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Asymmetrically cut perfect crystals, in both the Laue and Bragg geometries, are examined as single
crystal monochromators for x-ray beams that are collimated to a small fraction of the Darwin width,
as is typical in experiments with coherent x rays. Both the Laue and asymmetric Bragg geometries
are plagued by an inherent chromatic aberration that increases the beam divergence much beyond
that of the symmetric Bragg geometry. Measurements from a recent experiment at the ESRF are
presented to compare Si(220) (symmetric Bragg), diamond(111) (asymmetric Laue), and
diamond(111) (symmetric Bragg inclined) geometries. © 1995 American Institute of Physics.

I. INTRODUCTION

Unlike most previous x-ray sources, undulators provide
a beam with a collimation which is smaller than the angular
acceptance (Darwin width) of a typical monochromator crys-
tal. To devise crystal optics for these sources, it is necessary
to understand the detailed optical behavior of diffracting
crystals, such as the exact angles the exit beam makes with
the incident beam, on a scale finer than the Darwin width.
Understanding these properties is particularly important in
the new field of coherent x-ray science, where the x-ray
beams are further collimated to a small fraction of the total
source divergence.

In this paper, we describe the optical properties of both
Bragg and Laue geometries, particularly the transmitted
wavelength range and exit divergence, for incident radiation
which is polychromatic and highly collimated on the scale of
the Darwin width. We then present experimental results for
crystals in various geometries, including single-crystal trans-
mission monochromators.

il. PROPERTIES OF ASYMMETRICALLY CUT
CRYSTALS

Asymmetric Bragg and Laue crystal geometries are -

shown in Fig. 1, where « is the angle between the crystal
surface and the lattice planes. Just as in the symmetric Bragg
case (a=0), when the diffraction conditions are met, the
angles between the reflecting lattice planes and both the in-
cident and exit beams are approximately equal to the Bragg
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angles 65 . For a crystal of lattice spacing d, the Bragg angle
for wavelength \ is given by #z=sin"'(\/2d). The exact
angles of the incident and exit beams with respect to the
surface of the crystal may be expressed as

0i=93+a+A0,~ and 06=03—a/+A05, (1)
respectively, where A §; and A8, are small (<100 urad) de-
viations of the incident and exit beam directions from the
Bragg-law directions. These deviations arise because of both
the finite width of the reflection (Darwin width) and a cor-
rection arising from the index of refraction within the crystal.
For a perfect crystal with a flat surface, there is an exact
one-to-one relationship between #; and 6, for a given wave-
length. Thus, although the reflectivity is near unity over a
range of incidence angles, a perfectly collimated and mono-
chromatic beam incident within this range will produce a
diffracted beam at a single exit angle.

The asymmetry of the surface orientation can be charac-
terized by an asymmetry factor b, which is conventionally!
written as

Sin(a+ 03) )
= 3
b= a6, &)

A given crystal has fixed values of « and d, and the param-
eter b depends implicitly on wavelength through 65. For
Bragg geometries we have o<<8p so that b<<0 and 6,>0
(reflection). In Laue geometries, we have a> 6@, so that 5>0
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FIG. 1. Two asymmetric crystal geometries with the same Bragg angle
65=20°. A miscut angle of ®=12.32 gives a Bragg geometry with b=—4
(a) while a miscut of =31.25 gives a Laue geometry with =4 (b). The
dashed lines indicate the incident (i) and exit (e) beams while the dotted
lines represent the forward diffracted and transmitted beams (¢).

and 6,<0 (transmission). The value b=—1 represents the
symmetric Bragg case (a=0), while b=1 represents the
symmetric Laue case {a=m/2).

The precise shape of the reflectivity as a function of
incidence angle at fixed wavelength differs between the
Bragg and Laue geometries. However, when the effects of
absorption can be neglected, the angular width of the reflec-
tivity has the same magnitude in both geometries, for the
same magnitude of asymmetry |b|. The half-widths on the
incidence and exit side, w; and w,, respectively, are
related"? in a manner which varies with asymmetry accord-
ing to

We=—bw;=—w,|b|'2, 3)

where w, is the magnitude of the half-width for symmetric
reflection. Likewise, the one-to-one relationship between in-,
cidence and exit angle at a particular wavelength is given by

Ag,=—bAb;. “)

These relations hold for both Bragg and Laue geometries.
Note that the signs of Ag; and Ad, (and w; and w,) are the
same for Bragg geometries but differ for Laue.

