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In this paper the diffusion of guiding centers induced by stochastic magnetic and electric field
fluctuations, with both time and space dependence, is analyzed for the case of tokamak
plasmas. General experimental results on tokamak fluctuations are used to derive guiding-
center equations that properly describe the particle motion. These equations assume

uniform average magnetic and electric fields with random stationary Gaussian fluctuations
that constitute a homogeneous and cylindrically symmetric turbulence. By applying
Novikov’s theorem, a Fokker—Planck equation for the probability distribution function is
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coefficient not only contains the standard terms due to the stochastic wandering of the
magnetic lines and the stochastic electric drift, but also new terms due to the stochastic
curvature and VB drifts. The form of these terms is shown explicitly in terms of the

correlation functions of the fields.

I. INTRODUCTION

At present, one of the most important problems in
tokamak research is anomalous transport, which, in gen-
eral, seems to be caused by turbulent processes occurring
in the plasma. Although strong efforts have been made
during the past decade to measure the statistical properties
of the stochastic fluctuations in particle density, tempera-
ture, electric potential, magnetic field, and electric current
in tokamaks,'™* a complete self-consistent model describing
plasma turbulence and anomalous transport is, due to its
complexity, still lacking. This complete description re-
quires a simultaneous solution to Maxwell’s equations and
the kinetic or fluid equations. The theoretical approaches
used to treat plasma turbulence and anomalous transport
have been described by Haas and Thyagaraja and classi-
fied as microstability, fluid, and test-particle theories. Re-
search trends have been focused on two complementary
areas: one is the study of plasma instabilities that might
give rise to the kind of turbulence found in tokamaks (dy-
namics), and the second is the analysis of the transport
induced by externally given stochastic fluctuations of the
type seen in tokamak plasmas (energetics). Two basic
mechanisms of radial transport are generally recognized: s
low-frequency electric fluctuations that produce stochastic
electric drifts, and magnetic field microfluctuations that
lead to a weak destruction of the magnetic surfaces. Single-
particle theories are intrinsically non-self-consistent, but do
provide a useful tool to analyze the basic physics involved
in particle transport.

The guiding-center approach is a single-particle tech-
nique extensively used to treat problems involving one or
both of the mechanisms of anomalous transport mentioned
above. These problems contain among many others, issues
such as: the diffusion of charged particles moving along
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stochastic magnetic field lines with weakly destroyed mag-
netic surfaces;®° the transition of the particle motion from
deterministic to stochastic in a homogeneous magnetic
field due to the presence of electrostatic waves;'? the diffu-
sion of charged particles in a uniform magnetic field with
stochastic electrostatic fluctuations;'! the particle transport
in a toroidal magnetic field with time-dependent electric
and magnetic fluctuations; 12 the diffusion of circulating
and trapped particles in a toroidal magnetic field due to
time-dependent stochastic electromagnetic fluctuations,®
etc. However, the transport induced by stochastic VB and
curvature drifts has not received much attention, since
they are believed to be negligible compared with the trans-
port in weakly destroyed magnetic surfaces or to the dif-
fusion due to the stochastic electric drifts. This point is
questionable for the case of magnetic fluctuations with
large wave numbers, where strong magnetic gradients
might be present, and the subject, therefore requires fur-
ther research. In this paper we develop an approach to
diffusion induced by stochastic fluctuations with time and
space dependence taking into account the above-mentioned
magnetic drifts. The inclusion of a space dependence of the
fluctuations in an analytical treatment is a serious mathe-
matical problem since the stochastic force on the particle
depends on the position of the particle. The approach we
develop here to deal with space-dependent fluctuations is
based on the application of Novikov’s theorem, which
holds for Gaussian stochastic fluctuations, and gives re-
sults that are valid in the so-called quasilinear limit.® In our
formulation, we take the available experimental informa-
tion to analyze the relative magnitudes of terms in the
guiding center equations with fluctuations and retain the
lowest-order terms of the VB and curvature drifts. To keep
the mathematical problem within reasonable limits, we
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consider an average magnetic field that is uniform and we
assume Gaussian homogeneous cylindrically symmetric
turbulent electric and magnetic fields, which are prescribed
externally. The assumption of homogeneous and cylindri-
cally symmetric turbulence might adequately describe a
tokamak when the correlation lengths of the fluctuations
are much smaller than the system characteristic lengths.
The assumption of fluctuation magnitudes given by a
Gaussian probability function is an issue to be tested ex-
perimentally. Our calculations reproduce earlier results
concerning the diffusion of charged particles in stochastic
electric fields,” in weakly destroyed magnetic surfaces,®*°
and provide expressions for the diffusion coeflicients due to
the VB and curvature drifts.

In this work we also include a constant parallel electric
field to model the tokamak loop voltage; the collisional
friction balances the force produced by this electric field
and determines the average parallel velocity of the guiding
centers. As we shall see, the radial diffusion due to the
stochastic curvature drift depends strongly on the magni-
tude of the parallel velocity.

A key question in this formulation concerns the ambi-
polarity of the diffusion which, in a self-consistent treat-
ment, should hold automatically {(with account of the rel-
evant anomalous and neoclassical transport mechanisms).
However, by using approximation methods, the coupling
of the plasma with the fields is usually removed or not
taken fully into account, which in general leads to nonin-
trinsic ambipolarity. This, therefore, should be imposed
externally. In this paper we prescribe the electromagnetic
fluctuations and consequently obtain nonintrinsically am-
bipolar diffusion.

It is worthwhile to mention here some valuable efforts
by Thyagaraja and Haas'* to formulate a semi-self-
consistent numerical approach to anomalous tranport.
They employ parallel kinetic equations for ions and elec-
trons, quasineutrality of the fluctuations and the Maxwell
equations to obtain density and electric potential fluctua-
tions and heat and particle radial fluxes in terms of pre-
scribed radial magnetic fluctuations in a periodic cylindri-
cal geometry. In this formmlation the electric charge is
conserved locally and hence, the resulting anomalous dif-
fusion is intrinsically ambipolar.

The paper is organized as follows: In Sec. II we derive
the guiding-center equations describing the motion of
charged particles in a magnetic field with time- and space-
dependent tokamak-like electromagnetic fluctuations. We
take a Langevin equation for the parallel velocity and in-
clude a constant electric field along the average magnetic
field. In Sec. III we apply the equations to uniform mag-
netic and electric fields, and further, in Sec. IV, we treat
the case of fluctuations without space dependence; the
model leads to the phenomenon of stochastic heating and
diffusion in configuration space. The exact results obtained
in this section are used as a benchmark to analyze general
results where both space and time dependence are in-
volved. Section V develops an iterative technique based on
Novikov’s formula to obtain a Fokker—Planck-like equa-
tion for the probability density function of finding the po-
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sition of a guiding center around a certain point at a given
time. The diffusion coefficient i3 derived in Sec. VI using
this Fokker—Planck equation for the case of stationary ho-
mogeneous and cylindrically symmetric turbulent electric
and magnetic fields. In Sec. VII we present a summary and
the concluding remarks. Appendix A contains the details
of the calculations of Sec. 111, and finally Appendix B dis-
cusses some basic properties of the stationary, homoge-
neous cylindrically symmetric turbulence.

Il. GUIDING-CENTER EQUATIONS WITH TOKAMAK-
LIKE ELECTROMAGNETIC FLUCTUATIONS

The analysis of the transport of charged test particles
induced by fluctuations of the type observed in tokamaks
starts with the standard guiding-center equations for the
position R(z), the parallel velocity V]E(t), and the perpen-
dicular velocity ¥, (¢) of the guiding center of a test
particle.”>® In the nonrelativistic case they are given by

EX7 mhclngB ml’nc

E;FHTO_‘_C B + qu B + qB To
~n mPe (o OTy
> [ (70'V) o] +_qB— (TOX*‘a‘;), (1)
d[’il q 1 g
E“““‘E' o+ ;’”(V'lo), (2)
av, 1., |
=3 ihy(ven), (3)

where 7,=B/B, and m and g are the mass and the electric
charge of the test particle, respectively. The electric and
magnetic fields E and B depend in general on the position
and time. The trajectory of the guiding center can be ob-
tained, in principle, by solving Egs. (1)-(3) simulta-
neously, once the space and time dependence of the electric
and magnetic fields are specified. Equation (3) describes
conservation of the adiabatic invariant, i.e.
(d/dt) I”%/B=O. The guiding-center equations, (1) to (3),
are obtained from the equation of motion of a charged
particle by averaging it over the rapidly varying phase of
the gyration. This procedure is justified when
Ve=cE/B<V,, R,<L, and |8:r\0/ dt| €w,, where Vi is the
electric drift velocxty, w,=qB/mc denotes the gyrofre-
quency, R,=V,/w, is the gyroradius, and L=|VB/B| —ti

a charac.terlstu, length of the magnetic field mhomogenelty

In deriving Egs. (1)-(3), an expansion in a parameter e<1
is performed. This parameter ¢ is given by the order of
magmtude of the largest of the quantities R,/L, Vy/V,, or
Iaro/c?t[/(ug. The first term on the right-hand side of Eq.

