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1. Summary and Rc:cornrnendations 

1.1 I n t r o d u c t i o n  

The o b j e c t i v e  of  t h i s  p r o j e c t  was t o  d e v e l o p  a computer 

s i m u l a t i o n  program f o r  v e h i c l e  impact  mee t ing  t h e  f o l l o w i n g  

c r i t e r i a :  

1. A b i l i t y  t o  compute t h r e e  d i m e n s i o n a l  s t r u c t u r a l  

r e s p o n s e  unde r  g e n e r a l  c r a s h  c o n d i t i o n s .  

2 .  F l e x i b i l i t y  f o r  u s e r  t o  s p e c i f y  a r b i t r a r y  s t r u c t u r a l  

c o n f i g u r a t i o n s  u s i n g  nlodeling e l e m e n t s  a p p r o p r i a t e  f o r  

r e a l i s t i c  v e h i c l e  s t r u c t u r e s .  

3 .  Iiiodular s t r u c t u r e  f o r  i n p u t  d a t a  r e p r e s e n t i n g  a c t u a l  

sub -a s sembl i e s  of t h e  v e h i c l e .  

4 .  P r e d i c t i o n  of  a p p r o p r i a t e  c r a s h w o r t h i n e s s  v a r i a b l e s  

i n c l u d i n g  energy  d i s s i p a t i o n ,  impac t  f o r c e s ,  r e l a t i v e  

d i s p l a c e m e n t  of components,  and a c c e l e r a t i o n  and v e l o c i t y  

time h i s t o r i e s  oP a l l  s i g n i f i c n n t  p o i n t s .  

5 .  ( . : o ~ t  eP Pect  i v e  numer i ca l  i n t e g r a t i o n  p r o c e d u r e .  

The a c t i v i t i e s  undertalcen t o  accompl i sh  t h i s  o b j e c t i v e  can 

b e  grouped  into t h r e e  na . jo r  c a t e g o r i e s .  They a r e :  

(i) t h e  t h e o r e t i c 2 1  development  of model ing e l e n 3 n t s  f o r  

t h e  l a r g e  p l a s t i c  d e f o r m a t i o n  of s t r u c t u r e s .  

( i i )  t h e  development  and p r o ~ r a n ~ i n g  of  t h e  c o n p u t e r  s i m u l a t i o n .  

( i i i )  an  e s ? e r i m e n t a l  program i n c l u d i n g  v a l i d a t i o n  t e s t s  of 

the  bas i c  t h e o r y ,  d y n a z i c  impact  tests f o r  v a l i d a t i o n  of 

t h e  c o n p u t s r  s l n u l a t i o n ,  and s t e s t  proxrarn t o  o b t a i n  d a t x  

f o r  model ing t h e  l a r g e  de fo rma t ion  of p l a s t i c  h i n g e s .  

- 7-. 



The F i n a l  R e p o r t  d e s c r i b i n g  t h e s e  a c t i v i t i e s  is  o r g a n i z e d  

i n t o  t h r e e  s e p a r a t e  vo lumes .  They a r e :  

Vo l .  1 :  Summary R e p o r t ,  T e s t  R e s u l t s  and Theory 

Vo l .  2 :  P l a s t i c  Hinge Expe r imen t s  

Vo l .  3 : -  U s e r ' s  Guide - U n i v e r s i t y  o f  : l ichigan V e h i c l e  

C r a s h  S i m u l a t i o n  - V e r s i o n  1 

I n  zhe n e x t  s e c t i o n  a  summary of  t h e  ma jo r  r e s u l t s  o f  t h e  

p r o j e c t  i s  g i v e n  f o l l o w e d  by o u r  recommendat ions  f o r  f u t u r e  i n -  

v e s t i g a t i o n s .  C h a p t e r  2 p r e s e n t s  a d e s c r i p t i o n  of  t h e  s t r u c t u r e  

and model ing  c a p a b i l i t i e s  o f  t h e  computer  s i m u l a t i o n  program.  

I t  i n c l u d e s  a  d i s c u s s i o n  of  t h e  o v e r a l l  s i m u l a t i o n  p r o c e d u r e  and 

t h e  n u m e r i c a l  i n t e g r a t i o n  method employed i n  t h e  program.  C h a p t e r  

3-5 c o n t a i n  a  d i s c u s s i o n  o f  t h e  v a r i o u s  v a l i d a t i o n  tests and  

compar i son  o f  t h e  r e s u l t s  w i t h  s i m u l a t i o n  p r e d i c t i o n s .  I n  

a d d i t i o n  t o  d e m o n s t r a t i n g  t h e  p r e d i c t i v e  a b i l i t y  o f  t h e  s imu la -  

t i o n ,  t h e  d i s c u s s i o n  a l s o  i l l u s t r a t e s  t h e  r a n g e  of  mode l ing  

c a p a b i l i t i e s .  R e s u l t s  f o r  s t a t i c  t e s t s  i n v o l v i n g  c o a b i n e d  

l o a d i n g  and c r u s h  o f  s p a c e  f ra rces  a r e  g i v e n  i n  C h a p t e r  3 .  The 

r e s u l t s  o f  t h e  dynamic v a l i d a t i o n  t e s t s  conduc ted  on  t h e  HSRI 

Impact  S l e d  a r e  g i v e n  i n  C h a p t e r  4 .  C h a p t e r  5 p r e s e n t s  t h e  

r e s u l t s  o f  a rcodel ing s t u d y  f o r  2 dynamic f r ame  t e s t  c o n d u c t e d  

by Dynamic S c i e n c e  on a  ' 6 8  Plyrnout5 Fu ry .  F i n a l l y  t h e  ma jo r  

a n a l y t i c a l  r e s u l t s  o b t a i n e d  d u r i n g  t h e  c o n t r a c t  a r e  p r e s e n t e d  

i n  t h e  Appendices .  



1 . 2  Su,mar;~ of Results 

The major r e s u l t s  and conclusions of the p ro jec t  a r e :  

A .  Analyt ical  Studies  

1. A new s t r u c t u r a l  theory f o r  dynamic l a rge  p l a s t i c  

deformations of three  dimensional frame s t r u c t u r e s  

was derived.  The theory is based on the  general i -  

zat ion of the  concept of a  p l a s t i c  hinge. 

2 .  A s  p a r t  of t h i s  ana lys is  a  nonlinear cons i tu t ive  

theory f o r  generalized p l a s t i c  hinges was developed 

which includes the  e f f e c t  of loca l ized  deformation. 

The theory requi res  cons i tu t ive  da ta  from standard- 

ized t e s t s .  Such da ta  has been obtained f o r  box 

and channel sec t ions  over a  range of s i z e s  appropriate  

f o r  vehic le  s t r u c t u r e s .  

3 .  An incremental form of the  equations of motion f o r  

general  r i g i d  bodies has been derived.  The formu- 

l a t i o n  permits in te rac t ion  of the r i g i d  body w i t h  

s t r u c t u r a l  elements a t  an a r b i t r a r y  number and 

loca t ion  of poin ts  on the body.  

4 .  T h e  concegt of generalized s p r i n g s  u s e d  i n  one 

d i r 3 c s i = n x l  ~ ~ c h a n i c a l  s i a u l a t i o n s  ha; been extended 

to  xhree dimensions. Incremental s t i f f n e s s  matr icss  

have been derived f o r  a  var ie ty  of mechanisms 



t r ansmi t t i ng  vec tor  fo r ce  and moment couples.  

Each mechanism is charac te r ized  by a "load-stroke" 

curve which may be a r b i t r a r i l y  s p e c i f i e d .  Th=se 

nechanisms provide modeling elements f o r  non-frame 

components of t h e  veh i c l e .  They may a l s o  be used 

f o r  modeling a v a r i e t y  of connections between 

components. 

D e t a i l s  of t he  above a n a l y t i c a l  s t u d i e s  a r e  given i n  

Appendices A ,  B ,  C .  

B .  Simulation Program 

1. Based on t h e  above s t u d i e s  a ccmputer program has 

been developed s a t i s f y i n g  t h e  b a s i c  o b j e c t i v e  of 

the  p r o j e c t .  T h i s  program, Univers i ty  of  Nichigan 

Vehicle Crash Simulation (U14VCS-I) ,  is an opera t ing  

vzrs ion which meets t h e  c r i t e r i a  s p e c i f i e d  above. 

A de sc r ip t i on  of t h e  program s t r u c t u r e ,  d e t a i l s  of 

t h e  numerical i n t e g r a t i o n  procedurs,  and a d i scuss ion  

of cos t  e f f e c t i v e n e s s  i s  given i n  Chapter 2 .  A 

complete Use r ' s  Guide including a d e t a i l e d  example 

problen i s  contained i n  Volume 3.  

2 Thp E x o c ~ t i v e  Systeril of Tj?lVCS-1 has an onen-end 

des ign,  i . e .  a d d i t i o n a l  modeling elements (mechanisms) 

can be added without any s t r u c t u r a l  changes i n  t h e  

s i x u l a t i o n  7rogram. 



C.  V a l i d a t i o n  S t u d i e s  

1. Two dynamic v a l i d a t i o n  t e s t s  i n v o l v i n g  sym,ne t r ic  

and unsyrnrnetric c o n f i g u r a t i o n s  were conduc ted  on 

t h e  HSRI Impact S l e d .  The s t r u c t u r e  wzs a  combina t ion  

of  a  s p a c e  f rame and r i g i d  body masses  s i m i l a r  t o  

t h o s e  u s e d  i n  p r e v i o u s  s c a l e  model ing  v e h i c l e  impac t  

t e s t s .  The r e s u l t s  v a l i d a t e d  t h e  p r e d i c t i v e  

c a p a b i l i t y  o f  t h e  s i m u l a t i o n  program f o r  s u c h  

s t r u c t u r e s  unde r  c o n d i t i o n s  c h a r a c t e r i s t i c  o f  v e h i c l e  

i m p a c t .  D e t a i l s  o f  t h e  t e s t  acd comparison w i t h  

p r e d i c t e d  r e s u l t s  a r e  g i v e n  i n  Chap te r  4 .  

2 .  A model ing  s t u d y  of  a  dynamic f rame test conduc ted  

by Dynamic S c i e n c e  on a  '68  Plymouth Fury was 

c a r r i e d  o u t .  The s t u d y  d i d  n o t  r i g o r o u s l y  d e m o n s t r a t e  

t h e  p r e d i c t i v e  v a l i d i t y  o f  t h e  s i m u l a t i o n  s i n c e  

much o f  t h e  i n p u t  d a t a  and i n t e r p r e t a t i o n  of  t h e  

t e s t  c o n d i t i o n s  were  s p e c u l a t i v e .  N e v e r t h e l e s s  

s u f f i c i e n ~ l y  good agreement  was o b t a i n e d  on t h e  

b a s i s  of r e a s o n a b l e  a s sumpt ions  t o  d e m o n s t r a t e  

t h e  a p p l i c a b i l i t y  o f  t h e  s i m u l a t i o n  t o  a c t u a l  

v z h i c l e  s t r u c t u r e s .  D e t a i l s  of  t h e  study a r e  g i v e n  

i n  Chap te r  5 .  

D .  C o n s t i t u t i v e  T e s t s  t o  O b t a i n  lI inqe P r o p e r t i e s  

i. S i ~ x i a l  h e n d i n g ,  t o r s i o n ,  and a x i a l  t e s t s  were 

p e r f o r x e d  on 1 0  d i f f e r e n t  box 2nd 1 4  d .  : f~ : ren t  

c h a n a e l  s e c t i o n s .  S e c t i o n  s i z e s  and m a t e r i a l  p r o p e r t i e s  



s p a n  t h e  r a n g e  o f  i n t e r e s t  i n  v e h i c l e  s t r u c t u r e s .  

T e s t  r e s u l t s  a r e  p r e s e n t e d  as fo rce -de fo r r ca t ion  

(momen t - ro t a t i on )  c u r v e s .  

2 .  The c o n s t i t u t i v e  p a r a m e t e r s  f o r  t h e  p l a s t i c  h i n g e  

t h e o r y  were  o b t a i n e d  from an a n a l y s i s  o f  t h e  d a t a  

f o r  each t e s t .  

3 .  T h i s  s e t  o f  t e s t  p a r a m e t e r s  was u s e d  t o  e x t a b l i s h  

s c a l i n g  laws f o r  computing t h e  c o n s t i t u t i v e  pa ra -  

m e t e r s  f o r  o t h e r  box and c h a n n e l  s e c t i o n s .  Dimen- 

s i o n a l  a n a l y s i s  was used  t o  o b t a i n  t h e  a n a l y t i c a l  

form o f  t h e  s c a l i n g  law. Numerical  c o e f f i c i e n t s  

were  d e t e r m i n e d  by l e a s t  s q u a r e  f i t  of  t h e  t e s t  

d a t a .  

A d e s c r i p t i o n  of  t h e  h i n g e  p r o p e r t i e s  tests and  t h e  d e t a i l e d  

e x p e r i m e n t a l  r e s u l t s  a r e  g i v e n  i n  Volume 2 .  

1 . 3  Reconrilendations 

A .  Program Improvements 

1. The b a s i c  mechanism a l g o r i t h m  n e e d s  t o  b e  g e n e r a l i z e d  

t o  i n c l u d e  unsymmetr ic  b e h a v i o r ,  i . e .  d i f f e r e n t  

c h a r e c t e r i s t i c  c u r v e  i n  t e n s i o n  and compres s ion ,  sad 

u n l o a d i n g  h y s t e r e s i s  b e h a v i o r .  Also  t h e  p r e s e n t  

v e r s i o n  of  t h e  s i m u l a t i o n  program d o e s  n o t  e x p l i c i t l y  

compute t h e  ene rgy  d i s s i p a t i o n  i n  m e c h a n i s m .  

2 .  I n  t h e  p r e s e n t  v e r s i o n  a l l  i n p u t  d a t a  must be  s p e c i f i e d  

w i t h  r e s p e c t  t o  t h e  g l o b a l  i n i t i a l  r e f e r e n c e  f r a m e .  



F o r  conven ience  i n  d a t a  p r e p a r a t i o n  t h e  program 

s h o u l d  be m o d i f i e d  t o  a c c e p t  d a t a  i n  a  modular  

r e f e r e n c e  f r a m e .  Also  t h e  o u t p u t  processes s h o u l d  

b e  m o d i f i e d  t o  p e r m i t  u s e r  s p e c i f i c a t i o n  of  r e -  

f e r e n c e  f r ame  f o r  o u t p u t  q u a n t i t i e s .  

3. The v e r s a t i l i t y  o f  t h e  program c o u l d  be i n c r e a s e d  

by t h e  development  and i n c o r p o r a t i o n  o f  a d d i t i o ~ a l  

mechanisms. I n  p a r t i c u l a r  t h e r e  i s  a  need  f o r  

" f r i c t i o n  mechanisms" f o r  u s e  i n  r e g i o n s  o f  

c o n t a c t ,  and " h y d r a u l i c  mechanisms" f o r  model ing  

components where  f o r c e  t r a n s m i s s i o n  depends  upon 

t h e  d e f o r m a t i o n  r a t e s .  

4 .  The c u r r e n t  v e r s i o n  h a s  no p r o v i s i o n  , to  a c c o u n t  

f o r  f r a c t u r e .  P r o c e d u r e s  f o r  i n c o r p o r a t i n g  jump 

d i s c o n t i n u i t i e s  i n  f o r c e s  s h o u l d  b e  i n c l u d e d  i n  

t h e  program.  

5 .  Da ta  i n p u t  c o u l d  be  s i m p l i f i e d  by t h e  a d d i t i o n  o f  

d e f a u l t  modes and t h e  i n t e r n a l  c a l c u l a t i o n  of  some 

d i r e c t i o n  c o s i n e  m a t r i c e s  now r e q u i r e d  a s  i n p u t .  

B .  I?iur,?erical I n t e g r a t i o n  S tuc i ies  

A s  d i s c u s s e d  i n  d e t a i l  i n  t h e  n e x t  C h s p t e r ,  UMVCS-1 

employs 2 v a r i a b l c  s t e p  i m p l i c i t  i n t e g r a t i o n  p r o c e d u r e .  The 

a c c e l e r a t i o n  i nc remen t  is app rox ima ted  by backward 

d i f f e r e n c e s .  C u r r e n t  s t e p  s i z e  i s  choosen on  t h e  b a s i s  



of t h s  y i e l d  func t ion  e r r o r  i n  t h e  previous  s t e p .  Our 

r e s u l t s  demonstrate t h a t  t h e  procedure is efficient and 

s u f f i c i e n t l y  accura te  f o r  t h e  a p p l i c a t i o n s  of i n t e r e s t .  

Nevertheless t h e r e  is a  need f o r  a d d i t i o n a l  n m e r i c a l  

s t u d i e s  t o  e s t a b l i s h  t h e  o p t i o n a l  i n t e g r a t i o n  s t r a t e g y .  

Two suggested s t u d i e s  a r e :  

1. Step s i z e  is  c o n t r o l l e d  by u s e r  s p e c i f i e d  upper 

and lower bounds on t h e  incremental  y i e l d  func t ion  

e r r o r .  In genera l  wide bounds i nc rea se  s t e p  s i z e  

and e f f i c i e n c y  a t  t h e  s a c r i f i c e  of accuracy.  There 

is a  need f o r  numerical s t u d i e s  t o  determine i n  

d e t a i l  t h e  accuracy-ef f ic iency  t radeof f  a s  a  func t ion  

of e r r o r  bounds. 

2 .  The backward d i f f e r e n c e  approximation f o r  t h e  

a c c e l e r a t i o n  increment was choosen because of 
R. 

prev ious  s t u d i e s  i n d i c a t i n g  i t s  s t a b i l i t y  p r o p e r t i e s  

i n  p l a s t i c i t y  a p p l i c a t i o n s .  There may b e ,  however, 

more accu ra t e  r e p r e s e n t a t i o n s  which would r e t a i n  

t h e  e s s e n t i a l  s t a b l e  cha rac t e r .  Thus ail opt imal  

i n t e g r a t i o n  s t u d y  r e q u i r e s  some comparative s t u d i e s  

be;l:ieex obtained v i t h  2if f e r e ~  c scce le re t i cn  

approximations. 

C .  \.!odeling S tud i e s  and Addit ional  Research 

The s imula t ion  program U1NCS-1 is  a s p e c i a l  purpose 

program s i n c e  t h e  a v a i l a b l e  modeling elements and modular 



i n p u t  s t r u c t u r e  a r e  d i r e c t e d  s p e c i f i c a l l y  t owards  v e h i c l e  

i m p a c t .  I n  many r e s p e c t s ,  however,  i t  p r o v i d e ?  t h e  u s e r  

w i t h  t h e  g e n e r a l i t y  a s s o c i a t e d  w i t h  more c o n v e n t i o n a l  

f i n i t e  e l emen t  p rograms .  The f l e x i b i l i t y  cf t h e  program 

p e r m i t s  t h e  u s e r  t o  employ t h e  a v a i l a b l e  s t r u c t u r a l  

e l e m e n t s  t o  model s p e c i f i c  v e h i c l e  sub -a s sembl i e s  i n  a  

v a r i e t y  o f  ways a p p r o p r i a t e  t o  t h e  p a r t i c u l a r  problem 

under  c o n s i d e r a t i o n .  The p h y s i c a l  v a l i d i t y  o f  t h e  

r e s u l t s  is  of  c o u r s e  dependent  upon t h e  a p p r o p r i a t e n e s s  

o f  t h e  assumed model .  

Under t h e  p r e s e n t  c o n t r a c t  we have g a i n e d  c o n s i d e r a b l e  

e x p e r i e n c e  i n  model ing f r ame  t y p e  components o f  t h e  

v e h i c l e ,  b u t  o n l y  l i m i t e d  e x p e r i e n c e  i n  employing t h r e e  

d i m e n s i o n a l  mechanisms f o r  model ing  non-frame components.  