A. DuMond diagrams

To understand the performance of crystal optics for syn-
chrotron studies, one must generally account for the poly-
chromatic nature of the radiation. The relationship between
incidence and exit angles, for each wavelength, can be con-
veniently illustrated in a manner put forward by DuMond.?
For example, the DuMond diagram shown in Fig. 2(a) shows
the wavelength as a function of incidence angle on one side
and exit angle on the other, for the symmetric Bragg geom-
etry. The region between the two diagonal lines on the inci-
dence side represents the range wavelengths and angles
which could be accepted for diffraction by the crystal. (We
only depict the narrow region near the diffraction condition,
where the diagonal lines have a slope of cos f5.) We will
refer to this region as the reflectivity band. The analogous
reflectivity band on the exit side represents the range of pos-
sible wavelengths and angles in the exit beam. As described
by Eq. (4), each point on the incident side maps onto one
point on the exit side, with the wavelength being unchanged.

We discuss the optical performance of a variety of crys-
tal geometries in the subsequent sections. Each geometry
will be considered under three different conditions of inci-
dent illumination: (1) perfectly monochromatic, uncolli-
mated, (2) polychromatic, perfectly collimated, and (3) poly-
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FIG. 2. DuMond diagrams for Bragg geometries with (a) b=—1, (b) b=
—4, and (c) b==1/4. Radiation accepted from perfectly monochromatic
uncollimated incident radiation is shown with dashed arrows while that
accepted from polychromatic and perfectly collimated incident radiation is
shown with solid arrows.

chromatic with a finite divergence. The second case is a good
approximation for experiments with coherent x-ray beams
while the lattice case is of more general interest for synchro-
tron work.

B. Bragg geometries

Figure 2(a) is a DuMond diagram for the symmetric
Bragg geometry. The horizontal arrow on the incidence side
represents the range of angles accepted by the crystal under
uncollimated monochromatic illumination, i.e., the incidence
Darwin width 2|w;|. The arrow maps onto an identical arrow
on the exit side and the exit divergence D, is equal to the
accepted incident divergence D;. The vertical arrow on the
incidence side represents the accepted range of wavelength
AN under perfectly collimated polychromatic illumination.
This arrow also maps onto an identical arrow on the exit side
indicating that the collimation has been preserved, a property
unique to the symmetric Bragg geometry.

Figure 2(b) depicts a Bragg geometry with an asymme-
try factor of b=—4. By Egs. (3) we see that the diffracted
range of angles for monochromatic radiation (horizontal ar-
rows) is smaller on the incidence side and larger on the exit
side relative to the symmetric case, both by a factor of [b|/2.
Also, if the divergence of the incident monochromatic beam
D; only partially fills the incident Darwin width, the diver-
gence of the exit beam is D,=|b|D;. The divergence in-
crease is matched by a decrease in the spatial extent of the
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FIG. 3. DuMond diagrams for Laue geometries with (a) b=1, (b) b=4, and
(c) b=1/4.

beam [shown in Fig. 1(a)] such that the brilliance of a mono-
chromatic beam is preserved.

Strikingly different behavior occurs in the asymmetric
Bragg geometry if the incident radiation is perfectly colli-
mated yet polychromatic. As shown by the short vertical ar-
row on the incidence side, the crystal accepts a wavelength
range which is only [b|™'/? times as large as a symmetric
Bragg crystal. In mapping this arrow onto the exit side the
wavelength range is dispersed across an exit angular range of
size 2|w;—w,|, which is most of the exit Darwin width. This
behavior is a form of chromatic aberration which is generally
undesirable for experiments involving coherent x rays, where
a divergence much narrower than the Darwin width must be
preserved.

The DuMond diagram for an asymmetric Bragg crystal
with b=—1/4 is shown in Fig. 2(c). Compared to the sym-
metric Bragg case, the incidence Darwin width is greater and
the exit Darwin width is smaller by the factor |b|™"2. With
monochromatic radiation, the exit beam is |b| times more
collimated than that accepted at the incident side. (Not
shown on the diagram is that the exit beam is spatially ex-
panded in proportion to this collimation increase.) For poly-
chromatic collimated radiation, as shown by the vertical ar-
row on the incidence side, the accepted AN is larger by a
factor of |b|™%/? and the exit radiation is again dispersed
across a wide angular range 2|w;—w,|.