(1) is of zeroth order, and the remaing terms are of first
order in €. The terms on the right-hand side of Egs. (2)
and (3) are all of zeroth order. In tokamaks, the ratios
R/L, Vi/V,, and |37,/dt|/w, are indeed much smaller
than one in general, although of different size. The param-
eter R,/L has a value between 10~ * and 10 *for electrons,
and an order of magnitude larger for deuterons. The elec-
tric drift for an electric field of 10? V/cm and a magnetic
field B~ 10 KG is of the order of V5~ 10° cm/sec, and the
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thermal velocity vy, in a plasma with an edge temperature
of 100 eV is about 5% 10® cm/sec for electrons, and 2 X 10’
cm/sec for deuterons. Thus for V| ~v,, the ratio Vz/V, is
approximately 2 1073 for electrons, and 5 X 102 for deu-
terons. The ratio |37,/3t|/w, is about 10~* for electrons
and 10~* for deuterons.

We assume that the magnetic and electric fields are of
the form

B=Bo(l‘) +b(l',t),

E=E0(r)+e(r,t),

where b and e represent the fluctuations in the magnetic
and electric fields observed in tokamaks, and analyze the
transport induced by these fluctuations. Although the ex-
perimental information does not allow general conclusions
we will assume that b<B; and e S E,. Further, it has been
observed! that the magnitude of the magnetic field fluctu-
ations in the direction perpendicular to the average mag-
netic field By, i.e., the magnitude of b, at plasma edge is
about 10™* times the magnitude of the total magnetic field
for small tokamaks and even smaller for large tokamaks.
This magnitude seems to increase in going from the edge to
the central plasma regions. The magnitude of the magnetic
field fluctuations in the parallel direction, i.e., by, is not
well known, but it is always found to be lower than the
magnitude of the fluctuations in the perpendicular
direction’ [in the Tokamak Chauffage Alfvén (TCA),"
this factor is 1/3, and in the MACROTOR Tokamak'® it is
lower than 1/10]. In order to perform an expansion of the
guiding-center equations, based on these quantities, we in-
troduce the parameters

(SlEbl /B~ 10_4

(4a)
(4b)

(5a)
and

Similarly, we also introduce two additional parameters
a,=e,/Ey and a=e)/E, to characterize the magnitude of
the fluctuations of the electric field in the perpendicular
and parallel directions relative to E,, which is an average
electric field. However, to estimate the order of magnitude
of these parameters we first have to know E,. The reported
measurements of the radial electrical fields in tokamaks
show that the electric potential varies significantly depend-
ing on the plasma conditions. In the plasmas of the Impu-
rity Study Experiment B (ISX-B)'® and TM-4% the elec-
tric potential is negative at the plasma center with respect
to the plasma edge, and increases with distance from the
center, acquiring positive values near the edge. The corre-
sponding maximum radial electric field is approximately
10?2 V/cm. In the Rensselar Torus (REN’I‘OR)21 a positive
electric potential is observed at the plasma center. Mea-
surements of the electric potential fluctuations, $(r,t), in
the ISX-B,?? the California Institute of Technology Toka-
mak (CALTECH)® and the MACROTOR? [see Ref.
(1)}, show that the magnitude of the fluctuations increase
in general going from the plasma edge to the central re-
gions. The maximal variations of the electric potential are
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up to 30 V. On the other hand, the wavelength spectra of
the potential fluctuations perpendicular to the magnetic
field show a maximum at about 1 cm. Hence, we can esti-
mate an upper limit for the magnitude of the electric field
fluctuations e, as 30 V/cm (for the CALTECH Tokamak,
values of 10 V/cm are reported”®). The magnitude of the
electric field fluctuations along the magnetic field lines is
not well known, but since the wavelength of the potential
fluctuations along By are much greater than the wave-
length perpendicular to By (at least a factor 6 in the MA-
CROTOR Tokamak?*), we may conclude that e<e.- In
summary, we find the order of magnitude of the parame-
ters @, and ¢ as

a,=e,/Ey~0.1—1, (6a)

(6b)

The magnitude of the drifts in Eq. (1) arising from the
spatial gradients of the fluctuating magnetic fields can be
estimated by their characteristic lengths, which may be
taken as their wavelength 4| and A, in the parallel and
perpendicular directions. Typically 4, ~0.05—2 cm and
A »A, [Aj~200 4, in the Texas Experimental Tokamak
(TEXT)’]. We can define the parameters

y =4, /L~10"%-107*

a=¢/Eo<a, .

(7a)
(7b)

to express A, and 4, relative to the characteristic length of
the tokamak.

Another parameter we need to measure is the magni-
tude of the drift caused by the time variations in 7. This is
defined by p=(2mf/w,)8,, where f is the frequency of the
magnetic field fluctuations, which ranges up to 1 MHz.
Since the gyrofrequency (w,/2m) is about 10'0 sec™! for
electrons, and 10° sec™! for ions we find that

10~8,

<
B=110-% for deuterons.

N=A4/L>ve,

for electrons,

(8)

We are now in a position to expand the right-hand
sides of Eqs. (1)-(3) using Egs. (4) and the parameters
introduced in Egs. (5)-(8) and keep only the most impor-
tant terms. The unit vector 7y in Eq. (1) can be expanded
as

~ By by

r0=§+3§+0<5i), 9)
where we have used Egs. (5) and ignored by/B,. The elec-
tric drift in Eq. (1), which is of the order of ¥/ V| relative
to the term V{7, can be approximated as

c(Ex?o/B)=B—%O(Eo+e>x(Bo+b)+0(VL6.,), (10)

where the (e XBy) term is of the order ) compared to the
(EgXBy) term, and must be retained because a; ~0.1—1
[cf. Eq. (6)]. The (Eg+e)Xb term is of order 6, and is
also retained.

The VB-drift term in Eq. (1) is of the order of R/L
compared to the term V7, and can be simplified as
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me 2(7/'\0><VB

mce 0‘b
2q_B B ) 2B, o VL[BOXVB()"‘BOXV( )

0

+b><VBo+O(B§8"/L)]. (11)
The second term in this equation is of the order of
8y (L/A)=38)/v, as compared to the first term, and must
be retained because the ratio §;/y, can be close to unity
[see Egs. (5) and (7)], although it is always less than one,
The third term is of the order §; as compared to the first
term, and it also is retained.

The curvature drift in Eq (1) is the order of R,/L
with respect to the term V"TO, and can be appro‘umated by

e VHAX[(Fe¥)7 ]}

meV;
=— {BoX [ (By'V)Bo] +BoX [ (By¥)b] +Bo
950

X[ (bV)Bo] +bX [ (ByV)Bg] + O(B3¥/A)}.
(12)

The second term on the right-hand side is of the order
of 8,(L/A))=38,/y; in comparison with the first term.
Since ) can be lower than one [see Eq. (5)] we must retain
this term. The third and fourth terms are of the order §,
and are also kept in our equations.

In the expressions (11) and (12) the expansion is
made up to the leading terms in the fluctuations. Although
these terms may be small compared with the nonfluctuat-
ing terms, they are retained since they are the leading
terms when B, is uniform.

Finally, the last term on the right-hand side of Eq. (1),
i.e., d7/dt is of the order u as compared to VH?O, and can
thus be neglected [see Eq. (8)].