Thus 5ve reco;nmend t h a t  t h e  s i m u l a t i o n  b e  employed i n  a 

' v a r i e t y  of  model ing  and s e n s i t i v i t y  s t u d i e s .  I n  p a r t i -  

c u l a r  t h e s e  s t u d i e s  s h o u l d  i n c l u d e :  

1. Crash  c o n f i g u r a t i o n s  i n v o l v i n g  i n t e r a c t i o n  between 

f r ame  and non-frame components.  

2 .  C ra sh  c o n f i g u r a t i o n s  ( e . g .  s i d e  i m p a c t )  f o r  which t h e  

p a s s e r g e r  coripartment s h o u i d  be  modeled as  a  deforrn- 

a b l e  body. 

3. V e h i c l e  TO v e h i c l e  impact  i n v o l v i n g  r e l a t i v e  mot ion  

of  t h e  impact  p o i n t .  



I t  is expected t h a t  such  s t u d i e s  would both iden t i fy  

new mechanisms t o  be incorporated i n  t h e  s i m u l a t i c , n  and 

develop a methodology f o r  determining mechanism parameters 

from more d e t a i l e d  s t u d i e s  of  spec i f i c  components. 



2 .  U n i v e r s i t v  o f  ?lTichigan V e h i c l e  

Crash  S i n u l a t i o n  

2 . 1  G e n e r a l  D e s c r i p t i o u  of  Program 

The program Ul.NCS-1 i s  d e s i g n e d  t o  f a c i l i t a t e  t l i ~  s y n t h e s i s  

o f  v e h i c l e  s t r u c t u r e s  f rom a  v a r i e t y  o f  model ing  c o n c e p t s .  With- 

i n  t h e  c o n t e x t  of  a  s i n g l e  program i t  a l l o w s  t h e  c r e a t i o n  o f  

e s s e n t i a l l y  d i f f e r e n t  v e h i c l e  models  t h a t  a r e  a p p r o p r i a t e  f o r  

a p a r t i c u l a r  c r a s h  s i t u a t i o n  o r  d e s i g n  p u r p o s e .  T h i s  f l e x i b i l i t y  

is a c h i e v e d  t h r o u g h  a  modular  c o n c e p t .  The program v i ews  t h e  

v e h i c l e  a s  a c o l l e c t i o n  o f  modules ,  e a c h  r e p r e s e n t i n g  a  

p a r t i c u l a r  p h y s i c a l  sub-assembly s u c h  a s  p a s s e n g e r  compar tment ,  

s t u b  f r a m e ,  d r i v e - t r a i n ,  s u s p e n s i o n  s y s t e n ,  e t c .  The u s e r  may 

s p e c i f y  e a c h  module i n d e p e n d e n t l y  b o t h  i n  model ing  c o n c e p t  and  

d e t a i l e d  n u m e r i c a l  d e s c r i p t i o n .  Any number of  modules  may b e  

elilployed i n  a  g i v e n  s i m u l a t i o n .  hloreover a p a r t i c u l a r  sub-assembly 

may b e  c h a r a c t e r i z e d  d i f f e r e n t l y  i n  d i f f e r e n t  a p p l i c a t i o n s .  Fo r  

example t h e  p a s s e n g e r  compartment may b e  modeled a s  a r i g i d  

body i n  o n e  s i m u l a t i o n  and a  d e f o r m a b l e  f r ame  i n  a n o t h e r .  The 

u s e r  need  o n l y  change  t h e  i n p u t  d a t a  f o r  t h e  p a r t i c u l a r  module .  

I t  s h o u l d  b e  n o t e d  t h a t  s t o r a g e  r e q u i r e m e n t s ,  i n t e r n a l  d e s i g n a -  

t i o n  o f  v a r i a b l e s ,  and d i m e n s i o n i n g  are  a l l  hand led  a u t o m a t i c a l l y  

w i t h i n  t h e  program.  Tnus t h e  u s e r  ~ s y  u s e  any number and  t y p e  o f  

modules  w i t h o u t  s p e c i f y i n g  any a d d i t i o n a l  i n f o r m a t i o n  o r  making 

any changes  i n  p r o g r a n  i n s t r u c t i o n s .  

I n p u t  t o  t h e  program is o r g a n i z e d  i n  t h r e e  l e v e l s  a s  s u m a r i z e d  

i n  T a b l e  1. Fach  module is s p e c i f i e d  i n  terms of  s t r u c t u r a l  com- 

p o n e n t s  and t h e  c o n n e c t i o n s  between components .  I n  t h e  p r e s e n t  

-17- 



Table 1: Data Input Levels 

Vehicle : Position and Orientation 
Connections Between Modules 

Elodule : Position and Orientation 
Connections Between Components 
Within Module 

Compofient: Position and Orientation 
Component Parameter Specifications 
Nodal Location and Parameter 

Specification 
Element Orientation and 

Parameter Specification 



v e r s i o n  o f  t h e  program components may be e i t h e r  a g e n e r a l  deform- 

a b l e  f rame o r  a  r i g i d  body .  The f r ame  components are d z f i n e d  

by a  s e t  of  n o d a l  p o i n t s  c o n n e c t e d  by e l e m e n t s  which  are  d e s c r i b e d  

i n  more d e t a i l  i n  t h e  n e x t  s e c t i o n .  C o n n e c t i o n s  be tween  components  

o r  modules  may e i t h e r  b e  i d e a l i z e d  c o n n e c t o r s  l i k e  b a l l  and 

s o c k e t  and  r i g i d  j o i n t s  o r  by any o f  t h e  d e f o r m a b l e  e l e m e n t s  

employed i n  components .  A t  e a c h  l e v e l  o f  i n p u t  t h e  d e s c r i p t i o n  

i s  i n  terms o f  u s e r  s p e c i f i e d  a l p h a n u m e r i c  names which  need  o n l y  

b e  u n i q u e  w i t h i n  a  g i v e n  l e v e l .  Thus t h e  i n p u t  f o r m a t  is d i r e c t e d  

toward  mo6.el s y n t h e s i s .  The r e s u l t i n g  d a t a  se t  i s  e s s e n t i a l l y  

a  l i t e r a l  p h y s i c a l  d e s c r i p t i o n  of  t h e  v e h i c l e .  

The program s t r u c t u r e  which implements  t h e  above  c o n c e p t s  

c o n s i s t s  of  two main p r o c e s s o r s .  These a r e  i l l u s t r a t e d  s c h e m a t i c a l l y  

i n  F i g .  1. The I n p u t  P r o c e s s o r  t r a n s f o r m s  t h e  i n p u t  d a t a  set  

i n t o  a  b i n a r y  d a t a  f i l e  f o r  t h e  Computat ion P r o c e s s o r .  I n  t h e  

p r o c e s s  s t o r a g e  r e q u i r e m e n t s  a r e  computed and  s t o r a g e  t a b l e s  

e s t a b l i s h e d .  An i d e n t i f i c a t i o n  i n d e x  v a r i a b l e  is e s t a b l i s h e d  which  

l o c a t e s  a l l  v a r i a b l e s  r e q u i r e d  i n  t h e  Computat ion P r o c e s s o r .  F i n a l l y  

t h e  I n p u t  P r o c e s s o r  writes a  d u m y  main program w i t h  t h e  c o r r e c t  

d imens ion  s t a t e n e n - t s  f o r  e x e r c i s i n g  t h e  compu ta t ion  p h a s e .  A 

c o m p l e t e  d e s c r i p t i o n  of t h e  program and  an  example o f  t h e  modular  

i n p u t  i s  g i v e n  i n  V o l .  3 .  

2 . 2  S i m u l a t i o n  P r o c e d u r e  

A s  i n d i c a t e d  above two component t y p e s  a r e  a v a i l a b l e  i n  t h e  

p r e s e n t  v e r s i o n  o f  t h e  program. The r i g i d  body component is  u s e d  

-19- 
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t o  model masses whose f i n i t e  dimensions and r o t a t i o n a l  i n e r t i a  

cannot be neglected.  T h i s  component permits the  mass t o  i n t e r a c t  

w i t h  o the r  s t r u c t u r a l  components a t  any number of nodes a r b i t r a r i l y  

located on the  mass. 

The deformable frame component may consis t  of an a r b i t r a r y  

number of elements connected a t  node poin ts .  Thrce t r a n s l a t i o n a l  

and t h r e e  r o t a t i o n a l  degrees of freedom a re  associated w i t h  

each node. The modeling elements ava i lab le  f o r  use i n  frame 

components a r e  suiinmarized i n  Table 2 .  

The bas ic  beam element is based on a s t r u c t u r a l  p l a s t i c i t y  

theory which genera l izes  the  concept of a  p l a s t i c  hinge t o  l a r g e  

th ree  dimensional r o t a t i o n s .  T h i s  theory i s  given i n  d e t a i l  i n  

Appendix A .  The theory accounts fo r  l o c a l  deformation a t  the  

hinge. The renaining elements a re  th ree  dimensional extensions 

of the  nonlinear " res is tances"  used i n  one dimensional crash 

s imulat ions.  Each mechanism i s  character ized by a t t fo rce l f  curve 

(o r  curves) which may be a r b i t r a r i l y  spec i f ied  i n  tabular  form 

as  a  function of an appropriate kinematic var iable .  \'/hen t h e  

four elements of t h i s  t y p e  a re  used together ,  they transmit a 

force and couple vector character ized by s i x  "force-deformation" 

curves.  
For both the  beam element and generalized mechanisms we have 

i n  increnenta l  form 
i ?  ( OF. 1 

I * .  I = KE(t ) 
roci 1 

1 A R J  ~ k + l  1 GDJ k + l  

where i and *j denote the  node poin ts  connected by t h e  element, R is - 



T a b l e  2 : A v a i l a b l e  Jlodeling Elements  

Element S p e c i f i c a t i o n  

P l a s t i c  Hinge Beam F i n i t e  Element Beam and Hinge 
P r o p e r t i e s  

E x t e n s i o n a l  S p r i n g  G e n e r a l i z e d  hlechanism Tabu la r  Fo rce  
Deformation Curve 

Shea r  Connector  G e n e r a l i z e d  ?,Techanism Two T a b u l a r  Fo rce  
Deformation Curves  

Bending Connec tor  G e n e r a l i z e d  Mechanism Two T a b u l a r  F o r c e  
Deformation Curves  

T o r s i o n a l  S p r i n g  G e n e r a l i z e d  !lIechanism Tabu la r  Fo rce  
Deformation Curve 



t h e  g e n e r a l i z e d  f o r c e  v e c t o r  ( t h r e e  f o r c e  and t h r e e  c o u p l e  

components ) ,  and D i s  t h e  g e n e r a l i z e d  n o d a l  d i s p l a c e m e n i s .  The ". 
e lement  s t i f f n e s s  m a t r i x  depends  upon t h e  c u r r e n t  s t a t e .  The 

d m i v a t i o n  of  f o r  a  beam e l emen t  may b e  found  i n  Appendix A .  

The r e s u l t s  f o r  t h e  g e n e r a l i z e d  mechanisms a r e  g i v e n  i n  Appendix 

C .  The n o t a t i o n  PIJktl d e n o t e s  

The f i r s t  s t e p  i n  a s sembl ing  t h e  sys t em e q u a t i o n s  i s  done 

by t h e  I n p u t  P r o c e s s o r .  I t  i d e n t i f i e s  a l l  f rame components 

and s e q u e n t i a l l y  a s s i g n s  i n t e r n a l  node numbers.  L ikewise  i t  

i d e n t i f i e s  a l l  r i g i d  body components and s e q u e n t i a l l y  a s s i g n s  

a  r i g i d  body i d e n t i f i c a t i o n  number. Thus  t h e  i n p u t  d a t a  s p e c i f i e d  

by t h e  u s e r  i n  terms of  a  p h y s i c a l  d e s c r i p t i o n  of  t h e  v e h i c l e  

model is t r a n s l a t e d  t o  a  d a t a  s e t  f o r  a  s i n g l e  f r ame  module and 

s e v e r a l  r i g i d  b o d i e s .  I n  t e r m s  o f  t h i s  d e s c r i p t i o n  t h e  I n p u t  

P r o c e s s o r  s e t s  up c o n n e c t o r  a r r a y s  which i d e n t i f i e s  t h e  t y p e  

of c o n n e c t o r  ( b e a x  e l e m e n t ,  mechanism, o r  i d e a l  c o n n e c t o r )  be- 

tween e a c h  f rame and r i g i d  body node.  

V i t h  t h e  i n p u t  i n  t h i s  fo rma t  xhe Computation P r o c e s s o r  

nssembles  t h e  syscem o a t r i c e s  from z h e  n o d a l  and r i g i d  body 

e q u a t i o n s  of n o t i o n .  The e q u a t i o n s  o f  n o t i o n  f o r  t h e  i t h  f rame node 

a r e  i n  i n c r e m e n t a l  form 



i where D a re  t h e  f;eneralizecl nodal di.splxcerr,ents of t h e  i t h  node 

j rir~d ?l i s  t h e  nodal  mass rn i~ t r - ix .  'She summation on t h e  r i g h t  hand 

s i d e  denotes t h e  sum of i n t e r n a l  connector f o r c e  increments,  

and A F ~  i s  t h e  increment i n  e x t e r n a l  f o r c e .  The e x t e r n a l  
" k + l  

fo rce s  a r e  s p e c i f i e d  by t h e  u se r  i n  t a b u l a r  form. The program 

computes t h e  app rop r i a t e  i nc reme ;~ t  a t  each time s t e p .  

I n  incremental  form t h e  r i g i d  body equat ions  of motion have 

t h e  form ( s e e  Appendix B )  

kt where AD denotes t h e  displacement increments of t h e  cen t e r  of - 
g r a v i t y  and t h e  r i g i d  body r o t a t i o n  increments,  yrn a r e  t he  e x t e r n a l  

* 

genera l ized  f o r c e s  ( f o r c e  and couple)  ac t i ng  on t h e  r i g i d  body 

nodes, R" a r e  t h e  cor~nec tor  f o r c e s ,  and T a r e  bppropr ia te  t r a n s -  rn 

formation ma t r i ce s  depending on t h e  l oca t i on  of t h e  node r e l a t i v e  

t o  t h e  r i g i d  body c . g .  

E q .  (1) i s  used  t o  e l imina t e  t h e  i n t e r n a l  fo r ce s  from ( 3 )  

: ~ c d  ( 1 ) .  I f  2 F-od.3 is  n r i g i d  bacly n o d e ,  t h e  correapon2inz 

genera l ized  displacement increment on t h e  r i g h t  hand s i d e  of (I) 

is  expressed i n  terms of  AD^ through an approx ima~e  t r ans fo rna t ion  - 
matr ix .  For i d e a l  connectors t h e  unknown connector fo r ce  is 

e l imina ted  between the approp r i a t e  i t h  and j t h  node equa t ions .  

The i t h  equat ions  a r e  then replaced by t h e  c o n s t r a i n t  condi t ions  



implied by t h e  connector ( f o r  example ADi ,w - AD' ." = 0 f o r  a r i g i d  

connec tor ) .  The r e s u l t i n g  g loba l  equa t ions  have t h e  form 

. . 
MAU + CAU + KAU = AF 

"k+ l  --k+l ."k+l -k+l  

where t h e  c o e f f i c i e n t  ma t r i ce s  a r e  f .unctions of t h e  c u r r e n t  s t a t e  

and AF is a known v e c t o r .  
% 

Displacement boundary cond i t i ons  o r  imposed displacements  

a r e  t r e a t e d  by c o n t r a c t i o n  of t h e  mat r ix  equa t ions .  I n  UkIVCS-1 

t h e  displacement time h i s t o r y  of a  node may be s p e c i f i e d  

a r b i t r a r i l y  i n  t a b u l a r  form. I n  add i t i on  nodes may be  stopped 

i n  a  s p e c i f i e d  t ime o r  s topping  d i s t a n c e .  The s topping  d i s t a n c e  

may be e i t h e r  wi th  r e s p e c t  t o  t h e  i n e r t i a l  frame o r  r e l a t i v e  

t o  a second node. D e t a i l s  a r e  given i n  Vol. 3 .  An example of 

t h e  use  of  such cond i t i ons  i s  descr ibed  i n  Chapter 5 .  Af te r  

c o n t r a c t i o n  t h e  system equat ion r e t a i n  t h e  form ( 5 ) ,  t h e  

r i g h t  hand s i d e  now conta in ing  t h e  imposed displacement increments 

as we l l  a s  t h e  increments i n  e x t e r n a l  f o r c e s .  

2 . 3  E'umerical I n t e g r a t i o n  Procedure 

To i n t e g r a t e  ( 5 ) ,  t h e  a c c e l e r a t i o n  and v e l o c i t y  increments 

a r e  rep laced  by t h e  backward d i f f e r e n c e s  

where A t k + l  denotes (tk+l - t k )  a n d  



Introducing ( 7 j  i n t o  ( 5 )  gives 

where 

P = / hZLl + ( A t  )-'C I AU - hgM AUy-l 1 k I -k + *!k+l 

E q .  8 is solved by a modified Gaussian el iminat ion procedure. 

There a r e  a number of reasons for  t h i s  p a r t i c u l a r  choice 

of i n t e g r a t i o n  procedure. For l i n e a r  opera tors  backward d i f ferences  

a re  inherent ly  s t a b l e .  From our experience it appears t h a t  t h e y  

a re  a l s o  s t a b l e  f o r  the  nonlinear problem of i n t e r e s t  here .  

Numerical s t a b i l i t y  i s  an e s s e n t i a l  requirement i n  t h e  modeling of 

vehicle  crash.  In s t r u c t u r a l  crashworthiness appl ica t ions  the  

dynamic p l a s t i c c o l l s _ n s e i s  of prime i n t e r e s t .  The inherent  time 

s c a l e  of t h i s  phenomenon i s  general ly  nuch longer than the  time 

s c a l e  of e l a s t i c  wave propagation and h i g h  frequeccg o s c i l l a t i o n s .  

For efficient in tegra t ion  we would like t o  choose a  t i n e  s t e p  which 

suppresses these  e f f e c t s .  I n  general  t h i s  i s  poss ib le  only i f  

s t a b i l i t y  i s  not an i s sue .  

The use of var iable  s t ep  size i s  a lso  important i n  the  pre- 

sen t  app l i ca t ion .  The form of t h e  element s t i f f n e s s  ~ a t r i x  



depends  upon whe the r  a p l a s t i c  h i n g e  h a s  formed a t  o n e  o r  b o t h  

of  t h e  e l emen t  b o u n d a r i e s .  An i n h e r e n t  d i  f f  i c i i l  t y  wi t h  the 

p l a s t i c  h i n g c  concept  is t h a t  a g i v e n  inc remen t  may c a u s e  tile 

s o l u t i o n  t o  " o v e r s h o o t "  t h e  g e n e r a l i z e d  y i e l d  f u n c t j o n  which 

g o v e r n s  t h e  hi , lge b e h a v i o r .  S i n c e  t h e  y i e l d  f u n c t i o n  depends  

n o n l i n e a r l y  on  t h e  i n z r e m e n t ,  an  i t e r a t i v e  s c a l i n g  p r o c e d u r e  i s  

r e q u i r e d  f o r  which t h e  v a r i a b l e  s t e p  form i s  c o n v e n i e n t .  

The v a r i a b l e  s t e p  p r o c e d u r e  i s  a l s o  a  ma jo r  f a c t o r  i n  

i n t e g r a t i o n  e f f i c i e n c y .  We have l ound  t h a t  d u r i n g  t h e  i n i t i a l  

s t a g e  of  m o t i o n ,  which is  t h e  p e r i o d  of a c t i v e  h i n g e  f o r m a t i o n ,  

r e l a t i v e l y  srn211 x i m e  s t e p s  a r e  r e q u i r e d .  Once a c o l l a p s e  mode 

has formed,  however ,  t h e  r e s p o n s e  may b e  f o l l o w e d  employing much 

l a r g e r  s t e p s .  The e r r o r  measure  u s e d  t o  c o n t r o l  s t ep  s i z e  i n  t h e  

p r e s e n t  program is  t i l e  i n c r e m e n t a l  change  i n  t h e  y i e l d  f u n c t i o n .  

