taken for a number of Mach numbers
and source strength values. Figure 3 shows the current wversus voltage charac-
teristics for M=3.02., These data indicate a strong relation between the cur-
rent collected and the radioactive source strength. These tests gave no in-
dication of current saturation, so the test setup was changed to permit the
application of potentials up to 200V. The results of such a test are shown
in Fig. U4; even here there is no clear indication of saturation. The current
detector and the voltage source for these runs had to be situated outside the
tunnel and connected to the probe via shielded cable and therefore considerable
nolse voltage may have been present. This noise however is not believed to
have been of sufficient magnitude to mask the real results.

Numerous Schlieren photographs were taken during the test (Fig. 5).
These show that the shock separation as expected, was very small. It was
possible to vary the angle of attack in the wind tunnel from 0° to 15°.
Changes in the angle of attack over this range resulted in no detectable
change in the current collected. However, since these tests were also run
with the electronics outside the tunnel the results have to be treated with
caution.
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L., MATHEMATICAL INVESTIGATION OF THE CURRENT COLLECTING

CHARACTERISTICS OF A MOVING PROBE

4,1 THE PHYSICAL PROBLEM

To formulate & theoretical treatment for the collection characteristics
of the probe discussed in Section 3, we consider a rounded electrode moving
with supersonic velocity through a dense neutral gas containing a low den-
sity plasma. The principal features of the physical environment near such
a body are indicated in Fig. 6.

/
/

/
/

Neutral flow line /
[
|

]
z Sheath Detached ‘Boundary
edge shock layer edge

Fig. 6. Representation of the physical environment in front of a supersonic
probe.

Here the flow of the nonionized component of the gas is uniform outside
the shock, changes to a region of compressible flow behind this, and passes
over into the boundary layer near the probe surface.

Significant electrical effects on the ionized components of the flow
are restricted to a region around the probe designated the sheath. The
scale of this region of electrical influence is determined mainly by the
temperatures and densities of the charged particle components and by the
potential of the probe relative to the plasma; for sufficiently low den-
sities and/or high probe potentials, this region may extend well beyond the
shock. Consequently, within the sheath, strong ionic currents may be created,
resulting in a net current to the probe.

Our concern in the following work is to relate the charged particle den-
sities in the undisturbed plasma to the current collected by the probe as a
function of the probe voltage.



4.2 MATHEMATICAL FORMULATION
Since we wish to apply our results to data from a probe in the D-region
of the ionosphere, the following assumptions regarding the gas are considered

Justified:

a. The degree of ionization of the gas is small so that the flow of the
rneutral particle component is unaffected by the ionic currents;

b. The neutral particle density is high enough so that ion migration
is governed by mobility and diffusion;

¢. The shock is nonionizing and the flow is frozen;
d. The entire system is in a steady state;

e. The Einstein relation between mobility and diffusion constants is
valid;

f. effects of magnetic fields are negligible;

g. BEach ionic species and the neutral gas may be congidered to have
a well defined temperature.

The following two further assumptions are made to simplify calculations,
though neither is essential in principle to the development:

a. Only positive and negative ions of equal masses are present in the
plasma;

b. The plasma components are in thermal equilibrium with the neutral
component .

Under these assumptions we may consider the system governed by the
equations of charge conservation for each species and by the Poisson equa-

tion, written respectively:

V'd(V'O'_KO'VVQ'-DV'U')

|
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The boundary conditions for the system are:

on the probe surfaceg’5
' = &' = o0, o' = 0f; (4h.2-2)
at great distances from the probe:
o' = al, ¢t = C;, ' = 0.

Written in terms of the appropriate dimensionless variables, the con-
stants K, D and € can be absorbed (see nomenclature) and the system of dif-
ferential equations may be written:

V+(Vo-oV0-Vg) = O
Ve (We+tV0-Y) = 0 (k.2-3)
V-vo = ¢-o,
while the boundary conditions become:
on the probe surface
o= ¢ =0, © = o, (L.2-L)
at large distances from the probe
Go = Co = 1, ® = 0

Throughout the remainder of this report all quantities will be considered
in dimensionless form.

4.3 DISCUSSION OF PROBLEM

The problem as formulated is complicated in particular by the three flow
regimes of the neutral gas which must be considered. Up to the present time,
theoretical work has been done only on certain aspects of the problem as a
whole.

Talbotl considers a small planar probe at the stagnation point of a
blunt body in a low density supersonic flow. He assumes that the sheath is
entirely within the boundary layer and that its thickness is much less than
an ionic mean free path.

2
Chung and Pollin5 treat a similar problem, but consider ion motion in
the sheath to be governed by mobility and diffusion. Again, the sheath is

10



taken as imbedded in the boundary layer. In addition, Pollin considers
ionization caused by a strong shock.

At the other extreme, Cohen,h and Su and Lam” have given the con-
tinuum treatment for a stationary sphere.

A more general treatment for an arbitrary low velocity probe in a con-
tinuum plasma has been given by Iam. Considering only incompressible flow
of fthe neutral gas, a complete solution to the problem is provided, making
no assumptions about the range of the electrical effects of the probe.

Unfortunately the various simplifying assumptions made in the above
works render their results inextensible to the problem here considered. In-
deed, an exact analytical solution to the entire problem seems out of the
question. For this reason, this report describes work done toward its solu-
tion by a numerical method.

11



5. THE "FLOW LINE" METHOD

5.1 OUTLINE OF METHOD

The object of this method is to determine the flow of the plasma com-
ponents by a series of approximations to the charge and potential distribu-
tions about the probe. Starting with the potential field of the probe (taken
as a spherical conductor) in free space, flow lines of small elements of the
plasma are obtained. Considering the resulting space charge distribution,

a new potential field is determined which is in turn used to find new flow
lines. The process is to be continued until the variations in succeeding
approximations are considered sufficiently small. The current to the probe
can then be obtained by calculating the current in the flux tubes contain-
ing all flow lines which terminate on the probe surface.

