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Explicit forms of the Green’s functions (which are to be regarded as distributions in the sense of
Schwartz) for the multi-mass Klein-Gordon operator in n-dimensional spaces are presented. The
homogeneous Green’s functions Gy(z) and Gy'(z), defined in the usual way by independent paths of
integration in the k, plane, are investigated in the neighborhood of the light cone. The parameter N
indicates the total number of masses involved. The singularities on the light cone reflect the well-known
difference between even- and odd-dimensional wave propagation. It is found that Gy(z; odd n) contains
a finite jump on the light cone as well as a linear combination of derivatives up to order #(n — 2N — 1)
of 5(z*); the singular part of Gx(z; odd n) consists of a logarithmic singularity In (|z%|) along with a
polynomial in (22)~! of degree 4(n — 2N — 1). For even-dimensional spaces, the singular part of both
Green’s functions consists of a polynomial in (22)~!/2 of degree n — 2N 4 1 vanishing outstde the light
cone for Gy and vanishing tnside the light cone for Gy'. In all cases no singularities or finite jumps
occur when the order 2N of the operator is greater than the number n + 1 of space-time dimensions.
The general solution of the Cauchy problem is given both for the data carrying surface ¢ = 0 and for
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arbitrary spacelike data surfaces.

1. INTRODUCTION

ULTI-MASS equations have enjoyed a long
history in field theory and often arise from
attempts to eliminate the typical divergences oc-
curring within the theory.' For example, the regu-
larized propagators of Pauli and Villars,” obtained
with the help of an introduction of discrete auxiliary
masses, may easily be seen to satisfy equations of
the form

F(O)e(z) = p(2), n
where

Fo) = L@ + ). ©

In the neighborhood of the light cone, no singularities
or finite jump discontinuities appear in the propa-
gators provided the total number of masses is at
least three.

Equations of the type given in (1) have been
investigated in detail by Pais and Uhlenbeck.? As
these authors have shown, if () is a polynomial
in O with arbitrary constant coefficients, then (1)
is an equation of hyperbolic type and a well-defined
initial value of Cauchy problem exists for the

! Multi-mass equations also arise naturally when one
considers particles of higher spin; see, e. g., J. D. Harris,
Phys. Rev. 112, 2124 (1958).

*' W, Pauli and F. Villars, Revs. Modern Phys. 21, 434
(1949).

3 A, Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950).

homogeneous equation. The case of polynomials in
0 has also been treated by Rzewuski," who gives
an invariant form of the general solution of the
homogeneous equation, but leaves the corresponding
Green's functions implicit in their Fourier repre-
sentations.

The present paper is devoted to the Green's
functions and the Cauchy problem for the multi-
mass Klein-Gordon operator in multi-dimensional
spaces. To fix the notation, we shall seek a solution
of the Cauchy problem for the equation

(O + @)™ -+ (O + wde@ =0, (3

where the d’Alembert operator is given by

O=0—ad — --- — o (4)

The sum of the nonnegative integers A, --- A
will be denoted

N=:x+ -+ (5

where N = 1, 2, - -- gives the total number of rest

masses involved. The rest masses yu,, - -+, wuz, wil
be taken to be distinet, real and positive (although
many of the results can be extended to complex p,);
if one of them must be zero, the limit 4 — 0 may
be taken after the calculations are made. Clearly,
the wave equation is of order 2N'; hence, the Cauchy
data on the spacelike plane ¢ = 0 consist of the time

4 J. Rzewuski, Acta Phys. Polon. 12, 100 (1953).
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derivatives 0¢(x, 0) with M = 0,1, -+ , 2N — 1.

In a previous paper’ we obtained the explicit
form of the homogeneous Green’s function A(z; m; k)
associated with the multi-dimensional, iterated
Klein-Gordon operator (O + u°)™. The Fourier
representation of the Green’s function was expressed,
after some angular integrations, as a one-dimen-
sional, infinite integral of the Sonine type. It was
shown that although this integral is classically di-
vergent when the order of the operator is less than
the number of space dimensions, it can be treated
rigorously under these conditions using the concepts
of distribution analysis. The Green’s function is then
to be regarded as a (tempered) distribution in the
sense of Schwartz.® A new distribution introduced
for the purpose of giving the improper Sonine
integral its generalized meaning was used to investi-
gate the singularities of the Green’s function on the
light cone.

These results may be easily extended to include
the Green'’s functions associated with the multi-mass
operator (O + w)™ --- (O + wi)'* either by a
partial fraction decomposition of the integrand of
the Fourier representations,” or by the method given
in Sec. 2. Explicit expressions for the complete set
of Green’s functions for the multi-mass operator
will be presented; this includes an expression for
A'(z; m; u) which has not been previously given in
(I). (The two distributions A and A' are linearly
independent.)