We conclude from the above estimates that Eq. (1)
can be approximated by

dR ‘By+b,
=V (

c
)+ (Boke) X (B )

m V2

257 BoXV[Botby] +bX VEo}

mV"c
+ VA {ByX [ (BgV) (By+b) + (b-V)By]
qDbq

+bX [(ByV)By]}, (13)

when studying the diffusion of the guiding centers induced
by random tokamak-like fluctuations.
We now turn to Eq. (2), and consider the term

(g/m)E-Ty=(¢/mBy) (ByeEy+Bye+b-Eg+bre).
(14)

As compared to the first term By-E,, the second, third, and
fourth terms are of the order of a, §,, and §,a,, respec-
tively. Hence, the last two terms can be neglected, so that

(g/m)E-7y=(g/mBy) (By-Eo+ Bye). (15)
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The term V<7, in Eqs. (2) and (3) can be approximated as
Vero=—B/B*VB=—(1/B}) [ (By+b,)-VB,], (16)

where the terms of the order of (6”/'/1"), (83/4,), and
higher order have been neglected. Hence, we can write Eqgs.
(2) and (3) as

d[’" q ;“

= =mp. B (E0+e)—23_ 52 [(Bot+b):¥By],  (17)
dVl I’l[ ii
& =25 | (Botb) VB (18)

In conclusion, the motion of the guiding center can be
studied in tokamaks using the coupled set of equations
(13), (17), and (18), when the deterministic magnetic and
electric fields By(r) and Ey(r) are given, and the statistical
properties of the fluctuating fields b(r,r) and e(r,z) are
specified. Here it must be kept in mind that by<b, is as-
sumed, so that the case b, =0 and b0 cannot be treated
with the set of equations we have derived. It is clear that
the fields in these equations are to be evaluated at the
instantaneous position R(#) of the guiding cenier. In order
to proceed analytically with the study of the effect of fluc-
tuations in the local fields on the motion of the guiding
center in a more quantitative manner, we are forced to
introduce futher simplifications. Since the correlation
lengths of the fluctuations are much smaller than the char-
acteristic plasma dimensions (unfortunately not always
true for the parallel correlations), the diffusion induced by
fluctuations can be considered as a loca/ phenomenon; this
enables us to take the deterministic part of the fields as a
constant and the statistical properties of the fluctuations as
cylindrically symmetric. The effects of the toroidal geom-
etry can, however, still be present through the correlation
functions.

{il. THE MODEL: UNIFORM B; AND E,

Let us assume the average magnetic and electric nelds
are umform and in the z direction, ie., By=B,z and
Ey= EQZ, where Z'is the unit vector, and introduce the effect
of collisions in the parallel motion through a random col-
lision term [—v. V) +F(¢)] in the right-hand side of Eq.
(17). Here v, is a collision frequency and F(#) is a random
Langevin force, which does not correlate with e or b. This
Brownian diffusion model has been used before?® to study
the diffusion of the guiding center of a test particle in a
fluctuating magnetic field.

With the above idealizations, the guiding-center equa-
tions (13), (17), and (18) are modified as follows:

dR(1) v (3 b, eXB; mhc Vb
d "(+ )‘L" By 248 DoXVhi

mVﬁCB ByV)b 1
+ qBé- 0 X (By'V)b, (19)

avy(s) ¢

= (Bote) —veV+F, (20)
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dv,

==
Equations (19) and (20) represent a set of two coupled
stochastic differential equations for R(z) and V() in
which b, e, and F are the input random processes whose
statistical properties are to be modeled. Equation (21)
shows the conservation of the adiabatic invariant for a con-

stant magnetic field. In Cartesian components Eqgs. (19)
and (20) read

(21)

ax(t) bx ey Vl ab, V!l db,
ar 1Bt CB (22)
0 0 Cl)gBo 3Y Cl)g.Bo oz’
Y _, b & Vi db, Vi ab,
a0 B, By w8 A (23)
0 0 C()g.Bo X wgBO 82
dZ(t)
a = Vi (24)
an(l‘)
dt V(:V||+ (E0+ez) +F. (25)

In general b and e might exhibit time and space depen-
dence. The case including space dependence is more com-
plex and will be treated in Sec. V by using an iterative
procedure based on Novikov’s theorem presented in Sec.
IV. However, the case in which b and e show only time
dependence can be solved exactly and is presented in the
following section. The results obtained there are also used
later to analyze the accuracy of this approach.

IV. DIFFUSION DUE TO STOCHASTIC FIELDS
WITHOUT SPACE DEPENDENCE

In this section we consider b=b(¢) and e=e(z) and
evaluate (¥}, (Vﬁ), (X}, and (X?) through Egs. (22) to
(25) under the assumption that b and e are stationary
random fluctuations with zero mean, and are uncorrelated
(although this seems to be a strong assumption, there is,
however, some experimental evidence supporting it for at
least low-frequency fluctuations)." Here (V”) means the
ensemble average of V. Purely time-dependent electric
and magnetic fields are, of course, inconsistent with Max-
well’s equations. However, in analytical treatments of the
transport induced by stochastic fluctuations this is not an
uncommon assumption because the conclusions are useful
for understanding the basic physics involved in the process.
The results we derive here are used later in Sec. VI to
analyze the structure of the diffusion coefficients for the
case when both time and space dependences are included.

Following the procedure presented in Appendix A we
obtain from Eq. (25) that

(Vy(0)) =Voe™ "+ (gEp/mv,) (1—e ™) (26)

and

t
BV =v7 e fo"u R(|u]) (7= —emei=0),
(27)
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where 6V =¥ — { V"), R, is the correlation of the fluctu-
ating component of the right-hand side (rhs) of Eq. (25)
and ¥, is a constant initial velocity for all ensemble real-
izations. Expression (27) describes stochastic heating due
to electric fluctuations and diffusion in velocity space (see
Appendix A). From Eq. (22) we can evaluate (8X(¢))
and (8X?(z)). The diffusion coefficient perpendicular to
the average magnetic field, D, (¢) =1d{(6°X(¢))/d, is given
by

DO =0} [ drr =) bubule=) /B
+ fo dr BV (£)8V, (1=1)) (by(D)by(t—7)) /B

+c? ft drie,(t)e,(t—7))/B}. (28)
0

The last term, which does not depend either on electric
charge or the mass of the particle, describes the contribu-
tion to diffusion of the stochastic electric drift. It is be-
lieved to be one of the main mechanisms leading to anom-
alous transport.! The first and second terms give the
diffusion resulting from the motion of the guiding center
along stochastic field lines. These contributions have been
the subject of multiple papers [see Ref. (9)]. When the
parallel correlation length is much smaller than the torus
parallel dimensions (as in our case), it does not seem to be
relevant for explaining anomalous transport since |b|/B,
is very small® (if quasilinear formulas apply). The first
term appears due to a nonvanishing average paraliel mo-
tion, which for £>v;!, is given by (V) =gEy/mv,. This
term gives the diffusion coefficient associated to the loop
voltage in a tokamak. For small times, t<v," !, this diffu-
sion coefficient increases linearly in time.

To estimate the size of the terms involved in Eq. (28),
let us introduce the steady-state perpendicular decorrela-
tion time of the magnetic and electric fluctuations as

m—m | RETXOINOY (292)
and
m f dr{e,(0)e,(T)). (29b)
Thus, for t— o« Eq. (28) goes into (see Appendix A)
Di=(¥y? <bx(01>9b%x(0)> )
1 (e
51 J, 4Ry GObL7)
&
+§§0 (e,(0)e,(0))T, (30)

where RV”(T) = llm,_,w(cSV”(t)(SV"(t - ’T)>
In the case 7, is much smaller than the decorrelation
time of 6;/”, we can approximate the second term in the rhs

of Eq. (30) by
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, (6,(0)5,(0))

vthTTbl’ 31

with vfh = R,,” (0), the square of the thermal velocity in
parallel direction. The first term on the rhs of Eq. (30)
becomes comparable or greater than the second one only
when (V“) R vy, This may be the case when tangential
neutral beam injection is present in tokamaks, or in the
case of run-away electrons.

Let us now evaluate D, for the CALTECH tokamak.?
In this case 7,,~2X 10~ sec, |e| ~10 V/em which, to-
gether with By=3.5 KG, gives ce,/B;~3.3X 10° cm/sec.
The diffusion coefficient due to stochastic electric drifts is
then

D prpc~2X10° cm?/sec, (32)
which is an extremely high value in comparison with the
experimently observed amomalous diffusion coefficients
D~10*—~10° cm?/sec.

The diffusion resulting from the magnetic fluctuations
can be evaluated by taking 7,,~7,, and b,/By~10"* to-
gether with oy, . ~ 2 X 10% cm/sec and U, ~ 8 X 10% cm/
sec. This yields

8% 10° em?¥/sec,

13 cm?/sec,

for electrons,

Dy pag= (33)

for ions,

which is lower than the electric diffusion coefficient, Eq.
{(32), but still of importance for electrons. Notice that elec-
trons diffuse faster than ions, thus the diffusion mechanism
provided by the magnetic fluctuations via weak destruction
of magnetic surfaces should tend to develop a positive am-
bipolar electric field.

