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We present a study of coherent tunneling lifetimes for quasibound electrons confmed in a 
GaAs quantum well by Alo.sG~.7As (direct band gap) and AlAs (indirect band 
gap) barriers, using the tight-binding representation for the electronic states in an eight- 
element (sp3) basis, and solving the time-dependent Schrodinger equation using a unitary 
approximation of the evolution operator. The dependence of the lifetime on barrier 
thickness is found to fit a WKB-type expression very well. Although simple effective mass 
theory is not applicable, the barrier thickness coefficient in the WKB exponent is 
determined by the r-point band extrema even for indirect AlAs barriers with X-point 
conduction-band minimum. The dependence of the subband energies and their in-plane 
dispersion on the mole fraction x of Al in the Al,Gal -As barrier is also presented, 
for x in the range 0.2-l. 

GaAs and AlAs have an unusual band lineup, since 
GaAs is a direct band-gap material while AlAs has an 
indirect band gap. The alloy AlxGal -,As has a direct 
band gap for low Al content (O<x<O.35), and then has 
X-point conduction-band minima. The tunneling proper- 
ties of GaAs/Al,Ga, -.& heterostructures have been in- 
vestigated both for novel device applications as well as for 
interesting physical insights. Tunneling of electrons from a 
direct band-gap material such as GaAs through 
A&Gal -.& barriers is described well by WKB-type ex- 
pressions based on simple single-band effective mass the- 
ory, as long as the barrier remains direct.’ Several studies 
in recent years have also focused on tunneling in hetero- 
structures in which the symmetry of the band-edge states 
differs drastically across the different regions. This is the 
case, for instance, when a direct band-gap electron (I? 
type) escapes through an indirect band-gap barrier (X or L 
type). The tunneling transport of electrons from GaAs 
across a single indirect A&Gal -xAs barrier appears to 
depend critically on the barrier thickness. For thick barri- 
ers, experiments indicate that tunneling is defect assisted, 
occurring by scattering to the transverse X valleys.’ Sta- 
tionary state calculations also show that for electrons inci- 
dent from GaAs with energies above the X point but below 
the I? point of an indirect barrier, the transmission coefi- 
cient across sufficiently thick barriers fits an expression of 
the same functional form as that for transmission over one- 
dimensional rectangular barriers, with the barrier height 
determined by the X point. But for thinner barriers, tun- 
neling through the r-point states is found to 
predominate.3*4 For incident electron energies below the J?- 
and X-band minima, the transmission probability is found 
to depend exponentially on the energy difference between 
the carrier energy and the l7 minimum in the barrier, even 
for indirect barriers.’ 

At present no time-domain studies have been reported 
dealing with electron tunneling through indirect barriers. 
We have calculated coherent tunneling lifetimes for quasi- 
bound electrons escaping from a GaAs quantum well 

through A&Gas7As (direct band gap) and AlAs (indi- 
rect band gap) barriers, such a structure being amenable 
for experimental work. We address the important question 
of the role of the l? and X minima in tunneling, and deter- 
mine the right form of the WKB-type expression that can 
describe the process for the large r-point band discontinu- 
ities that can occur in such structures. We have also exam- 
ined the eigenvalues, eigenfunctions, and in-plane effective 
mass of the quantum well ground state for varying alloy 
composition in the barrier. 

We briefly summarize our formalism first, which is 
discussed in detail elsewhere.6 We describe electron states 
in the conduction band in the tight-binding representation 
with an eight-element (sp3) basis.7 Since the complete band 
structure is contained in the tight-binding description, one 
need not be concerned specifically with the appearance of 
multiple band extreme or explicit boundary conditions for 
the components of the electronic wave function. In order to 
model the escape of electrons from a quantum well 
through a barrier of finite width, the initial electron wave 
packet $( r,O) is constructed as a bound state in the well by 
extending the barrier. We thus solve the Schriidinger equa- 
tion: 

W(M) =-WW) (1) 

in the tight-binding representation for the initial state. Sub- 
sequently, the time evolution of the state is determined by 
using a numerically stable and unitary approximation of 
the evolution operator.’ We proceed in infinitesimal time 
steps 6t, and solve the following equation at each step, once 
again in the tight-binding representation: 