Deno t ing  t h e  y i e l d  f u n c t i o n  by f ,  t h e  e x a c t  s o l u t i o n  s a t i s f i e s  

Ke d e f i n e  

I f  E e x c e e d s  a s 2 e c i f i e d  u p p e r  bound,  t h e  t i m e  inc remen t  f o r  t h e  

n e x t  s t e p  is  r e d u c e d .  Conve r se ly  i f  E i s  less than  a s p e c i f i e d  

lower  bound,  t h e  s t e p  s i z e  i s  i n c r e a s e d .  I n  a d d i t i o n  a  maximun 

s t e p  s i z e  i s  imposed which i n s u r e s  t h a t  t h e  r o t a t i o n  i n c r e m e n t s  

a r e  s u f f i c i e n t l y  s m a l l  f o r  a c c u r a t e  u p d a t i c g  of t h e  deformed geome t ry .  

The s i m u l a t i o n s  d i s c u s s e d  i n  t h e  n e x t  t h r e e  C h a p t e r s  i l l u s t r a t e  

t h e  u s e  o f  this p r o c e d u r e  and de inons t r a t e  i t s  c h a r a c t e r i s t i c  

f e a t u r e s  w i t h  r e s p e c t  t o  e f f i c i e n c y  and a c c u r a c y .  



3 .  S t a t i c  Val ida t ion  Tes t s  

3 .1  In t roduc t ion  

One of t h e  advantages of  t h e  p resen t  formulat ion is  i ts 

d i r e c t  app l i . c ab i l i t y  t o  s t a t i c  c rush  problems. A s t a t i c  s o l u t i o n  

is  ob ta ined  by s e t t i n g  a l l  mass terms t o  ze ro .  I n  t h i s  case  time 

i s  simply a  parameter which is used t o  spec i fy  t h e  increment i n  

e x t e r n a l  fo r ce  o r  imposed displacement.  In  t h i s  Chapter we 

compare experimental  and p red i c t ed  r e s u l t s  f o r  two s t a t i c  t e s t s .  

The f i r s t  i s  a  combined bending-torsion t e s t  of a  s i n g l e  beam 

specimen. The t e s t  was designed a s  a  pre l iminary va l i ' da t ion  

of t h e  p l a s t i c  hinge theory inc lud ing  t h e  e f f e c t s  of l o c a l  

deformation.* The second t e s t  i s  t h e  s t a t i c  crush of a  frame 

s t r u c t u r e .  

The frame elements f o r  both t e s t s  were l"xl"x.075" 1040 

mechanical s t e e l  tubing.  Tens i l e  t e s t  d a t a  (see Appendix D )  

i nd i ca t ed  t h e  ma te r i a l  could be considered a s  an e l a s t i c -pe r -  

6 f e c t l y  p l a s t i c  w i t h  an e l a s t i c  modulus of 20x10 p s i  and a  y i e l d  

s t r e s s  of 61,509 p s i .  The requ i red  p l a s t i c  hinge p r o p e r t i e s  were 

obtained from t h e  t e s t s  descr ibed i n  Appendix D .  

Addi t ional  combined loading t e s t s  a r e  descr ibed i n  Volume 2 
i n  connection with t h e  determinzt ion of hinge p r o g e r t i e s  f o r  
a  v a r i e t y  of c ro s s  s e c t i o n  shapes .  



3 . 2  Combined Loadin? if inge V c z l i  d a t i o n  Tos t  

Tlle t e s t  c o n f i g u r a t i o n  f 'or t h e  conlbined l o a d  t e s t  is  

shown i n  F i g .  2 .  I t  c o n s i s t s  of a doub le  c a n t i l e v e r  spec imen ,  

e a c h  specirnen 5 . 5  i n c h e s  i n  l e n g t h .  The ends  o f  t h e  c a t i l e v e r s  

a r e  a t t a c h e d  t o  r i g i d  b a r s  a t  r i g h t  a n g l e s .  The sys tem is 

l o a d e d  t h r o u g h  h i g h  s t r e n g t h  c a b l e s  and a sys t em of u n i v e r s a l  

j o i n t s  t h a t  app rox ima te  a  b a l l  and s o c k e t  j o i n t .  Symnetry i n s u r e s  

a  z e r o  s l o p e  a t  t h e  r o o t  of t h e  c a t i l e v e r .  The i n i t i a l  geometry 

is shown i n  F i g u r e  3 .  

The c a b l e  u sed  i n  l o a d i n g  was s t a n d a r d  1 / S  i n c h  d i a m e t e r  

s t r a n d e d  c a b l e  corrmonly u sed  i n  a i r c r a f t  c o n t r o l  s y s t e m s  with 

b r e a k i n g  s t r e n q t h  of 2003 l b s ,  The c a b l e  was loaded  and un- 

l o a d e d  s e v e n  times i n  o r d e r  t o  a l i g n  t h e  f i b e r s  i n  t h e  most 

i n e x t e n s i b l e  p o s i t i o n .  A f t e r  f i v e  c y c l e s  t h e  l o a d  d i s p l a c e -  

ment c u r v e  was r e p e a t a b l e  w i t h  a s t i f f n e s s  o f  5 ,830 $ / i n .  

T e s t  r e s u l t s  a r e  shown i n  F i g u r e  4 a s  t h e  v e r t i c a l  f c r c e  

component i n  t h e  c a b l e  v e r s u s  t h e  v e r t i c a l  d i s p l a c e m e n t  o f  

t h e  upner  end of  t h e  c a b l e .  A t  low l o a d s  t h e  sys t em is e l a s t i c .  

A h i n g e  t h e n  f o r a s  a t  t h e  r o o t  o f  t h e  c a n t i l e v e r  under  e s s e n t i -  

a l l y  combined bend ing  and t o r s i o n .  T o r s i o n a l  r o t a t i o n  dominated 

e a r l y  i n  t h ~  h i n ~ i n g  n c ~ i o n  i i i t h  b s n d i ~ g  112comlug r2ore p ro -  

nounced w i t h  i n c r e a s i n g  d e f o r m a t i o n .  A t  v e r y  l a r g e  d i s p l a c e -  

ments  t h e  l o a d  becones  more a l i g n e d  w i t h  t h e  t u b e  a x i s  a c c o u n t i n g  

f o r  t h e  r a p i d  hardening of  t h e  sys t em f o r  d i s p l a c e n e n t s  g r e a t e r  

t h a n  f i v e  i n c h e s .  Throuyhout  t h e  t e s t ,  changes  i n  geometry tend  

t o  ha rden  t h e  s y s t e m .  O v e r  most o f  t h e  t e s t  t h i s  is  c o u n t e r a c t e d  



by t h e  decrease i n  t h e  l o a d  c a r r y i n g  c a p a c i t y  of t h e  h i n g e .  

The f i n a l  deformed shape  is  shown i n  F i g u r e  5. The r o t a t i ~ n  in 

hot:! bending  and t o r s i o n  exceeded 45 d e z ~ e e s .  

The computed fo rce -de fo rma t ion  c u r v z  is compared w i t h  t h e  

t e s t  r e s u l t  i n  F i g u r e  4 .  Agreement is  good o v e r  t h e  e n t i r e  de- 

f o r m a t i o n  r a n g e .  
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3 . 3  S t a t i c  Crush of  Space Ikarne 

The welded s p a c e  f rame is  shown i n  P i g .  6 .  I t  c o n s i s t s  

of a f o r e s t r u c t u r e  welded t o  a r i g i d  p l a t e  which is  connec ted  

t o  a  second  p l a t e  t h rough  a  r e a r  s t r u c t u r e .  The r e a r  p l a t e  

was clamped t o  t h e  bed of  t h e  t e s t i n g  machine,  and the  frame 

mas moved i n  t h e  n e g a t i v e  X2 d i r e c t i o n  ( s e e  F i g .  8)  a g a i n s t  a 

r i g i d  p o l e  i n d e n t e r .  The r e a r  s t r u c t u r e  remained e l a s t i c ,  b u t  

t h e  f o r e s t r u c t u r e  was c rushed  l o n g i t u d i n a l  about  4 . 8  i n c h e s  

which is  o v e r  50% of  t h e  o r i g i n a l  f o r e s t r u c t u r e  d imens ions .  

The  f i n a l  deformed c o n f i g u r a t i o n  is shown i n  F i g . 7 .  

The n o d e l  enployed  f o r  t h e  computer s i m u l a t i o n  i s  shown 

i n  F i g .  8 .  I t  c o n s i s t s  of  1 5  nodes,  1 2  beam e l emen t s  and 2 r i g i d  

p l a t e  e l e m e n t s .  Beam p r o p e r t i e s  were computed from c r o s s  

s e c t i o n a l  d imens ions .  

The e x p e r i n e n t a l  fo rce -de fo rma t ion  c u r v e  i s  g i v e n  by t h e  

c i r c l e d  p o i n t s  i n  F i g .  9 .  The anomalous behav io r  o f  t h e  t e s t  

i n  t h e  r e g i o n  of  maximum l o a d  i s  b e s t  e x p l a i n e d  by F i g .  10 which 

shows t h e  t r a n s v e r s e  d i sp l acemen t  of t h e  c o n t a c t  node U v e r s u s  I 
t h e  l o c q i t u d i n a l  d i sp l acemen t  U2. I n i t i a l l y  t h e  t r a n s v e r s e  d i s p l a c e -  

pent  was e v i d e n t i y  c o n s t r ~ ~ i c e d .  A sudden s l i p p i n g  of  t h e  c o n t a c t  

2 ~ d e  a l o n ~  t he  i c d 2 n t o r  o c z u r r c d  2-t  shoat 3//4 i c c h e s  o f  l o a g i -  

t u d i n a l  d i s p l a c e m e n t .  T h i s  sudden s l i p  is accompanied by a  

s h a r p  drop  i n  l o a d .  The t r a n s v e r s e  d i sp l acemen t  t h e n  i n c r e a s e s  

monotonica l?y  a s  t h e  de fo rma t ion  p roceeds .  I t  shou ld  b e  no ted  

t h a t  t h e  e x p e r i n e n t a l  t r a n s v e r s e  d i sp l acemen t  i s  su79,ject  t o  a f a i r l y  

l a r g e  r e l a t i v e  e r r o r .  Due t o  s e v e r e  loca l .  de fo rma t ion  a t  t h e  



contact  node, accura te  measurement of the  nodal displacement 

w x s  d i f f i c u l t  . 
I L ir; c l e a r  t h a t  t h e  t e s t  boundary c:onditions a t  t h e  corltact 

nods n re  complex. To examine t h e  e f f e c t  of boundary condi t ions ,  

p r e l i n ina ry  computations were made f o r  t ~ o  d i f f e r e n t  cases :  

( i )  Transverse Force F = 0 1 

( i i )  Transverse Displacement U, = 0 
I 

In  both cases  t h e  contact  node was assumed f r e e  t o  r o t a t e .  The 

computed r e s u l t s  f o r  t h e  f i r s t  two inches  of crush a r e  shown 

i n  F ig .  3. A s  a n t i c i p a t e d  these  l i m i t i n g  cases  bracket  t he  

experimental r e s u l t .  

As a more severe  t e s t  of t he  theory,  a  t h i r d  case  was 

considered i n  which t h e  t r ansve r se  displacement U was s p e c i f i e d  1 

by t he  piece-wise l i n e a r  approximation t o  t h e  experimental ly 

observed curve shown in F i g .  1 0 .  I t  was a g a i n  asswned t h a t  t h e  

contact  node was f r e e  t o  r o t a t e .  The pred ic ted  force-deformation 

curve i s  s1:o~;n a s  t he  dashed curve i n  F i s .  9.  The most pro- 

nounced discrepancy i s  t h a t  t he  computed r e s u l t  shows a g r e a t e r  

so f t en ing  r a t e  f o r  displacements i n  t h e  range of 1 . 5  t o  2 . 5  inches .  

I n  gene ra l ,  however, t h e  o v e r a l l  agreement i s  good. 

C o i ~ p u t , > : t ~ r ~  :.:-?-rc. z z r r i e d  o c , ~  on The TJ::i-:?i'siiL~; c ~ f  !:ichigan 

IB!l 370/74 corn;3uter. The 4 . 8  inches of  c r u s h  requ i red  125 s t e p s .  

T o t a l  C?:' time il;a; 87 seconds. 
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Dynamic Val ida t ion  Tes t s  

4 . 1  In t roduc t ion  

This  Chapter p r e s e n t s  t h e  r e s u l t s  of two experimental  

c rash  t e s t s  designed t o  v a l i d a t e  t h e  computar s imulhcion.  The 

t e s t  s t r u c t u r e s  were i d e a l i z e d  q u a r t e r  s c a l e  models c o L s i s t i n g  

of frame and r i g i d  body e lements .  The model is shown i n  

Fig .  11. S imi l a r  s t r u c t u r e s  have been previously  used i n  s c a l e  

modeling s t u d i e s . *  I n  both t e s t s  t h e  models were impacted 

aga ins t  a p o l e  o b s t a c l e  a t  30 AIPII. The f irst  t e s t  was a  d i r e c t  

symmetric i n p a c t .  I n  t h e  second t e s t  t h e  frame was r o t a t e d  18" 

t o  t h e  d i r e c t i o n  of t r a v e l .  The  t e s t  procedure and instrumenta-  

t i o n  a r e  descr ibed  i n  a l a t e r  s e c t i o n .  

Fo r  t h e  purpose of v a l i d a t i n g  t h e  s imulat ion program a t t e n t i o n  

is focused on response v a r i a b l e s  of importance t o  crashworthiness  

a p p l i c a t i o n s .  Tn p a r t i c u l a r  d e t a i l e d  comparison is  made of pre-  

d i c t e d  and experimental  r e s u l t s  f o r  t he  co l lapsed  shape of t he  

s t r u c t u r e ,  a c c e l e r a t i o n s  a t  two l o c a t i o n s  on t h e  r e a r  (passenger 

c o ~ p a r t ~ e n t )  p l a t e ,  and the  impact fo r ce  a t  t he  po le  b a r r i e r .  For 

t ke  syLmet r i c  t e s t  agreexect  is  good f o r  a l l  v a r i a b l e s .  I n  a d d i -  

tion  he s imula t ion  accura te ly  predicted che dura t ion  of t h e  c rash  

eve2 t .  T h e  r e s u l t s  f o r  the  unsymezr i c  t e s t  a r e  oot  a s  uniformly 

s o o d .  The co l l apse   ode i s  q u a l i t z i r v e l y  c o r r e c t ,  b u t  q u a n t i t a t i v e  

d i f f e r e n c e s  a re  observed.  The a c t u a l  c r a sh  dura t ion  was about 255  

* U. S .  Bolmes, G .  S l i t e r ,  "Scale !ilodeling of Vehicle Crashes",  
SAE Paper No. 740586, 1974. 





longer than p r c d i c t e d .  , l c c ~ l e r n t i o n : j  and t he  b a r r i e r  fo rce  

show rc;aqonsble agreement over most of the  t e s t  event b ~ l t  i n  

genera l  a r e  l e s s  accura te  than t h e  synmetric ca se .  I n  t h e  

unsymmetric t e s t  s p a r t j a l  f r a c t u r e  occurrcd i n  t h e  f r o n t  beam 

i n  t h e  con tac t  r eg ion .  F rac tu re  is  not accounted f o r  i n  the  

s imula t ion ,  and t h i s  i s  t h e  probable reason f o r  t h e  d i sc repanc ies  

observed. 

The comparison of p red ic ted  and observed a c c e l e r a t i o n s  

r equ i r e s  some a d d i t i o n a l  comment. The raw a c c e l e r a t i o n  da t a  

contained c,onsiderable hiqh frequency content  due t o  e l a s t i c  

r i ng ing  of t h e  p l a t e s .  T h e  s imuiat ion neces sa r i l y  modeled t h e  

p l a t e s  a s  r i g i d  bodies which nrec iudes  comparison wi th  t h e  raw 

s i g n a l s .  Thus t h e  comparison of s imulat ion and experiment is 

s e n s i t i v e  t o  t h e  f i l t e r i n g  of t h e  raw t e s t  da t a  a s  wel l  a s  t o  

t h e  method of  numerical i n t e g r a t i o n .  

I n  t h i s  paper t h e  s imulat ion r e s u l t s  a r e  compared t o  t h e  

e x p ~ r i n e n t a l  s i g n a l  a t  t h r e e  d i f f e r e n t  f i l t e r i n g  f requencies  

(350 Hz, 5 9  I ,  60 i )  The  upper f requency f o r  comparison 

was chosen on t h e  bas i s  of xne pred ic ted  s i g n a l .  A s  d iscussed 

i n  Chapter 2 t he  program uses  an i ~ p l i c i t ,  va r i ab l c  s tep  i n t e -  

g r s t i o n  proczsur?  :;'::iz:l i e , . t e ~ ~ i n e s  i h e  s t e p  sizz a2proprlaEn 

f o r  follovring t he  dynamlc p l a s t l c  c o l l a p s e .  For t h e  s imulated 

t e s t s  t h e  frequency content  of t h e  compu~ed s i g n a l  was approxi- 

n a t e l y  309 Hz. Thus 35') Hz vias chosen a s  an app rop r i a t e  frequency 

f o r  comparison. 



4 . 2  T e s t  P rocedure  

The t e s t  s t r u c t u r e s  ( F i g . 1 1 )  a r e  i d e a l i z e d  q u a r t e r  s c a l e  

models nade  from one i n c h  s q u a r e  mechanica l  s tee l  t u b i n g  w i t h  

0 .075  i n c h  w a l l  t h i c k n e s s .  The m a t e r i a l  s t r e s s - s t r a i n  c u r v e  i: g i v e n  

i n  Appendix D .  Over t h e  s t r a i n  r ange  i n d i c a t e d  i t  can  b e  

approximated by an e l a s t i c - p e r f e c t l y  p l a s t i c  m a t e r i a l  w i t h  an 

6 e l a s t i c  modulus of  20 x 1Q p s i  and y i e l d  stress o f - 6 1 , 5 0 0  p s i .  

C h a r a c t e r i s t i c  f e a t u r e s  of  t h e  fo rma t ion  of  p l a s t i c  h i n g e s  i n  t h i s  tub-  

i n g  a r e  d i s c u s s e d  i n  Appendix D .  Two h a l f - i n c h  t h i c k  s t e e l  p l a t e s  

each  weighing 20 l b s .  a c t  a s  r i g i d  body masses .  The s t r u c t u r e s  

were H e l i - a r c e d ,  and no welds  f a i l e d  d u r i n g  t h e  t e s t s .  

A s chema t i c  of  t h e  e x p e r i m e n t a l  se t -up  i s  shown i n  F i g .  1 2 .  

The f r a n e  models were mounted on a "mini -s led"  on r a i l s .  The two 

models were e s s e n t i a l l y  i d e n t i c a l ,  e x c e p t  t h a t  t h e  o b l i q u e  model was 

aoun ted  d i f f e r e n t l y  on t h e  m i n i - s l e d  and r e q u i r e d  d i f f e r e n t  g u s s e t s .  

The o r i e n t a t i o n  of t h e  models f o r  t h e  two t e s t s i s  shown i n  F ig .13 .  

The min i - s l ed  was made from s o l i d  3" s q u a r e  b a r .  I t  was l i g h t e n e d  

by b o r i n g  each  p i e c e  t o  remove a s  much m a t e r i a l  a s  p o s s i b l e .  

Thomson s p l i t  b a l l - b u s h i n g  b e a r i n g s  were i n s e r t e d  a t  f o u r  p l a c e s .  

The t o t a l  !?;eight was 25 .5  l b s  . The t r a c k  on which t h e  mf.ni-sled 

r i d e s  v1a.s r2aae of 1-1/2"  d ia ine te r  s t e e l  r o d  s u p p o r t e d  by c o n ~ e r c i a l  

a l ~ ~ . n i n u z  r a i l s .  T h e  r a i l  system was i n  t u r n  s u p p o r t e d  by a  s t e e l  

f rmeii;orl.r vielded f Tcm 3" sir,l;are t u b i n ? .  T h i s  f ramewor;.; w3.s b o l t ~ c l  

t o  The  i ' c i ve r s i t y  o l  ',Iichi?;a,n's i n n a c ~  :<led u s i n g  ~pc:c . i : t l  :;him:.; I!, 

i n s u r e  a h o r i z o n t a l  s u r f a c e .  The p u r p o s e  o f  mounting a " s i 9 d  ugon a 

s led"  was t o  i n c r e ~ s e  t h e  r e l a t i v e  v e l o c i t y  between nir1l-s ied and p o l e  

and y e t  r;ork a t  l o n e r  impact s l e d  s i ~ e e d s .  . 

