Normalization of the three-body Bethe-Salpeter wavefunction for protons
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We discuss the normalization condition for a three-body Bethe-Salpeter amplitude and apply the

result to the relativistic wavefunction for protons.
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I. INTRODUCTION

The normalization of a Bethe—Salpeter (BS) wavefunc-
tion' which describes a relativistic bound system is uniquely
determined and has been a subject of many investigations for
two-body bound states.”> While the generalization to many
particle bound states is straightforward, the importance of
the normalization condition for three- or more-body BS
wavefunctions can hardly be over emphasized in light of rap-
id developments in the quark model of hadrons. In fact, it
was an important ingredient in a computation of the proton
decay rate in grand unified gauge theories.*

In this article, we formulate the normalization condi-
tion for the BS wavefunction of three-quark bound states in
Sec. IT and apply it to the proton wavefunction in Sec. I1I. In
Appendices A and B, the residue formula for the bound state
is obtained, and the normalization for the three-body BS
wave function for constituents with unequal masses is de-
rived in Appendix C.

Il. NORMALIZATION CONDITION FOR THREE-BODY BS
WAVEFUNCTIONS

In this section, we shall formulate the normalization
condition for a three-body bound system, which serves to
define our notation. In doing so, we shall closely follow the
derivation of Ref. 3.

The three-body propagator for fermion fields ¢ (x),
¥?(x), and ¢ (x) (with masses m , my, and m_, respective-
ly),

K(xlrx2’x37x4’xs»x6)EK(1’2’3;4’5,6)

= — (O] Ty (x )0° (x )9 (x, )9 (x4)t7x”<x5)¢0(x6)10(>2 .

satisfies the integral equation’
K(1,2,3,4,5,6) = S (L4SE (2,55 F(3,6)

12
= | TI 4% SE(L7SF (2,85 5(3,9)
k=7

X G (7,8,9;10,11,12)K (10,11,12;4,5,6), (2.2)

where
SE(1.2) = (O] Ty (x,)¢" (x,)|0)
_ 1 A’ iplx, — x;) 34
= fSF (ple d°p, (2.3)

and G (1,2,3;4,5,6) is the irreducible kernel for the three-body
propagator. Inserting a complete set of states {| p,a)}, we
have

K (1,2,3;4,5,6) = — ZXN(1,2,3)Z,Q(4,5,6) (2.4)
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for t,,2,,t5 > t,,t5,ts, Where

Xpa(1,2,3) = (O] TY" (x )¢* (x,)¥C (x,)| p.ar) (2.5)
and

= ( p.a| Ty (&W’(X:ﬂc(xs)lO)
= — X3 (L.2,3)¥a) (va) (va)© (2.6)
are the BS amplitudes. For the bound state wavefunction

Xpa(1,2,3) with momentum p ( p> = — M ?), we have the BS
equation

Xpal1,2,3)

12
Xoal123) = — f I[ @ SELTISER8S (3,9
k=7
XG(1,8910,11,12)y,,(10,11,12).  (2.7)

In order to separate the center of mass coordinate and
the internal relative coordinates, we use the following varia-
bles (assuming that the three particles have the same mass for
simplicity):

X=x+x+x;), £=x,—x, 9= Axy + x;, — 2x;5),
(2.8a)
and their conjugate momenta
P=pr+p2+ps P =3P —p2)
Py =3(p1+p2—2ps) (2.8b)

These variables satisfy the condition

PiX1+pXy +pxXs=pX+p.E+p,m, (2.9)

and the Jacobian of the transformations (2.8) is unity. The
discussion for the unequal mass case will be given in Appen-
dix C.

Using translational invariance, we define the Fourier
transforms of X, G, and y,,, by

K(1230.2.3) =217 [ K(pep,04.04)
Xexp{i[plX —X')+pe& +p,m—pil’ —pin']
Xd*pdp,d*p,d pd*p,}, (2.10)

G(1,2,3;,1'2,3) = (2m)~%° J- G (Pe:PyiPesPry D)
Xexpli[pX —X')+p & +p,m —pi€' —pin']

X d*pd*p,d*p,d*pdp, }, (2.11)
and
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Xra(1,2.3) =M /E, ey, (£m)
=\ M/E, e**(27)"8
XJXpa(Pg,Pn)ei'p5§+p”")d4pgd4pn,
(2.12)
where
_ I (2.13)

