Note on shock-wave velocity in high-speed liquid-solid impact
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A better relationship between the shock-wave and impact velocities in high-speed water-solid impact
is determined from the fundamental equations of continuity, momentum, and state. A second-order
relationship is hypothesized and the necessary coefficients then found using the Tait equation of
state. Very good agreement is found with available experimental data for water.

I. INTRODUCTION

The pressure developed in the high-speed impact be-
tween a liquid and a solid surface is of interest and con-
cern in the problems of high-speed air craft and mis-
siles flying in rain and of turbine blades operating in
moist vapors.

The simplest approximation to the maximum impact
pressure rise, p - p, developed in liquid-solid collision
is the one-dimensional waterhammer pressure for a
rigid target, p,C,V,y, where p; and C, are the density and
acoustic velocity of the undisturbed liquid and V, is the
impact velocity. The above expression has been derived
from momentum considerations for the idealized case
where the parameters are assumed invariant. The ap-
proximation is valid if the impact velocity is relatively
small, so that the velocity of propagation of the pres-
sure wave or shock wave in the liquid, C, can be rea-
sonably approximated by the acoustic velocity of the
liquid, C,. However, in high-speed liquid-solid impact,
when the impact Mach number M= V/C, becomes sig-
nificant, the waterhammer pressure, p,CyV,, needs to
be corrected for the effect of compressibility.

The compressibility can be taken into account in the
variation of density p and/or shock-wave velocity C. In
essence, the waterhammer pressure is corrected for
the mass transport across the shock front due to com-
pressibility during the momentum exchange.

Heymann' found that it would be desirable to have an ap-
proximate relationship for water for shock-wave veloc-
ity C as a function of liquid particle velocity change V
so that impact pressure could be calculated more close-
ly. He then proposed a relationship by a simple combi-
nation of two limiting results, namely,

C=Cy for small Mach numbers (1)

C= LV, for large Mach numbers, (2)
therefore )

Cx Cy+ kV, 3)

where % is some constant. He then deduced the constant
k=2 by experimental data for water. Equation (3) is
limited to Mach number M<1.2, Actually % is not a con-
stant. For very large Mach numbers, % approaches uni-
ty, since % is equal to p/(p - py) where p is the liquid
density in the compressed state.

The objective of the present paper is to show a concise
relationship for C as a function of V over an entire range
of impact Mach numbers.
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Il. ANALYSIS

If a shock front is regarded as a mathematical discon-
tinuity and its thickness is assumed negligible, the
governing equations applying to such a shock front, de-
rived from continuity and momentum considerations,
based on the one-dimensional model, are

PC=p(C= V), (4)
b= Dy=piCYV. (5)

The impact relationship between the density p, the
shock-wave velocity C, and the impact pressure p re-
quire, in addition to the equation of continuity and mo-
memtum, relationship of thermodynamic porperties,
namely, the equation of state.

Tait? proposed the following equation of state for water:

p+tB_(p A
Pt B-(po), (6)

where B and A are two empirical functions of tempera-
ture. By exhaustive examination of the published experi-
mental data, Li® concluded that the relationship of Tait’s
equation represents the thermodynamic relationship of
water very well. At 20°C, B= 3047 bar and A=17.15
was given by Cole.*

To obtain a relationship for C and V, equating density from

from Eqgs. (4) and (6) yields

pC \_ [p+ B\VA

(C — ‘/>— po O+ B . (7)
Raising both sides to the power A and replacing p from
Eq. (5), Eq. (7) becomes

(@5) =t (1 25%). ®

Rearranging Eq. (8) for C? and V/C gives

R L

Note that 1= [V/C=(p-p,)/p] 20, or p becomes
negative.

As V/C or V approaches zero, the right-hand side of
Eq. (9) approaches the constant A. Therefore, C
approaches a constant, namely, acoustic velocity C,
which is [A(p,+ B)/p, 2.

On the other hand, as V/C approaches unity, the right-
hand side of Eq. (9) approaches infinity. Hence, C and
V both approach infinity.
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FIG. 1. Water shock-wave velocity vs Mach number.

Equation (9), therefore, contains the entire spectrum of
relationships of C and V between the two limiting results
of Eqs. (1) and (2).

Equation (9) shows that although shock-wave velocity C
is an explicit function of V/C, it is an implicit function
of V. According to Ruoff, ° the shock-wave velocity can
be expressed as a Maclaurin expansion in the form.

C=Cyt+aV+bVEi+cVit .. | (10)

Here it is possible that V/C,>1. The appropriate coef-
ficients in Eq. (10) can then be determined from Eq. (9).

In a quadratic equation, it is found that a=1.925 and
b=~ 0.083 by a least-square-fit computer program, for
impact Mach number up to 3.

C/Cy=1+1.925(V/Cy) - 0.083(V/Cy). (11)
Since this is only an approximation, it might be well to
make it more convenient yet and still retain an accept-
able accuracy, by choosing a=2.0 and b= - 0.1 within

the stated ranges of application

C/Co=1+2(V/Cy) - 0. 1(V/Cp). (12)
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I1l. RESULTS

Results calculated from Eq. (9) agree extremely well
with the whole spectrum of experimental data®® as
shown in Fig. 1. The asymptotic value (acoustic velo-
city = C,) calculated from Eq. (9) is about 4850 ft/sec.
This is slightly lower than that recommended by
Heymann,! i.e., 4900 ft/sec.

The relations

C/Cy=1+EV/Cy E=2.0 (13)

and

C/Cy=1+ a(V/Co)+ b(V/C)?, a=2.0, b=-0.1(14)

have been evaluated and compared with the numerical
results of

L[ Y YNDT.

Our calculations show that the percentage deviation of
C/Cy=1+2(V/C,) increases as V/C, increases. It is
about 5% at V/Cyg=1.0, 11% at V/Cy=2.0, and 16% at
V/Cy=3.0. On the other hand the percentage deviation
of C/Cy=1+ 2(V/Cy) - 0.1(V/C,)? is less than 3% over
the whole range of V/C, up to 3.

IV. SUMMARY

A concise implicit relationship between shock-wave
velocity and particle velocity change in water over the
entire spectrum of impact Mach numbers, Eq. (9), is
derived from fundamental equations (4)—(6) based on a
plane-wave model. The shock-wave velocity can also be
expressed as an explicit function of particle velocity
change in the form of series expansion Eq. (10). Sim-
plified equations with a limited range of application can
be deduced for convenience. Equation (12), which in-
cludes a negative second-order term, is found to be
more accurate than Eq. (13), as Heymann'® had also
pointed out.
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