The behavior of the Green’s functions in the
neighborhood of the light cone will be explicitly
investigated in Sec. 3. Because of the well-known
difference between wave propagation in spaces with
an even, and spaces with an odd, number of di-
mensions, the two cases must be treated separately.
Some very interesting results are obtained. For
odd-dimensional spaces, the Green's function
Guy(z; Ny +++ Ay my c 0+ p1), intimately related to
A(z; m; u), contains a finite linear combination of
derivatives of the Dirac delta function 8(z*) as well
as a finite jump discontinuity on the light cone. The
highest derivative appearing is of order 2 (n—2N —1).
The singular part of Gy(z; A, -+ Ap; -+ uz),
closely connected with A'(x; m; u), consists of a poly-
nomial in (1/2°) of degree 1(n — 2N — 1) along with

5J. J. Bowman and J. D. Harris, J. Math. Phys. 3, 396
(1962), hereafter called (I).

¢ L. Schwartz, Théorie des distributions I, II (Hermann
et Cie, Paris, 1950-51).

7 Green’s functions for multi-mass operators like [[]™—
( — u2)m]¢ may be calculated directly without recourse to a
partial fraction expansion. Such operators have been in-
vestigated by J. J. Bowman and J. D. Harris, J. Math.
Phys. 3, 1291 (1962).
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a logarithmic singularity In (|z*|). On the other hand,
for even-dimensional spaces, the singular part of
both Green’s functions consists essentially of a
polynomial in 1/(z*)'* of degree (n — 2N + 1);
but the polynomial vanishes outside the light cone
for Gy, and vanishes ¢nside the light cone for Gy.
In all cases, no singularities or finite jumps appear
when the order of the operator is greater than the
number of space-time dimensions (i.e., 2N > n + 1).
When this is true, the first N — (n + 3)/2 deriva-
tives with respect to z* when n is odd, or first
N — 1 — n/2 derivatives when n is even, of both
Gx(z) and Gy(x), are also continuous on the light
cone.

The remainder of the paper is concerned with
obtaining the general solution of Cauchy’s problem
for the homogeneous equation (3). In this enterprise,
the set of Green’s functions G,(z; 7, - -+ ro;m -+ * 1)
with0 <r, <AN,n=r+ -+ r,and 1l <
n < N is particularly useful. The initial conditions
satisfied by these functions are given in Sec. 4 and
the general solution ¢(z) is obtained in Sec. 5.
Finally, an invariant form of the general solution
is presented in Sec. 6 and agrees with that given by
Rzewuski.* There are two Appendices.

2. THE GREEN’S FUNCTIONS

All of the Green’s functions for the multi-mass
operator (O + )™ -+ (O + wi)** may be
obtained using the general Fourier representation

K(z) = (2m)™"

X fd _ikz(ﬂf — kz)—h . (’uz — kz -RL. (6)
As is well known, such an expression is not com-
pletely defined until the path of integration around
the poles of the integrand has been specified. In
the k, plane, open paths of integration that coincide
with the real k, axis at 2= give rise to inhomo-
geneous Green’s functions. Closed paths which en-
circle one or more of the poles lead to homogeneous
Green's functions.

There are only 2L independent ways of encircling
the 2L poles of the integrand. However, by reducing
the multiplicity of the poles, 2N — 2L more inde-
pendent solutions of the homogeneous equation may
be obtained, giving a total of 2N independent
homogeneous Green’s functions. The general in-
homogeneous Green’s function may be written in
the form of a sum of the particular solution of the
equation

(@ + e - (O + VK@) = 8@ (7)
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and of the 2N independent solutions of the homo-
geneous equation with arbitrary coefficients. The
multi-mass operator thus has a total of 2N + 1
independent Green'’s functions.

The homogeneous Green's function Gx(z; A, - - - Az;
uy --- ) is defined by choosing the path of inte-
gration in the k, plane to consist of a closed curve C
encircling all of the poles in a clockwise fashion. The
notation Gy(z; Ay -+ Az; w1 -+ uz) will often be
abbreviated to Gy(x) or simply Gy. The inhomo-
geneous Green'’s function G’N(x; Moo A ot BL),
defined by taking the principal part of the k, inte-
gration over the singularities, is related to the homo-
geneous Green’s function Gy(z) by the formula

Gr(@) = 2¢(x)Gx(2), ®

where e(z) = =41 for ¢ 2 0. A second homogeneous
Green's function Ga(x; Ay -+ A wy +-+ uz) IS
characterized by a closed path of integration C'
which encircles all of the poles on the positive real
ko axis in a clockwise fashion and all of the poles
on the negative real k, axis in a counterclockwise
direction. Clearly the paths C* and C are not equiva-
lent, hence G4 and Gy are linearly independent
distributions. We will give explicit expressions for
Gy(z) and Gi(z).