To determine the desired flow lines we apply the divergence Egqns. (M.Q-B),
to current flux tubes. These equations may be interpreted as expressing the
constancy of current in any given tube. From these, we take the current den-
sities for positive and negative gspecies:

J (V-0)0-Yo

]

-L (\_f+\7q>)g_vg. (5.1-1)

i

Here the velocity field V of the neutral gas 1s considered known; the
flow ahead of the shock is uniform, while that between probe and shock can
be determined numerically,T’ »9 and entered in the computer as a table.

In the supersonic region of the flow the convective contribution in
Egns. (5.1-1) will dominate the others. Lam~ has shown, by his "outer” solu-
tion, that in such a region the charge densities are uniform, while the po-
tential is harmonic. Thus, we can expect the diffusive terms in Egns. (5.1-1)
to be smaller than the mobility terms except near the probe. Consequently,
as a first approximation, we can consider large diffusive effects to be con-
fined to the region behind the shock where the neutral flow is most complex.

This suggest that the program be constructed in two phases:

I. The determination of flow lines in a region of uniform neutral flow,
neglecting diffusive effects entirely;

1I. Extension of the above to include the flow region behind the shock
and density gradient terms over the entire flow field.

12



This breakdown has several advaritages:

a. The phase I program alone should provide good estimates of the
actual flow lines in the region considered. Further because the
shock standoff distance is small a reasonable estimate of ex-
pected probe current can then be obtained for sufficiently large
probe potentials simply by extending the flow lines for the at-
tracted ion gpecies down to the probe surface and neglecting the
retarded species altogether.

b. By excluding diffusive contributions ahead of the shock analytical
solutions for the initial flow lines can be obtained. Comparing
these with the corresponding results of the phase I program, the
error in the computed flow lines can be estimated;

c. To extend the phase I program to cover the entire flow field (phase
II), two essentially similar interpolation routines must be intro-
duced (see Section 8.1). Upon their insertion into the phase I

program the general flow line program is completed.

This report deals only with the phase I program.

5.2 DETERMINATION OF FLOW LINES—-PHASE I
In the following we treat flow lines of positive particles only; the
development for negative species parallels this exactly with appropriate

adjustments of signs.

Neglecting the diffusive term in the expression for the positive lon
current; density in Egn. (5.1-1) we have:

T = (7-.0)c. (5.2-1)

From this, the charges can be considered to move as the result of a com-
posite velocity term:

v o= V-V0. (5.2-2)
Integrating this over a small but finite time increment 3t we have:
57 = (V-v0)st + 0(5t%) (5.2-3)
where 54 is the change in position of the charge element during time dt.
Taking a cylindrical coordinate system (r, B, z) with origin at the center

of the probe and z-axis directed into the flow, the neutral flow vector and
potential gradient become respectively:

13



vV = -v2 (5.2-L)

and

3 ~ ., 0 A
W - -g;r+-§-z- 2, (5.2-5)

where T and Z are unit vectors in the r and z directions respectively.

Knowing the potential field (see Section 5.4) the gradients in Egn.
(5.2-5) are found in the program by using a difference method.* Desiring
the gradients at some point P, and taking a difference parameter A (see
Fig. 7) we have:

9 = 24-02 o(Ag)

ar P

o0 0,0

7l ~ =2+ o) (5.2-6)

where &; represents the potential at a point i at a distance A along lines
parallel to the coordinate axes.

45

| o—N—ex 03

-
Z

Fig. 7. The difference scheme for potential gradient calculations.

The quantity A is chosen to be consistent with the point spacings in the
trajectory field. Starting points for the trajectories (taken along a line
of constant z far ahead of the probe) are spaced so that:

51 = V 5t (5.2-7)

making the r and z spacings of the trajectory points of the same order. A 1is

*The only variation in this procedure occurs in the determination of the
initial trajectory field. In this case an analytical expression for ¢ is
assumed (see part 6).

1k



then written as:
A = HVbst (5.2-8)
where H is an input constant, usually teken as 0.5. Thus, A is of order &t.

Consequently, using Eqns. (5.2-6), Eqn. (5.2-3) gives us:

- Baebo ~ N )
854 = _l‘_ 4 21'-(V+91_2§ /Z\,'ét, (52-9)
|
L 27 AN 2A

which is accurate to terms in 8t=. Indeed, since the error incurred through
the approximation (5.2-6) will contribute only a term in 3t3 to the above,
the second order error term arises only from Eqn. (5.2-5), and has the form:

T = (FV)¥ 2. (5.2-10)

To obtain the flow lines, Equn. (5.2-9) is applied at a given point to
determine the next. Reapplying the equation at the new point another is
found, and the process is continued until the flow line is terminated. If
one considers the flow line to be generated over a fixed time interval t, =
ndt, while letting n increase (by taking successively finer and finer steps)
then the accumulated error behaves as

- =t
en = %(WV)V £ (5.2-11)

so that the total error over the given time interval decreases inversely as
the number of steps in the interval.

RBecause of limited storage facilities in the computer, the region of
study must be restricted to a finite volume of space about the probe. Con-
sequently, a region is considered which is bounded in the z direction by two
planes normal to the z axis, one ahead of and one behind the probe, and
radially by imposing a certain maximum on the initial radial coordinates of
the flow lines. The positions of these planes and the value of the maximum
radiug are obtained below.

The initial points for the flow lines can be chosen by considering the
flow along the axis. Here r = o, and the initial z coordinate may be deter-
mined by requiring that the mobility term (V®) resulting from the starting
potential be a certain fraction p of the free stream velocity V:

el (5.2-12)

\

15



The initial r coordinate for the flow line farthest from the axis may then

be taken as, say, twice the value of z so determined, to allow for the
greater range of influence of the potential field normal to the flow. Since
the terminal value of z 1s fixed by the parameters of the problem, as ex-
plained below, the value of p is chosen to make the total number of points

on the flow lines compatible with the available storage space in the computer.

The terminal z coordinate of the flow line, z,;,, 1s determined by other
means. In using the first approximation to the potential, it is found that
the flow lines of the repelled charge species are deflected so as never to
close in again behind the probe. Since this does not occur with the flow
lines of the attracted species, the result is an infinite sheath trailing be-
hind the probe. This is clearly nonphysical, and its elimination provides
the criterion used for terminating the flow lines.