The n i n i - s l e d  was r e s t r a i n e d  t o  p r e v e n t  r e l a t i v e  motion 

d u r i n g  t h e  a c c e l e r a t i o n  of  t h e  impact s l e d .  During The rebound of  

- 4.1 - 
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t he  s l e d  from an a i r  s p r i n g ,  t he  mini-sled was f r e e  t o  move t o  

t he  r i g h t  and  c o l l i d e  with t he  pole  b a r r i e r .  I n  both t e s t s  t h e  

d i f  Eerential  irnpsct vc-?l.oc,ity 1 ~ : ~ s  30 + r) . l  FIJ ) l I .  - 
T h o  pole bal-r ior  was 3. 3-11% inch diameter s t c c l  po l l1  

bored out 2 inches t o  save weight and improve frequency response.  

The pole  was connected t o  a r i g i d  box by four K i s t l e r  p i e z o e l e c t r i c  

load l i n k s  i n  t h e  hor izon ta l  d i r e c t i o n  -and one such l i n k  i n  t h e  

v e r t i c a l  d i r e c t i o n .  This allows r e so lu t i on  of a l l  f o r ce  components 

on t he  pole  with 1 mil l i second response t ime.  The po le  was 

s t a t i c a l l y  t e s t e d  t o  ob ta in  c a l i b r a t i o n  f a c t o r s  t o  account f o r  

t he  bending s t i f f n e s s  of t he  load l i n k s .  

Accelerat ion da t a  f o r  t he  r e a r  p l a t e  (passenger conpartment 

mass) were obtained from four  Se t r a  t 250 a c c e l e r ~ ~ m e t e r s  placed on the  - 

back s i d e  of t he  p l a t e .  Two were 1oca.ted on t he  v e r t i c a l  p l a t e  

a x i s  one inch from t h e  top and bottom of t he  p l a t e .  The 

accelerometer a x j s  was or ien ted  normal t o  the  p l a t e .  The o the r  

two were loca ted  on t h e  hor izon ta l  p l a t e  ax i s  and were o r i en t ed  

i n  t he  v e r t i c a l  and t r ansve r se  d i r e c t i o n  i n  t he  plane of the  p l a t e .  

The l a t t e r  two acce l e r a t i ons  were small compared t o  t he  top and 

bottom normal acce l e r a t i ons  and a r e  not repor ted here .  The e i e c t r i c  

s i g n a l s  from t h e  acce le roxe te rs  and load c e l l s  were c a r r i e d  from 

the  mini-sled i n  an umbil ical  bundle of cab les ,  fed to a con t ro l  

rdom and magnetically recorded. 

To ob ta in  t h e  b a r r i e r  fo r ce  t h e  load c e l l  s i g n a l s  needed 

to  be correc,ted f o r  bending e f f e c t s  and v e c t o r i a l l y  sul~ned.  To 

f a c i l i t z t e  t h i s  da ta  r educ t ion , t he  s igna l  was d i g i t i z e d  a t  11,3130 Hz 

and then d i g i t a l l y  f i l t e r e d  w i t h  a cu to f f  frequency c "  1900 Hz. The 



raw a c c e l e r o m e t e r  s i g n a l s  were  f i l t e r e d  by e l e c t r o n i c  ( K r o n h i t e )  

f i l t e r s  a t  t h r e e  d i f f e r e n t  f r e q u e n c i e s  (353 Hz, 150 Hz, 60 Hz). 

4 . 3  Comparison of S i m u l a t i o n  and E s p e r i m e n t a l  R e s u l t s  

T h e  s i m u l a t i o n  program was e x e r c i s e d  on t h e  model shown 

i n  F i g .  1 4 .  I t  c o n s i s t s  o r  2 1  nodes ,  1 8  beam e l e m e n t s ,  ancl two r i g i d  

b e d i e s  f o r  a  t o t a l  of  138  d e g r e e s  of f reedom. For t h e  d i r e c t  t e s t  

symmetry of t h e  model was e x p l o i t e d  r e d u c i n g  t h e  s i z e  t o  78 d e g r e e s  

of f reedom. I t  was assumed t h a t  t h e  f r o n t  p l a t e  was r i g i d l y  connec t ed  

t o  t h e  h i n i - s l e d .  Thus t h e  f r o n t  mass was c o n s t r a i n e d  e x c e p t  

f o r  t r a n s l a t i o n  i n  t h e  d i r e c t i o n  of t r a v e l .  The o n i y  o t h e r  boundary 

c o n d i t i o n  was imposed on t h e  c o n t a c t  node.  I n s t a n t a n e o u s  s t o p p i n g  

of t h e  c o n t a c t  node i s  an o v e r l y  s e v e r e  approximat ion  of t h e  

c o a p l e x  l o c a l  c o n d i t i o n s  i n  t h e  impact  r e g i o n .  To accoun t  f o r  t h i s  

t h e  c o n t a c t  node was brought  t o  r e s t  i n  t h e  d i r e c t i o n  of  t r a v e l  i n  

L s t o p p i n g  d i s t a n c e  of 0 . 2 5  i n c h e s .  'The a s s o c i a t e d  s t o p p i n g  t i m e  

mas one  m i l l i s e c o n d .  R o t a t i o n s  and motion normal t o  t h e  d i r e c t i o n  

of t r a v e l  were u n c o n s t r a i n e d .  

The  deformed shzii3e of t h e  c o l l x p s c d  f c r e s t r u c t u r e  mas 

ce? . sx :2  a f t e r  t h 2  t e s ;  r 2 l ~ t i v e  t o  t h e  f r o n +  p l n t e .  Por c o z g a r z f i v e  

p u r p o s e s  t h e  s i n u l a t i o c  was e x e r c i s e d  u n t i l  t h e  r e l a t i v e  d i s p l a c e -  

n e n t  be t !~een  t h e  nodes  and t h e  f r o n t  p l a t e  vas c o c s t a n t  g i v i n g  

t h e  p r e d i c t e d  c r u s h  a f t e r  rebound.  3 conpa r i son  of t h e  p r e d i c t e d  

2nd t e s t  r e s u l t s  f o r  t h e  symmetr ic  t e s t  i s  shonn i n  F i g .  15 .  The 

s c a l e s  o f  t h e  undeforned  and deformed frame a r e  t h e  same i n d i c a t i n g  
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t h e  s e v e r i t y  of t h e  c r u s h .  The c r u s h  d i sp l acemen t  o f  node 1 

was 7 . 2  i n c h e s  o r  80% of  t h e  o r i g i n a l  c l e a r a n c e .  The s i d e  view 

i l l u s t r a t e s  t h e  pronounced upward r o t a t i o n  of t h e  s t r u c t u r e  d u r i n g  

c r u s h .  I n  g e n e r a l  t h e  p red i . c t ed  and e x p e r i m e n t a l  r e s u l t s  a r e  i n  

good agreement .  The l a r g e s t  d i s c r e p a n c y  is t h e  somewhat l a r g e r  

p r e d i c t e d  r o t a t i o n  of  node 4 .  

Analogous r e s u l t s  f o r  t h e  unsymmetric t e s t  a r e  shown i n  

F i g .  16 .  Al though showing q u a l i t a t i v e  agreement ,  t h e  comparison 

is c o n s i d e r a b l y  l e s s  s a t i s f a c t o r y .  The p r e d i c t e d  s t r u c t u r e  is  o v e r l y  

s t i f f .  Consequent ly  rebound o c c u r s  t o o  soon ( a s  w i l l  be  e v i d e n t  

from t h e  a c c e l e r a t i o n  r e s u l t s ) .  Also t h e  p r e d i c t i o n  i n d i c a t e s  

g r e a t e r  p l a s t i c  r o t a t i o n  a t  t h e  l e f t  p l a t e  nodes t h a n  e x h i b i t e d  

by t h e  t e s t .  

The i n t e r p r e t a t i o n  of  t h e  unsymmetric t e s t  is  compl i ca t ed  

by t h e  f r a c t u r e  t h a t  o c c u r r e d  about  1-1/2 i n c h e s  t o  t h e  r i g h t  o f  

node 1. (Node 1 was t h e  i n i t i a l  c o n t a c t  p o i n t  b u t  i n  t h e  t e s t  s l i d  

t o  t h e  l e f t  o f  t h e  p o s t ) .  Such a f r a c t u r e  would c e r t a i n l y  r e d u c e  

t h e  s t i f f n e s s  o f  t h e  s t r u c t u r e .  ? loreover  i t  would l e a d  t o  a g r e a t e r  

" h i c g i n g  a c t i o n "  i n  t h e  v i c i n i t y  o f  t h e  f r a c t u r e .  Both f a c t o r s  

a r e  c o n s i s t e n t  w i t h  t h e  d i f f e r e n c e s  obse rved .  Thus t h e  l a c k  o f  

d e t a i l e d  a g r e e n e n t  can p robab ly  b e  a t t r i b u t e d  t o  t h i s  c a u s e .  

S a r r i e r  F o r c e  

As d i s c u s s e d  e a r l i e r  t h e  l o a d  c e l l  s i g n a l s  mere d i g i t i z e d  

and f i l t e r e d  w i t h  a  d i g i t a l  f i l t e r  w i t h  a  band p a s s  o f  1000 Hz. 

T h e r e s ~ l t i n g i n d i v i d u a l  s i g n a l s  mere combined t o  g i v e  f o r c e  components.  

The r e s u l t  f o r  t h e  l o n g i t u d i n a l  f o r c e  i n  t h e  symmetr ic  t e s t  i s  shown 









i n  F i g .  17 .  The r e s u l t  f o r  t h e  unsymrnetr ic  t e s t  i n  F i g . 1 S i s  f o r  

t h e  f o r c e  component a t  45" t o  t h e  p o l e .  The time o r i g i n  is  shown 

a t  t h 5  p o i n t  o f  i n i t i a t i n g  d i g i t i z i n g  t h e  s i g n a l .  The time o f  

impac t  i s  i n d i c a t e d  by t h e  v e r t i c a l  l i n e .  

The s i m u l a t i o n  p r e d i c t i o n s  a r e  shown i n  t h e  f i g u r e s  as  

d o t t e d  l i n e s .  The i n i t i a l  p e a k  f o r c e  o f  t h e  p r e d i c t i o n  is con- 

s i d e r a b l y  a t t e n u a t e d  f rom t h e  t e s t  r e s u l t ,  b u t  i n  b o t h  c a s e s  i t  

s h o w  good agreement  a f t e r  a b o u t  3 m s .  I n  compar ing t h e  r e s p o n s e  

i t  s h o u l d  b e  n o t e d  t h a t  t h e  a c t u a l  p o l e  b a r r i e r  was mounted t o  t h e  

impac t  s l e d  by t h e  l o a d  c e l l  l i n k s .  The e l a s t i c  s t i f f n e s s  o f  

t h i s  s y s t e m  was d e s i g n e d  t o  g i v e  a  r e s p o n s e  time o f  l e s s  t h a n  1 m s .  

The e x a c t  f r e q u e n c y  r e s p o n s e  o f  t h e  p o l e - l o a d  c e l l  s y s t e m  is n o t  

I:nown, b u t  t h e  o b s e r v e d  e a r l y  o s c i l l a t i o n s  a r e  c o m p a t i b l e  w i t h  

t h e  d e s i g n e d  r e s ? o n s e  t i m e .  T h i s  s u g s e s t s  t h a t  t h e y  a r ?  due t o  t h e  

e l a s t i c i t y  o f  t h e  b a r r i e r  r a t h e r  t h a n  i n h e r e n t  i n  t h e  s t r u c t u r a l  

r e s p o n s e .  

A c c e l e r a t i o n  

E x p e r i m e n t a l  and p r e d i c t e d  a c c e l e r a t i o n s  were  compared f o r  

two p o i n t s  on t h e  r e a r  mass l o c a t e d  o n e  i n c h  from t h e  t o p  and b o t t o m  

of  t h e  p l a t e .  Due t o  a n g u l a r  r o t a t i o n  of t h e  p l a t e  t h e  a c c e l e r a ~ i o n  

a t  t h e  two p o i n t s  i s  q u i t e  d i f f e r e n t  e m p h a s i z i n g  t h e  m u l t i - d i m e n s i o n a l  

n a t u r e  of t h e  response .  

E x p e r i a e n t a i  and p r e d i c t e d  r e s u l t s  f o r  t h e  s y r ; m e t r i c  i m p a c t  

a r e  shown i n  F i g s .  19 and 20.  The c o r r e s p o ~ l d i n g  r e s a l t s  f o r  t h e  

~ n s y m e t r i c  t e s t  a r z  g i v e n  i n  F i g s .  2 1  and 2 2 .  I n  e a c h  c a s e  t h e  r a y  

a c c e l e r o m e t e r  s i g n a l s  were  f i l t e r e d  by e l e c t r o n i c  ( K r o n h i t e )  f i l t e r s  



a t  t h r e e  d i f f e r e n t  f requencies  (350 Hz, 150 Hz, 60 Iiz) .  The o r i g i n  

of t h e  time a x i s  i s  t h e  i n s t a n t  of impact.  P r i o r  t o  impact t h e  

model i s  i d e a l l y  i n  a  s t a t e  of uniform motion. In r e a l i t y  a dynaui .: 

e x c i t a t i o n  is  imposed on t h e  mini-sled frorn v i b r a t i o n s  9 f  zhe 

impact s l e d .  Although smal l  compared t o  t h e  peak a c c e l e r a t i o n s  

a f t e r  impact,  t h i s  no i se  l e v e l  is  about 10  g ( a t  350 Bz) a t  t h e  

time of impact.  

The dashed curve i n  each f i g u r e  is  t h e  p red i c t ed  s imulat ion 

r e s u l t .  A s  d iscussed e a r l i e r  t h e  s imulat ion employs a  v a r i a b l e  s t e p  

s i z e  choosen on t h e  b a s i s  of e r r o r  measures assoc ia ted  w i t h  t he  

p l a s t i c  co l l apse .  Typical ly  small s t e p s  a r e  requ i red  during t h e  

a c t i v e  formation of p l a s t i c  h inges .  Once t h e  dyna:nic co l l apse  mode 

i s  e s t a b l i s h e d ,  however, t he  p l a s t i c  co l lapse  can b e  accura te ly  

followed w i t h  r a t h e r  l a r g e  s t e p s .  9ince frequency r e so lu t i on  is  

inve r se ly  p ropor t iona l  t o  s t e p  s i z e ,  t he  s imulat ion r e s u l t s  w i l l  

exi.,ibit a  smoothing a s  time inc rea se s .  It can be a n t i c i p a t e d  t h a t  

during t h e  e a r l y  s t age  t he  time s t e p  w i l l  be such t o  approximate 

t he  e l a s t i c  res13onse ( s i n c e  t h e  i n i t i a l  e l a s t i c  s t a t e  d i c t a t e s  the  

hinge fo rmat ion) ,  but t h a t  l a t e r  e l a s t i c  o s c i l l a t i o n s  w i l l  be 

suppressed.  

The s imulat ion p red i c t i ons  shovn i n  F igs .  19-22 demonstrate 

these  c h n r a c t e r i s t i c  f e a t u r e s .  During t h e  f i r s t  5 m s  o f  t he  even t ,  

t he  nvzrase s t e p  s i z e  was 0 .05  m s  ( 5  x 10-' seconds) .  During t h e  

next 20 m s  of t he  event t he  s t e p  s i z ?  increased i nc reaen t a l l y  t o  

1 rns a t  which s i z e  i t  remained f o r  t h e  l a s t  15 m s  of t he  event .  The 

t o t a l  number o f  s t e p s  f o r  t he  40 n s  simulated was 165. Thus t he  

average s t e p  s i z e  was about 0 . 2 4  n s ,  but t h e  ac tua l  s-ce;J s i z e  va r i ed  

from 0 .05  t o  1 n s .  



F i g s .  19-29 f o r  t h e  symmetr ic  t e s t  show good agreement  

between t h e  p r e d i c t e d  and e x p e r i m e n t a l  r e s u l t s  i n  t h e  s e n s e  

d e s c r i b e d  above.  Dur ing  t h e  i n i t i a l  s t a g e  of t h e  n o t i o n ,  t h e  peak  

a m p l i t u d e s  of t h e  e x p e r i m e n t a l  r e s u l t s  f i l t e r e d  a t  350 Hz axe 

p r e d i c t e d  w i t h i n  t h e  n o i s e  l e v e l  of  t h e  s i g n a l .  A s  t i m e  i n c r e a s e s  

t h e  p r e d i c t e d  r e s u l t  i s  smoothed by t h e  i n c r e s s e d  t i m e  s t e p .  Tha t  

it i s  a c c u r a t e l y  p r e d i c t i n g  t h e  e x p e r i m e n t a l  r e s u l t s  w i t h  t h e  

e l a s t i c  o s c i l l a t i o n s  s u p p r e s s e d  i s  ev idenced  by t h e  compar i son  

w i t h  t h e  t e s t  d a t a  f i l t e r e d  a t  lower  f r e q u e n c i e s .  

The r e s u l t s  f o r  t h e  unsymmetr ic  t e s t  i n  F i g u r e s  2 1  and 22 

show g e n e r a l l y  s i m i l a r  b e h a v i o r .  Agreement f o r  t h e  t o p  p l a t e  

a c c e l e r a t i o n  is q u i t e  good e x c e p t  t h a t  t h e  p r e d i c t e d  d u r a t i o n  of  t h e  

e v e n t  i s  t o o  s h o r t .  T h i s  i s  c o n s i s t e n t  w i t h  t h e  c o l l a p s e  p r e d i c t i o n  

and can p r o b a b l y  b e  a t t r i b u t e d  t o  t h e  o c c u r r e n c e  of f r a c t u r e  i n  t h e  

a c t u a l  t e s t .  The p r e d i c t e d  r e s u l t  f o r  t h e  bot tom p l a t e  a c c e l e r a t i o n  

shown i n  F i . g u r e 2 2 i s  somewhat less  s a t i s f a c t o r y .  Both t h e  peak  and 

a v e r a g e  a m p l i t u d e s  a r e  matched q u i t e  w e l l ,  b u t  t h e  f r equency  c o n t e n t  

d u r i n g  t h e  e a r l y  s t a g e  i n d i c a t e s  some d i s c r e p a n c y .  

4 . 4  D i s c u s s i o n  

I n  o u r  o p i n i o n  t h e  compara t i ve  r e s u l t s  above show r e a s o n a b l e  

agreement  between t h e  s i m u l a t i o n  p r e d i c t i o n s  and t h e  e x p e r i m e n t a l  

r e s u l t s .  The unsymmetr ic  r e s u l t s  a r e  g e n e r a l l y  l e s s  s a t i s f a c t o r y ,  

b u t  t h e i r  i n t e r p r e t a t i o n  i s  c o m p l i c a t e d  by  t h e  f r a c t u r e  t h a t  o c c u r r e d .  