In what follows, the notation G,(z) will be used
to denote any homogeneous Green’s function defined
by a path of integration @ which consists of a linear
combination of the paths C' and C". Using the theory
of residues and the properties of Dirac § functions,
one easily obtains the identity

Y f dk(u? — k)™

— o f : dkf(k) 3700 — W), (9)

where f(k) is determined by the path €; in particular,

i = {e(k) for ¢=C
1 for €=C.

(10)

Making use of (9), and taking into account the
contribution of all the poles in (6), one may write
G.(z) in the form

1(21r) —~ikz,
Glo) = 3 B2 [ arempt
X 8% — ) H W — 8™,  an

where the prime on the product means that the
factor for j = p is to be omitted. Each summand
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can be expressed in terms of the operator

s
r("p) dﬂ:

itmy™ [ abe g 50 — ) TI G — O™

= Ah(x; l-‘p)q)(_l‘:): (12)

with A, representing the corresponding Green's
function for the Klein-Gordon operator 00 + u°, and

L

acting on

(~p,) = I_I (uF — ). (13)
Finally we obtain
(Ap—m)
G = 3 Eq> & =) 5o myw) (14

p=1 m=1 )'

by applying the Leibniz rule for differentiating a
produce of two functions and using the result

1 da\"? . o
_I‘(—m_) (—d_yz) Auz; 1) = Ax(m; m; ), (15)

where A;(z; m; p) is the homogeneous Green’s
function for the iterated Klein-Gordon operator
(O + #°)™. We note that (15) is easily obtained from
the Fourier representation
M min) = @0 [ dke G — )T, (1)
although a rigorous justification of the identity
follows only from considerations of distribution
theory [ef. (I)].

The result expressed in (14) may alternatively
be obtained using the general partial fraction ex-
pansion (Appendix A)

Wi — K™ o (up — BT

R SN i G I

“ XX oo m e
for the integrand of (6). Equation (14) follows
immediately.

Equation (14) yields an expansion of Gy(z) in
terms of the N independent A solutions of the
homogeneous equation (3); similarly, an expansion
of Gy() in terms of the N independent A’ solutions
is obtained. Clearly the distributions G,(z; r, + - - 71;
w +-+ pg) and Gi(x; ry -+ Ty gy --- pz) With
0<r,<MA,n=nr-+--=r,andl1 <9 <N
are also solutions of the homogeneous equation.
There is a large degeneracy with respect to the
parameter 7 and not all of these solutions are

- k)™ (17)
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linearly independent. Out of the combined set
{G,, G)} one may choose 2N independent homo-
geneous solutions; in particular, the functions
A(z; m; p,) and A'(z; m; p,) form a complete set.

Explicit forms of the distributions A and A® may
be calculated (see Appendix B) using the method
set forth in (I); the results are

Alz; m; p) = e(x) Re K(z; m; p), (18)
A(z; m; p) = © Im K(z; m; ), (19)
where =
) ) _ (21r)(l—n)/2< xz)m—(n+l)/2
K(x) m; I") = P(m)zm u
X HZ s V). (20)

Here H{» is the Hankel function of the second kind.®
We stress the fact that A(x; m; ) and A'(z; m; u)
are in general to be considered as distributions. The
A(z; m; p) vanish outside the light cone, whereas
the A'(z; m; u) do not.

The general homogeneous Green's function for the
multi-mass operator (0 + w)™ --- (O + wi)*
is now obviously

L Ap
Ghom(x) = ZI Z} [a’pm A(x; m; "p)
+ bom Al(x; m; u)], (21)

where a,, and b,,, are some constants which may
involve the p,. The general inhomogeneous Green’s
function for that operator is therefore

Ginhom(x) = éw(x; | VIEERID F AU PR po) + Grom(®),
(22)

where Ghom(z) is a linear combination of the N
functions A(x; m; p,) vanishing outside, and the N'
functions A'(x; m; u,) not vanishing outside the
light cone.