On physical grounds the probe must cause a disturbance in the plasma
charge distribution which is commensurate with its own charge. Thus, the
charge imbalance in the sheath must be equal to the charge residing on the
sphere:

Qgphere = - Qgheath (5.2-13)

Satisfying this condition reguires that the charge "tail” behind the probe be
cut off at a distance which can be calculated (see Section 6.4). This alsa
restores charge neutrality in the plasma at infinity, as required by the
boundary conditions.

5.3 DETERMINATION OF CHARGE DENSITIES

Knowing the flow lines, the variations in charge density along them can
be obtained.

Since the flow far ahead of the probe ig uniform each flow line in that
region ig parallel to and is characterized by its distance from the z axis.
Let this characteristic distance be r,.

Recalling the symmetry of the problem, each flow line is recognized as
a section of a surface of revolution about the axis. Two such surfaces whose
characteristic distances (radii) differ by an infinitesimal amount, drg,
form a flux tube. By Gauss' Theorem and the first of Eqns. (5.1-1) we may
write for such a tube:

%
<]
<)
o)

A
i

f3=dK = 0. (5.3-1)

T A

16



Here we consider a volume T obtained by twice slicing the flux tube
transversely. The only portions of the surface of this volume (denoted A)
which contribute to the above integral are these transverse surfaces. For
convenience we take these surfaces as being everywhere orthogonal to the
trajectories. Considering one such surface infinitely far upstream of the
probe, and the other a finite distance from it, we may write Egn. (5.3-1):

Jo Ay = JdA = I = constant, (5.3-2)

where I 1s the current in the flux tube and the scalar product is neglected
because J and dA are parallel,

By symmetry and using Eqns. (5.2-1) and (5.2-2), Egqn. (5.3-2) may be
written:

I = anEﬂrodro = ¢ v 2xr ds, (5.3-3)

where ds is the distance between the two "flow line surfaces" at the point
(r,z) (see Fig. 8). Since v is known, only ds needs to be determined in
order to find the charge densities.

? /
dl'o 3 v
(S ¢
T f(r,2)=rq
o I
| ;
- )y ) ot
7 t

Fig. 8. Parametrization of flow lines.

The equation of a given flow line may be written as:

z = z(r,ry), (5.3-L)

or, solving for r, in temms of r and z:

ro = f(r,z). (5.3-5)

17



Considering f as a function of its two independent variables and taking
its gradient, we have:
af

lve| = (5.3-6)
ds

where ds is the magnitude of an elemental displacement taken normal to the
curves of constant f. From Eqn. (5.3-5) af = dr,, and since we have taken
our slicing surfaces normal to the flow lines, the ds of Eqn. (5.3-6) is
seen to be the quantity we seek:

ds = drg/ (5.3-7)
|VE|

Thus, to determine the charge densities from Egn. (5.5-5) it is sufficient to
know the equations of the flow lines and the local flow velocity v.

In the phase I program the densities are not needed explicitly, but are
used implicitly in calculating the potential.
5.4 CAICULATION OF POTENTIAL

In order to make use of Eqn. (5.2-9), it is necesgsary to know the poten-

tial distribution in the space surrounding the probe. This field will be
governed by the Poisson Equation.

V& = (-o (5.4-1)
and the boundary conditions.
o = ®p at the probe
® > 0 at large distances from the probe (5.4-2)

Assuming the charge densities known, the potential at any point P may be ex-
pressed in terms of the probe potential ®p and integrals over the space charge
distribution:

o(P) = 0 5T - i; ¥/“%% + = %%L (5.4-3)

where
dg = (o-)ar (5.4-k)
6q' = =99 (5.1-5)
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and a, R, R1, Ry, R(P) are the nondimensionalized distances shown in Fig. 9.

u

R(P)

dq

dq’ g

a/R

N

PROBE

Fig. 9. Variables used in potential integration.

The terms in Eqn. (5.4-3) may be identified as the potentials at P due
to the probe, the space charge distribution, and the surface charge induced
on the sphere respectively.

In order to use this equation in the program for the calculation of
potential, the integrals must be reduced to sums over the points composing
the flow lines.

We consider the integrals over the two charge densities in Eqn. (5.4-3)
separately. For either species, the flow lines and the corresponding family
of "slicing" surfaces we have chosen form an orthogonal net over the r,z
plane. The differential volume element may then be conveniently expressed
as:

dtr = r d4 ds dg, (5.4-6)

where 4 and s measure distances along the flow lines and the orthogonals,
respectively, and r is the cylindrical radial coordinate of the volume element.
Further, the elemental distance along a flow line may be expressed as:

df = v dt. (5.4-7)
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Combining Eqns. (5.3-3), (5.4-6), and (5.4-7) we obtain:

v d
G AT = Gy —209 .y oy gt ds ag
v r ds
= gV dt r, dr, ap, (5.4-8)

so that the integrals of interest take the form:
ro dt drgy d
fpd—T-=prfo 0 3¢ (5.4-9)
Ry Ry

where integration extends along a flow line (dt), over all flow lines (dr,)
and around the symmetry axis (d¢). Here p and Ri are to be taken respectively
as the appropriate charge density and the distance between charge element and
field point.

Using the flow lines obtained previously (Section 5.2), Egn. (5.4-9) is
well suited for numerical evaluation. The rg of each flow line is known, as
is the spacing between flow lines dr,. The step size in the flow lines is
determined by the input value of 5t. Thus, the integrations over r, and t
in Eqn. (5.4-9) are easily transformed to sums over the points of the flow
lines. Only the angular integration need be more thoroughly investigated.

Consider a charge element dq and its image charge in the sphere, dq',
as shown in Fig. 10. Let the potential be desired at the point P(r,z,o), let

Ar

P(r,z,0)

R
dq(r“2| 9 /

\

¢ ’\\¢..-

dq'(r2,22,¢)

PROBE

Fig. 10. Variables relating charge with its image charge.
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dg be at (ri,z1,p), and let dq' be at (rs,zs,p). It is easily established
from the figure that:

>}
1

(Z-Zi)2 + 12+ rf - 2rr; cosp

Aj - By cos ¢ i=1,2 (5.4-10)

]

where A; and Bj have the obvious definitions. From the position of the image
charge (see Fig. 9) it is known that:

2
r = & r
2 5 > 1
I‘l+Zl
2
a
Zp = —&5—5 Z1. (5.4-11)
ri1+z1

Using relations (5.4-10) and (5.4-11), all integrands in integrals of the
form (5.4-9) can be expressed in terms of the coordinates of dgq and the point
P, i.e., in terms of the flow line point and the field point.