I t  s h o u l d  b e  n o t e d  t h a t  t h e r e  i s  a  second  s o u r c e  of e r r o r  i n  t h e  

unsymmetr ic  s i m u l a t i o n .  I n  t h e  t e s t  t h e  c o n t a c t  p o i n t  i s  n o t  f i x e d  

b u t  moves o f f  t h e  i n i t i a l  c o n t a c t i n g  node a l o n g  t h e  beam a s  t h e  
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(ic2 f o r t  ! ~ ~ L o f l  j il(:r(:ask$. ' ; i r ~ r l L a ~ i r , : ~  c:c,:l:jti".~i.nr, t he  !notion of  

t h i s  node i r ~  t h e  d i r e c t i o n  normal t o  t h e  p o l e  t h u s  p e r m i t t i n g  

r e l a t i v e  motion o n l y  i n  tne t a n g e n t  p l a n e .  !.loreover t h e  s i m u l a t i o n  

e s s e n t i a l l y  assumes t h a t  t h e  b a r r i e r  force c.orltintli?s Lo ~ c t  on 

t h e  node. These approximat ions  a r e  probably  v a l i d  if t h e  r c l . a t i ve  

motion is  s u f f i c i e n t l y  s m a l l .  U n f o r t u n a t e l y  t h e i r  q u a n t i t a t i v e  

e f f e c t  can no t  b e  a s s e s s e d  from t h e  r e p o r t e d  t e s t  because  of t h e  

occu r rence  of  f r a c t u r e .  

The a c c e l e r a t i o n  comparisons a l s o  r e q u i r e s  some a d d i t i o n a l  

comment. I n  dynamic v a l i d a t i o n  t e s t s  t h e r e  i s  always t h e  q u e s t i o n  

a s  t o  what f r equency  c o n t e n t  shou ld  be i n c l u d e d  i n  t h e  comparison 

between s i m u l a t i o n  and expe r imen t .  I n  one s e n s e  t h e  v a r i a b l e  s t e p  

p rocedure  p r o v i d e s  t h e  answer i n  t h a t  i t  r e t a i n s  whatever  f requency  

c o n t e c t  i s  n e c e s s a r y  t o  f o l l o w  t h e  p l a s t i c  c o l l a p s e .  I f  i t  i s  

a c c e p t e d  t h a t  t h i s  i s  t h e  prime f a c t o r  f o r  s t r u c t u r a l  c r a s h w o r t h i -  

ness a p p l i c a t i o n s ,  t h e n  t h e  expe r imen ta l  r e s u l t s  shou ld  b e  p r e d i c t e d  

up t o  t h i s  f requency  c o n t e n t .  

To v e r i f y  t h a t  t h e  smootled p r e d i c t e d  r e s u l t s  is  a  p r o p e r t y  

o f  t h e  v a r i a b l e  s t e p  p rocedure ,  F i g .  23 shows s i m u l a t i o n  r e s u l t s  

f o r  t h e  symmetr ic  bot tom p l a t e  a c c e l e r a t i o n .  The v a r i a b l e  s t e p  

p r e d i c t i o n  is  compared t o  r e s u l t s  l i m i t i n g  t h e  maximum s t e p  s i z e  

t o  0 . 1  m s  and u s i n z  a  c o n s t a n t  s t e p  s i z e  of 0 .05  ms. The i n c r e a s e d  

frcqu2rLc;- r s s c l u t i o n  ;:;it:? s:naller s ce? s i z e  i.s as2arc?r , t .  :Ior.sover 

t h e  r e s u l ~  us ing  0 . 0 5  rns is  i n  zood ay reenen t  w i t h  t h e  e x p e r i a e n t a l  

r e s u l t  f i l t e r e d  a t  350 Hz shown i n  Fi!;. 20 o17er t h e  e n t i r e  15  m s  

s i m u l a t e d .  'Ye conclude t h a t  f o r  t h i s  s t e p  s i z e  t h e  s i m u l a t i o n  

h x s  adequa te  f r equency  r e s o l u t i o n  u? t o  350 Z z .  
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S i m u l a t i o n  compu ta t i ons  were c a r r i e d  o u t  on The Unkvelasity 
'Y 

of ? , I i c h i g a n  IBM 370/74 computer .  Fo r  t h e  symmetric tes t  t h e  

c r a s h  d u r a t i o n  o f  40 rns r e q u i r e d  165 s t eps .  Tota l  CPU time was 

94 s e c o n d s .  
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5.  ~ i lode l ing  S tudy  of Dynamic Frame T e s t  

5 . 1  I n t r o d u c t i o n  

A model ing  s t u d y  mas u n d e r t a k e n  t o  e x p l o r e  t h e  a p p l i c a t i o n  

of T;\f-dCS-l t o  an a c t u a l  v e h i c l e  c r a s h  e v e n t .  The e v e n t  modeled 

was a b a r r i e r  t e s t  conclucted by Dynamic S c i e n c e * .  T h e  t e s t  

was a f r o n t a l  impac t  o f  a  1968 Plymouth Fury w i t h  t h e  fo rward  

s h e e t  m e t a l ,  r a d i a t o r ,  g r i l l e ,  and e n g i n e  a l l  removed. A 

s k e t c b  of  t h e  t e s t  c o n f i g u r a t i o n  and a  s c h e m a t i c  of t h e  s t u b  

f rame i s  shown i n  F i g .  2 4 .  Impact v e l o c i t y  was 30 EPH. 

Although t h e  s t r u c t u r a l  c o n f i g u r a t i o n  i s  r e l a t i v e l y  un- 

c o m p l i c a t e d ,  t h e  s e v e r e  n a t u r e  of  t h e  dynamic r e s p o n s e  made 

t h e  s i m u l a t i o n  d i f f i c u l t .  Due t o  t h e  s m a l l  i n e r t i a  o f  t h e  

f rame r e l a t i v e  t o  t h e  t o t a l  v e h i c l e  mass ,  t h e  f rame r o t a t e d  

upwards w i t h  v e r t i c a l  v e l o c i t i e s  comparable  t o  t h e  l o n g i t u d i n a l  

s p e e d .  Another  model in?  problem was t h e  bumper s u p p o r t s .  Due 

t o  r a p i d  p l a s t i c  b u c k l i n g ,  t h e y  e s s e n t i a l l y  l o s t  a l l  l o a d  c a r r y i n g  

c a p a c i t y  w i t h i n  t h e  f i r s t  5 rns of  t h e  120  m s  c r a s h  d u r a t i o n .  

5 . 2  S i i n u l a t  i o n  ?Iodel  

The a c t u a l  s i r n u l s t i o ~  model enp loyed  is  s!~onn i n  F i g .  25 .  

"l l h e  e n t i r e  v e h i c l e  was ~ r e a t e d  a s  a  s i n g l e  module c o n s i s t i n g  of  a 

Dy~iarnic Scief ice  F i n a l  P ,eport ,  C o n t r a c t  ::o. DOT-irS-0462486, 
:Jay, 1974.  



f rame component r e p r e s e n t i n g  t h e  s t u b  f rame and bumper s u p p o r t s  

and a r i g i d  body component r e p r e s e n t i n g  t h e  remainder  of t h e  

v e h i c l e .  Due t o  symmetry o n l y  h a l f  t h e  v e h i c l e  was c o n s i d e r e d .  

The f rame component is d e f i n e d  by t e n  node p o i n t s  w:th t h e  n o d a l  

masses  shown i n  t h e  f i g u r e .  Except  f o r  t h e  bumper s u p p o r t ,  

p l a s t i c  h i n g e  beam e l e n e n t s  were  employed between t h e  nodes .  

Beam p r o p e r t i e s  were  computed from c r o s s  s e c t i o n  d imens ions .  A 

6 6 Young ' s  modulus of  30x10 p s i ,  s h e a r  modulus o f  1 2 x l 0  p s i  and 

a y i e l d  s t r e s s  of 36 ,000 p s i  were  u sed  f o r  a l l  members. Va lues  o f  

t h e  i n i t i a l  y i e l d  and u l t i m a t e  moments were c a l c u l a t e d  from beam 

t h e o r y  f o r  t h e  c r o s s  s e c t i o n s .  The o t h e r  r e q u i r e d  p l a s t i c  h i n g e  

p a r a c e t e r s  rvere o b t a i n e d  from e x t r a p o l a t i o n  of t h e  r e s u l t s  r e p o r t e d  

i n  Appendix D**, Bean and h i n g e  p r o p e r t i e s  a r e  summarized i n  

T a b l e  3 .  

The p h y s i c a l  b e h a v i o r  o f  t h e  v e h i c l e  i n  t h e  c o n t a c t  r e g i o n  

rvas modelecl by an e x t e n s i o n a l  s p r i n g  mechanism and imposed con- 

s t r a i n t s  on nodes  8 and 1 0 .  A v a r i e t y  o f  k i n e m a t i c  c o n s t r a i n t s  

a r e  a v a i l a b l e  i n  U!,IVCS-1. I n  t h e  p r e s e n t  c a s e  the i n i t i a l  c o n t a c t  

p e r i o d  is  hand led  by b r i n g i n g  t h e  c o n t a c t  node (node  10)  t o  r e s t  

w i t h  a s x o o t h  ( p a r a b o l i c )  d e a c c e l e r a t i o n  p u i s e .  A f t e ~  e i g h t  i n c h e s  

oi r e l a t i v e  crus-1 b ~ t ~ v e e n  nodes  8 and 1 0  i c  IS assumed t h a t  node 3 

i v i l l  b z g i n  t o  i n ~ e y - a c t  w i t h  t h e  h a r r i e r  t h rough  t h e  c r u s h e d  

bumger s u p p o r t s .  T h i s  i n t e r a c t i o n  is hand ied  by b r i n g i n g  node 8 

* W i l e  subsequen t  t e s t s  of box and channe l  s e c t i o z s  r e p o r t e d  i n  
Vol.  2 i n d i c a t e  t h a t  t h e  a s suqed  v a l u e s  a r e  q u a l i t a t i v e l y  c o r r e c t .  
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t o  rest i n  an a d d i t i o n a l  c r u s h  d i s t a n c e  o f  two i n c h e s .  

Dur ing  t h e  e i g h t  i n c h e s  o f  r e l a t i v e  c r u s h  between nodes  

8 and 1 0  t h e  e x t e n s i o n a l  mechanism was u s e d  t o  model t h e  bumper 

s u p p o r t s .  The f o r c e - d e f o r m a t i o n  c u r v e  r e q u i r e d  t o  spec , i fy  t h e  

mechanism was o b t a i n e d  by u s i n g  t h e  program t o  s i m u l a t e  a  s t a t i c  

c r u s h  t e s t  o f  t h e  bumper s u p p o r t  sy s t em.  The computed r e s u l t  

is shown by t h e  dashed  c u r v e  i n  F i g .  26. The s o l i d  c u r v e  is  t h e  

p i e c e w i s e  l i n e a r  app rox ima t ion  u sed  i n  t h e  dynamic s i m u l a t i o n .  

5 .3  Conpa r i son  o f  S i m u l a t i o n  and T e s t  R e s u l t s  

Comparison between computed and t e s t  r e s u l t s  f o r  b a r r i e r  

f o r c e  and a c c e l e r a t i o n  of  t h e  p a s s e n g e r  compartment c . g .  a r e  

g i v e n  i n  F i g .  27 .  The c . g .  v e l o c i t y  i s  shown i n  F i g .  28. The 

b a r r i e r  f o r c e  and p a s s e n g e r  compartment v e l o c i t y  s h o e  r e l a t i v e l y  

good agreement  between p r e d i c t i o n  and t e s t  o v e r  t h e  f i r s t  h a l f  

of t h e  c r a s h  d u r a t i o n .  Al though u n s u b s t a n t i a t e d ,  we b e l i e v e  t h a t  

t h e  mzrked i n c r e a s e  i n  b a r r i e r  f o r c e  o c c u r r i n g  a round  70 n s  

r e f l e c t s  i n t e r a c t i o n  of  t h e  f r o n t  t i r e  and s u s p e n s i o n  sys t em 

w i t h  t h e  b a r r i e r .  T h i s  i n t e r p r e t a t i o n  i s  c o n s i s t e n t  w i t h  t h e  

p r e d i c t e d  l o n g i t u d i n a l  d i s n l a c e m e n t  o f  node 4 .  Thus h e r e  we w i l l  

r e s t r i c t  o u r  d i s c u s s l g c  t o  t h ?  f i r s t  PO 3s  oP t h s  e v e n t .  Com- 

p a r i s o n  o f  t h e  v e l o c i t y  and a c c e l e r a t i o n  on t h i s  t i n e  s c a l e  a r e  

shown i n  Figs 29 and 30 r e s p e c t i v e l y .  

I t  a p p e a r s  t h a t  t h e  s i m u l a t i o n  g i v e s  a good p r e d i c t i o n  of  

a v e r a g e  v a l u e s ,  b u t  i s  l e s s  s a t i s f a c t o r y  i n  p r e d i c t i n g  f r e q u e n c y  

c o n t e n t  and peak  v a l u e s .  A p o s s i b l e  e x p l a n a t i o n  is t h e  v a l i d i t y  





of  t r e a t i n g  t h e  p a s s e n g e r  compar tnen t  a s  a r i g i d  body.  Given 

t h e  l a r g e  mass r a t i o  o f  t h e  compartment t o  t h e  f r ame ,  it is 

sornevihat anomalous t o  o b s e r v e  p o s i t i v e  t e s t  a c c e l e r a t i o n .  ' I ~ i u s  

t h e  59 Hz o s c i l l a t i o n  obse rved  i n  t h e  t e s t  a c c e l e r a t i o n  may 

a r i s e  from e l a s t i c  v i b r a t i o n s  o f  t h e  p a s s e n g e r  compartment .  

To t e s t  t h i s  h y p o t h e s i s  a  second  r i g i d  body component was 

added t o  t h e  model a t  t h e  c . g .  o f  t h e  p a s s e n g e r  c o m p a r t ~ e n t  and  

connec t ed  by an e l a s t i c  s p r i n g  t o  t h e  o r i g i n a l  r i g i d  body. The 

mass and s p r i n g  c o n s t a n t  were  chosen  t o  g i v e  a  n a t u r a l  f r equency  

of 50 Hz. T h i s  i n s u r e s ,  o f  c o u r s e ,  a  r e s p o n s e  a t  t h e  o b s e r v e d  

f r e q u e n c y ,  but t h e  r e s p o n s e  a m p l i t u d e  w i l l  depend upon t h e  o t h e r  

components i n  t h e  model .  The p r e d i c t e d  a c c e l e r a t i o n  h i s t o r y  is 

shown i n f  P i g .  31 .  The agreement  i s  s u f f i c i e n t l y  good t o  

t e n t a t i v e l y  c o n c l ~ d e  t h a t  t h e  s i m u l a t i o n  is p r e d i c t i n g  t h e  dynamic 

f o r c e  d e f o r m a t i o n  c h a r a c t e r i s t i c s  o f  t h e  v e h i c l e  s t r u c t u r e .  

Computat ions  Lvere c a r r i e d  o u t  on The  U n i v e r s i t y  o f  l l i ch igan  

IBY 370174 computer .  Tile s i m u l a t i o n  r e q u i r e d  270 time s t e p s  f o r  

t h e  first 100  ms of t h e  e v e n t .  T o t a l  CPU t i m e  was 1 1 5  seconds .  
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Appendix il 

A S t r u c t u r a l  Theory for  thr. I,:rrc:(: l )  l :LS t.ic I')eSo~.rn:l. t,ioli:; o C 3eams 

A . l  I n t roduc t ion  

Here we presen t  a s t r u c t u r a l  theory f o r  t h e  s t a t i c  a n a l y s i s  

of l a r g e  p l a s t i c  deformations of space  frames. The f r a n e  may c o n s i s t  

of an a r b i t r a r y  nurnber of  bean elements t h a t  a r e  connected a t  

node p o i n t s .  Ex te rna l  loads  a r e  assumed concentra ted a t  t h e  

nodes. For t h e  f r a n e  s t r u c t u r e s  contemplated p l a s t i c  deforma- 

t i o n  i s  gene ra l l y  l o c a l i z e d  even a t  l a r g e  d e f l e c t i o n s .  Thus  t h e  

p re sen t  theory assumes t h a t  p l a s t i c  deformation is confined t o  

i d e a l i z e d  hinges  which may form st any node. The governing 

equat ions  f o r  a  beam element a r e  der ived a.s a  r e l a t i o n  between 

gene ra l i zed  f o r c e  r a t e s  and r a t e s  of kinematic v a r i a b l e s  a s soc i a t ed  

w i t h  t h e  nodes. I t  should be noted t h a t  t h e  concept of a p l a s t i c  

hinge n e c e s s a r i l y  in t roduces  d i s c o n t i n u i t i e s  i n  t h e  r o t a t i o n  and 

displacement r a t e s ,  t h e  d i s c o n t i n u i t i e s  r ep re sen t ing  t h e  

p l a s t i c  deformation r a t e s .  Thus some c a r e  must be taken i n  

i n t roduc ing  app rop r i a t e  nodal v a r i a b l e s .  

For t h e  rznge of deformatioc contemplated here  both open and  

c losed t h i n  wal l  beams t y p i c a l l y  e x h i b i t  l o c a l  c o l l a p s e  of t h e  c ros s  

s e c t i o n  a t  t h e  hinge.  T h i s  l o c a l  deformation s i g n i f i c a n t l y  

a f f e c t s  t h e  overs11 s t r u c t u r a l  behavior .  T h i s  l o c a l  deformation 

cannot ,  o f  course ,  be computed witllin t h e  context  of a s t r u c t u r a l  

t h e o r y .  I n  Appendix D ,  hovrever, i t  is shown t h a t  t h e  reduced l oad  

ca r ry ing  capac i ty  can be accounted f o r  by appropr iaxe modi f ica t ion  

of t h e  y i e l d  func t ion .  C o n s t i t u t i v e  equations f o r  such "genera l ized  

p l a s t i c  h i n g e s "  a r e  c leve lo~ed  i.n a l a t e r  s e c t i o n .  

-75- 



A.2  Notation 

IVe consider an e l a s t i c  beam element which may form 

i d e a l  p l a s t i c  hinges a t  i t s  end node po in t s .  The motion 

of t he  beam may cons i s t  of e l a s t i c  deformation, r i g i d  body 

motion of t h e  node p o i n t s ,  and r i g i d  body motion of the  beam 

r e l a t i v e  t o  t h e  node p o i n t s  due t o  p l a s t i c  deformation a t  

the  hinges.  The necessary re fe rence  frames f o r  descr ib ing  

t h i s  motion a r e  shown in  Figure 2 .  The nodes a r e  represented 

by po in t  masses t o  which a r e  f i xed  re fe rence  frames M and M . i j 

Two add i t i ona l  re fe rence  frames, denoted Fi and F a r e  f i x e d  
J ' 

t o  t h e  beam end p o i n t s .  The o r i g i n  of  t he se  frames i s  a t  t h e  

shear  can te r  of  t h e  bean c ross  s e c t i o n ;  t h e  xg a x i s  i s  tangen,t 

t o  t h e  bera a x i s  and xl and x2 a re  along t h e  p r i n c i p a l  axes 

of  t he  c ross  s e c t i o n .  A subsc r ip t  Ifow denotes t h e  i n i t i a l  

p o s i t i o n  and o r i e n t a t i o n  of t h e  respec t ive  frames. 

The  p o s i t i o n s  o f  Fi and F .  w i t h  r e spec t  t o  t h e  f ixed  
J 
i global  system are  denoted by X and X' r e spec t ive ly .  Likewise - - 

the  pos i t i ons  o f  1:; and !.I; a re  denored by yi and Y'. The 

o r i e n t a t i o n s  of t h e  four  framzs w i t h  respec t  t o  t h e  global  

system a re  s p e c i f i e d  by t h e  d i r e c t i o n  cosine  mat r ices  Lhi 
i ' 

F whore e . ~ n d  e a re  t he  base vec tors  of t h e  frarxe F and t h e  
-1 - j 

globa l  f rams r e spec t ive ly .  

In  general  we w i l l  
F i 

use t he  no ta t ion  v for column mat r ices  - 
whose elements denote vector components. The s u p e r s c r i p t  "it' 



denotes t h e  node a s soc i a t ed  wi th  t he  vec to r  and t h e  super- 

s c r i p t  "F" denotes t h e  frame i n  which t h e  vec to r  components 

a r e  expressed.  I f  "I;'" i s  t h e  g loba l  frame, t h e  s u p e r s c r i p t  

will be suppressed.  