(1 + iHSt/2fi)1)(r,t + &) = (1 - iH&/2fi)$(r,t). (2) 

Assuming the tunneling escape of carriers to be described 
by an exponential decay law, tunneling times 7 are ob- 
tained from the initial decay rate of probability in the start- 
ing well: 
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FIG. 1. (a) Variation of the first subband energy level in a 70 A  GaAs 
quantum well for different ahoy compositions of the barrier (solid line). 
The dotted line is the corresponding result obtained using simple effective 
mass theory. (b) Dependence of in-plane effective mass on barrier com- 
position for the first electron subband in a GaAs quantum well for two 
different well sizes. 

P(O) 
‘= (AP/At) ’ 

where P(0) is the initial probability in the well and AP the 
decrease in probability in time At. 

The tight-binding wave functions of the first electron 
subband in the quantum well are primarily s type, but there 
is a significant p-type admixture. This mixture increases as 
the well size decreases, and can have important effects on 
the tunneling, transport and optical properties in narrow 
quantum wells. We note that all the results reported here 
have been obtained under field-free, flatband conditions. 
Spin-orbit coupling has been neglected in our computa- 
tions. Figure 1 (a) shows the variation of the ground state 
energy in a 70 A GaAs quantum well for different alloy 
compositions of the barrier (all energies are measured with 
respect to the bottom of the conduction band in bulk 
GaAs). The energy levels are compared with a determi- 
nantal solution based on simple effective mass theory, par- 
abolic dispersions, and the I-I’ discontinuity. It is inter- 
esting to see that while the agreement between the two is 
best for direct barriers, the difference between our eight- 
band model and simple effective mass theory is less than 
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FIG. 2: Tunneling times as a function of barrier thickness for quasibound 
electrons escaping from a 56 8, GaAs quantum well through barriers of 
(a) A&Gas&s and (b) AlAs. Barrier thickness is in units of the lattice 
constant. Bullets mark the results of our computations while the dotted 
line is an exponential fit through them. 

-3 meV over the entire range. The density of states effec- 
tive mass of carriers in the subband is shown in Fig. 1 (b) 
for two different well widths. The effective masses were 
obtained by fitting the in-plane dispersion to one that is 
parabolic in kll (along k,), over an energy range of the 
order of 20 meV. The in-plane electron mass is usually 
taken to be the GaAs band-edge mass (0.067~). We see 
significant deviation of the mass depending on the barrier 
material and well size. 

Figure 2(a) shows the tunneling times for quasibound 
electrons escaping from a 56 A GaAs quantum well 
through Alo,3Ga0.7As barriers of varying thickness. Figure 
2(b) is the corresponding result with AlAs barriers. The 
structure considered here is a GaAs quantum well sand- 
wiched between a semi-infinite layer of the barrier material 
on one side, and a finite barrier followed by a semi-infinite 
GaAs region on the other. For the range of barrier widths 
depicted in these figures, the energy E of the quasibound 
state is only a weak function of the barrier width. This 
energy is 66.8 meV with Als3Gas7As barriers, and 91.1 
meV with AlAs barriers. We first note that the computed 
tunneling times fit a single exponential in each figure over 
the range of barrier widths considered, even at the com- 
paratively long time scales typical of the AlAs barriers. 
That is, the lifetime r for a given type of barrier is found to 
depend exponentially on the barrier width Lb: 

r=c exp(2/JLh). (4) 

That is a standard WKB-type of expression under flatband 
conditions, in which 2fi is essentially the decay constant for 
the probability density, and /3 the decay constant for the 
exponential decay of the wave function in the barrier.’ 