Using the notation of Egn. (5.4-10) the azimuthal integral in Egn.
(5.4-9) takes the form

2n
fsl_é - _l_f __d__ (5.4-12)
R; NA; Yo Vl-aicosz

where

o = —=  0<o < 1. (5.4-13)

The integral on the right side of Egn. (5.&-12), may be expressed in terms of
the complete elliptic integral of the first kind:

on n/2

1

f ag uf at
N 1-04cosp N 1+ Vi- 204 sinZt

0 i o
Loy
7/ Oys
= A n(\gal > (5.h4-1k)
J 1 +O¢i\ 1+

Thus, Eqn. (5.4-12) may be written as:
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@ 204
L/%~ EE&Q%> (5.4-15)

In the program this elliptic integral is evaluated by the series:

) ] E
- _ n
. %> _ Z . (L@) - <1_9>,an (32)
= 1+ 140, = 1+Q (5.4-16)

where
a, = 1.386 294 361 12 b = 5
a1 = .096 663 Lhk2 59 by = .12k 985 935 97
as = L035 900 923 83 b = .068 802 U485 76
az = .037 L5 637 13 bs = .033 283 553 L6
ag = 014 511 962 12 by = .004 L1T 870 12

(5.4-17)

Evaluating this series in the IBM 7090 computer using roughly 9 significant
figures, the results are considered accurate to about one part in 10°.

It is noted that the above integral diverges as the logarithm of
(1-oy)"* when o > 1, i.e., as the field point approaches a flow line
point. ©Since this divergence is nonphysical, such situations must be
treated by a special method.

In evaluating the potential integrals we obtain Eqn. (5.4-12) by con-
sidering the charge associated with a given flow line point to be concen-
trated on a circle concentric with the symmetry axis, rather than distributed
in a toroid of finite volume. Since the potential of such a ring diverges
as one approaches it, the misbehavior of our integral is explained. Clearly
then, our method breaks down when the field point P enters the torus associ-
ated with the flow line point (Fig. 11). This provides a criterion for chang-
ing the procedure used for finding the potential due to the toroid in ques-
tion.

Turning again to Fig. 11, the torold associated with the point Q will
generally have a roughly parallelogram~like cross-section with an area of
order (v&t)®. Since the exact shape of this figure cannot be determined
without greatly increased complexity, it is approximated in the program by
a circle about the point Q having area (v6t)2° The radius of this circle
is then given by:
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¥t
Vit

(5.4.18)

where the value of vdt is taken as the separation of the trajectory point Q
and the preceding point S. If a point P falls within distance r of Q, the
potential at that point is found in the following manner.

o Flow line points

~ A

Fig. 11l. Section of charge toroid.

The line PQ is constructed and extended through P to intersect the
above circle at T. The potential at T is found in the usual manner, and the
potential at Q is found as explained below. Then the potential at P is taken
as that obtained by linear interpolation between the potentials at Q and T.

To obtain the potential at a point Q on the central circle of the torus,
the torus is first approximated by a series of spheres centered on this
circle. The potential due to this new charge distribution is taken as an
approximation to that of the original toroidal distribution.

The torus is assumed to have major radius R, and minor radius r, given
by Ean. (5.4-18) (see Fig. 12). Measuring from the point Q the axis is cut
into segments having length

2nR
Rep =
E
r
where [nR/r] signifies the greatest integer in aR/r. At the end of each seg-

ment determined as above, a sphere of radius r is constructed. Each such
sphere is considered to have charge given by:

(5.4-19)
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5 = —3 (5.4-20)
=]

where g is the total charge of the complete torus. The flow lines have been
generated in such a way that this charge is identically equal to the charge
in a torus at the top of the flow line considered, i.e.,

Fig. 12. Construction for integration when field point lies within charge
toroid.

Calling
b = nsf, n=0,1,...,l %1-1 (5.4-22)
the potential at Q due to this distribution is
[x 8121
1 3q
¢ = ®0+E Z 3 (5-1*-25)

n=1 v oR2-2R2cos ¢$

where

) dro V &t
o - 20 (5.4-21)
br [ =]

r

2k



represents the potential at Q due to the sphere of charge 8q centered at
Q. Thus the total potential at @ due to the torus is:

[ %—]-l
ro Voro 5t | 3 L Z 1
= - + = — ) (5')4’_25)
o2 [n By rvV2 R NV 1-cosd
r n=1 n

The above relations now allow us to calculate the potential at any point
P due to the charge distribution given by the flow lines. The potential ex-
pression (5.4-L4) becomes:

<2al ) <20!2 )
o(p) = 0, = Vﬁt s AT/ 2 e\Tiap/
R( \/Al'l'Bl R NVAo*Bo

x 3901 (5.4-26)

[ r
V6t< >1"051“0{5 + L L }
Z Z T ryve RnZl v L-cosp,

where all symbols are as previously indicated, andz ,Z are sums over

¢

all flow line points of the o and { species respectively except points which
fall into the case treated by Eqn. (5.&-25), which are accounted for by the

sumsz andz . Thevaluesof ry and ®r, which are used in the program

are computed from the r coordinates at the tops of the flow line considered
and of that with the next larger value of r; r, is taken as the average of
these values, and 8rg as the difference. These calculations are performed
for the farthest trajectory from the axis by considering another to be located
dry farther out, where &r, is taken as the last calculated value of that guan-
tity.
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6. INITIAL APPROXIMATIONS USED IN PROGRAMMING THE FLOW LINE METHOD

6.1 INTRODUCTION

In order to start the iterative procedure of the flow line method it is
necessary to assume an initial potential field or charge distribution. We
assume here an initial potential field: +that due to a sphere of potential
Qp in free gspace. This is not only reasonable physically but it also enables
the flow lines and charge densities of the first iteration to be derived ana-
lytically, giving an insight into the operation of the procedure as well as
an estimate of the errors involved due to finite step size.