Then, Egs. (2.2} and (2.7} can be written as

d4 ”d4pn
———"—[ (Pe» s PEPY; P) + G (Pgs P PEs Pl P)]
(2m)®

XK (p{,py; Pe> Py P) = 27)°8( p, — pL)( P, — P)

(2.14)

and

nd4pu , .
J——f-—" [1(Des Pys PEs s P) + G (P, s PE, P P)]

27)

XXpal PE> D7) = (2.15)
or, in short,

(p)+G{pIK(p)=1 (2.16)
and

[Z(p)+ G(p)lx, =0, (2.17)
where
I(pey Py Per Pys D) = 278 pe — p)8( £, — P3)

X[SFGP +pe +4p0,)SE 0P —pe +1p,)

XSE@p—p)1" (2.18)

We also have the equations conjugate to Egs. (2.16) and
(2.17),

K(pI(p) (2.19)

+G(pl=
and
X, (p)+G(p)] =0. (2.20)

As is derived in Appendix A, Eq. (2.4) for the bound
state can be written as

phm(po E K (pg, Py Pe> Pys P)
- (M/Ep)Xpa(pgipn)fpa(pé’p"q) (221)
or, in short,
lim (py— E,)K (p)= — M /E, )X, X, (2.22)
Po—Ep
Again following the method of Ref. 3, we define
. ad
Q(p)= lim (py—E,)K(p)— [I(p) + G(p)]
PEp dpo
=1— lim (- [(py— EK (2] )U(7)+ G pl)
P()“’Ep apo
(2.23)

where Eq. (2.19) has been used. The use of Egs. (2.20) and
(2.22) enables us to obtain
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Qlpl, = (2.24)
- M, (9
S S A UL ERIE)) PRRCEY
Thus, we get
— % (—[l(p)+G(p)]) "-% (Po=E,)
(2.26)

or, in the full expression,
i —
(2 )16fddpé'd“pﬂd“péd“p;]Xpa(pg’p'q)

a ’ ’
X(ﬂ) [ (Pes Py P2 Ph; P) + G(pg,p,,;pg,p:,;p)])

X Xpe P2 2}) =§—; (Po=E,). (2.27)
For the ladder approximation
S3Q "' =8SHe) ™" = ilivg + m,) (2.28)
and
3
-—G(p)=0, (2.29)
ap,
and hence
a . ’ ’.
E’;I(ngpmpg’PmP)
i ’ ’
=3 (27)°8(pe — pe)(p, — Py M (Per Poi P) (2.30)
where

Javeav e (Pes Pys P)

= (Va)ao iV} P —P¢ +1p,) +mp),, (iviip —Py)+mg),.
H P+ +10,) + My (Voo (42 — p,) + M),
TGP +ps +4py) + my) (V4P — pe +1p,) + my),,.
X (Valeers (2:31)

a,b,canda’, b’, ¢’ being spinor indices. The final form of the
normalization condition is then given by

d*p.d*p, —
3 _[ (2§ )8 7 Xpa(P;“’Pq)J(Pg,P,,;p)xpa(pg,pn)

The normalization for a three-body BS wavefunction,
Eq. (2.27) or (2.32), may be compared with that for the two-
body case, which is given by

_ . (d%dq ~
lf 2P x,,a(q)
=2P0{P0—Ep)

[Iz(qq P+ Gola.q'5 D)X palq')
(2.33)

or

“% f %#Ea(wz(q;p)xm(q) =20, (po=2E,), (2.34)

where

Lig.q';p) = (27)*8g — ¢)[SFhp+ )SE(hp —q)] !
(2.35)
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and
JoAGs Plavars = (Vadaw (V3P — @) + M)y

+ (3P + @) + My)aa (Valos-, (2.36)

lil. APPLICATION TO THREE-QUARK
WAVEFUNCTIONS FOR OCTET BARYONS

The BS wavefunction for an octet baryon is expressed

as®

(O] TWoq (%) (x2)¥5, (x3))] P
=M /E, é*}xsn Ush, + X0 UD, W, (Eme?™,
(3.1)
where i, j, k are SU_ (3) color indices (running from 1 to 3), a,b
¢ are spinor indices (running from 1 to 4), and a, 3, ¥ are
ordinary SU(3) indices (running from 1 to 3). The Levi-Civita

symbol €?* represents the color singlet nature of hadrons and
the spin wavefunctions