Associated wi.;h esch node we in t roduce  t h e  gene ra l i zed  

displacement r a t e  

where - u is t h e  nodal displacement and - i? t h e  r o t a t i o n  r a t e  of 

t h e  node frams. We a l s o  in t roduce  a  gene ra l i zed  f o r c e  r a t e  

a s soc i a t ed  w i t h  t h e  beam element a t  t he  po in t  i a s  

i 
where - i s  t h e  r e s u l t a n t  f o r c e  and - M t h e  r e s u l t a n t  couple 

a c t i n g  oil t h e  beam a t  po in t  i. T h e  usua l  beam theory s ign  

convention i s  employed, 

V i t h  t h i s  rve in t roduce  t h e  gene ra l i zed  displscement r a t e  

and f o r c e  r z t e  v e c t o r s  f o r  t h e  beam element a s  

Our ir:~r..i?.iate ~9x3. i s  t o  r e l c l . t ?  r! to 9. - - 

Refer r ing  t o  F i g .  A . i  w e  can v i s u a l i z e  t h e  deformation 

from t h e  i n i t i a l  s t a t e  t o  t h e  c c r r e n t  con f igu ra t i on  a s  a  

r i g i d  body motion of t h e  beam f r a n e s  Fi and 3' 2 l u s  an 
j 

e l a s r i c  deformation.  The r i g i d  body motion may be due t o  

both o v e r a l l  r i g i d  body motion of t h e  system and t o  p l a s t i c  

r o t a t i o n  and ex tens ion  o f  t h e  h i n g e s  a t  node i and/or  node j .  
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I n  t h e  deformed c o n f i g u r a t i o n  t h e  node f rames  a r e  a t  Y i +i 
- ' - 

i 
and t h e  bea r .  f rames  a t  - ' -  X X' r e l a t i v e  t o  t h e  g l o b a l  f rame.  

The o r i g i n s  o f  bean! and mass f rames  may d i f f e r  by 

p l a s t i c  d i s p l a ~ e ~ e n t s  o c c u r r i n g  a t  t h e  h i n g e s .  Thus 

where  - ciP and - UJ' d eno te  t h e  p l a s t i c  d i s p l a c e m e n t s  r e f e r r e d  

t o  t h e  g l o b a l  f rame.  Also 

T  
J = + L r + ue 
C 1 - - ( 6 )  

i n  which che s u p e r s c r i p t  "T" d e n o t e s  t h e  t r a n s p o s e ,  - ue 

i s  t h e  e l a s t i c  d i sp l acemen t  o f  t h e  end j w i t h  r e s p e c t  t o  

t h e  end i, and r is t h e  v e c t o r  - 

where 9, is  t h e  beam l e n g t h  

I n  t h e  i n i t i a l  c o n f i g u r a t i o n  

J = xi +. (JJ  
T 

20 -0 ' r i o '  - 

Equstioxs (5) t h rough  ( 3 )  can  be coab ined  t o  g i v e  

r 1' j ,li.= r 
i't - - ,(LT~) - (LF. ) '  r + - u e + ~  - - ( 9 )  

i p  + u j ~  - 10 ,- 

A r a t e  e q u a t i o n  f o r  t h e  n o d e f r a n l e d i s p l a c e m e n t s  i s  now ob- 

t a i n e d  by d i f f e r e n t i a t i n g  ( 9 ) .  I n  c a r r y i n g  o u t  t h e  c a l c u l a t i o n s  

we r e c a l l  t h a t  

- 82- 



where T,Y is the  skew-symmetric r o t a t i o n  matr ix  

i n  which Fw r ep re sen t  t he  components of t h e  r o t a t i o n  r a t e  
k 

of t h e  F fram2 w i t h  respec t  t o  t h e  F frame. IVith t h i s  i t  

can be shown t h a t  
' T i 

( ) r = ( H R )  2 
1 - 

i 
where t h e  3x3 matr ix  IIR i s  def inecl i n  Sec .  A .  9 and - w 

denotes t h e  r o t a t i o n  r a t e  of t h e  Fi frame. 

We a l s o  note  t h a t  t h e  p l a s t i c  displacements a r e  due 

t o  p l a s t i c  e x t e n s i o ~  of t h e  beam. Thus t h e  extension r a t e  

is always d i r e c t e d  along t h e  cur ren t  xg  a x i s  of t h e  beam 

frame, i . e .  

. i y  where U a n d  6 jp  a r e  t h e  s c a l a r  a x i a l  p l a s t i c  ex tens ion  

.2 - i i T 
U' - - .- u = ( A R )  LI + ( L F . ) ~ ~  (Jip i- ( L F , )  if?'* + - ce ( 1 5 )  

- 1 - J - 

A second k i n e a a t i c  equat ion i s  ob ta ined  by recogniz ing 

t h a t  t h e  Fi anc! 7 .  bean! fr~mes d i f f e r  only d ~ e  t o  e l a s t i c  de- - .I 
formation.  Thus t h e  bean frame r o t a t i o n  r a t e s  are re la ted  by 



i n  which - oe denotes  t h e  e l a s t i c  r o t a t i o n  r a t e  of t h e  F frame 
j 

r e l a t i v e  t o  t he  F frame. i 

F i n a l l y  we w i s h  t o  express  (15 )  and (16)  i n  t e r m  of t h e  

n ~ l e  frame r o t a t i o n  e. :~tes.  The d i f f e r e n c e  i n  o r i e n t a t i o n  of t he  

node and beam frames i.s due t o  p l a . s t i c  r o t a t i o n  x.t the  h i n g e s .  

In t roduc icg  t h e  p l a s t i c  r o t a t i o n  r a t e s  g i v e s  

where t he  s u p e r s c r i p t  "p" denotes t h e  hinge r o t a t i o n  r a t e .  

U s i n g  ( 1 7 )  t o  e l i m i n a t e  t he  beam frame r a t e s  i n  (15)  a n d  (16 )  

y i e l d s  

The  l e f t  hand s i d e s  of (18 )  involve  components of t h e  

genc,ralized displacement r a t e  - 9  D whereas t h e  r i g h t  hand s i d e s  

involve  t h e  e l a s t i c  deformation of t h e  beam and t h e  p l a s t i c  

deformation occu r r i cg  a t  t h e  nodes. I t  remains t o  P e l a t e  t h e s e  

deformation qua .n t i t i e s  t o  t h e  genera l ized  fo rce s  a c t i n g  on 

the  bezim a t  t h e  node p o i n t s .  

A .  -1 E ~ ~ u L i i ' b r l ~ t r ~  

In t roduc ing  t h e  genera l ized  f o r c e  def ined i n  ( 3 ) ,  t h e  

equa t ions  of  equ i l ib r ium csn be ex?ressed as 



where A is  t h e  6x6 c o n s t a n t  ma.l;rix 

i n  which I  i s  t h e  3x3 i d e n t i t y  m a t r i x  and E i s  t h e  3x3 m a t r i x  

The 6x6 m a t r i x  U i s  a  f u n c t i o n  o f  t h e  e l a s t i c  d i s p l a c e m e n t s .  

i n  which 

\Ye now o b t a i n  a r a t e  e q u a t i o n  by d i f f e r e n t i a t i n g  ( 1 9 ) .  

I n  c a r r y i n g  o u t  t h i s  cornputa.tion we must account  f o r  t h e  

c h a n g e  i n  o r i e n t a t i o n  of t h e  F frame. T h i s  i s  mos t  i 

c o n v e n i e n t l y  done by e x p r e s s i n g  ( 1 9 )  i n  t h e  g l o b a l  s y s t e m .  

We o b t a i n  

where TF denotes t h e  6x6 t r a n s f o r n a t i o n  matrix - 7 

I t  can be shown t h a t  

- where 
0 0  - --- UG = I 

.UEG1 0 ,  - ' J  



Also i t  follows from ( 2 5 )  and (11) t h a t  

where TV is  t h e  6x6 r o t a t i o n  matr ix  

I n t r o d ~ c i n g  ( 2 6 )  i n t o  ( 2 4 ) ,  d i f f e r e n t i a t i n g ,  and us ing (29)  

g ives  a f t e r  some a lgeb ra i c  manipulation 

T Ri = (TFi) A (TFi) R' + J1 w i  + (UG) iJ + J2 U - - - - *e  (31)  - 

The  6x3 matr ices  J and J involve t h e  s t r e s s  r e s u l t a n t s  a t  1 2 

po in t  j and a r e  given i n  Sec .  A . 9 .  We now e l imina t e  t h e  

beam f r a m  r o t a t i o n  r a t e  through ( 1 7 ) .  With t h i s  (31)  becomes 

A . 5  Cons t i t u t i ve  Equations f o r  Generalized P l a s t i c  Hinges 

b e  :acst r e l a t e  r ~ l e  p l ~ i s t i c  c1e;orc~:ion r a z e s  I n  (18)  

and ( 3 2 )  t o  the  genera l ized  fo rce s  ac t i ng  on t h e  beam. A s  

d iscussed i n  t he  I n t r o d 7 ~ c t i o n  l o c a l  co l l apse  of  t h e  beam 

c r o s s  s e c t l o n  s i g n i f i c a n t l y  a f f e c t s  t h e  l o a d  ca r ry ing  capa- 

c i t y  of t he  hinge.  This d e t a i l e d  behavior cannc t ,  of course ,  

be computed wi thin  t h e  context  of a  s t r u c t u r z l  theory.  



pievertheless i t  i s  shown i n  l ~ ~ p e n d i x  D ' t h a t  i ts e f f e c t  on t h e  load 

car ry ing  capac i ty  of t he  hinge has c h a r a c t e r i s t i c  f e a t u r e s  

t h a t  may be accounted f o r  by t he  i n t roduc t ion  of a d d i t i o n a l  

p a r m e t e r s  i n  t he  genera l ized  y i e l d  func t ion .  These "hinge 

parameters" a r e  func t ions  of t he  accumulated g l a s t i c  defor-  

mation,  and i n  t h e  s t r u c t u r a l  sense  may be viewed a s  cons t i -  

t u t i v e  p r o p e r t i e s  of t h e  hinge.  Their  determinat ion from 

s tandard ized  t e s t s  i s  discussed i n  Appendix D .  

Here we develop app rop r i a t e  c o n s t i t u t i v e  equat ions  f o r  

t he  i th node. We assume the  behavior of t h e  hinge is de te r -  

mined by a s c a l a r  gene ra l i zed  y i e l d  func t ion  

i where - 5 a r e  app rop r i a t e  normalized s t r e s s  r e s u l t a n t s  i n  t he  

l o c a l  beam coo rd ina t e s .  We assume t h a t  t h e  y i e l d  funct ion is 

i independent of t h e  t r ansve r se  shear  f o r c e s ,  and l e t  Y .  ( j  = 1 , 2 , 3 , 4 ,  
J 

denote the  l a s t  four  elements o l  FiRi. Thus 
- 

T h e  s c a l i n z  parameters a re  considered a s  a four  element vec to r  

of "hinge parameters".  



i where K ;  a r e  the e l e m e n t s  o f  t h e  p l 3 - s t i c  d e f o r m a t i o n  r a t e  v e c t o r  

Thus 0 .  r e p r e s e n t s  t h e  accurnula t~!d  p l a s t i c  d e f o r m a t i o n  i n  ex t en -  
J 

s i o n ,  b i a x i a l  bend ing ,  r e l a t i v e  

b o o r d i n s t e s .  l?/e now assume 

t h e  l o c a l  bean  

A s  shown i n  Appendix D t h e  f o T ~ r  f u n c t i o n s  (37 )  a r e  c h a r a c t e r i s t i c  of 

a  g i v e n  c r o s s  s e c t i o n  and may be de t e rmined  from s t a n d a r d i z e d  

tes ts .  

I n  e f f e c t  - a changes  t h e  s h a p e  of t h e  y i e l d  f u n c t i o n  i n  t h e  

p h y s i z a l  s t r e s s  r e s u l t a n t  s p a c e .  A l t e r n a t i v e l y  t h e  components 

o f  - a nay b e  c o n s i d e r e d  a s  "damage measures"  which c o n t r o l  t h e  

l o a d  c a r r y i n g  ca .pac i ty  of t h e  h i n g e .  From t h i s  v i ewpo in t  t h e  

assumpt ion  embodied i n  (37)  i s  t h a t  t h e  maximum p r i n c i p a l  moment, 

f o r  example,  i s  a  f u n c t i o n  o n l y  o f  t h e  accumula ted  p l a s t i c  r o t a t i o n  

abou t  t h e  c o r r e s p o n d i n g  p r i n c i p a l  a x i s .  T h i s  i s  o b v i o u s l y  a 

s i m p l i f g i n g  h y p o t h e s i s ,  b u t  a p 3 e a r s  r e a s o n a b l e  d u r i n g  c o l l a p s e  

o f  t h e  c r o s s  s e c t i o n .  I t s  v a l i d i t y  f o r  r e v e r s e  p l a s t i c  d e f o r m a t i o n  

is  c o n s i d e r a b l y  ~ 9 r e  s p e c u l a t i v e .  For  t h e  a p p l i c a t i o n s  of i n t e r e s t ,  

however,  t h i s  i s  seldom an i s s u e ,  i . e .  once  t h e  c r o s s  s e c t i o n  

h s s  coll apsed  vie a r c  u s u a l l y  n o t  i n t e r e s t e d  i n  r e v e r s e  d e f o r m a t i o n .  

F i n a l l y  i t  s h o u l d  b e  n o t e d  t h x t  t h e  u n c o u p l i n g  of t h e  damage 

measures  i n h e r e n t  i n  ( 3 7 )  d o e s  n o t  imply uncoug l ing  o f  t h e  stress 

r e s u l t a n t s .  I n  g e ~ e r a l  t!-,eir c u r r e n t  v a l u e  depends u2on t h e  

e n t i r e  d e f o r m a t i o n  h i s t o r y .  



To complete t h e  a n a l y s i s  t h e  p l a s t i c  deformation r a t e  
* 

i s  r e l a t e d  t o  t h e  y i e l d  f u n c t i o n  through a normal i ty  cond i t i on ,  

i . e .  we p o s t u l a t e  

i i i 
K = a  h - 4 ( 3 8 )  

i where is  t h e  s c a l a r  magnitude and - a is t h e  normalized 

g r a d i e n t  

i n  which - V i s  t h e  g r ad i en t  ope ra to r  i n  t h e  normalized s t r e s s  

r e s u l t a n t  space .  The s c a l a r  magnitude is determined from 

the condi t ion  

I t  can be  shown t h a t  ( 4 0 )  l e a d s  t o  

- 
X 

It s h n u l d  ise em7ha:ized tilst t h i s  i s  x s t i -on2 : ; t s s c ~ t i o n  
s i c c o  c11e u s u a l  s t a 5 i l j  t y  ar:;unents for normal i ty  a re  
noc n e c ~ s s a r i l y  a p p l i c a b l e  h e r e .  



where 

i n  which D is t h e  s c a l a r  

D = I ( M R )  I. ( 0 ' ~ ~ )  t hm] - ai  ( 4 3 )  

In ( 4 2 )  t h e  s u b s c r i p t  R denotes t h e  l a s t  f o u r  rows of t h e  

t rans format ion  mat r ix  ( 2 5 ) .  The 4x3 mat r ix  B~ depends upon 

t h e  c u r r e n t  gene ra l i zed  f o r c e s  and is l i s t e d  i n  t h e  Appendix 

f o r  r e f e r e n c e .  The 1x4 ma t r i ce s  hIR and hlB a r e  

i where a  is  t h e  j th  element of a  
i 

j - 
S u b s t i t u t i n g  (41)  i n t o  ( 3 8 )  g ives  t h e  f i n a l  r e s u l t  f o r  t h e  

p l a s t i c  deforrna.tion r a t e s .  I t  i s  convenient t o  p a r t i t i o n  

( 3 5 )  and express  s e p a r a t e l y  t h e  ex tens ion  r a t e  and t h e  p l a s t i c  

r o t a t i o n  r a t e  i n  t he  g loba l  frame. Reca l l ing  (14 )  lve o b t a i n  

i i w i p  = (Wi )R i  i (HPB )R - - - 

i n  which t h e  s u b s c r i p t  R denotes t h e  l a s t  t h r e e  elements of ai.  - 



Analagous r e l a t i o n s  may be der ived for  t h e  node j. 

They may be ob ta ined  by rep lac ing  i w i t h  j i n  equa t ions  

(33) through ( 4 6 )  and changing t h e  s i g n s  of G R ~  G B ~ ?  

and MU i n  ( 4 2 )  and ( 4 3 ) .  The s i gn  change occurs  because 

of the  kinematic d e f i n i t i o n  of - oJ i n  (17 ) .  

A.6 E l a s t i c  Deformation Rate Equations 

We a l s o  need e l a s t i c  c o n s t i t u t i v e  r e l a t i o n s  expressed 

i n  r a t e  form. From e l a s t i c  beam theory we have r e l a t i v e  

t o  t h e  cu r r en t  conf igura t ion  beam frame F i 

7' 

*i ,  e F 
D -1 i R j  - = (KE ) - 

b' 
i De where - i s  t h e  genera l ized  e l a s z i c  displacement of 

t h e  j end  r e l a t i v e  t o  t he  i end and KE-I i s  t h e  i nve r se  of 

t h e  e l a s t i c  s t i f f n e s s  matr ix  (given f o r  re fe rence  i n  

Sec.  A.9) .  A r a t e  equat ion is ob ta ined  by d i f f e r e n t i a t i o n .  

A s  i n  t he  equ i l ib r ium equat ions  we must account f o r  t h e  

r o t a t i o n  of the  Fi frame. T h i s  in t roduces  t h e  r o t a t i o n  s a t e  

wi which i s  e l imina ted  through (17 ) .  Equation (45)  is  then - 

used t o  e l imina t e  - uip. Af te r  considerable  a l g e b r a i c  rnanipu- 

lation, t h e  f i n a l  r e s u l t  expressed i n  t h e  g loba l  frame is  

' 
D = (KT) fii + ( K R T )  ii + (KRTB) R~ - - - - (45 )  

KT = (TF, )T (KE-l) (TF, ) 

KRT = (TF~)' (KB) (LFi)  HP' 

KZTB = ( X R )  (LFi) [ I  + H P B ~ ]  
1 



in which KR i s  a 6x3 matrix depending upon the  generalized 

forces  and elements of the  e l a s t i c  s t i f f n e s s  matr ix .  I t  is  

given f o r  reference i n S e c .  A.9. 

A.7  Element S t i f f n e s s  Xatrix 

Equations (18) and ( 3 2 )  represent  twelve equations 

involving the  twelve components of the generalized nodal 

displacement r a t e  - D and the  generalized force  r a t e  - R ,  

\Ve el iminate  the  e l a s t i c  and p l a s t i c  deformation r a t e s  i n  

these equations through (48)  and (45)  respect ive ly .  

We obtain 

The s u b s c r i p t s  U a n d  L d e n o t e  the uppe r  three  royirs and the lower 

t h r e e  rows respect ive ly  of t h e  corresponding matr ix .  

Equations (50) have  t h e  matrix form 

I! 3, = E D - - 
T h u s  . 

R = K D  - - 
where t h e  "element s t i f f n e s s  matrix" is 

I( = H-l 



A .  S G loba l  Equa t ions  

deformat ion  of g e n e r a l  f rames  has  been developed based on 

t h e  above t h e o r y .  The g l o b a l  frame e q u a t i o n s  a r e  assembled 

i n  t h e  u s u a l  way from c o n s i d e r a t i o n  of e q u i l i b r i u m  of t h e  

node p o i n t s  ( e x p r e s s e d  i n  r a t e  f o r m ) .  E x t e r n a l  l o a d s  a r e  

assumed t o  be a p p l i e d  a t  t h e  nodes.  Displacement  boundary 

c o n d i t i o n s  i n c l u d i n g  imposed d i s p l a c e m e n t s  a r e  handled  by 

c o n t r a c t i o n  of t h e  g l o b a l  m a t r i x .  The f i n a l  sys tem of 

e q u a t i o n s  h a s  t h e  form 

(KG) U = F - - 

where - 6 is  t h e  unknown g e n e r a l i z e d  nodal  d i sp l acemen t  r a t e  

and - $' i s  a known v e c t o r  of l o a d i n g  and imposed d i sp l acemen t  

r a t e s .  