6.2 INITIAL FLOW LINES

In a cylindrical coordinate system the initial potential is given by

0 = o S, rZ*z2>a® (6.2-1)

The paths followed by the charge elements will be described by a function
z = z(r,r,) which, for given r,, will be everywhere tangent to the local ve-
locity vector ¥, as given by Egn. (5.2-2). This function is determined by in-
tegrating the differential equation:

dr _ Vr .
A (6.2-2)

where vy and v, are the r and z components of the vector V. Using Eqns.
(5.2-2), (5.2-4), (5.2-5), and (6.2-1), we find these velocity components to
be:
@P ar
vy = ‘““"‘f77'
(r2+22):3 2
(6.2-3)
®p az

v, = =V+ — o
(r2+22)372

Substituting these relations in Eqn. (6.2—2), the resulting differential equa-
tion is easily integrated. Requiring that r + ry as z + +o the constant of
integration is evaluated, and the flow line equation 1s found to be:

(6.2-4)

4
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where:

o, a
D
p o= - (6.2-5)

The equation for flow lines of the negative species is identical to the above
except that the sign of the right side is changed.

Taking B positive (positive probe) the flow lines of positive particles
are deflected away from the probe, while those of negative particles are
attracted, which results in a region where one species is excluded, i.e., a
sheath. It can be shown from the equations of thegﬁ;gw lines that this region
starts at a distance ahead of the origin equal to VlBl; that it extends be-
hind the probe an infinite distance, and that it is always of finite width,
having a radius of 2-J(B|\at an infinite distance behind the probe. For the
ionic species which is attracted to the probe, this radius also corresponds
to the ry, of the flow line farthest from the axis which is "collected." 1In
fact, it is easily shown that the flow lines of the positive and negative
species are merely the mirror images of one another across the plane z=o (see
Figs. 13 and 1k4).

Tr

; ' e

7

\

' 7
" y

z -

Fig. 13. Flow past sphere, ( JTBT <a).

¢, T 7777/,
iy
iy i

2 ~/iE—

T\
Fig. 1k, Flow past sphere, ( JIBI >a ).
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6.3 CHARGE DISTRIBUTION RESULTING FROM STARTING FLOW LINES

From Section 5.3 we know that the charge density distribution is given
by Egqns. (5.3-3), (5.3-5), and (5.3-7). Combining these relations and using
the fact that g, = 1 we obtain

v v
o = v LTIl (6.3-1)

since by Egn. (5.3-5), f = r

o)

Solving Eqn. (6.2-4) for r02 and using Eqns. (6.2-3) we find that

3 rg o Vg

— = - P

or v (6.3-2)
drg _ . Vr

2 - &

so that Eqn. (6.3-1) reduces to:

1]

o= 1. (6.3-3)
A similar relation holds for {, so that the charge distribution is everywhere
uniform except in the region where one species of particles is excluded. The
net density is therefore zerc everywhere outside the sheath, and unity inside,
where it has the sign opposite to that of the sphere potential.

6.4 TERMINATION OF FLOW LINES

As mentioned in Section 5.2, the nonphysical nature of the infinite
tralling sheath provides a criterion for terminating the flow lines. Since
both charge densities are uniform everywhere outside the sheath, terminating
the flow lines amounts to cutting off the sheath and restoring neutrality to
the flow behind it, which also satisfies the boundary condition of charge
neutrality at infinity.

Our requirement is that the net charge in the sheath shall be equal in
magnitude to the charge on the sphere due to its natural capacitance:

Qgphere = = %gheath (6.4-1)

Considering the spherical probe to be initially in free space, the nonw
dimensionalized charge on it due to its own capacitance is easily found to be

Qpnere = b an, O (6.4-2)
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Here the charge is normalized with respect to the electronic charge and ng,
is the number of charged particles of either species in a cube at infinity
having side equal to a Debye length, A\.

To determine the sheath charge for use in Eqn. (6.4-1) we must first
find the boundary of the sheath.

Figure 13 indicates some of the flow lines of the first approximation in
the vicinity of the probe when |B| < a2. We note that the probe intercepts
flow lines of both species. Assuming the probe to have a positive potential,
the curves labeled o; and Ci represent the flow lines of positive and negative
charges respectively which just graze the probe surface. All flow lines of
both species having characteristic radii r, less than those of the correspond-
ing flow line above are collected; all having values of r, greater than those
of the above are not. Thus the sheath is the region (shaded) between the
line oj, and the line §i or the probe, whichever is appropriate. 1In this
region there is negative charge only.

To determine the outer edge of the sheath we must find the flow line
0j, which has a point of tangency with the probe. ILet this line have charac-
teristic radius rg. At the required point of tangency, call it (r',z'), the
following conditions are satisfied:

r'2 4+ z'2 = g2 (6.L-3)

)

and:

2
r
O

(6.k-L4)

?
- I"2 - 26<_Z__ _) .
\/r:2+z12‘

In addition, the slope of the flow line is equal to that of the sphere here,
so that the quantity = 2% is equal for both also. Finding z2 from Equs.
(6.4-3) and (6.4-L4), cafculatlng these derivatives and equating the results
we obtain:

(4B2.y®)2 = y*-UBZy3+ 8p2r'2y, (6.1-5)
where:

y = rlZ-r'®+ B, (6.4-6)

Solving the system of Egns. (6.4-3) through (6.4-6) we obtain

2
r' = a2. B_

as

(6.4-7)

o |
W

29



The outer boundary of the sheath is thus determined.

The inner boundary of the sheath consists of two parts. Because of the
symmetry of the flow lines of the different species about the plane z=0,
the line {; of Fig. 13 is tangent to the sphere at the point (r', -z'). Thus,
the inner boundary of the sheath is the probe surface between the points
(r', z') and (r', - 2'), and is the flow line {; for all values of z < -z'.