3. SINGULARITIES OF THE GREEN’S FUNCTIONS

Using the results of the preceding section, we may
write the distributions Gy(z; A, + -+ Apj gy -+ nz)
and Gy(z; Ny -+ Az} m1 -+ pp) in the following
manner:

X L 1 _d Ap—1 .
{Gy, Gx} = Em a2 S(~u,)

=1
X {A(IC, ﬂp)) Al(x; F‘v)} ’ (23)
where the Green’s functions for the Klein-Gordon
operator have the explicit forms

Alz; p) = LM (i)("—l)/z(\/? (1-m)/2

X Ja-mnaBV), (24)

i 8G. N. Watson, A Treatise on the Theory of Bessel Func-
tions (Cambridge University Press, New York, 1944), 2nd ed.
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2 (n—1)/2
Alz;p) = —zi%l(é";) (Ve

X Yaonyalu \/37)

. 6(—1°) 2 (JL_)("_’)ﬂ /B (1-n)/2
+i 2 = \2r ( T

X Kamr(uV —2%). (25

In the above, J, is the Bessel function of the first
kind, Y, the Neumann function, K, the modified
Bessel function of the third kind, and 6(y) = 1
fory > 0,0(y) = Ofory <O.

The cases of even- and odd-dimensional spaces
must be considered separately in order to investi-
gate the nature of the singularities near the light
cone. The singular part of A(z; u) has already been
determined in (I); for small z* we find

7) [~ 2\ 02
e~ P ()

(a=1)/2 (2 mp(m) s 2
X { mzo gI‘(qf/gl)— ;-F(x%;} (nodd)  (26)

Alr; p) =~ g(-’lz‘)_g(xz_) (__4_:2)0‘—1)/2

(1/2)n—1 (_“2/4)—»»—1/2(:1;2)—175—1/2
X{ 2 Tz — mTG = m>}

(n even)

m=0

27

where the terms that vanish for 2* — 0 have been
omitted. Since ¢'(z*) = §(z°), one finds that A(z; u:
odd n) contains é-function singularities as well as
a finite jump discontinuity on the light cone; the
singular part of A(z; u: even n) consists of a poly-
nomial in (z*)~"? vanishing outside the light cone,
and no finite discontinuity is present.

The singular part of A'(z; u) may easily be ob-
tained using well-known formulas® of the Bessel
functions. In the neighborhood of the light cone,
one finds, for odd dimensional spaces

i __”'2 (n—-1)/2
s~ -1(3)

(n=1)/2 " 2\ .
X { mz-:o I’(n(/z Ii—/n); + 1 (d:ﬁ) In (*)* }

+1(ZE) sy ) 9
where
hnyw =31+43+3+ - +2/(n — 1)]
— In(w/2), (29)

with In v (=0.5772 --.) representing the Euler-
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Mascheroni comnstant. For even-dimensional spaces
we have

1. _ 0("‘132) (_#2)(1/2>(n—1)
A (x’ “) _— 2 47('

(1/2)n-1 (__“2/4)—m-1/2(x2)—m—1/2}
< e

m=0

2\ (1/2) (r=1) 1
— %(—4‘1_—) m (n even), (30)
where the factor of 7 is contained implicitly. In
both (28) and (30), the terms that vanish for z* — 0
have been omitted. Again, the remarkable difference
between even- and odd-dimensional spaces is re-
flected in the nature of the singularities on the light
cone: the singular part of A'(z; u: even n) consists
of a polynomial in (2*)~'/* vanishing inside the light
cone, whereas A'(z; u: odd n) contains logarithmic
and multiple pole singularities.

When one substitutes (24) and (25) into (23) to
get explicit expressions for Gy(z) and Gy(x), one
finds that sums of the form

SIE I el A RV
S = ZI‘—(X,S(Q?) (—p)'®(—u;)  (31)

p=1 P

must be evaluated. Such sums are easily determined
explicitly (when [ is an integer) using the algebra
of partial fractions (see Appendix A); in particular
we have

S(l)={o for 1=0,1,--- ,N —2;
1 for =N —1.

Carrying out the indicated procedure, one easily
finds the following explicit results:

For both even and odd values of n,
_ €2 SN+m-—1)

21'-(""”/2 = 4N+m—1P(N + m)

X ®N+(1—u)/2+m(m2)7

where [cf. I, Egs. (14) to (22)]
@ﬂ(y) = o(y)ya_l/r(ﬂ) (B # 0; -1, -2, - '):
(34a)
(34b)

(32)

Gr(x)

(33)

H_sy) = 6P

For even n,
. 1 (n—=1)/2
Gl = 3(2)
.