V. ITERATIVE TECHNIQUE BASED ON NOVIKOV’S
FORMULA

Let us consider a system whose behavior is described
by a stochastic differential equation of the form

dr—f 1@ 34
_d—t_ [l'(t),t,w], ( )

where r(¢) is a state vector of arbitrary dimension and the
function f(r,#;@) represents a vector function of r,z for each
realization of a random variable &.?®* We now introduce the
density p(r,t;@) =8[x —r(#®)] for each realization, so that
its average over realizations

P(x,f) = fda? D(@)p(x,63) = (p(x,1)) (35)

is the probability density function. From this function we
can obtain the probability that at a given time ¢, and for a
particular realization, the value of r lies in dx around x.
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The density function p(x,f;0) satisfies the following
continuity equation:

a
Ep(x,t;é?) = —Vf(x,5,0)p(x,50) =.Z (50)p(X,50),

(36)
where .7 (&) is the stochastic Liouville operator.27
The formal solution of Eq. (36) is
t
p(X, 1) =exp,( f ds Z (5:0) )p(x,O;ES), (37)
0

where the operator on the right-hand side denotes time-
ordered exponential,?® defined by

exp,( J:ds f(s;a?))

¢ 4 [}
dtlf dtz"' J‘ dtn
n=1 J0O 0 0

=1+ 2
X (1153) L (D). (38)

Averaging Eq. (37) over realizations and assuming that
the initial value p(x,0;@) is not correlated with the real-
izations, i.e., is independent of &, one formally obtains

P(x,1) = (expt J: ds .L(s) >P(x,0). (39)

Our purpose is to obtain an equation for P(x,r) using
a theorem due to Novikov® for the case when f(x,3) is a
Gaussian stochastic process with zero mean. Here Gauss-
ian process means that the probability of finding a given
value of f at (x,£) is a Gaussian distribution.*

Before considering the general case, we first introduce
this technique in the one-dimensional case of Eq. (34) and
assume that f is space independent.

A. A simple one-dimensional case

Let us consider the stochastic equation

P 40

=/ (63) (40)
and the stochastic Liouville operator

L (o 5 2 41

- (t,(l))—'—f(t,w) ax' ( )

The time ordering in Eq. (37) is now not needed since
L(1,@) and 2 (¢;®) commute.

Assuming that f(#@) is a stationary Gaussian process
with zero mean, and autocorrelation function

R(T)={f()f(z+71)), (42)
one obtains from Eq. (37)
Pix,t) :exp( J-tds(z'—s)R(s))P(x,O), (43)
0

which satisfies the following Fokker-Planck equation
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8P(x 1)

3*P(x,t)
(f dsR(s))—;z—— (44)

We shall use this exact result to compare with the
approximate results of the iterative technique based on No-
vikov’s theorem that we describe right below.

The continuity equation satisfied by p(x,;@) in the
case of Eq. (40) is

dp .9 -
= —f(4w) Ep(x,t;w)- (45)

By taking the ensemble average of both sides of this equa-
tion we obtain

d d
EP(XJ)=—5; (f(Dp(x,0)). (46)

Novikov’s theorem?® establishes that the correlation of a
Gaussian, zero mean stochastic process with a functional
that depends on it, is given by

0 8 WL
FDp(xn)y = fo ds<f<t)f(s>><§—}fs)%>, (47)

where the functional derivative in the right-hand side is
defined as®!

Splx8f]

SF(s)ds =7cP plxtf(t) +ed(t—s)] . (48)
The solution of Eq. (45) can be constructed as
plx,tf] =6(x—x0— ftdsf(s)), (49)
0
from which
Splx,t;f ] J
—W=—U(l‘—s) 'a‘;P(x,t), (50)

where U(z) is the step function.

If we substitute Eq. (50) together with (48) in Eq.
(46) we reproduce the exact Fokker-Planck equation in
Eq. (44).

In the phase-space dependent case the solution of the
continuity equation is, in general, not available in closed
form; it then becomes necessary to resort to an iterative
method. For this, we integrate formally Eq. (45) yielding

ad '
px1) =p(x,0)_5; fo ds f(s)p(x,s) (51)
from which
Splx,5,f ] 3
< 6f(s)ds ) ~ox (P(X,S)U(t—s)

+[la(rw%E)) o

Substituting Eq. (52) in Eq. (46) together with Eq. (47)
we obtain
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ap(xt) oo
J-dsR(t S)_ZP(XS)-i-_zf ds R(t—s)

This is still an exact equation. In fact, if one calculates the
functional derivative on the right-hand side using the exact
formula in Eq. (49), one reproduces again the exact
Fokker—Planck equation (44). However, one can generate
an expansion from Eq. (53) by repeated application of
Novikov’s formula, given in Eq. (47). The result after the
second iteration is

aP(x,t) 8
f ds R(t—s) —2P(xs)+f ds R(t—s)
a*
J-duf dvR(u— v) [U(s v)P(x,v)
6
+U(v—S)P(x,S)]+a—xa {1 (54)

Since this is the procedure we follow in the phase-space
dependent case, it is convenient to check how well Eq.
(54) reproduces the moments

x"(t) = f dx x"P(x,t).

We first observe that Eq. (54) reproduces the exact
Fokker-Planck equation (44) when f(z) is delta corre-
lated. Second, it yields the first four moments exactly. In-
deed, one finds from Eq. (54), that Xx(¢) = x(¢) = 0 and

d—t;?(t)=zf;ds1z<s) (55)

and

d — t
d—x4(t)=24ftdsR(s)f du(t—u)R(u), (56)
4 0 0

which also follow from Eq. (44). Clearly, the odd order
moments always vanish and the number of even order mo-
ments that can be calculated correctly from Eq. (54) is
determined by the highest even-order derivatives retained
in the truncation.

B. The case with space- and time-dependent
fluctuations

Here we generalize the procedure described above to
study the case of a system whose behavior is governed by
the stochastic differential equation (34) with f(r,7) a vec-
tor Gaussian process with zero mean. In order to imple-
ment the procedure we average Eq. (36) over realizations
to obtain

a a

E‘P(X’t)=~8_xj <fj(x,t)P(X,f)>y (57)
where summation over repeated indices is understood; we
now use Novikov’s formula
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(fj(x,t)p(x,t) Y= f dx’ f: ds Ry (x,5;x’, 5)

Sp[x.t;f] 58
X <6fk(x', S)dx’ ds>’ (58)
where
Oplx,f] d
WZ%P[XJJ}(XJ)
+e8;5(x—x")8(t—s)] (59)
e=0
is the functional derivative of first order and
Riy(x,t:x", 8) = (f{(x,1) fr(x', 5)) (60)

denotes the correlation functions of the jth and kth com-
ponents of f.
Formally integrating Eq. (36) we have

ad t ]
px) =p(x.0) 5~ fudsfm(x,s)p(x,s); (61)

from which we obtain

Sp[x,6./1] a ,
ST DT T ), SR )8w=9)

P ) t
Xp(x,u)—-g fodufm(x,u)

Splx,u;f]

" Sflx s D

After taking ensemble average in Eq. (62) and substituting
in Eq. (57), together with Eq. (58), we obtain

£
f ds f dx’ Ry(x,5x’, s)

[¢]

IP(x,t) _ d

XBTk [6(x—x")P(x, S)])

O [ awr (™ ds Rurotix's ) oo
+a’xj f ¥ J-O y jk(x’tvx 5 axm

td Sp|x,u;f]
x fo “ (fm(x,u) 8fi(x’, 5)dx’ a’s) ’

The iteration can be continued by applying Novikov’s for-
mula in the second term of Eq. (63); the resulting expres-
sion, as shown in Eq. (54), will involve derivatives of order
higher than the second, and therefore we truncate the it-
eration in the lowest order. The following Fokker—Planck-
like equation for P(x,t) is obtained

JdP(x,t) 4 t , , ad
Y 25;1» ( J;) dvfdx Rjk(x,t,x , 5) I,

(63)

X [6(x—x")P(x, s)]). (64)
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The time behavior of the first- and second-order mo-
ments of P(x,t) are obtained by multiplying Eq. (64) by X;
and X?, respectively, and integrating over x. We obtain

d — ! J
‘—z,—tXi(t): Ldsfdx(’é}—[.Rﬂ(x,t;x ,s)) P(x,s)

X’ =X (65)

and

d — t
(—IEX:?(I) =2 J;, ds J dx[R,;(x,t;x, s)

d
+‘¥i(— R[](X,[;X’, S) )

%, ]P(x, 5). (66)

X/ =x

Here in Eq. (66) summation goes only over the index /.