The value of r, for this flow line, call it r,", can be found rather

simply in terms of r'o. We consider the flow line equation for negative ions:

rof-r2 = - 23( Z (6.4-8)

\J ra2+z2 i '

Letting z go to minus infinity and denoting the value of r in this limit by
I, We have:

ros - T, = LB (6.4-9)

Because of the previously mentioned symmetry of the flow lines we know that
for the {; trajectory r, = r ', so that Eqn. (6.4-9) gives us:

r'2 = L+ rl%, (6.4-10)

o) 0
Thug, the boundaries of the charge distribution in the sheath are known.

With this information we can now turn to the calculation of the sheath
charge as required in Eqn. (6.4-1). Considering all flow lines terminated at
some plane z = z,:,, the sheath charge may be expressed in terms of integrals:

— 5

z ra(z)
2
b/\dz d r B|< az; z' > Zpin > - A
2 =2
min & -Z
Q . = mﬂnﬁ 2 3=} (6.“4“"1.1.)
sheath 7t rg(z) -zt Tz(z)
fdzfd r2+fdzfd r? |f3|<a2,:zmin<a
2 =2 2
-z' a -z Zpin ri(z)

2
where n represents the number of ions per Debye cube in the sheath, and ri (z)

and rg (z) are obtained from the equations for Ci and 0; respectively, as shown
below.

Letting

L= '+ 0B (6.4-12)



and expanding either of the equations for g; or Ci we obtain a single

cubic equation in re:

(r2)3+(z2-2p)(r2) 3+ (p-222) (r2)+z2(u2-482) = oO. (6.4-13)

For values of the parameters in this equation which are of interest to us
(18] > 0; r,®, 22> 0) there are three real solutions for r2:

AL
2 2(rg+z2+2B) [-gkﬁ +Cos " (rg+z2+28)3 2
-z

r (k,z) = -—--?;——-—- 1+ cos]— .

x = 0,1,2 (6.4-1k)

Considering appropriate limits of these solutions we find that:

2 2
ri r (O,Z)

(6.4-15)

rs = r%(2,z)
while the solution r2 (l,z) ig physically impossible.

In the event that |B| > a®, Fig. 13 is altered (see Fig. 1L). In this
case all of the o flow lines miss the probe entirely. In addition, there is
no region behind the probe which is free of charge, so that the range of in-
tegration for the sheath charge integral extends from the axis to oj except
between a < z < -a where it is bounded on the inside by the sphere.

In this case flow line oy has ré = 0, so that u in Eqgn. (6.4-12) reduces

to 28. Equation (6.4-13) then becomes

(r3) [(r3)2+(22-48)(r2)+4B(p-23)) = O, (6.4-16)

and the solutions of interest are:

2
Tl(Z) = 0
2
N .

Using these results, the sheath charge integral now takes the forms
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VIl r5(z)
fdz fd r2 Bl>a% V1Bl >z

Z “min > a
Znin ©
2
V(B Tz(Z) 32—22
- \ 2 ) . 2
Qsheath = -0 L/ﬁdz \/pd r -\/ﬁdz \/nd r= Bl >a; a>z;,, > -a
Zmin O Zpin  © (6.4-18)

VBl r3(z) a®-z%

o 2
dz b/wd r Bl > a; Zoin < -8
o)

0
\'
b

2
where rs (z) is given by Eqn. (6.4-17).

Thus, depending on the relative magnitudes of a2 and B, the appropriate
form of Egns. (6.4-11) or (6.4-18) is used with Eqn. (6.4-2) in Eqn. (6.4-1).
This yields an equation for zp,;, Which involves only the parameters of the
problem; when solved this provides the stopping point for the flow lines.

In the case where |B| < a® the evaluation of the charge integral is ex-
tremely difficult because of the complicated nature of the limits rj; and rg.
However, if |B| << a2 an approximation may be made which reduces the difficulty
considerably and the integral may be evaluated. When |B| > a2 the sheath
charge integral can be evaluated directly. We now consider these cases sepa-
rately.
|%p|

If |B] < a® (a > ) the two flow lines determining the sheath will
be tangent to the probe very near (r,z) = (a,0). In the limit of o, =0
these flow lines will satisfy this condition exactly and will be everywhere
parallel to the z-axis. We consider cases near this limit, taking |B| to
be small.

Demanding that the two flow lines of interest pass through the point
(a,0), the flow line equations give us the relations

r,” -a =% 2 (6.4-19)

where the upper sign is valid for flow lines of positive species, the lower
for negative species. Substituting these results in the flow line equations
we obtain:

2 2 1Pz

a =r = N

(6.4-20)

In the limit we are considering r will not deviate appreciably from its value
at z = 0, so we set r = a in the radical of Egn. (6.4-20) to obtain:
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Pz
Va2+z2

r = a° *F

(6.4-21)

This gives a good approximation to r® for all z, since near z = O, r is very
nearly equal to a, and for large negative z the importance of the r® in the
radical is diminished so that the error introduced by the substitution r = a
is very small.

Using Eqn. (6.4-21), the sheath charge integrals (6.4-11) reduce to:

o) a . _Pz
~ 2 Jg2+y2
Q‘sheath - nn f dz f dr asre Zminio
Zmin a® + ‘QBZ
J52+22
—\
= - hxoBa {V1+x® -1 ) (6.L-22)
where:
Zmin
x = — - (6.4-23)

Substituting Eqns. (6.4-21), (6.4-22), and (6.4-23) into Egn. (6.L4-1)
and rearranging terms we have:

d .