(ﬁ= 0,1,2, )

S(m)(x2)m+ (1-n)/2

X {0(—372) ”‘Zo 4" T(m + DT3B — n)/2 + m]

_ 5 S[m 4+ (n — 1)/2)=")" }
"'Zo 4m+(n—1)/2r(m "'I"' l)I‘[(n + 1)/2 + m] . (35)

For odd =,
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. . 1 (n—1)/2
6w = (&)

had xZM
% {;—"’o 4"T(m + DI + 1)/2 + m)
X [S((n - 1/2+ m)[% (1 + .+ _ln_l)
l —___1“ _ v [$2 1/2]
+2(1+ Tt as 1)/2+m> In =73

1 d \*! o atsj2em .
—_ p};; I‘(}\p) (—(m) (—l‘p) ) @(—,u,p) In ,u,,:l
(n—1)/2 S((n _ 1)/2 — m) i m 2/

T A TGt m (dx) In [z }

(36)

where the sum 1 4 --. 4+ 1/m is understood to be
zero when m = 0.

From Eq. (32) and the immediately preceding
Eqgs. (33) to (36), it easily follows that on the light
cone 2* = 0,

(i) There are no singularities in Gy(z), and Gy (%)
contains no multiple pole singularities, when 2N > n,
that is, when the order of the wave equation is
greater than the number of space dimensions. How-
ever, for odd n and 2N = n + 1, a finite jump
discontinuity ocecurs in Gy(x) and a logarithmic
singularity occurs in Gy (z).

(ii) Both Gy(z) and G4(x) are continuous together
with their first N — (n 4+ 3)/2 derivatives if n
is odd, or with their first N — 1 — n/2 derivatives
if n is even, provided that 2N > n + 1, that is
provided the order of the wave equation is greater
than the number of space-time dimensions.

We observe that the inequality 2N > n + 1
determines the minimum number of masses required
for the regularization of the n-dimensional propa-
gators according to the Pauli-Villars® procedure.

When 2N < n, one may write, by means of (A6),
expressions which exhibit the singularities of Gv(z)
and Gy(z) explicitly. For odd-dimensional spaces
we find

ving) _ ix)' —1. (n—1)/2
Gy = = (4”)
(n+1)/2—-N S( /2 - - %) -
Y A ds @), @

o (n—1)/2
G,‘v(.i“)(x) — _;7' (,4_];)

{(n+1)/2-—N S(n/2 - m - %)
s 4T"T(m/2 — m + )

x (3%)" 1 e,

X

(38)
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It is clear that Gy(z; odd n) contains a finite jump
6(z”) on the light cone in addition to a linear com-
bination of derivatives up to order i(n — 2N — 1)
of 5(z*), whereas the singular part of Gi(z; odd n)
consists of a logarithmic singularity In (|z°|) along
with a polynomial in (2*)~* of degree 3(n — 2N — 1).

For spaces with an even number of dimensions,
one obtains

G (z) = iz_)_g@ (ﬁ)(”_”/z

(n—=N)/2 S(n/2 —m— 1)(x2)—m-1/2 }
X { .,.z.(:) 4™ V(2 — mTG — m))’ (39)

0(_x2) ( 1 )(n—l)lz
2 \4r

x {(n—N)/2 Sm/2 — m — 1)(1:2)-,..—1/2 }
= 4V’ Tn/2 — mTGE — m)f’

Here the singular part of the two Green’s functions
consists of a polynomial in (z%)™*? of degree n —
2N + 1, with G{™® (z; even n) vanishing outside,
and G3"""®(z; even n) vanishing ¢nside, the light
cone.

In the last four equations, the sum S(I) is given by

G}v(.in‘) (x) —_

(40)

( 1)[, e O\L){I,

SWHe=D= 2 AT

X (—=uD)f - (=pd)f, @D
where ¢ = 0, 1, --+ and (A\,);, = MO, + 1) -
(>‘r + g‘v - 1)

Finally, it is clear that Gy..(z) in (21) is regular
on the light cone, provided

; .,; T(m) (—(g)'m(—uﬁ)' =

(1=0,1,---,»
ym + b, and

v = {%(n - 1)} for { odd n} (43)
in—-1 even n

In the case of a multi-mass operator with distinct
rest masses (A, = 1), the singularities and finite
jumps cancel if

; Cl)' =0 (1=

(42)

where C,,, =

0,1, ---,».

(44)
These equations represent the multi-dimensional
analog of the well-known regularization conditions
of Pauli and Villars,” guaranteeing the absence of
singularities on the light cone.

If one considers (42) with the condition » = N — 2
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instead of the condition (43), the homogeneous
system (42) contains N — 1 equations in the N
parameters C,,,. From (31) and (32), after applying
Leibniz’s rule, it follows that

1 d\ R
const X =g () M
(45)

is a solution of this system. Since the solution of
such a system is determined within a multiplicative
constant, it is the only solution, apart from the
trivial one

Com =

Com = 0.