The Eqgs. (64)-(66) will be used to investigate the
motion of the guiding center of charged particles in electric
and magnetic fields, with random fluctuations both in
space and time.

C. On the accuracy of the iterative method

Here we use the results previously obtained to illus-
trate the application of Eqs. (64)—(66) to study the diffu-
sion of guiding centers when the fluctuations in the electric
and magnetic fields are Gaussian random processes with
zero mean, no space dependence, and all magnetic drifts
are neglected. By solving this problem in an exact form we
obtain a basic tool to test the accuracy of the lowest-order
approximation of the iterative procedure shown in the last
subsections. Within the above approximations, the
guiding-center equations (22)—(25) reduce to,

dx (1) b1)  e,(r)
o= e (67)
and
dv (e q ,
i
dt =—VCI}]E(I)+;EO+S(1‘)7 (68)
where
S(ty=(g/m)e,(£)+F(z). (69)

We do not include the equation for Y (¢) since, because of
symmetry, it should yield identical results to those corre-
sponding to X (¢).

As shown in Appendix A, if we further assume that the
random processes {b,(#)}, {e,(#)}, and {s(#)} are uncor-
related stationary Gaussian random processes with zero
mean and autocorrelation functions given in Eq. (A3), the
Egs. (67) and (68) can be written as

b.(1)
By

ey(1)
By ’

d
— 8x(0) = [(Fy(0) +8¥ ()] —g—+e (70)

d
— 8V (1) = —v SV (D) +5(0),

dt (71)

where  Sx(f)=x(0)—(x()) and SV () =V (1)
__(V”(z)). The rhs of Eq. (70) has zero average as re-
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quired in the procedure we followed in the earlier sections,
but the average of Eq. (71) does not vanish. By defining

x (1) =6x(1) (72)
and
Xz(t)"—"éV"(t)ev"t, (73)

we cast Egs. (70) and (71) in the standard form, Eq. (34),

d
d_txl(f) = f1(x1,%,1) (74)
and
d
itxZ(t) =f2(x1’x2’t), (75)
where
b (1) (1)
[l =LV ) +xe™"] =4 L= (76)
0 0
and
fZ(xl!xbt) =S(t)evct- (77)

Here (V"(t)) is given in Eq. (A6). The averages of Egs.
(76) and (77) are zero as required; it also follows from
these equations that

Ry, (x,5%,8) = (1/B3) [{V) ()(V(8)) +xpxpe™ e +9]

X Ry, (1—5)+ (/By) Ry (1—5),  (78)

Ry, (x,55x",5) =" "+IR (1—5), (79)
and

R,y (X,55x",5) =0, (80)

where again no correlations between b, and e, are taken
into account.

Notice that if the electric and magnetic field random
variations were not only time dependent but also space
dependent, the space-time structure of the fluctuations
should appear in the correlation functions R, Rey, and R,
contained in Egs. (78) and (79).

Using Eqs. (76) and (77) we obtain the first two mo-
ments

- d _
Zi X1 =7 %:()=0 (81)

and

g 2 ‘ 2 t+s
Exf(f)=§g J;ds{[<V||(t))(Vu(S)>+x§(s)e“’c( +9)

X Ry (t—5)+’R, (1—5)}, (82)
together with
d — t
—x%(t):Zf ds e*<U+SIR (t—s). (83)
dt 0
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Substituting Eq. (73) in Eq. (83) and integrating with
respect to time, we reproduce the exact expression, Eq.
(A13). The situation is different with Eq. (82), which
differs from the exact expression, Eq. (A18). The differ-

ence lies in that 6V“(t)8V"(s) in the exact form of
dx%(t)/dt, is replaced by

5V (0)8V(s) =e~"=9I8¥3(s). (84)

This is equivalent to assuming S(#)=0 in Eq. (71) and
writing 8V (1) = e *'"98¥(s) in the left-hand side
(1hs) of Eq. (84).

The reason of this discrepancy is the following: In or-
der to apply Novikov’s theorem we assume that the rhs of
Eq. (34) was a Gaussian stochastic vector process of zero
mean. The rhs in Eq. (75), which is given in Eq. (77) isa
Gaussian process with zero mean, which in turn yields
x,(t) Gaussian; this however, since we are assuming b,(¢)
is Gaussian, implies that the second term in Eq. (76) is not
Gaussian and therefore invalidates the use of the Novikov’s
formula. We should point out that the results would be
correct if there were no stochastic term in the equation for
V"(t), setting S(#) =0 in Eq. (68). In the next section, we
apply the results obtained in Sec. V B to study the effect of
space and time stochastic fluctuations in the electric and
magnetic field on the diffusion of guiding centers.

VI. DIFFUSION IN STOCHASTIC FIELDS WITH TIME
AND SPACE DEPENDENCE

In this section we study the problem of the diffusion of
guiding centers induced by space and time fluctuations in
the electric and magnetic fields using the theory developed
in the last section. We shall, however, restrict ourselves to
the case of a charged particle moving with a constant speed
along the field lines, i.e., V| =const; this restriction is im-
posed here in order to validate Novikov’s formula as was
discussed in Sec. V C. Although we can take a determin-
istic time dependence in ¥, we will simplify the equations
even further by taking V) constant to show clearly the
effect of stochastic space and time fluctuations of the fields
on the diffusion of test particles. The equations of motion
we consider are Egs. (22) to (24), where the stochastic VB
and curvature drifts are taken into account. To our knowl-
edge, the analysis of the diffusion induced by these drifts
has, at least in plasma fusion literature, never been done
before. In addition we make two important simplifying
assumptions: the first one is that the electric field is elec-
trostatic, i.e.,

e(rtw)=—Vo(r,50), (85)

and the second is that the stochastic fluctuations constitute
a Gaussian, stationary, homogeneous, and cylindrically
symmetric turbulent field (see Appendix B). (This last
property is known in the hydrodynamic literature as axi-
symmetric turbulence,*? however, we do not use this name
here because in the tokamak jargon this has a different
meaning and therefore it may lead to misunderstandings.)
Within this type of turbulence the autocorrelation and
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cross-correlation functions of b and & take some simple
analytical forms, as shown in Apperidix B. The conditions
of homogeneity and cylindrical symmetry may hold in tok-
amaks with large-aspect ratio and the equations of motion
we are using are valid for passing particles only (some
analysis of the diffusion of trapped particles induced by
stochastic electromagnetic fields is found in Ref. 13). Fur-
ther, although no correlation between electrostatic and
magnetic fluctuations were seen in early experiments,
more recent reports’ show the appearance of this correla-
tion at high frequencies. Therefore, in what follows we
keep this correlation as different from zero.

For describing the motion of guiding centers in sto-
chastic electric and magnetic fields we take the Eqgs. (22)
and, (23) with ¥ and ¥, constant. The probability density
function depends now only on x, p, and ¢, i.e, P(xp,t)
since z is a function only of time, i.e.,

(86)

Equations (22) and (23) are written in the standard form
of Eq. (34) as

dx(t)

Z= Vn I

—d;‘=fx[x:}’,2(t);5], (87a)
dy(2) ~
= (03, (870)

where f and f}, are given by the rhs of Eqs. (22) and (23).
We can now use Egs. (65) and (66) to calculate the time
behavior of the first- and second-order moments of x and y.
From them, the diffusion coefficient can be obtained as
D, = 3dx*(¢)/dt. To do this, however, we need first to eval-
uate the correlations

Ruu(él)'r) = (fu(x,t;a)fu(x,yt';5)>9 (88)

where £=x—x', 7=t—1', and u,u=x or y. The fundamen-
tal correlation functions appearing in the functions {R;}
are:

Bij(&,1) =(bx,)bi(x',t')), (89)

LIV(ET) ={D(x,0)b(x",')), (90a)

LP(E7) = (bi(x,0)D(x',1')), (90b)
and

P(E,7) =(P(x,)P(x",1)), (91)

with [,j=x,p, or z. It is worthwhile to point out that al-
though the probability density function P(x,p,t) does not
involve z (because of the assumption V“=const) the
guiding-center equations involve a z dependence (in the VB
and curvature drift terms) that should be taken into ac-
count in the corresponding correlations before substituting
z=Vt. In general there are nine functions 8, three func-
tions L{V or L{? and one function . In the case of cylin-
drically symmetric turbulence with the axis of symmetry
pointing in the 7 direction, which is the direction of our
average magnetic field By, it follows that [see Appendix B,
Eq. (B15)]
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By
Bokat-Bi BokE; Bok &Pk
= BokyEs Bo§i+l31 Bob, &+ B3,
Bob kA Bits Bofly Bk, Boki+Bit+Bat2B:E;
(92)

Here S, B, and 3, are even functions in £, 7, and £, and
B3 is an even function in £ and 7, but an odd function in &,.
Thus, in this case 3; contains only four different functions
instead of nine functions. Moreover, from the condition
V-b=0 it follows that [see Appendix B, Egs. (B11)]

3y 3By
—=0 and —==0, (93)
9; 9E;
reducing therefore the number of independent functions to
two. From Eq. (B21), we have
Lt("a) :M(a)gi'{-fv(a)aiz’ (94‘)
with a=1 or 2. It holds that MV (£&,7)
=MD (& —£,7) and NV(EE,7)=ND (&, —&,7).
The condition Vsb=0 implies that [see Eq. (B25)]

aLgtl)
F

It is shown in Appendix B that ¥/(£%&,,7), defined in Eq.
(91), is an even function in all its arguments.