X = ([(— ivp + M)/2M 1y5C)u.( ),

(3.2)
Xose = (I/V3)(rhe — X&)
and the SU(3) wavefunctions
Uifﬁ)‘y = EaﬂGBf”
(3.3)

(17) _(1/‘/3)((]%‘7)“ _ lE))

are constructed in order to make the baryon behave as an
SU(3) octet and satisfy the Bargmann—Wigner equation.” In
Eq. (3.2), Cis the charge conjugation matrix and satisfies the
conditions

cC*C=1, C"=—-C, C'y,C=—yl, (3.4)
and B in Eq. (3.3) is a symbolic notation for the 3 X 3 octet
|

;pa(ngPq)',(Pg,Pn,P)Xpa(ngPq)

=816, (p. 2, (€, =22

—iyp+ M\ _ _
—-7—"—) buc(p)—(c s

matrix (e.g., B} = proton). By construction, the spin and
SU(3) wavefunctions satisfy the relations
be)c = _Xfa'c’ Xg’yc =Xg¢71)c7
(3.5)
Xagl + X +xi =0, p=E&n,
and
U¥ — _ e

afly — Bav?

Ui?f’h' = Ug’rlr’
(3.6)

Udsy + Uha + Up =0, p=£m.

The BS wavefunction for the proton [notice that
U, =B} and U, =(1/v3)B}]is given by
(O[T (4, (1 Jobd (xo)05, (x3)| p)

= (0| Tat, (x,)d § (xz)uc(xs))| p)

= M/E, xJs(Eme™,

where

Xoa &) =X Lesc &) -
= "4 [ — s — x6h)] 4, 6m)
= e™(xGe — x5 ¥, (Em).

Defining the Fourier transform

1 p p
Y, (Em) = WJ¢P(p§’pn)epﬁ+ ip. d4p§d4p,7 (3.9)
and noticing that

XZI;bc(pg’p'r]) = - pa'b’c’(pg’pn))*(74)a’a(74)b’b(74)c'c
—iw+M

- Ukl[(c_lys M

(3.7)

(3.8)

ijk

),,b u.(p)
~(cm =) 7,5 430001,

(3.10)
we can compute the integrand of Eq. (2.32) as follows:

—iyp +M)

22 M) a0

X [Valao (V4 p — P + L P,) + m5),, (V4P —p,) + m(),..
+(irlip +p: + ipq) + M) Vadoo il P —Py)+me)..
+ 3P+ +3P5) + ma)o V3P ~pe +1P,) + mp)y,. (V) |

“ ) ( ” ) ]
X C , C .
[( 2M s a'b’ C( ) M ¥ b'c'ua (P)

()

m )|
J)

E (PR3P —pe +1p,)
— 42 1,(pe. P, | [(i - i

+ (p(ip +i§4+ ip,) + mA)(p(%pA;p,,) + mc)

+ (p(ip +pe +1p,)
M

I

M

=3_'¢p(P§sP1,)|2 [4 (ppé‘) + (PPy,) _4(£_m

M? M? 3
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mA)(p(zlp—pg +1p,) +

(3.11)

(3.12)
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where the factor 6 in Eq. (3.11) is due to the sum over the
color index (€;, €;;, = 6) and all quark masses are set equal:

my=my=mc=m,. (3.13)

The normalization condition is then given by

fd 'ped’p, |6,(pes 2,

4 (ppe) | (ppy) (M )2] B

T + e 4(3 m, 1. (3.14)
For the condition for the case of unequal masses, see Appen-
dix C.

In order to see an explicit form of the normalization
factor, we use the relativistic wavefunction ¢, ( p;., p, ) for the
ground state in a relativistic harmonic oscillator potential, as
an example, namely,

YpEm) = Nexp{—-—6— (’;5) +§2+2(PM77) +ﬁ2”
(3.15)

(27

X

where®

E=(1/V2)( and 7= \/gn (3.16)
and X is the normalization factor. The empirical value for «
is given by®

a=04~0.5(GeV). (3.17)

In the center-of-mass reference frame, the wavefunction in
Eq. (3.15) becomes

Jolb) = Nexp( O R LRIV ))