52 = Vim® -1 = f(x)  x<0 (6.4-2l)
which enables us to solve for zpi,. We note that the asympototic form of
f(x) for large negative x, call it fw(x), is

folx) = -x-1 X > - (6.4-25)

When |B| > a®, we use Eqns. (6.4-18) for the sheath charge. These can
be immediately integrated to give

3/2 3/2
Qgheath = - 592———- [t3 + (8+t3) -12t-16]
] 2
0 >0 1>ty
o (6.1-26)
+ . 3 t3-572t+273 lz 72 ')/>t>—7
ly” > 7" <y

where
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o= M y = 2. (6.4-27)
Vgl V|8l

Substituting Eqns. (6.4-27) and (6.4-26) into Eqns. (6.4-1) and (6.4-2),
and rearranging terms we have

, 0 >y >t>y
2ly B—p- = g(t) - ﬁ2h(7,t) 1> 78 7>t>-y
] 87° 1> 72 t<~y (6.4-28)
where
g(t) = t3+(8+t2)3/2-.12t-l6 (6.4-29)
hiy,t) = t3-572t+273. (6.4-30)
The asymptotic form of g(t) is
g (t) = -2ht-16 t > - (6.4-31)

Having obtained solutions of Eqn. (6.4-1) for [B| > a2 and |B] << a®
it is of interest to see whether the results can be adapted to the intermediate
case of |B| S a®. Considering the relations for x, t and 7 (Eqns. (6.4-23)
and (6.4-27)) we have

t = 7X. (6.4-32)
Defining:
0)
G = EB’ (6.4-33)

Eqn. (6.4-24) can be solved for t:

t = 7 £ ()

NI T LR (6.4-34)

Turning to Eqn. (6.4-28) we consider values of 7 beyond the stated range,
i.e., 7 > 1. From the nature of h(y,t) we know that

.3 .
2hny < g(t) < 2umy+8y , (6.4-35)

and hence, by the monotone property of g(t), that:
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g™ (2hny) >t > g L(2lny+8y°). (6.4-36)

Using Eqn. (6.L4-3L4) and the inequalities (6.4-36), curves of t vs y are
given in Figs. 15, 16, and 17 for three values of n. The curves have been ex-
tended beyond their ranges of definition in y for purposes of comparison.
These indicate that for values of n > 10 the percentage variation between
the values of t determined from f and g is quite small in the intermediate
range of 1 <7y < 3. Thus, extension of the use of g(t) to values of up to
y = 1.2 (see Fig. 15) in the form

g(t) = 2iny+8y 1<y<l.2 (6.4-37)

and the use of f(x) for values of y > 1.2 can be considered to give a good
approximation for determining zyi, in the intermediate range of 7.

The restriction that n > 10 is not a serious one in practical cases of
interest, since it will be satisfied by most rocket mounted probes, e.g.,
considering a probe at an altitude of 70 km with V' > 100 m/sec, ¢' = 10,

a' = 1.3 cm, T' = 300°K, and n = 1.3 x lOé/cm? of 51ngly ionized 82, we find
that n > 60.

In order to obtain fast approximate solutions of the zy,i, equations,
graphs of the functions f(x), g(t), and g(t) - 2h(y,t) are given in Figs. 18
through 22. To obtain a graphical solution for z,;, the value of |B] is cal-
culated from the given data of the probelm and compared with a®, If 1B < ag,
the parameter on the left side of Eqn. (6.4-24) is computed and the appropriate
value of x determined from the graph of f(x) in Fig. 18, or from the asympto-
tic relation for f(x). Then z ;, is found from Egn. (6.4-23).

If |B| > a®, the parameter y is evaluated from Eqn. (6.4-27). This de-
termines a unigue "branch" of the g(t)-2h(y,t) curve of Fig. 22. Computing
the parameter on the left side of Eqgn. (6.&—28), this figure should be con-
sulted to find the appropriate value of t, interpolating between the curves
for different values of ¥ if necessary. In the event that the parameter
2ly gg is so large that the g(t)-Qh(y,t) curves are not extended sufficiently

3
far along the negative t axis to allow solution, 8y~ should be added to it,
and the value of t read directly from the g(t) curve (Figs. 19, 20, and 21)
or obtained from the asymptotic relation (6,M-51).

When the values of a and B are such that y falls between the limiting

cases discussed above, the curves are used in accordance with the results
discussed in the paragraph following Eqn. (6.4-3%6).
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7. COMPUTER PROGRAM AND NUMERICAL RESULTS

7.1 COMPUTER PROGRAM
The input parameters for the program are:

1. V = probe velocity (dimensionless)

2. PHI = ©_ = probe potential (dimensionless)

b

3. DELTAT = 5t (dimensionless)
L. A =a = probe radius

5, ZMIN = z (dimensionless)

min

6. H = spacing parameter for derivative calculations.

7. NUM = number of starting points to be used in generating flow lines.

8. NMAX = maximum number of points per flow line, set by computer

storage restrictions.

9. NITER = number of iterations to be made after computing initial

flow lines.
10, PSW = intermediate output switch.

11. (BT, ZI) = starting points for flow lines

(NUM pairs will be read).

From the starting points (RI, ZI) the program first computes an initial
approximation to the flow lines from the neutral flow velocity and probe po-

tential, These flow lines are stored in two pairs
p

of arrays: RSA, ZSA and

RZA, ZZA. The first letter of each array name indicates SIGMA (positive

charge) or ZETA (negative charge).

Next a new approximation to the flow lines is
starting points and taking into account the charge
vious approximation. These new approximations are
RZB, and ZZB. If the number of new approximations
"B" arrays are shifted into the "A" arrays and the
and stored in the "B" arrays.

L

made by using the same
distribution from the pre-
stored in arrays RSB, ZSB,
is less than NITER, the

next iteration is calculated



During calculation of all approximations to the flow lines, a flow
line is terminated at the last point before any of the following occur:

1. The calculated increment in Z is positive for the flow line along
the vertical axis.

2. R i1s negative.

%. 24 ig less than ZMIN.

4. The flow line intersects the probe.

5. More than NMAX points are calculated.

After each approximation to the flow lines is completed, it is written
on the output tape. Because each iteration uses many minutes of computer
time, it is sometimes desirable to print out each new flow line point as it
is generated. Assigning a non-zero value to PSW accomplishes this, and allows
the program to be stopped at any time without loss of output.

For details of the method see the flow diagram and program listing in
the Appendix. Subroutines which are not expanded in the flow diagram or
the program listing are part of The University of Michigan Computing Center
Executive System.

7.2 PRESENTATION OF SAMPLE RUN

At the time of writing this report, results of programming the procedure
previously discussed are not satisfactory. The output of a run using the
program discussed in Section L.l is presented in Figs. 23 through 26; the
dots indicate the computed points. Note also that the r and z axes are
scaled differently.