In addition to all the above requirements for the cor-
relation functions of cylindrically symmetric turbulent
fields, there are other general conditions to be satisfied by
any function regardless the symmetry that should also be
taken into account,® e.g., the autocorrelation functions
should have a maximum at £=0 and 7=0.

By using Eqgs. (88), (87), and (22) R,, turns out to be

(95)

e g  FedlL’-LY] &3y
XX B(;; xx B‘;; agy E{j aé?:

V7 FPILO+LP)  ovf FILY L]

" Blo, g T B, 05,0,
Vi B ViV PBytBe]l V] FBy
w;By 95, Biw, 06,35,  Bio, 8?§9’
(96)

together with the corresponding expressions for R,,, R
and R,,.

With those expressions we can then calculate x(f) and
y(¢) from Eq. (65). In doing this we should first evaluate
(dR,,/3&,+ IR, /0E,) and (IR,/IE.+IR,/IE)) at
.= V7 and §,=£,=0, and then integrate over x, y, and .
After a little lengthy but straightforward calculations we
find that

xpe
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R,
9,

3R,
&= 50 agu I3

3R,

~ aR,,
& 9L, §

s

=0,

(97)

where &,= (0,0, Vy7) and u=x or p. It follows that

as was expected due to the symmetry and the vanishing
fluctuation average. On the other side, due to the same
symmetry, the expressions for y?(¢) and x?(¢) should be
identical, and hence we concentrate only on this second
quantity. After application of Eq. (66) we obtain

dx?

t
—=2 | dr R, (£=&yT), 99
df_dj;_ 08 dt .[0 7 Rux(E=L0) 59)
dt”dt™ (98) from which it follows that
|
3 2V} [3(Bi+B)  , ,3B 3P, Vi (8B
E_Z_de Bl(§ Eo,7) — ‘T(aw) B +V||Tza ZVHT( )] —Eg;z (Fé)
§ §o §=§o §=fo

2V 9By, Bs

B [30@ ODHVITIETR, |

§=§o

eV 1AM+ MD)
B, [ OE, ] ]
§_§o

where

o=E+E,

By identifying the origin of the different terms appear-
ing in the expression for the diffusion coefficient D,
= Idx%/dt, we have that the diffusion resulting from the
motion of particles along the fluctuating magnetic field,
ie., V”(b/Bo), gives

(100b)

o 2 ([

DV (1) =73 fodvﬁl(§=§o,f). (101a)
0

This term is the equivalent to the first term in the rhs of

Eq. (28) when V"=const and the space fluctuations are

included. The diffusion coming from the autocorrelation of

the electric drift e X B, yields

D‘”(z)__—, f dr( )
e

and is equivalent to the last term on the rhs of Eq. (28),
but now the spatial variations of the fields were taken into
account.

The diffusion induced from the autocorrelation of the
VB drift, ByX Vb,, is

(101b)

(Bi+B,) 9B
3’(r)———z—zf (e g
3
+2Vr 333) : (101c)
§=§o
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2V1 1 IMD+MP) JNDHND)
£

dw Jw
=&

(100a)

The contributing part due to the autocorrelation of the
curvature drift, i.e., ByXdb/3dz, is

vi &
D§4>(t)=—B td'r( a§1>
2/ g=g,

There are several terms coming from the cross corre-
lations. One of them is that from the correlations between
VB and curvature drifts, and is given by

(101d)

2

2PV f 3Bo 833)
—— d +V
BOwg T(BO “T agz agz E= §

(101e)

From the correlation between electric and VB drifts it fol-
lows that

DY ()=

2V} MV + M)
O R

(101f)

a(N(l)_I_N(Z))
)
=6

while from electric and curvature drifts it follows that

Vi fxd (8(M(”+M(2)))
— 3 [ v — .
BoCl)g 0 agz §=§0
(101g)

We can notice that as a consequence of the quasilinear
approximation (i.e., §,=§,=0) and the analytical form of
the cross correlation (b,e,) in cylindrically symmetric tur-

DV (t)=
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bulence [see Egs. (90) and (94)], the expected diffusion
due to the term (b.e,) vanishes in Eq. (100). In the same
way the diffusion expected from the correlations of b with
VB and the curvature drift vanishes.

Vil. SUMMARY AND CONCLUSIONS

In this paper we have studied the diffusion of charged
particles in a uniform strong magnetic field with prescribed
stochastic magnetic and electric fluctuations with both
space and time dependence. We have analyzed the guiding-
center equations to be used for fluctuations observed in
tokamaks, and found that the stochastic curvature and VB
drifts resulting from the space dependence of the magnetic
fluctuations may become important for fluctuations with
large wave numbers. As a benchmark for our treatment we
have revised the case of fluctuations without space depen-
dence, neglecting therefore the magnetic drifts, but using
an exact treatment to calculate the diffusion coefficients. In
this case, the diffusion due to the fluctuations in the mag-
netic field lines is equivalent to the diffusion in frozen tur-
bulence, because the time and the space coordinate along
the direction of the homogeneous magnetic field play es-
sentially the same role.

In order to evaluate the diffusion coefficient in the gen-
eral case of fluctuations with time and space dependence
we have used Novikov’s theorem, which requires a Gauss-
ian distribution for the stochastic fields. This consequently
limits our model to the case V' =const. Up to this point the
results were independent of any specific structure of the
turbulent fields; however, to go further in our calculations,
we have introduced the assumption of homogeneous cylin-
drically symmetric turbulence and obtained the diffusion
coefficient for this specific turbulent structure, which now
comprises both time and space dependence. The several
terms composing this coefficient can be identified by their
origins. The term D{! in Eq. (101a) describes the diffusion
of guiding centers due to their motion along stochastic field
lines. This diffusion coefficient can be evaluated for two
limiting cases: one is the case without space dependence in
which D{" reproduces the first term on the right-hand side
of Eq. (28), after V" =const is assumed, and the other case
is the frozen turbulence, where the diffusion of magnetic
lines is given by D,,= (b,(0)b,(0) MH/B%. Here D,, can be
obtained from D{!’ after canceling the explicit time depen-
dence and replacement of the effective correlation time 7,
[defined as in Eq. (29a)] by 7,,=A4/¥F|. The remaining
difference between D,, and D{! is the factor Vﬁ, which
accounts for the difference between magnetic line diffusion
and particle diffusion. We notice in Eq. (10la) that for
diffusion process purposes a particle cannot differentiate
between remaining at a fixed position (subject to fluctuta-
tions in time) and traveling along frozen fluctuations. This
can be seen by considering the change of variable 7 by V7
in the two cases mentioned above. In general, however, a
combination of both effects is present.

The diffusion of guiding centers due to the stochastic
electric drift e X By, is given by Eq. (101b) in terms of the
autocorrelation of the electric potential fluctuations. In
general, this term D{?) is believed to be the most important
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in the diffusion induced by stochastic electromagnetic fluc-
tuations in tokamaks, since the magnetic fluctuations are
very small [see Egs. (32) and (33)].2 This diffusion coef-
ficient does not depend either on the electric charge or on
the mass of the particles and, in the case the fluctuation
properties do not depend on By, the coefficient shows the
characteristic B2 dependence.