It is well known that the quantum well eigenstates at a 
given energy and kll can be constructed from linear com- 
binations of all bulk eigenstates at the same energy and 
kll in each material. The bulk eigenstates at this energy are 
propagating Bloch states characterized by real wave vector 
k, in the well material where the subband energy is above 
the conduction-band minimum, but evanescent states char- 
acterized by complex kl in the barrier region where the 
subband energy falls within the band gap.“*” The complex 
bands (complex kL) connect up to real bands (real kL) at 
critical points in the bulk bandstructure, as discussed by 
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Heine.” The complex bands that are of interest to us for 
the Ale$&,,As and AlAs barriers are the ones that con- 
nect to the band extrema at the I point, and the one em- 
anating from the X point. As we trace the complex contour 
of kl along any one of these complex bands, the real part of 
kl does not change significantly from its value at the crit- 
ical point where it connects to a band extremum. I2 For the 
evanescent states, the real part of kl yields an oscillating 
phase factor, while the imaginary part is responsible for the 
exponential decay in one direction. 

For the Ale,Gaa,As barriers, the value of p in Eq. (4) 
that best fits the data was found to be 0.05 1 2?r/a (where a 
is the lattice constant). This agrees well with the simple 
effective mass form 

P- 2rnbC V, - E)/?i, (5) 

where mb is the electron effective mass at the I? point in the 
barrier (0.0781), and ( V, - E) the energy of the quasi- 
bound state with respect to the conduction-band minimum 
in the barrier. The l-‘-I’ barrier height ( vb) was set to 250 
meV in our computations. This agreement reaffirms the 
fact that for direct barriers a more complete description of 
the electron state yields a tunneling time that compares 
well with WKB estimates based on simple effective mass 
theory. 

For the AlAs barriers 0 was found to be 0.146 271-/a, 
which does not fit a simple effective mass form as in the 
above expression. The electron effective mass and barrier 
height at the r point were 0.1548 and 1.15 eV, respec- 
tively. The corresponding values at the X point were 
1.3514 and 190 meV, respectively. On the other hand, we 
find that the bulk evanescent state in AlAs obtained 
from our tight-binding Hamiltonian with complex 
kl = io.146 2n-/a=@ is at the same energy below the r- 
point conduction-band minimum as the quasibound state 
( 1.15 - 0.09 11 = 1.059 eV>. As noted earlier, the imagi- 
nary part of kl is the decay constant for the exponential 
decay of the bulk tight-binding state in one direction, and 
this is the factor that we would expect in the WKB expres- 
sion. But the simple form in Eq. (5) does not yield the 
correct imaginary wave vector of the band-gap state be- 
cause the quasibound state is about 1 eV below the band 
edge, and simple effective mass theory is not expected to 
hold in this range. We now show that a Kane-type, two 
band k-p model of the band structure near the I? point is all 
that is required to describe the barrier states.13 

In the absence of spin-orbit coupling the valence-band 
structure along (100) consists of a doubly degenerate 
heavy-mass band, and a light-mass band, with triple degen- 

eracy at the zone center. The evanescent state with 
kL = iO.l462?r/a lies on the complex kl contour that con- 
nects the top of the light-mass band to the bottom of the 
conduction band at the I point. The dispersion of these 
two bands near the I? point can be described in terms of a 
2 X2 k-p Hamiltonian obtained from Kane’s four-band 
Hamiltonian’ by setting kll = 0: 

iPk, 
H(kz) = 

E,+z+/@ 
0 +iq 

- iPk, 
E,+z +L’ti ’ (6) 

with the same notation as in Ref. 13. Our tight-binding 
parameters of AlAs yield a band gap of 3.3316 eV at the F 
point. We fit the parameters A’, L’, and P above to yield 
the electron and light-hole effective masses of 0.1548 and 
0.1486, respectively. Using this Hamiltonian to solve for an 
eigenstate at an energy of 1.059 eV below EC yields a wave 
vector k, = io.149 2n-/a, which compares very well with 
the decay constant obtained from the WKB expression. 

In summary, we have calculated coherent tunneling 
lifetimes for quasibound electrons escaping from a GaAs 
quantum well through A1,,3Ga,-,,As (direct band gap) and 
AlAs (indirect band gap) barriers. The escape times 
through the direct barrier fit a WKB expression based on 
simple effective mass theory. The escape times through the 
indirect barrier also fit a WKB expression with an expo- 
nential dependence on the barrier width. While the decay 
factor in the exponential does not fit a simple effective mass 
form, it can be derived from a two-band k-p Hamiltonian 
at the I’ point, with no explicit contribution from the X- 
point states. 
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