Herethe values of the parameters used are V=15, & =+10, a=3, dt= 1 ’
H= 5 It is found in this case that |B| < a®, so the sheath cutoff
distance is determined using Fig. 1k; this gives zpin = - 17.5. The start-

ing coordinates for the flow lines are arbitrarily chosen to be z=+30,
I‘=O,2,L|-,.ou,lgo

Figures 23 and 24 show the flow lines as computed using only the free
space potential due to the probe. Figures 25 and 26 show the first iteration,
using the fields of the previous figures in addition to the potential of the
probe. Total running time on an IBM 7090 computer for the two iterations was
15 min. The results shown in Figs. 25 and 26 have several salient features:
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1. The sigma flow line starting with r=6 has several irregularities
near the lower end;

2. the magnitude of the overall interaction is markedly increased, as
exemplified by the highly distorted flow lines;

3. near the probe the positive (negative) species are attracted (re-
pelled) in the second iteration; and

L. the strength of the interaction seems to increase with distance from
the probe, as indicated by the increasing distortion of the flow
lines which begin with successively larger values of r.

At present, these effects, all of which appear to be non-physical have

not been satisfactorily explained. Until these are resolved, further itera-
tions do not appear warranted.
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8. EXTENSIONS AND CONCLUSIONS

8.1 EXTENSION TO PHASE II

The extension of the phase I program to include nonuniform flow and dif-
fusion can be achieved by considering these effects independently.

In principle the complications necessary in the program because of the
change in the neutral flow regime at and behind the shock are of a relatively
simple nature. In passing through the shock both the flow velocity and the
density change discontinuously. Thus, the first necessary alteration to the
phase I program is the determination of the intercepts of the flow lines and
the shock. This involves checking the points along a flow line to locate
the first point falling behind the shock, and then by say, linear interpolation,
finding the point of intersection P of the flow line and the shock front (Fig.
27). The point so located should then be used as an "initial" point for fur-
ther determination of the flow line behind the shock.

o Flow line points

o] o SHOCK

PROBE

~N
]
p—

Fig. 27. Flow lines crossing shock.

The addition of an interpolation routine is also necessary in order to
determine the neutral flow velocity at flow line points behind the shock.
This will be required because such points cannot generally be expected to
coincide with any of the points at which the neutral velocity is available,
since the velocity field is entered in the computer as a table. Such an in-
terpolation routine might be constructed as follows.
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Consider a flow line point P at which the neutral stream velocity is de-
sired (see Fig. 28). Let the three points nearest to P at which the velocity

o Points in neutral flow field | 7
» Points on fiow line

z

Fig. 28. The three points of tabulated velocity field which are nearest to
point P.

field is tabulated be indicated by 1, 2, and 5. Making a Taylor series ex-
pansion in the components of the velocity about the point P we have to first
order:

CUR: 14

Vo = Vib + S 5ry P B2, i=1,2,3 (8.1-1)

where Vri denotes the r component of the wvelocity vector at the point i1 and
dri, dz; are the appropriate displacements of the points i from point P. This
linear system can now be golved for the radial velocity components at the
point P. A similar procedure can be used to find the required z-components

of the vector V.

It should be noted that the real difficulty in the above is the machine
determination of the nearest neighbor points 1,2, and 3. This could perhaps
be done by searching the velocity table for points within a specified distance
of P, which is, say, twice the maximum distance between points in the velocity
table. Decrementing this distance by small amounts, some of the points so
determined could be excluded until the three necessary points were found.

The contribution to the current density due to density gradients can be

found by an interpolation technique similar to the above. Rearranging Egns.
(5.1-1) the current densities may be written:
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J = (V-7vo- %S) o
L o= (V+vo - Z—g) t. (8.1-2)

We see then, that the contribution to the velocity of the charges due to dif-
fusion is given by the ratio of the density gradient to the density itself
(assuming the density is finite). Setting up a linear system analogous to
Egns. (8.1-1) for the charge densities, these contributions can be easgily
found.

Since we assume the ionized flow to be frozen, the ion densities will
change directly with the neutral density increase across the shock. For com-
puter calculations we must therefore consider the neutral flow velocity and
the densities to be double valued at the shock (point P of Fig. 23), using the
shock as a bounding surface between the two regions of the flow. In calculat-
ing charge density gradients ahead of the shock, the "nearest" neighbor points
considered must be restricted to the region ahead of the shock or on the shock
itself as approached from the front. Similarly, behind the shock calculations
must use only values in the region behind the shock or values along the shock
which have been corrected for the changes caused by passing through the shock.

FPurther corrections might also be included for such effects as the varia-
tion in diffusion (and thus mobility) constants due to the density variation
behind the shock.

8.2 FURTHER EXTENSIONS AND CONCLUSIONS

The major portion of this report has been concerned with a spherical
probe, and with the free space potential of such a body as the potential
approximation initiating the iterative procedure. In principle the exten-
sion of the program to utilize different configurations and potentials is
straightforward. Changes would be necessary in sections of the program in
which the initial flow lines are computed (by changing the initial potential
function).

Even if the spherical probe is retained, an extension of the process used
for determining the flow line cutoff point zpin would be desirable. In general
the charge distribution on and about the probe will be altered with each
iteration. Consequently, new calculations of the charge imbalance in the plasma
and of the net charge on the sphere (including for consistency the charge in-
duced by the previous spatial distribution) should be used to obtain a new
approximation to zpin. This would require an additional section in the program
for performing the necessary numerical integrations and for obtaining the de-
sired cutoff value from them. The numerical integrations might easily utilize
the density computations mentioned in connection with the phase II extension
of the program.

55



Some serious points concerning the validity of the entire procedure
must be mentioned. The whole method evolves from the observation that if the
potential & is known, then the system (L4.2-3) can be solved for ¢ and {, or
alternatively if the charge densities are known, the Poisson equation can be
solved for the potential. This suggests solving the system by successive
approximations, as has been done in this report. This process has the advan-
tage of resolving the problem into the solution of a sequence of linear equa-
tions, rather than of a coupled system. However, this approach immediately
raises the following questions: do there exist functions which can be used
as initial potentials for which the process will ultimately converge to the
solution of the system (L4.2-3) with its boundary conditions, and if so, what
are they? These questions remain unanswered; results of running the computer
program evolved in this report (see Section 7.1) are not sufficient to in-
dicate possible resolution of these important points at this time.
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