The a n a l y s i s  has  been fo rmula t ed  a s  r a t e  e q u a t i o n s ,  

For numerical s o l u t i o n  ( 5 4 )  i s  expres sed  i n  i n c r e m e n t a l  

f o r z .  Ke l e t  

d v a l u a t i l :  ( 5 4 )  a t  t ime  t k ,  r e p l e c i n g  t h e  d e r i v a t i v e s  by 

forward d i f f e r e n c e s ,  and u s i n g  ( 5 5 )  t h e n  g i v e s  



A f t e r  each  fo rward  s t e p  t h e  matrix KG must be upda t ed .  

I n  p a r t i c u l a r  we must u p d a t e  t h e  d i r e c t i o n  c o s i n e  m a t r i c e s  

d e f i n i n g  t1-i~ beam r e f e r e n c e  f r a m e s .  Fo r  t h i s  p u r p o s e  T::e 

approx ima te  LF by 

Also  we i n t r o d u c e  t h e  i n c r e m e n t a l  r o t a t i o n  v e c t o r  

I n t r o d u c i n g  ( 5 7 )  i n t o  ( l l ) ,  m u l t i p l y i n g  th rough  by 

A t ,  snd using ( 5 8 )  t h e n  y i e l d s  

where 

- A 0  
3 

1 no. ' 
\V13 = 1; 

The use 01 t h e  app rox ima t ion  (58)  i m p l i e s  t h a t  1 / A 8  1 1  2 

is  snnll con2ared  t o  u n i t y .  B a s i c a l l y  t h i s  r e q u i r e m e n t  is 

ussd  t o  x t ~ ~ r n i n a  t h e  s t e p  s i z s  oi  he incremental p r o c e s s .  

Although t h e  a n a l y s i s  l e a d i n g  t o  (52)  is t h e  f u n d m e n t a l  

bas is  of t h e  com?uter prograin,  t h e r e  a r e  a d d i t i o n a l  c o n s i d e r -  

a t i o n s  wilich nust be  inp i e r r en t ed  i n  t h e  p r o g r m  deve lopment .  

T h e  s t i f f a s s s  m a t r i x  was d e r i v e d  on t h e  b a s i s  thsc t h e  p l a s t i c  

h i g g e s  a t  t h e  beam nodes  a r e  o p e r z t i n g .  If the h i n g e  is  n o t  

o p e r a t i n g ,  t h e  p i s t i c  c o n t r i b u t i o n  can be e l i m i n a t e d  by 

-134- 



s e t t i n g  t h ?  GR and GB m a t r i c e s  a s s o c i a t e d  w i t h  the  node t o  

zero.  

I t  i s  n e c e s s a r y ,  however ,  t o  m o n i t o r  i n  t h e  program t h e  

o p e r a t i o n  of t h e  h i n g e s .  I n i t i a l l y  t h e  GR and GB m a t r i c e s  

a r e  s e t  t o  z e r o .  A t  t h e  end of each fo rward  i n t e g r a t i o n  s t e p ,  

t h e  y i e l d  f u n c t i o n  f i s  computed a t  e a c h  node .  I t  it is l e s s  

t h a n  u n i t y ,  t h e  compu ta t i on  p r o c e e d s  t o  t h e  n e x t  s t e p .  If 

i t  e x c e e d s  u n i t y  a t  some node ,  t h e  s t e p  s i z e  is r e d u c e d  u n t i l  

t h e  y i e l d  f u n c t i o n  i s  s a t i s f i e d .  A t  t h e  n e x t  s t e p  t h e  GR 

and GB m a t r i c e s  f o r  the  a p p r o p r i a t e  node a r e  i n c l u d e d  i n  t h e  

compu ta t i on  

E l a s t i c  u n l o a d i n g  is  i n c l u d e d  by m o n i t o r i n g  t h e  r a t e  o f  

ene rgy  d i s s i p a t i o n  a t  t h e  h i n g e .  The d i s s i p a t i o n  r a t e  i s  

A t  each time s tep  d  is cornnuted from ( 6 1 ) .  If d>O, the 

compu ta t i on  p r o c e e d s  t o  t h e  n e x t  s t e p .  I f  d<O, t h e  GR and 

C 3  m a t r i c e s  f o r  t h a t  node a r e  se t  t o  z e r o  b e f o r e  p r o c e e d i n g .  



In t h e  fol lowing we l ist  f o r  completness t h e  var ious  

mat r ices  a r i s i n g  i n  t h e  de r iva t i on .  The  3x3 o r i e n t a t i o n  

mat r ix  HR is 

T 
HR = (LFi) E ( L F . )  

1 

where 

The 6x3 mat r ices  J and J in t h e  equ i l ib r ium equa t ions  1 2 

(31)  a re  

where t h e  3x3 rcatr ices a re  

JE, = ( L F . ) '  JB (LF,) 
1 1 

i.n which 



i The  4x3 matr ix  B ap2ear ing  in (42) is 

Pi - i 
,-Rr, I?, 0- 1 
L 1 I 

! 

The e l a s t i c  comglicance matr ix  in (47 )  is 

where E i s  t h e  e l ~ ~ s t i c  modulus ,  G is  t h e  s h e ~ r  modulus ,  I1 

and  I 2  a r e  t h e  p r i n c i p a l  moments of  i n e r t i a ,  A is  t h e  cross 

s e c t i o n  z rea ,  J i s  t h e  p o l a r  moment o f  i n e r t . i a ,  and 2 is t h e  



beam l e n g t h .  The 6x3 matr ix  KR in (49)  is 



Appendis  B 

I n c r e n e n t a  1 C q u ~ t i o n s  f o r  R i g i d  3ody Component 

1 I n t r o d u c t i o n  

I n  t b i s  Appendix t h e  g o v e r n i n g  e q u a t i o n s  f o r  t h e  r i g i d  body 

mass module a r e  d e r i v e d .  They a r e ,  o f  c o u r s e ,  b a s e d  on  t h e  

w e l l  known e q u a t i o n s  o f  r i g i d  body dynamics .  F o r  a p p l i c a t i o n  

h e r e ,  however ,  t h e r e  a r e  a number o f  p o i n t s  t h a t  r e q u i r e  c a r e f u l  

c o n s i d e r a t i o n .  F i r s t  o f  a l l  t h e  e q u a t i o n s  mus t  b e  e x p r e s s e d  

i n  i nc remef i t s1  form t o  be  c o m p a t i b l e  w i t h  t h e  f rame components .  

T h i s  i s  a n o n t r i v i a l  e x e r c i s e ,  p a r t i c u l a r l y  f o r  t h e  a n g u l a r  

momentum e q u a t i o n .  Xext t h e  e q u a t i o n s  must  h o l d  f o r  e x t e r n a l  

f o r c e s  and moments a p p l i e d  a t  a r b i t r a r y  nodes  on  t h e  r i g i d  

body. 

We c o n s i d e r  t h e  r i g i d  body w i t h  mass m .  The c e n t e r  o f  g r a v i t y  
P 

i s  a t  p o i n t  F w i t h  c o o r d i n a t e s  x- r e l a t i v e  t o  t h e  g l o b a l  c o o r d i n a t e  
w 

i i s y s t e m .  F o r c e s  F a n d  c o u p l e s  J! a r e  a ,pp l ied  a t  p o i n t s  i = 1,2,. . . p  
% % 

on t h e  mass. The l o c a l  a x e s  a t  F a r e  t a k e n  t o  be p r i n c i p a l  

i n e r t i a l  a x e s ,  

In v z c t o r  ',?v the incrensnrp-1 l i - c e a r  rc-e~tux e q u a t i o n  a t  



We int roducz the  d i sp l acexen t s  of t h e  cen t e r  of mass as 

where - xFo i s  t h e  i n i t i a l  value  of t he  pos i t i on  vec tor .  With ( 3 )  

t h e  momentxn equation (1) may be w r i t t e n  as  

A 

where I is t h z  3 x 3 matr ix  
A 

I =  [I I . . .  I] 

i n  which I i s  the  3 x 3 i d e n t i t y  mat r ix .  T h e  vec tor  AF has 3p - 
elements c o n s i s t i n g  of t he  fo rce  components app l ied  t o  t h e  r i g i d  

body ,  i . e .  
r 1 

Vie nes t  r ep l ace  t h e  a c c e l e r a t i o n  increment by a v a r i a b l e  

s t e p  bacl:ivard d i f f e r e n c e  a p n r o x i : c ~ t i o n .  

From Chapxer 2 have 



-2 h =At  1 - 
l r t  1 

S u b s t i t u t i n g  ( 7 )  i n t o  ( 4 )  g i v e s  t h e  l i n e a r  momentum e q u a t i o n  i n  

B .  3 A n g u l a r  '!onenturn 

','!ith r e s y e c t  t o  t h e  global i n e r t i a l  r e f e r e n c e  frame, t h e  

a n g u l a r  momentum e q u a t i o n  i s  

w h e r e  - II i,s t h e  anyl;ular rqonentum of tile mass and  :I is t h e  r e s u l t a n t  
--r 

rncrnent a j o u t  the c e n t e r  of maas. rile also have 

T F I i = L  ( F I )  - .- ( 1 1 )  

s h a r e  'H - i s  the a n n u l a r  norentnn e x p r e s s e d  i n  t h e  l o c a l  body f r a m e  

T a n d  L is t h e  t r a r ~ s p o s e  of  t h e  G i r e c t i o n  c o s i n e  matrix r e l a t i n g  

t h e  l o c a l  and g l o b a l  f~a r7es .  

Ye have 



where 

F i n  which o a r e  
i 

expressed  i n  t h e  

F 

t h e  components of  t h e  a n g u l a r  v e l o c i t y  v e c t o r  

l o c a l  f rame.  Us ing  ( 1 2 )  and (13), e q u a t i o n  (10) 

becomes 
F ' A F a - FB ( B )  

77 
- -r -r 

1' where ?I i s  t h e  r e s u l t a n t  moment expressed  i n  t h e  l o c a l  f rame.  I t  i s  -r 

F where "X" d e n o t e s  t h e  v e c t o r  c r o s s  product  and r - is  t h e  
i / F  

p o s i t i o n  v e c t o r  of t h e  p o i n t  i w i t h  r e s p e c t  t o  t h e  c e n t e r  of mass 

i n  t h e  l o c a l  frame. 

where C .  i s  t h e  c o n s t a n t  m a t r i x  
1 / F  

,.-- i 

I n  (1s) t h e  e lements  a r e  t h e  c o o r d i n a t e s  of t h e  i t h  node  w i t h  

r e s p e c t  t o  t h e  r i g i d  body f r m e  F .  



'Thus w i t h  ( 16) and ( 17)  , c?clu:~t i i ~ n  ( .L5) hec;orlies 

The frame I? i ~ j  o r i e n t e d  a l o n g  t h e  p r i n c i p a l  axes and is 

f i x e d  to the body. Thus 

where I1 is t h e  inertia tensor 

-1 
ilifferentiating (20) g i v e s  

F' = I1 (Lo'+ Lw) = I1 Lw EI - - - 

since i t  may b e  shown t h a t  

S u b s t i t : : t i n z  ( 2 2 )  i n t o  ( 1 9 )  End e x p r e s s i n g  t h e  r e s u l t  i n  the 

g l o b a l  frame g i v e s  t h e  a n g u l a r  momentum e q u a t i o n  

7 - , , e  o b t z l n  t h e  n z c e q s s r v  increoental e q u a t i o n  by differentiating 

( 2 ) .  ;'ri t i n ;  t ; lc  r e s u l t  2 , t  t i n e  k and  i n t r o d u c i n g  t h e  ,global 

r o t a t i o n  ! : n c r ? n l d ~ t  



gives the incremental equat ion 

In (26) t h e  matrices FFi are  

L A 

T!le d e r i v . x t i v e s  i.n ( 2 G )  must now be expressed hy bncliward 

d i f  Cerence approx jm:~ t  i o n s .  For ctij:; nurFose  we i r l t roduce t h e  

no t a t  i o n  
A m n 

-1 
= A t  13L '  I1 L - L,~* I1 L - 3T,! I1 L,.] 

!< 1: ri 1; -- 71 ic- 1 I\ 



I c t ~ o d u c i n g  ( 2 8 )  i n t o  ( 2 6 )  and u s i n g  t h e  a c c e l e r a t i o n  

app rox ima t ion  ( 7 )  g i v e s  t h e  i n c r e m e n t a l  a n g u l a r  momentum e q u a t i o n s  

i n  which 

3 . 4  Incremental E q u a t i o n s  of ! lot ion 

The gove rn ing  e q u a t i o n s  f o r  a r i g i d  body nass  are  o b t a i n e d  

by co~cbl~inc (y, scC ( 3 7 ) .  To express  t h e  r e s u l t  i n  m a t r i x  form 

we i n t r o d ~ c t :  t h e  follo\~~iny n o t a t i o n :  



r r ; o  I I 
I . . . 

I 
I 

1 I 
I I I C -  -' - - I - -  - -- 

I 

: I  I i a I ( 6 x 6 ~ )  
111: : 1 

1 . . .  a 
I 

I 
I t I 

I 
I 

I 

I I 
-2 

Xi th .:his tl;e cc;uzti ons  o f  no-tior, a r e  



Appclnrl i x C 

I luc l lnn  i sm S t  i f 1'nc:ss.; ? l : ~  t r i  ct!s 

C .  1 In t roduc t  i-on 

The  genera l ized  fo rce  a , t  a  mechanism end a t t acaed  t o  t h e  

j t h  riotie is 

1!J : 1 .  I 
'k -. d 

where F' i s  t h e  t r ansmi t t ed  fo rce  vec tor  and 1~1' t h e  t r ansmi t t ed  

couple .  T h e  genera l ized  displacement r a t e  i s  

vherc U' i s  t h e  nodal displacements and R' i s  t h e  angular  
-. w 

v e l o c i t y  of t h e  n o d e .  Here we b r i e f l y  o u t l i n e  t h e  de r iva t i on  

of t h e  i ne re~nen ta l  cechanism stiffness matr ix  KE def ined by 

At e 2 ~ ' 1  i R ; t a n f  t h e  fo rce  t r x s m i t t e d  is  

v;!lere e is 2. u n i t  1:ector d i rec ' tzd  along the  ccnnector a x i s  from - :3 

the  ith to t h e  jz?, :;ode 3.nd s is the c u r r 3 n t  d i s t a c c e  between 



nodes. Tho func t ion  f is an arbitrary func t ion  oP s .  The 

where  x denotes t h e  nodal coord ina tes .  The sought r e l a t i o n  is  

obta ined by  differentiating ( 4 )  w i t h  r e spec t  t o  t ime.  We n o t e  

t h a t  

where 

I.1  us differentiating ( A )  g i v e s  

where S is  t h e  3x3 matr ix  

xhere f' denotes d f / d s  and I is  t h e  3x3 i d e n t i t y  n a t r i x .  

I t  fo l i ov i s  t h a t  
-.1 

r s o  - S o ,  
I 

I ; E =  1 0 0  n o l  

C. 3 T o r s i o r a l  Spring 

P io-sional s p r i n g  t r n n s r i t s  a coua le  d i r e c t e d  alony t h e  

c l ~ r r e n t  conn~ctor a x i s .  The rate of  rotation of node j relative 



t o  node i abou t  t h e  connector  a x i s  is 

where e  i s  g iven  by  ( 5 ) .  - 3 

?;e d e f i n e  t h e  " a n g l e  of twist1' a t  t ime t a s  

\Ye a s s m e  t h a t  

D i f f e r e n t i a t i n g  ( 1 4 )  and u s i n g  ( 6 )  - ( 8 )  gives 

KT2 = T 1  e e  T , RTS = (T/s) I - "z3 T ) 
-3-3 (16) 

i n  which T' d e n o t e s  d?'/du,. 

I t  fo?lov1s t h a t  

r 0 0 
o 1 

C . 4  Benainq Connector  

:Is ~ b o v c  e ,  de-o tes  a a n i t  vector xlong t h e  connector a x i s .  
--. I) 

For t h e  k5nf.ic:; concec tor we i n t r c i u c e  tx:m o r thogona l  u n i t  

vcc t c r s  I n  t h e  7 l :~ne  normal t o  t h i s  a x i s .  T h e i r  i n i t i a l  o r i e n t a t i o n  

i; s n ~ c l f  l c d .  Thc u n i t  v e c t o r  e,  chan2c.i i t s  o r i e n t a t i o n  due  
rr J 

to t h e  relstivc ?notion of the ni~cic? a t  t h c  end P r J l  l , i C ,  of t h o  



connectar .  I t  is  assumed t h a t  el and  e change o r i e n t a t i o n  2 

due t o  an:;ular ve loc i t y  sbou t  t h e i r  cu r r en t  p o s i t i o n .  Thus 

i n  vectlP)r no ta t ion  

" = a  - x e., - L. , i = 1 , 2 , 3  

where a is t h e  angular  v e l o c i t y  vector  - 
a =  a 
.w 1 :1 t a e  

2-2 

I t  follot,vs t h a t  

From ( 6 ) ,  ( 7 j  and  ( 2 3 )  ive have 

I t  i s  convenient t o  e x p r e s s  these  resu l t s  i n  a n a t r i x  format.  

T h e  bend inq  connector i s  characre r ized  by bending res is tance  

zri3in;: from re? ,a t ive  rora..;lon of  the nodes about, t h z  connector 

a x i s ,  Ths r e l a t i -ve  r a t 2 s  of rota4:ion about  e  and e ,  a r e  
-" 1 -" '2 

T h e  quantities O c:in be tilougilt o f  a s  the r a t e  of ":.;icding up' '  a k 

-11'3- 



c o i l  s a r i n g  about t h e  e a x i s .  The t o t a l  "angle of wind" is k 

The COL:??~ t r ansmi t t ed  by the  bendinq  connector i s  

D i f f e r e n t i a t i n g  ( 2 5 )  and u s i n g  ( 2 0 ) ,  ( 2 2 ) ,  ( 2 3 )  g ives  

. . 
' i + KEX (u' - U 

i n  vllic11 t h e  prime i n d i c a t e s  d i f  f e r e n t i z t i o n  w i t h  r e s p e c t  t o  

t h e  argument 0,-. 
l\ 

It foilo7,vs t h a t  

C .  5 Shear Coznector 

For t h e  shear  connector u n i t  vec to r s  a re  in t roduced i n  

t h e  same manner t h e  bending connector.  The shear  connector 

is  cha rac t e r i zed  by shear  r e s i s t a n c e  a r i s i n g  from t h e  r e l a t i v e  



change of o r i e n t a t i o n  of t h e  nodes r e l a t i v e  t o  t h e  connector 

coordinate  frame. Such clsan!sus i n  o r i e n t a t i o n  may a r i se  from b o t h  

r e l a t i v e  displacements of t h e  nodes and t h c  angular v e l o c i t y  
\ 

of t h e  nodes. I n  general  p a r t  of each angular  veloc,fty vector  

i s  assoc ia ted  w i t h  t h e  bending spr ing  response and p a r t  w i t h  t h e  

shear  response.  The appropr ia te  decomposition i s  

where 9 and iYS denote t h e  angular  ve loc i t y  assoc ia ted  with bending -G 

2nd shear r e s p e c t i v e l y .  Thus we in t roduce shear " s t r a i n  r a t e s "  

The accylmulated shear  s t r a i n  is  

T h e  fo r ce  v e c t o r  t ransmi t ted  by t h e  shear  connector i s  
- 

I n  t h i s  case  equi l ibr ium requ i r e s  couples a t  t h e  nodes i n  addi-  

t i o n  t o  ~ i c  f o r c e  requirement F~ = - F'. The monent equation 
w -.. 

i n  v ? c t o ~  n o t a t i o n  i s  



T I! s 'nc+co!nes v e r y  :.:niall., tilo vilclar connector. (cornt) i.nc:tl wi t l ~  

the  extcn:; ir~~lal  s p r i n g )  ; 1 1 0 1 1  l d  r i ~ l u c ~ :  Lo a p i n ,  i. .c:. ) f i  = M' =; 0. - % 

From ( 3 3 ) ,  hov~ever, on1 y t h e i r  sum approaches  z e r o  as s-+O. The 

i d i f f i c u l t y  is  removed by r e c o g n i z i n g  tha , t  g e n e r a l  coup les  ?.!- -- 
j and M' c a n  b e  vie7,ved a s  p u r e  bend ing  and s h e a r ;  an a p p r o p r i a t e  

* 

decompos i t i on  shows t h a t  t h e  c o u p l e s  a s s o c i a t e d  w i t h  s h e a r  

s a t i s f y  

Thus ( 3 3 )  bzcornes 

D i f f e r e n t i a t i n g  ( 3 2 )  and (35 )  and u s i n g  ( 2 0 ) ,  ( 2 2 ) ,  (30)  

g i v e s  

where 

1 
* 

-F m 

KJ,j:,: = - 1 

a / (Fl'a 29'3 
T 1 

7 

' e  ti. e ) e  - e +F e  ) e  T 1 
+ (*1 -2 2 - 3  -1 (F2 -1 1-3 -2 j 



I t  f o l l o ~ v s  t h a t  

C . 6  Connect ion t o  R i g i d  Body Sodes 

If t h e  connec to r  is  a t t a c h e d  t o  a  r i g i d  body node,  E q .  ( 3 )  

must b e  m o d i f i e d .  R i g i d  body nodes do no t  have i n d e ~ e n d e n t  

d e g r e e s  of f r z e d o n .  Thus t h e  k i n e m a t i c  v a r i a b l e s  on t h e  r i g h t  

haxd side of ( 3 )  n u s t  b e  e x p r e s s e d  i n  terms of t h e  r i g i d  body 

.. 
v a r i a b l e s  by an a p p r o p r i a t e  t r a n s f o r m a t i o n .  ~n rate form we 

hnve 

where t h e  ~ u n e r s c r i ? t  d e n o t s  q u a n t i t i e s  associated ~ v i  t h  t h e  

r i g i d  body c e n t e r  of  z r a v i t y  and 

i n  which  L is  t h e  d i r e c t i o n  c o s i n e  m a t r i x  o f  t h e  r i g i d  body 

coordinz i tes  , v i t h  r e s p e c t  t o  t h e  g l o b a l  c o o r d i n a t e s  and 

11: ( 1 1 )  t h e  e i e n e n t s  a r e  t h e  coorc l ina tes  ol' ti:e , j th risiu boily 

node w i t h  r e s p e c t  t o  the r i z i d  body c o o r d i n a t e  f r n ~ n e .  