The expressions DE” and .Df") in Egs. (101) give the
diffusion coefficient associated to the autocorrelation of the
VB curvature and stochastic drifts, respectively. These
terms become important for magnetic fluctuations with
large wave numbers. They have a strong dependence on the
particle mass and on the parallel and the perpendicular
components of the particle velocity that can be written as
(m V_”[)2 and (m Vﬁ)z, which roughly gives the square of the
perpendicular and the parallel temperature for the case of
a Gaussian distribution. The dependence of D{* on Vi is
seen to be very important when a loop voltage is present
and the plasma has a low resistivity.

In order to evaluate the relative importance of the dif-
fusion induced by stochastic magnetic drifts further work
is needed in modeling the correlation functions By, 5}, B>,
and f3;; this will be the subject of a future paper.

We should make it clear that from our formulas for the
diffusion coefficients, no scaling laws can be deduced unless
we give the scaling of the statistical properties of the fluc-
tuations. This would require a model for the turbulence or
a wide range of experimental measurements in different
tokamaks and under different operating conditions. We
should also mention that, within the frame of our formu-
lation, only diffusive flows (due to density inhomogene-
ities) can be considered, and the problem of an inward
particle convective flow of the type appearing in the em-
pirical transport formulas for tokamaks cannot be ad-
dressed.

Finally we should briefly discuss the ambipolarity is-
sue. From the expression (101) we see that except for the
electric drift diffusion D{? all the terms in D, give, in
general, different results for electrons and ions, which
shows that diffusion is not intrinsically ambipolar. This
indicates that our assumptions on the fluctuations are not
intrinsically consistent with charge conservation, i.e., V-J
=0, and thus ambipolarity should be imposed externally.
It is, however, questionable to require ambipolarity at this
level, since the diffusion mechanisms we are considering in
this paper are only a component of the total transport
processes occurring in the plasma, which logically should
satisfy ambipolarity in a global sense. Hence, the main
purpose of our calculations is to provide a picture of the
magnitude and importance of the diffusion mechanisms we
are considering and, in that respect, contribute to the
search for the main mechanisms responsible for the trans-
port in tokamaks. After a clear idea of these mechanisms
prevails, a self-consistent calculation of the plasma turbu-
lence would provide a meaningful intrinsic ambipolar elec-
tric field.
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APPENDIX A: FLUCTUATIONS WITHOUT SPACE
DEPENDENCE

In this appendix we shall find the exact expressions for
the second-order moments of x and ¥ when they obey the
following stochastic differential equations:

dx(t) b (1)  elD)
dt = “ Bo +e yBo (Al)
and
dv (1) q
= v W+ ot (), (A2)

where s(t)=(q/m)e,(t)+-F(2); here b,, e, and s(¢) are
stationary uncorrelated random fluctuations with zero
means and

(bx(t)bx(t""r)) =be( |T| )r

A3
(ey(De (1)) =R, (|71, (A3)

and

(s(n)s(t+7))=R,(|7|).

With the above assumptions we have that the processes
V) (2) and b,(¢) are also uncorrelated. By taking averages
in Egs. (Al) and (A2) we have

%(X(1)>=O, (A4)
d q
Z;(V"(t)):—"vc(V”)'i';EO’ (AS)
from which it follows that {x(#)) is constant and
(V)(0)) =Voe"+ (gEy/mv.) (1 —e*). (A6)

Here we have assumed that at time =0 all the particles
have the same velocity ¥V, Substracting Eqgs. (A4) and
(A5) from (Al) and (A2), respectively, and defining
Sx(t)=x(t)—(x(t)) and SV (n=r(1)— { V"(t)) we
obtain

b (1) (1)
—axm—[<Vu(t>>+6V"(r)] +ec yBO ., (A7)
and
d
z5V|1(1)=—vc8V||(t)+s(t). (A8)
Integrating (A8) we have
1
5V||(t)=e—"c’J. du e¥*s(u); (A9)
0
the autocorrelation function R 7 (t,t')

= SV“(I)SV"(I')) is given by

t ’ ,
Ry (117 =e~"+0) fo u fo du’ e HOR(Ju—u'));
(A10)

thus, we have when >+’
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1 ’ t
Ry (4,')=5— (e'”c(t_’)f du R(|u])e™ v
V" 2'Vc —(t—t') s l I
, t
+e”c("’)f du Rs(|u|)e‘vv”)
(e=1")

1
ZV e~ velt+? )( f du Rs(lul Ye¥et

12
+ f du R |u| )ew‘), (A11)
0
and when t,t' > o with t—¢'=7 we get from Eq. (All)
that the process §F becomes stationary with autocorrela-
tion function given by

1 ©
Ry"(’l')=2—v— f_ due™*="IR (u|). (A12)

It is interesting to evaluate R V"(t t) =(8V; |(t)) since this
quantity describes the so-called stochastic heating, which is
an increment of the parallel energy of the guiding centers
due to a parallel stochastic electric field [see Eq. (A2)]. It
also gives the diffusion coefficient in velocity space.

The total parallel energy of the particle is proportional
to

(VH0)Y= (V)Y +(8V}(1)),

with (¥ (7)) given by Eq. (A6) and (8V}(s)) from Eq.
(A11), we obtain

1 t
OV =5 e~ [ du R(Ju]) (=0 — =i,
¢
(A13)

For t<v, ! this quantity increases approximately linearly in

time as

t u
<6Vﬁ(t)>=2tfodu(l—;)Rx(lul), (A14)

and, due to collisions, for v, Vit reaches a constant value
given by
1 (o
V)= [ 7 auRlu)e
Ve JO
The diffusion coefficient in velocity space is defined as
Dy, (1) = d(8V¥}(1))/dt 50 that

t
DV"(t)=e‘2”v'fodu Ry(u|)er. (A15)
For t<v; ! it increases in time, later DV” reaches a maxi-
mum and for much larger times, as a consequence of col-
lisions, it reduces to zero. Without collisions the diffusion
coefficient increases continuously and reaches a constant
value for 1> 7.,

We can now return to Eq. (A7) and integrate it with
respect to time

by (¢ )+Cey(t')

By, )’
(A16)

8x(r) = f dt'([(Vu(t ) +8V(e)]
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the autocorrelation function R, (#,¢')=(8x(#)éx(¢")) is
obtained from Eq. (Al6) as

1 ¢
R (1) =3 J:) dry .fo dry[(Vy(r)) V() Rp (| 7y
o

— 73] ) +{8F(r1)8V (1) IR (| T —T2])
+IR, (|1 ~72 )], (A17)
where (87””(7',)5?1'(72)) is given by Eq. (A11). In order

to get the diffusion coefficient in configuration space we
evaluate Eq. (A17) at t'=t¢ and, after differentiating with
respect to time, we obtain

td
D\ (2) =37 (8x*(2))

1 t
5 1) [; artryte—rnRa (171>

1 t
- J' A8V (D8V(1—T))Rs (| 7])
0 JO
C?' t
w5 [ arR 7D, (A18)

The asymptotic value of the diffusion coefficient is obtained
from Eq. (A18) by taking the limit 7 co. If the magnetic
field fluctuations b,(t) have finite correlation time, we can
approximate the asymptotic value of the diffusion coeffi-

cient as
Di(t—mo)_(mv‘,B) J- dTRb(lv'l)-f— J. dr

Xfm du e=*1*="IR(|u| )R, (| 7])

2
C 0
+§5 fo d‘rRey(|1'|). (A19)
We will use expressions (A18) and (A19) in the main
part of our paper to analyze the accuracy of the Novikov’s
method.

APPENDIX B: STATIONARY HOMOGENEQUS
TURBULENCE WITH CYLINDRICAL SYMMETRY

In this appendix we present results concerning corre-
lation functions of a stationary homogeneous turbulent
field u in the presence of a preferred direction that estab-
lishes a cylindrical symmetry. This is the case considered
in Sec. VI of the paper, i.e., a stochastic magnetic (electric)
field superposed on a strong uniform magnetic (electric)
field. In this derivation we follow the original works of
Bachelor. %%}

Let us consider the correlation function

Rj(x,1x't") = (u(x,5,0) v (X', 1";0) ), (B1)
where u,(x,5;8) and v(x’,t’,&) are the ith and jth compo-
nent of the vector fields u and v, respectively, and & is the
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FIG. 1. Cylindrically symmetric turbulence. The diagram shows the axis
of symmetry A, and the vectors a and b at position x and x’, respectively.

label characterizing a certain realization of the stochastic
process. Here (---) means ensemble average.