Substituting these solutions in (21) and remembering
(15) and (23), it is easily seen that the regulariza-
tion condition (42) with » = N — 2 is satisfied only
for the homogeneous functions

Grom = AGy + BGy

(46)

(47)

and

> Z donlAlz; m; 1) — A'(x; m; py)], (48)

=1 m=1

Ghom =

where 4, B, and the d,, are arbitrary constants.
Since, as one can now see, Eq. (42) withy = N — 2
is equivalent to the vanishing on the light cone of
the first N — (n 4+ 3)/2 (if nisodd) or N — n/2 — 1
(if n is even) derivatives of Gy With respect to z”,
it follows that no Green’'s function vanishing outside
the light cone can be more regular than Gy, and
that Gy is determined uniquely within a multipli-
cative constant by these regularity and causality
conditions.

4. INITIAL CONDITIONS OF THE GREEN’S FUNCTIONS

It will become evident that the set of homo-
geneous Green's functions G,(z; 7, *++ Ty 1« «* Br)
with0 <r, <N\N,2=r+ - +r,andl <
7 < N is particularly useful for constructing the
solution of the Cauchy problem. For this reason,
we shall briefly investigate the behavior of these
functions and their time derivatives at ¢ = 0. The
initial behavior of the @, functions will not be
considered, aside from the obvious statement that

form = 0,1, 2, ... the equations
A" Gi(x, 0) = 0, (49)
a"d,(x,0 =0 (50)

follow immediately from (B1) and (B2). Because
of (50), we need only calculate the time derlvatlves
of odd order for G,(z).
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There are of course many ways of performing
the calculation, the shortest of which seems to be
the following. We use a result given in (I),

™ AR, 0; ) = (V7 — uH)™ 8(x),

which, when substituted into (23), gives

(51)

o 6ute, 0 = 5 (a7) oo

p=1l
(52)
where

bp = Vz - Id: and q)(bp) = H, (bp - bi)—M'

7

The sum is evaluated explicitly in Appendix A;
using those results, we obtain the initial conditions

a'ZGN (x 3 0)

It

for m

J 0
= 18(x) for

0 for all even m;

0,1,--- ,2N — 2;
m = 2N — 1; (53)
along with

agNwm_]GN(x; 0; A, -

>

fi+2e48L=m

C AL M, e ;#L)

Az, - (g,
;1! e 3'1,!

X (V2 = @ o (V2 = ud)™ 8(x),  (54)

where (\);, = M\, + 1) -« (A, + ¢ — 1) is the
Pochhammer symbol. Of course similar initial condi-
tions are obtained for the G,(z; 7, -+« r4; p1 -+ B1).

5. GENERAL SOLUTION OF THE CAUCHY PROBLEM

The solution of
(O + )™ - (O + p) (@) =0
taking specified values for o(z), dwp(z), --- ,
3" o(z) on the spacelike plane ¢ = 0, may be
written in the form

o(r) = j:,_o dx’

N~-1 N

Z E Ay azq_zm_an(x - ')

m=0 f=m+1

X (85 — 3 9o(x’),  (55)

where the arrows indicate the direction in which the
differentiation is to be carried out. For each m = 0,
1, -, N — 1, the N — m constants 4,,, are to
be determined from the N — m equations

N
2 Ay 857HTGL(x, 0) = &; 6(x),
g=m+1
withj=0,1,--- ,N —m — 1.
We first show that (55), subject to the conditions

(56)
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(56), does indeed represent the solution of Cauchy’s
problem. Consider

i 5”: 20+2 (M~m) =1
A, 85" e

m=0 n=m+1

3@l = [ ax

X Gz — o) 3™e(x),  (57)

where the upper limit to the sum over M is deter-
mined by (53). Clearly the integral in (55) corre-
sponding to 3] makes no contribution because of
(50). Hence, summing over n by virtue of (56), one
obtains the desired result

M
RMo(x, 0) = fdx' > bnr 3(x — X') 3"0(x, 0).

m=0 58)

An exactly analogous proof may be used for
a2 p(x, 0); thus (55) is the required solution.