I t  fo l lows t h a t  

where T i s  t h e  6 x G t r ans format ion  matr ix  

C .  7 Superpos i t ion  of blechanisrns 

Above we have der ived incremental  s t i f f n e s s  mat r ices  f o r  

four  types  of mechanisms. I t  should be noted t h a t  i n  incremental  

form t h e  gene ra l i zed  f o r c e  r a t e  is l i n e a r l y  reEated t o  t h e  

gene ra l i zed  displacement r a t e .  Thus a  mechanism which t r ansmi t s  

a gene ra l  f o r c e  and couple may be ob ta ined  by supe rpos i t i on  of 

t h e  above f o u r  mechaliisms. I t  fo l lows t h a t  t h e  force-deformation 

c h a r a c t e r i s t i c s  of  this genera l  mechanism a r e  s p e c i f i e d  by t h e  

s i x  a r b i t r a r y  func t ions  

xhere s i s  t h e  cul-rert  d i s t ance  between nodes, 
1; 
is defined by 

(nl), a i s  d?flnec! b y  (1:)) and 3 is  d5fSnc.c: t:- ( 2 4 ) .  
k 



-4ppend.i:: 

P l a s t  i.c I l inge Tes t s  

D ,  1 Experimental Hinge Tes t s  

An experimental  program was designed t o  s tudy t h e  be- 

havior of p l a s t i c  h inges  sub jec ted  t o  l a r g e  r o t a t i o n s .  I n  

add i t i on  t o  dsveloping a  t e s t  rnethodolo~y,  t h e  program obta ined 

the  necessary hinge d a t a  f o r  t h e  s t a t i c  and dynamic v a l i d a t i o n  

t e s t s  d i scussed  e a r l i e r .  The necessary da t a  is def ined by 

t h e  c c n s t i t u t i v e  theory proposed i n  Appendix A .  IVe br: ef l y  

surmarize t h e  p e r t i n e n t  equa t ions .  De ta i led  d i s cus s ion  is  

g iven  i n  Appendix A .  

\Ye assume t h e  behavior of t h e  hinge is determined by a 

s c a l e r  gene ra l i z ed  y i e l d  func t ion  

f ( 5 )  = 1 (1) 



i n  v h i c h  t h e  f o u r  elernents of Y deno te  t h e  c u r r e n t  v a l u e s  - 
of t h e  a x i a l  f o r c e ,  bending moments about  t h e  p r i n c i p a l  

s x e s ,  and t o r q u e  r e s p e c t i v e l y .  (For  convenience t h e  depen- 

dence of f on t r a n s v e r s e  s h e a r  i s  n e g l e c t e d ) .  Thus,  t h e  

components of  5 a r e  normalized s t r e s s  r e s u l t a n t s  i n  l o c a l  -. 
b ~ a m  c o o r d i n a t e s .  The s c a l i n g  pa ramete r s  a a r e  c o n s i d e r e d  

j 

a s  c o n s t i t u t i v e  p r o p e r t i e s  of t h s  h inge  whose v a l u e  depends 

upon t h e  h i s t o r y  of  p l a s t i c  de fo rma t ion .  I n  p a r t i c u l a r  we 

o = a ( e j )  
j j 

j = 1 , 2 , 3 , 4  ( 3 )  

where t h e  s c a l e r s  8  deno te  t h e  accumulated p l a s t i c  deforrna- 
j 

t i o n  i n  e x t e n s i o n ,  b i n x i a l  bending ,  and t o r s i o n  r e s p e c t i v e l y .  

P r e c i s e  d e f i n i t i o n s  of 8 a r e  g iven  i n  Appendix A .  
j 

The exper imen ta l  t a s k  i s  t h u s  t o  de te rmine  t h e  para-  

me te r s  a . With t h e  assumption embodied i n  ( 3 ) ,  i t  i s  
j 

s u f f i c i e n t  t o  conduct  t e s t s  i n  e x t e n s i o n ,  p u r e  bend ing ,  and 

t o r s i o c .  A number o f  f a c t o r s  must be  c o n s i d e r e d  i n  t h e  des ign  

of tF.e e x p e r i m e n t s .  These i n c l u d e :  

1. The beam c r o s s  s e c t i o n  n u s t  be  su?por t ed  a t  p o i n t s  

due t o  ex t r cncous  s t r e s s  c o n c e c t r a t i o n s .  

r e g i o n  of t h e  load-displacement c u r v e .  



3 .  The  l o a d i n g  f i x t u r e  must  a p p l y  a c o n s t a n t  d i r e c t i o n  

l o a d  o v e r  t h e  e n t i r e  l a r g e  d e f o r m a t i o n  r a n g e .  

4 .  S p e c i n e n s  must b e  d e s i g n e d  t o  i n s u r e  a gage  I s n g t h  

which is c h a r a c t e r i s t i c  of h i n g e  f o r m a t i o n .  P r e -  

l i m i n a r y  t2sts i n  u n c o n s t r a i n e d  s p e c i c e n s  s u g g e s t  

t h a t  t w i c e  t h e  beam t h i c k n e s s  i s  an  a p p r o p r i a t e  

c h a r a c t e r i s t i c  l e n g t h .  

811 t e s t s  were done u s i n g  d i s p l a c e m e n t  c o n t r o l l e d ,  s t a t i c  

t es t  mach ines .  The t o r s i o n  and t e n s i l e  spec imens  r e q u i r e d  

LO s p e c i a l  t r e a t x e n t  o r  u n u s u a l  f i x t u r e s .  The e x p e r i m e n t a l  

problem of n 2 i n t a i n i n g  a  p u r e  bend ing  moment on a  specimen 

t h r o u g h o u t  a  l a r g e  d e f o r m a t i o n  t e s t  i s  more d i f f i c u l t .  The 

specimen i s  noun ted  betmeen two r i g i d  end b l o c k s  which a r e  a t t a c h e d  

t o  a  f o u r  p o i n t  s u p p o r t  f i x t u r e  c r e a t i n g  a  p u r e  c o u p l e  abou t  an a x i s  

i n  t h e  spec imen .*  Care  must b e  t a k e n  t o  i n s u r e  t h e  h i n g e  forms 

i n  t h e  c e n t e r  o f  t h e  specimen t o  m a i n t a i n  t h e  n e c e s s a r y  symmetry. 

A l l  s p e c i 9 e c s  ? /e re  1 i n c h  s q u a r e  t u b i n g  w i t h  0.075 i n c h  w a l l s .  

The m a t e r i a l  was low ca rbon ,  a u t o m o t i v e  g r a d e  s t e e l ,  1040.  O v e r a l l  

specimen l e n g t h s  v a r i e d  i n  e a c h  t e s t ,  b u t  i n  e v e r y  c a s e  i n t e r n a l  

"p lugs"  were  u sed  t o  s u p p o r t  t h e  c r o s s  s e c t i o n  a t  p o i n t s  of l o a d i ~ g .  

T!:?se i ~ l u r s  eutpndzfL TO Lh,e h i n s e  s i t e ,  l e a v i n g  onl:7 s 2 i c c h  gags 

l e n g t h  f r e e  t o  d e f o r z .  Por t h e  b snd ing  t e s t  t h e  p l u g s  r e r e  con- 

t o u r e d  z t  th? h i n z e  l o ~ a t i o n  t o  p r o v i d e  a  g r a d u a l  t r e n s i t i o n  f rom 

f u l l  t o  no \\;a11 sus -2or t .  il!ithout t h i s  p r e c a u t i o n  t h e  h i n g e  is  l i k e l y  

A p o r e  d e t a i l e d  d i s c u s s i o n  of  t h e  p u r e  bending  t e s ~  i s  g i v e n  
i n  Vol.. 2 .  



form near t h e  p l u g  end. The t o r s i o n  and tens ion  specimens 

employed a  rounded end i n s e r t  more app rop r i a t e  t o  a  hinge w i t h  

an a x i s  of symmetry along t h e  l ong i tud ina l  a x i s .  

D . 2  Test  Resu l t s  

The t e n s i l e  t e s t  of t h e  tube is shown i n  Fig. D . l  i n  

t h e  form of a s t r e s s - s t r a i n  diagram. S t r a i n  is measured over 

a tv~o inch gage leng th  i n  t h e  unsupported mall  region of t h e  

t e s t  specinen.  Although t h e  t e s t  i s  e s s e n t i a l l y  a  u n i a x i a l  

s t r e s s - s t r a i n  t e s t ,  t h e  choice of gage l eng th  permi t s  t h e  r e s u l t s  
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t o  be i c t e r ? r e t e d  a s  a h i n g e  tes t  f o r  t h e  a x i a l  ?tress 

r e s u l t a n t .  Thz r e s u l t s  C:LU I ) ( ?  rnodcblctl r r l thor  well a s  

c 1 a ~ ; t i c - ; 7 c r f c c t l y  p l a s t i ( : v ~ l t l l  r t  y j c l t l  strcs.; o f  (:1,500 

p s i .  Al though f o r  s m a l l  s t r a i n s  (below 5 x I O - ~ ) ,  t h e  

G 
s l o p e  o f  t h e  e l a s t i c  c u r v e  is n e a r l y  30 x 1 0  p s i ,  a  b e t t e r  

f i t  of  t h e  d a t a  o v e r  t h e  assumed l i n e a r  r a n g e  i s  a  Young's  

6 ?Ioclulus o f  20 x 1 0  p s i .  The e l a s t i c - p e r f e c t l y  p l a s t i c  

app rox ima t ion  i s  shown by dashed  l i n e s  i n  t h e  F i g u r e .  A t  

l a r g e  s t r a i n s  ( above  0 . 0 4 )  a  wav ines s  i n  t h e  w a l l  s u r f a c e  

o c c u r r e d .  The t u b e  f a i l e d  by a  s h e a r  f r a c t u r e  t h rough  t h e  

welded seam. 

R e s u l t s  f o r  t h e  p u r e  bending  t e s t  a r e  g i v e n  i n  F i g . D . 2 .  

T h e  welded seam was l o c a t e d  on t h e  compres s ive  s i d e .  E l a s t i c  

a c t i o n  of  t h z  s u 2 p o r t  and  specimen h a s  been n u m e r i c a l l y  

renoved  f r o q  t h e  d a t a .  Thus t h e  a b s c i s s a  d e n o t e s  p l a s t i c  

h i n g e  r o t a t i o n  o v e r  t h e  gage  l e n g t h .  A s t r e s s  r e l a x a t i o n  

phenomenon was o b s e r v e d  a t  c o n s t a n t  d i s g l a c e r n s n t .  S e p a r a t e  

c u r v e s  a r e  g i v e n  f o r  " i n s t a n t a n e o u s "  bending  moment a t  time 

of i n c r e : ~ s n t a l  l o a d i n s  and  bend ing  moment a f t e r  3 :ninutes  

r e l a x s t i a n .  The  l a t t e r  c u r v e  can  b e  t a k e n  as a  c l o s e  a p p r o s i -  

 tion on t o  s t a t i c  v a l u e s .  

I r  ~ ; o n t r a ; t  GO t h e  a x i a l  L d 3 i ,  t h t  r e d u c t i o , ~  in tile 

,:orient c a r r y i n g  c a p a c i t y  o f  t h e  h i n g e  w i t h  i n c r e a s i n g  r o t a t i o n  

i s  d r m s t i c .  The a s ~ o c i a t e d  deve lopnen t  of  t h e  l o c 2 l  de fo rna -  

t i o n  d u r i n g  fl inge formation i s  shown i n  F i g .  D.3. T h i s  c u r v e  

m2y be 02 s o a e  v a l u e  f o r  f u t u r e  d e t a i l e d  a n a l y s i s  o f  t h e  h i n g e  

s i t e .  
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X e s u l t s  f o r  a  p u r e  t o r s i o n  h i n g e  a r e  shown i n  F i g .  D.4.  

Again ,  t h e  e l a s t i c  r o t a t i o n  has  been removed from t h e  d a t a  s o  

t h a t  o n l y  p l a s t i c  r o t a t i o n  o v e r  t h e  2 i n c h  gage  l e n g t h  is g i v e n .  

The h i n g e  i n  t h i s  c a s e  is  a s p i r a l  p a t t e r n  w i t h  pron7unced 

f o l d i n g  o f  t h e  walls i n t o  t h e  s t a r  p a t t e r n  shown. A s  i n  t h e  

bend ing  t e s t  a  l o a d  r e l a x a t i o n  i s  o b s e r v e d .  

The t o r s i o n  t e s t  c o u l d  be  r u n  t o  v e r y  l a r g e  r o t a t i o n s .  I n  

t e s t s  o f  unconf ined  spec imens ,  y i e l d i n g  o c c u r s  o v e r  t h e  e n t i r e  

unsuppor t ed  l e n g t h .  Once t h e  h i n g e  fo rms ,  hoveve r ,  i t  is  c o n f i n e d  

t o  a r e l a t i v e l y  s h o r t  l e n g t h  on t h e  o r d e r  o f  t h e  d imens ions  o f  

t h e  c r o s s  s e c t i o n .  To e l i m i n a t e  t h e  e f f e c t  of o v e r a l l  y i e l d i n g  

from t h e  h l n g e  d a t a ,  i n s e r t s  were  used  t o  c o n f i n e  t h e  gage l e n g t h  

t o  t h e  c h a r a c t e r i s t i c  l e n g t h  o b s e r v e d  i n  u n s u p p o r t e d  spec imens .  
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D .  3 Hin,ge C o n s t i t u t i v e  P a r a m e t e r s  

To u s e  t h e  above d a t a  t o  d c t c r m i n e  t h e  c o n s t i t u t i v t ~  

p a r a m e t e r s  a i t  i s  n e c e s s a r y  t o  s p e c i f y  t h e  y i e l d  f u n c c i o n  
j ' 

f .  I n  t h e  p r e s e n t  s t u d y  we choose  f a s  t h e  h y p e r - e l l i p s e  

Y i t h  ( 4 )  and ( 3 )  i t  f o l l o w s  t h a t  t h e  dependence  o f  a on t h e  
j 

p l a s t i c  d e f o r m a t i o n  measu re s  a r e  g i v e n  d i r e c t l y  by t h e  above 

t e s t  r e s u l t s .  

I t  remains t o  f i t  t h e  d a t a  i n  a form c o n v e n i e n t  f o r  

c o m p u t a t i o n a l  p u r p o s e s .  The  c h a r a c t e r i s t i c  s h a p e  o b s e r v e d  i n  

t h e  bend ing  and t o r s i o n  t e s t s  can be app rox ima ted  by  an  e x p o n e n t i a l  

f u n c t i o n  o f  t h e  form 7 

L J 
where O is t h e  accumula t ed  p l a s t i c  r o t a t i o n  and 9 i s  t h e  v a l u e  

r;l 

of 0 co r r e spond in : ?  t o  t h e  maximum v a l u e  oP a .  For  OcO,, i = 1 

and 



y = ( 1  - klOm) exp (klOm) 

For  Q > Om, i = 2 and 

E q u a t i o n  (5 )  i s  a  f u n c t i o n  of s i x  p a r a m e t e r s  which may 

be used  t o  f i t  t h e  t e s t  r e s u l t s ,  Four  o f  t h e  p a r a m e t e r s  have  

s i m p l e  p h y s i c a l  i n t e r p r e t a t i o n s  and may e s s e n t i a l l y  be d e t e r -  

mined by i n s p e c t i o n ;  t h e y  a r e  

11 = maximum e l a s t i c  moment 

f = r a t i o  o f  maximum v a l u e  o f  a t o  M 

B = r a t i o  o f  t h e  a s y m p t o t i c  v a l u e  o f  a 

f o r  l a r g e  O t o  M 

Om= v a l u e  o f  0 a t  maximum v a l u e  of  a .  

The r ema in ing  two p a r a m e t e r s  may b e  c o n s i d e r e d  a s  h a r d e n i n g  

and s o f t e n i n g  r a t e s  f o r  t h e  c r o s s  s e c t i o n .  They may b e  

o b t a i n e d  by min imiz ing  t h e  e r r o r  between ( 6 )  and t h e  t e s t  

r e s u l t s  i n  t h e  two r a n g e s  0<0  0>0,. m' 
A s  shown i n  F i g .  D . l  t h e  p l a s t i c  b e h a v i o r  i n  a x i a l  

e x t e n s i o n  may be  modeled a s  p e r f e c t l y  p l a s t i c  w i t h  a y i e l d  

s t r e s s  0 o f  61,500 p s i .  Thus t h e  p a r a m e t e r  a l  is a c o n s t a x t  
Y 

which i s  o b t a i n e d  from ( 5 )  by s e t t i n g  

!,I = A u v ,  0 = 0 ,  f = B = 1 rn 

where A is t h e  a r e a  of t h e  c r o s s  s e c t i o n .  



TABLE D. l H I N G E  PARANZTERS FOR SQUARE TLBING 

TORSION 
a 3  

i 17,000 lbs. 4,500 i n - lb s .  1 3 ,500  i n - l b s .  
! 

The s p e c i f i c  numerical va lues  ob ta ined  f o r  t h e  t u b u l a r  

! 

f t 1 

beam specimen t e s t e d  here  a r e  summarized i n  Table D . 1 .  The  

1 .34  

d a t a  shown is f o r  a f i t  t o  t h e  s t a t i c  ( r e l a x e d )  curves  i n  F igures  

D.2 and D.4. Comparison between t h e  t e s t  r e s u l t s  and computed 
\ 

va lues  u s i n g  equat ion ( 5 )  is  shown i n  F ig .  D . 5  f o r  bending and 

I 

Fig. D.G f o r  t o r s i o n .  
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