Let us consider the following scalar quantity defined as
the ensemble average of the product of a-u and b-v,

Ry(ab)=(aubp) =Rab; (B2)

where a and b are two arbitrary constant vectors and R,; is
the correlation function defined in Eq. (B1).

If we define the symmetry axes by the unit vector 4, we
notice that, due to homogeneity, Ry does not depend on x
and x’ separately, but on £=x"—x. Also from the station-
arity condition, it follows that R, should depend on the
time difference 7=¢'—t and not on ¢ and ¢’ explicitly. In
addition, cylindrical symmetry implies that the function R
should remain unchanged by an arbitrary rotation around
the axes of symmetry and also by reflections through
planes that are perpendicular to A (see Fig. 1). This means
that Rs(§,4,a,b) must be a function only of fundamental
invariants satisfying the same rotation and reflection con-
ditions. These invariants are the set of scalar products
formed by any two vectors &, A, a, and b. Thus the most
general form of R, is obtained by choosing the appropriate
combinations of these scalar products to build R;ab; The
arguments presented above concerning the construction of
the scalar Ry in Eq. (B2) can be applied for the construc-
tion of ensemble averages of the type

R (x,65x" ,15x",t" ) = Cu (%, ) v (X', Ywp (xX",17) )

and higher-order correlation functions, by introducing an
appropriate number of arbitrary vectors a, b, c,..., etc.

The procedure we will follow here can be used to find
the correlation between two turbulent fields; these fields
may be two vector fields, one scalar and one vector field or
two scalar fields.

1. Bilinear form

Returning to the correlation function in Eq. (B1) we
notice that it is possible to build two different correlation
functions R;;
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RP (x,5% 1) = u(x,0)v;(x",1')) (B3)

and
RP (x,6x",1") = v,(x,)u,(x",1') ). (B4)

The superscripts (1) or (2) refers to the ordering of u and
v. From the equality

{asu(x,)bv(x",t')) = {(bv(x't)au(x,t))
it follows that
=RP (x',1";x,1)

R (x,1x,1") (BS)

and with the homogeneity and stationarity conditions it
gives
R (£ =RP(—£—7). (B6)

Let us now build R{® as a bilinear form apb; by using all
permissible scalar products, i.e., &a, &b, £-&, a-b, A-a, A*b,
and A-£. It follows that

R{P (£,4,2,6) =A@ (£a) (£b) + B@ (a'h) + C@
X (A:a) (4+b) +D'® (&-a) (Ab)
+E@(£b) (A-a),

with a=1 or 2. From which

(B7)

R,(ja)=A(“)§,§;+B(“)5ij+C“')iﬂj+D(“)§ﬂj+E(“)/lzﬁéhg)

where 4%, B @ D@ and E@ are functions of
P=E&-£ ru=£&24, and 7. By imposing reversibility in time,
it follows R{®(£,A,8b,—7)=R{¥(£,4,ab,7) which, in
turn, implies that 4(®) B® E(® are even function of 7.
Thus, due to homogeneity and cylindrical symmetry, we
only have to find five functions to determine completely the
nine correlation functions involved in R,(-j"‘). Moreover, as
will be shown below, in the cases when v=u or the vector
fields u and v are divergence free we only have to give four
functions instead of five.
From Egs. (B6) and (B7) it follows

AV ) =AD (P, —ru) (BY)

and similarly for B‘*) and C'®., The relationships between
D@ and E® are given by

D(I)()'z,r[.t)=—E(2)()‘2,—r[.L) (Bloa)

and

EV(Pu)=—DD (2, —rp). (B10b)

In the case v=u it results R“)—R(z) and therefore
AVN=4g@ pO—_p?) D Em this means that 4, B,
and C are even functlons in upur and DA, )
—E(r2 —ru). Notice from (B6) that R is not symmet-
ric in the subscripts.
In what follows, we analyze the case with u a
divergence-free stochastic field with du,/dx;=0. It follows
from Eq. (B3) that
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OR(P AR Au,(x,1)
RIS TS =-< F vi(x t)>=0 (Blla)
and
aR§2> ORY Aux’, t') 0 Blb
ax aé—j <U,'(X,t) axj, ) —V. ( )

In the case v is also divergence free it also holds that
R“’/a§, R<.2>/a§,.=o. Let us now consider Eq. (B11b)
and substitute expression (B8) into it to obtain

94® 19B?® ‘uaB(Z) JE@®
a Trar 7P du tH or

£]44@ 4 r

(1—p?) E@ 198  3Cc®  (1—u?)
il e

r du iy du

a 2)
8

3
+3DD 4y

D(2)
. +E(2)]=O, (B12)

where we used

a%,-_(gj) ar*(/l %) e

Since £ may be any arbitrary vector, the expressions in
square brackets should vanish by themselves. This gives
rise to two equations involving the functions AP,
B?) . E® from which two functions can be deduced if
we specify the other three. If we use Eq. (Blla) we get a
similar equation to (B12) with AD B and €V instead
of those functions with superindex (2), and with DD in-
stead E‘*) and E'V instead of D'¥

When, in addition to u the field v is also divergence
free, we can calculate aR‘”/ax, —aR,g?)/ 9d€;=0, and ob-
tain an equation similar to (B12); again, since £ is an
arbitrary vector we set each of the two terms in the result-
ing equation equal to zero and obtain two equations. After
subtracting these expressions from the equations obtained
from Eq. (B12) we have

3 (1—p?) 8
— (gla) _ pla) - T (g _pla)y—
p 5, (E®—D@) 4 — a#(E D@y =0,
(B13a)
a3
2(E@ —p(@) +ra (E@ _ D) =0, (B13b)

where a=1 or 2. The solution of the last equation yields
E@_p@_g (u)/7, which when substituted in the
former one together with the condition that E‘*’ and D'®
be finite at =0 and at u= =1, it follows that

E® =p@) (B14)

From Egs. (B10) and (B14) it turns out that D and E are
odd functions in g in the case when u=v. Without loss of
generality, we can choose a coordinate system with the z
axis in direction of 4 and write R;; in a symmetric matrix
form as
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A+ B AE£, AE £ +DE,
Ry=| A48k AE+B AgE,+DE, |,
AE£,+DE, AEEL,+DE, AEL+B+C+28D

(B15)

when the correlation is taken at the same point, i.e., §=0,
R;; becomes a diagonal matrix.

2. Linear form

Let us now consider the correlation
Ly(€Aa,7) =(P(x,)u(x’, t')ay,

with g, the ith component of an arbitrary vector a, and @
and u are turbulent scalar and vector fields, respectively.
Thus we have

Lo(&,A,a,7)=L{(&,A,7)a;. (B16)

The scalar products that can be formed are (£+a), (§4),
(£-8), (Aa), (a-a), and (A-A) =1. In order to build a lin-
ear function of a we should take

Ly(§,4,a,7) =M (&a)+N(A-a), (B17)

where M and N are functions of #=£-&, ru=£-4, and 7. It
yields

L;=M&+-NA;. (B18)
Again we can form two different functions L, i.e.,

LV (x,5x",2") = (u(x,0) D (x',1') Y a; (B19)
and

LP[x,6x 8] =(D(x,)u(x" ') a;; (B20)
this means

LO=M@g p N2, (B21)

with a=1 or 2. As by Eq. (B6), when homogeneity and
stationarity conditions are imposed, it holds that

L&) =LP (—£&—7), (B22)
and, assuming time reversibility, we obtain
L{ (&, ~7) =L{ (&.1). (B23)

This second condition means that M‘® and N'® are even
functions of r and Eq. (B22) yields

MDA 7)) =—M3 (P —rr) (B24a)
and
NY (P u,r) =N (A, —ru,7). (B24b)
When V-u=0 it follows that
8_L}‘ﬁ=0’ (B25)
9%;
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which gives a relationship between M (@) and N @,

3. Scalar form

Finally, let us consider the correlation between two
stochastic scalar functions, say ®(x,5®) and W (x’,t';@) to
build the following:

FO(x,5x'8) ={D(x,0) ¥ (x",')), (B26)

FO(x,5x'1") = (¥ (x,1) D (x',')), (B27)

again, with homogeneity and stationarity conditions, we
obtain

F(l)(é—’f)gp(?_)(__g’_,-). (B28)

Due to the cylindrical symmetry it follows that F ‘“’(g,r)
must depend only on £-£ and &4 and, assuming time re-
versibility, £'*’ must be an even function of 7.

In the case W=4® it results that F*V'=F? and it
therefore is an even function of §-A.
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