(3.18)
and its Fourier transform is given by
97 \3( 127 \?
4o pipa) = N (2Z) (122}
a a
XCXP(———(pg + p¢ )————~(p,, + P )
(3.19)
Substituting Eq. (3.19) in Eq. (3.14), we obtain
2
= (i) L —. (3.20)
3w/ 20 —&M = 3m,)
If we assume that
M=3m,, (3.21)
we get
#0,0; p)=N = (1/\brm)a/3m)'% (3.22)

This normalization factor has been used in a computation of
the proton decay rate in the SU(5) grand unified gauge mod-
el.?
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APPENDIX A: THE RESIDUE AT THE BOUND STATE
POLE FOR THE THREE-BODY PROPAGATOR

Equation (2.4) can be written as

=3 Xpal1,2,3),(4,5.,6)

Ols(z,1213) — Nt tsts)) + -, (A1)

where s and 1 stands for smallest and largest, respectively.
Using the result of Appendix B, we have

O(s(t11213) — U(t4256))

=0 [Jt+ 6+ 8) = bt — 6] + |6 — b5 + Jts — 1,])
— 2 — bt -+ Ry — 1 — 1 + [t~ Al
+ 26—t~ 1,4+ |t — 1))

K(1,2,3:4,5,6) =

— st 15+ 16) = [t — 15| + |15 — 16| + [t — 2,])
—ll2t — s — te — [ts — 16| |+ |25 — tg— 1, — |15~ 1, |
+ 21—t~ 15 — |t ~ 5] |)).

(A2)

By explicitly singling out the bound state contribution, we
obtain

M
(2my
X e X =30 (ko)b(k > + M )0 (s(t t,15) — tatsts))
+ ooy

where
< (xa)| ko)

(0T (x )¢5 (x,)0¢, =VM/E e**y,.(&7),

|k,a) being a bound state of spin 4, mass M, and energy
momentum k, = (k, Vk?+ M ?—=|E,). The remainders in
Egs. (A1) and (A3) vanish in the limit shown in Eq. (2.21).
Using the variables X, £, 7 defined in Eq. (2.8a) and the inte-
gral representation of 8 (¢t ),

K(1,2,3:4,56) = — K Y i &M ke &)

(A3)

Olr)= —— f dpg e~ oo (A4)
2mi Do + i€
we obtain
K (1,2 3;4,5,6)
d3k (X — X) — iE(Xo — X§)
’ a ’ e
(217) E, — Xk &MY kel "7)
X0 (Xo— X — gl€om0) — 86 6:70)) +

k(X — X') — iEyXo — X 8)

K e €

% ( _ __1_) J-dpo I e~ ipo[ Xo — X § — 8(or110) — 8'1€ &b + o

2mi Do+ i€
_ iM d ‘k XX = X) = ikl X X4 1 _
(217-)4 kO _ Ek + ié
X X e &Y ke (§ M)+
(AS5)
where
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ko=po+ Ex,
8l€o70) = Bll€ol + |10 — 40| + 110 + 160l
+ [0 + 30 + 110 — 3oll + 10 — 360 + (70 + 3ol

+ | — 270 + [&ol)s (A6)
g'66:m0) =8(—£ 6, — M0,
and
Xiallm) = "7y Em), A7)
Xial ) =€ B 6 )
Notice that in the limit k;—E,, Yi. (&), Y= (§,7) reduces to

X ka (g 977)‘
Defining the Fourier transform

1 i ,
YealEm) = o Jd ped p, " P T Py (Pes ),
’ ’ 1 ’ ’ i ©$ ;’ ' ” ’ ’
X;c,a(g ’17 ) = (277.)8 fd4p§d4pﬂe(P§§ e T”/Yaka(pg’P"l)

(A8)
and recalling the Fourier transform for X (123,45,6), Eq. (10),
we get
M i
K ’ 5 £ . ;k = —i—
(Pe> Py p;_p,, ) E ki E, i
X Xka(PePy X kal Pes Pr)
+ finite terms in the limit k,—E,,

which gives (2.21).