The problem now is to find the A,, explicitly.
Evidently the existence of a solution to (56) depends
on what G, functions are employed; one must choose
an independent set. In the present case, we can
guarantee that a solution exists by using all of the
G,(x; ry -+ ry; m c-- po). Because of (54), the
conditions (56) may be reduced to algebraic equa-
tions for the 4.,.,; namely,

N
2, A,

), - (ro)g,

n=m+1 ISR AT ¥ A i .(-1! e g-L!
X ()™ - ()" = B0, (69)
where the sum over 4 = r, + .-+ -+ r; is under-

stood as a sum over all the r, consistent with
0Lr,sandm+1<nr,+ -+ +r, <N.
Since we expect A,y = Ang(ry --- 713 Ay -0 AL)
to be independent of the rest masses, we shall seek

a solution of

N
El Am'l(rl)h cee (r)fL = 601' (60)
R=m+ .
with j = & + -+ 4+ ¢.. Such a solution will,

of course, be a solution of (59).
We assert that

b () ()

satisfies (60) in addition to satisfying the require-
ments 0 < r, < \,. To prove this, consider the
function

0= 3 ) O

T Ty

(=)™1 (b — )"

= e————t L,
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Differentiating with respect to z, one finds

(6"‘/6:1:"’)F(1, b) = ~1+ i (_)'l—m—l

N=m+l

TEC R
m r rL

where the —1 comes from the r, + -+« 4+ r, = 0

term. Differentiating with respect to b, one may
write

3 "
357 o7 P D) + &
= __Q:M_ - _y1-m-1
r,+~--E+n,-i Q'l! e g'L! qazm:n ( )

(20 O

where we have used the multinomial differentiation
rule

ay N!
——— uluz e u t =

de

(ra)

Uy
IRl 3 IR A |

- uf”)

(65)

which follows by induction from Leibniz's rule.
A direct calculation from the second equality in
(62) gives

3 o
e FLD =0 (66)
form=0,1,--- ,N—-1andj=0,1, --- ,N —

m ~ 1; therefore,

e 3 ()

Pitsecdlpmi S"l’ e §-L! n=m+1

x ("2 - (e - e = e 6D

However, because of the symmetry of the summand,
we clearly must have

Z o0 -
x (Mevn, - € = by (69

80 our assertion is proved.®

Returning to the original solution (55) of the
Cauchy problem, using (61) and summing over m,
we find

. " A rigorous proof showing that (61) satisfies Eq. (59)
directly is not hard to construct, but seems longer than this
demonstration.
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5 () G

X@—an, - -

olz) = j;'_o dx’

s TLy by * 0 r“L)

X (@5 — )@ — 97" "e(a"). (69)
All possible G, solutions are here involved, although
only the N functions A(r; m; u,) are ultimately
present. Upon introducing the differential operator

re- B -

n=1

X ("L)@ﬁ -
TL

we can write the Cauchy solution in the neat form

L
't IT@+ wy

=1

(70)

W@ = [ axGe - Xe@). @D
We note that X may be written
@ — X
L
= G~ 8 I (B + 43+ 3 - B
=1
L -—
- [T@+ #:)x’:l- (72)

6. INVARIANT FORM OF THE SOLUTION

All of the Green's functions we have discussed
are invariant within the proper Lorentz group, so
that an invariant form of the field ¢(x) is easily
obtained. As is well known, the derivative of
A(z; w) normal to an arbitrary spacelike surface
o(z) with normal ng(z) is given by*°

ng(z) 95 Alz; 1) = 5,(2) (z* < 0) (73)

where §,(x) is the invariant surface § function with
the properties

8,(2) = 0 (z C 0), (74)

f do(z) 8,(x) = 1.

The corresponding behavior of Gy(x) on spacelike
surfaces may be obtained as follows.

Because A satisfies the Klein-Gordon equation,
it follows that

O™ AGz; ) = (=)™ Alz; p); (75)
consequently, for z° < 0 we have
ng(x) 85 O™ Gulx) = S(m) d,(x), (76)

10 See, €. g., J. Rzewuski, Field Theory (Hafner Publishing
Company, New York, 1958).
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where S(m) is the sum given by (31). Utilizing the
explicit expression for the sum, one immediately
finds, for spacelike z,

n,g(:c) 65 Dm GN(:C)
m=01,:-

— { 0 for (77)
8.x) for m =N — 1,
and
ng(z) 8y OV "7 'Gn(2)
Mdee o Odes e
P L R £ 1 (=)
X (—un)'t 8(x).  (78)
Furthermore,
O™ Guy(x) = 0" < 0) (79)

follows directly from the fact that Gy is an odd
invariant function vanishing outside the light cone.

One may now write an invariant analog of (55)
with constants 4,,, that satisfy the same algebraic
equations. The result gives the general solution in
the invariant form"

o) = [ dos@)Gule — 2)Xpele’),  (80)

where

a5 ()8 - o

=1 1

x IT(5 +. (@)
Equation (72) is replaced by
(O — D)Xs = (3 — 9)
x[ @+ - M@ -] @

Using (82), the integral in (80) is easily seen to be
independent of the data carrying surface o(z); we
have

dp(x)/ b0 = 3jGn(x — ') Xho(x’)
= Gy — [T (@ + )™
— II (@ + w)lez) =0, (83)

since both Gy(z) and ¢(z) are solutions of the homo-
geneous equation.