(A9)

APPENDIX B: THE SMALLEST AND THE LARGEST OF
THREE NUMBERS

The smaller of two numbers y and z is expressed as

sp2) =4y +2z— |y —2|), (B1)
and the larger of the two is expressed
yz)=4p+z+y—2z|) (B2)

Then the smallest of three numbers (x,y,z) is given by

slxpz) =[x + s(.2) — |x — s(p,2)]
=lx+ily+zl -ty -z — =4
+z— |y —z|)ll. (B3)
Symmetrizing Eq. (B3) by the permutation (x—y—z) and
taking the average, we obtain the symmetric expression
syz) =4lx+y+2z — Yy —z| + |z — x| + |x — p|)
—2x—y—z+|y—2z
+|2y—z—x+|z—x]| (B4)
+2z—x—y+x -yl
Similarily, the largest of {x,p,z) is given by
lx.p,2) =4lx +1p.2) + |x — 1p,2)|]
=ix+iy+z+y+2)
+h -y +z+ -z
={lx+y+z+§(x—2|
+y—zl+ |z —x|)
+i2x—y—z—|y—2
+ (2~ 2= x|z~ x]]
+122—x—y—|x—yl)
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APPENDIX C: NORMALIZATION OF THE BS
WAVEFUNCTION (CASE OF UNEQUAL MASSES)

The appropriate variables for the unequal mass case are

x =% + myx, + msx;
m;+m,+m, ’

E§=x,—x; N=4x +x;—2x, (C1)
and
p=p,+p2+ps
m,—m
Pe =Mp1—pl)— ! 2

p
2(m; + m; + m;)
1

= [(2m; + m3) p,
2m, + my + mj)

— (2m, + ms) p, — (my — m,) ps],

m; + my,; —2m,
3(my + my + mj)

p, = p1+p,—2p3) —

1
= — - + .
T+ m, [ms(py + py) — (my + my) ps]
(C2)

The Jacobians of transformations (C1) and (C2) are unity,
and these variables satisfy Eq. (2.9). The inverse of transfor-
mation (C2) is given by

_P ( 1 m, —m, )
P 3 Pe 2 my+m,+my

1( m, +m, —2m, )
+—(p,+
2 \2" T Sm, iy + my)

m,
=——l P 4p. + 4.,
m, +m, + ms £ épﬂ

_p( 1 m-m )
= —— 4+
P2 3 Pe 2 m+m,+m,

1
+‘2—(P,, +

ml + m2 - 2m3 )
3m, +m, + m,) (C3)

m,
=——"2—pp. +ip,,
m; +m,+ m, Pe %pﬂ

m, +m, —2m, )
3(m, + my + m;)

P —pn'

.y
D3 _-;_(p'r]+

— my
ml +m2+m3
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Then all formulas in the text will be valid if one replaces p/3 + p, + 4 p,, p/3 — p; + 4 p,,and p/3 — p, by [m,/
(my + my + ms)lp + pe +3p,,, [mo/(my + my + m3)l p — pe + ip,,, and [m,/(m, + m, + m;)] p — p,, throughout the text

[namely, in Eqs. (2.18), (2.31), (3.11), and (3.12), where m, = m,, mp = m,, and m; =

Eq. (3.12) becomes

U

m,]. The factor in the parentheses in

(i G et +m) (B (e —20) + )
M\m, +m, +m, ¢ " M m,+m2+m3 " :

G rte )+ m) (e —r) +m)
M ,+m2+ M 1+m2+m3 "

P P
el nm) o) o

M ,-+—m2+ AR #n ! m+m2+m3

pp§ ppn

l
—
3

2 m31

41— m31

e
2o

+
TN
3

m,+m2+m3)

+{m|1—

(e
()
(
(

N

ml+m2+m3)

(ppel | 3 (pp,)
Mgz +T M”Z —(m,m2+m2m3+m3m1)<1—
M PPe 1
+(1——————)(m Y S
T (m, :z)M 2( 1+ m,

P — D¢ +§p,,) +mz)

M )_ppn)
my +m, + m, M

PP pp,,)( (
+—=+——"mjl -
M 2M g m; + my+ m,

M )_pp,,)
my+my,+ m, M

M PPe ppn)
S CA gL R C4
) M+2M (C4)

M )z
m, + my + m;
44
2m,) L )] (C5)

The normalization for the three-body BS wavefunction for unequal mass constituents is given by

4 (pps) | (opy)
3 M? M?

)((ml — my) S

= [ atped p,,|¢,<pg,p,,)|2[

_f_i([____ﬂ___
3 m, 4+ m, 4+ m;

(2m)*
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