It is well to remark that these results can be
extended to the case of complex u,. In general, for
a polynomial F(z) with real or complex coefficients,
the homogeneous equation

11 Compare with reference 4.
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F(O)e(x) = 0 (84)

has a complete solution in the form

o@) = [ doyle’) Avle — ) Xpola), (89
where

Av(@) = @m)~ f ke~ /F(—F)  (86)
and
(O — O)X, = 6, — 8[F(C) — F(O)]. (87

APPENDIX A. PARTIAL FRACTIONS

Partial fraction decompositions for quotients of
polynomials have long been known (although the
explicit formulas are difficult to find in textbooks').
We shall list here the pertinent results for quotients
of the form 2° [] (¢ — b;)™ assuming the b, to
be distinet and nonzero, and setting N = A +
ceo 4 AL

Wheng = 0,1, --- N — 1 the following expansion
holds:

zq < 1 d Ap—1
ooy =0 (&)
(b,)° ILI, (b, — bi)_MJ L o —-m

i=1 _ -(-E;_bp_)ﬁ

" I: - Z E (X, - m)'

p=1 m=1

z— b,

x| (L) 1T & - 0o

i=1

(A1)

where the second equality is obtained using Leibniz’s
rule. The factor for j = p is to be left out of the
primed products. The important result

L 1 d Ap—1 . L, N ~
2 00 (db,) [(”p) IT" @&, = b) ] =0

(l=1,2""’Nh2) (Az)
is obtained immediately upon setting z = 0 and
g=1+1.

The partial fraction theorem also gives

N+g L Ap—1

T—z“—_ = E,(2) + };1, F(%J(d‘lf,,)

I1 G — by ’
i=1

L

@) IT" (B = 5™

X g , (A3

13 A complete treatment of partial fractions is given by J.
A. Serret, Cours d’algébre supréieure (Gauthier—Vxﬁ' :u'a, Paris,
1885), Tome I.
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where ¢ = 0, 1, --- , and E,(z) is a polynomial of
degree ¢g. An explicit form for E,(2) is easily obtained
as follows: Since

e ]
, (A4
[(Z - bl))‘x M (z - bL))‘L entire part ( )

expand the denominator using the binomial theorem
to find

E = [l = b/)™ -+ (1 — b/

_ x1—1+r1)_._(x1—1+n>
i’;+---z+rt,5a( N1 Ap—1

E() =

L
]entire part

X (B - (br)free B, (A5) .
In particular, then
L 1 d Ap—1 (b )N+q—-1
B0 = 2 7 <db> L
p=1 ( p) » IsIll (b,, _ b,»)“
- I:+-"Z+fL-q (—A%{*Mﬁ (b ){‘ Tt (bL)rL
- ql' dee [ = 6™ oo (L= bst) ™ Mzmo, (AB)

where the third equality is obtained using the
multinomial differentiation rule (65). The important
formula

E o (Z%:)h_l[(bﬁ”" II ®, - b;)‘*'] =1
(A7)

is obtained because E,(0) =

APPENDIX B. CALCULATION OF A AND A!

We first calculate the Green's functions for the
Klein-Gordon operator following the procedure of
(I). Upon performing the k, integration over the
paths C and C*, one finds the well-known integral
representations

M) = 2 [ aw(E2ell) oy

J.J. BOWMAN AND J. D. HARRIS

where w = +(K* + *)*?. Since

(1/w)(sin wt + 7 cos wt) = (wt/2)*H3wt), (B3)
we introduce (for ¢ > 0) the function
I oo TN

K(z; p) = (2n)™" f_w dke™ (%) Hjwl), (B4
and note that

Ax; u) = «(x) Re K(z; ), (B5)

Al(z; ) = i Im K(z; u). (B6)
Integrating (B4) over the angles, one obtains
Kein =3(2)"

o [ LunnkR) BRGO K dk oo

R(n—l)/2 t—1/2 wl72 )

0
where the integral over & is an integral of the Sonine-
Gegenbauer type [Bateman,® Sec. 7.14.2 (48)];
thus, finally

(n-1)/2
K = 5(£)7 (VA H L VD,
(B8)

In (B8), (2*)'” is defined as —i(—z")""° when z° < 0
and Bateman's Sec. 7.2.2 (16) has also been used.

Just as in (I), the Sonine-Gergenbauer integral
must be defined as a distribution for general orders
of the Bessel functions in the integrand. Equation
(20) now follows by an application of (15) and the
well-known formula

(—d/zda)™{z"HP(2)} = 2" "H3u(2). (B9)
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