These results may be generalized to the case of a poly-
chromatic source with a finite angular divergence. For an
incident divergence D;, the full ranges of wavelengths and
exit angles are given by
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FIG. 4. Angular divergence measurements for A=1.05 A radiation passing
through a 4 um diameter pinhole aperture located downstream from (a)
Si(220) (symmetric Bragg), (b) 250 um thick diamond(111) (asymmetric
Laue), and (c) Si(220) (symmetric Bragg) plus diamond(111) (symmetric
Bragg inclined) crystals.

AN 2|w,|+D; ‘

N Tnos’ (5)
tan 6p

D,=2|w;]|1+b|+D;. (6)

These relations also describe the Laue geometry where 6>0,
as we will now discuss.

C. Laue geometries

For Bragg geometries, an incident ray accepted on the
low 6; side of the reflectivity band, will exit the crystal on
the low 8, side. In contrast, the same ray incident on a Laue
crystal will exit on the kigh 8, side. This difference is clear
from Fig. 3(a) which shows the DuMond diagram of a sym-
metric Laue crystal (b=1). The horizontal arrow represent-
ing monochromatic radiation accepted on the incident side,
now maps onto an arrow of the same length but opposite
direction on the exit side.

Contrast between symmetric Bragg and Laue geometries
is more pronounced in the case of polychromatic collimated
incident radiation. Here, the vertical arrow on the incident
side maps onto a diagonal arrow on the exit side, such that
the exit divergence is 2|w,|, even though the incident radia-
tion was perfectly collimated.

Figures 3(a)-3(c) for the Laue geometry show that, as
for the Bragg geometry, the ratio of D,/D; is equal to |b| for
monochromatic light. According to Eq. (5), for polychro-
matic light A\ varies as || ™2 for small D;, as is true for
Bragg crystals. The dispersion of wavelengths into angles is
stronger for Laue geometries, as is clear from Eq. (6) and
Figs. 3(a)-3{c).

In summary, when a Laue or asymmetrically cut Bragg
crystal is used with a highly collimated polychromatic x-ray
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beam, the exit divergence is increased much beyond that of
the symmetric Bragg case. This results from an inherent
chromatic aberration which introduces a strong correlation
between angle and wavelength. Used as single-crystal mono-
chromator, such a crystal would degrade the brilliance of the
polychromatic beam. However, the degradation is perfectly
defined and the brilliance could be regained by using a sec-
ond crystal of opposite asymmetry.

lil. MEASUREMENTS FROM VARIOUS GEOMETRIES

At ESRF undulator beamline 9 (Troika) we have been
studying reflection and transmission single-crystal mono-
chromators for experiments requiring highly collimated co-
herent x-ray beams. Figure 4 shows measurements of the exit
beam divergence produced by various monochromator crys-
tals. These angular distributions were obtained at A=1.05 A
by placing a 4 um diameter pinhole in the exit beam and
scanning a second pinhole in front of the detector approxi-
mately 1 m downstream. The directions 26 and 26, are
within and normal to the scattering plane, respectively. The
top pair of curves was obtained for a Si(220) crystal in the
symmetric Bragg geometry. The observed 27 urad FWHM
in each direction is equal to the width expected for Fraun-
hofer diffraction from the pinhole combined with instrumen-
tal resolution. Within the measurement precision, the crystal
does not introduce any extra divergence to the beam.

The middle data are for a diamond crystal with (100)
surface normal, oriented for (111) diffraction in an asymmet-
ric Laue configuration (b=1.46). The 26, FWHM is 36
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urad, which is slightly greater than the width expected from
Fraunhofer diffraction plus the (slightly broader) instrumen-
tal resolution (31 urad). However, the 268 width (61 prad)
greatly exceeds the 260, width. The 26| broadening is consis-
tent with that expected from chromatic aberration in this ge-
ometry which, according to Eq. (6), introduces an additional
divergence of 2|w;||1+b|=28 urad. Crystal mosaic in the
diamond will also tend to broaden the widths contributing
more in the 26 direction than the 26, .

Until this point we have been discussing noninclined ge-
ometries. The final data in Fig. 4 are for a diamond in the
symmetric Bragg inclined geometry. The (100) surface-
normal crystal was oriented for (111) diffraction. [For this
measurement a symmetric Bragg Si(220) crystal was up-
stream of the inclined crystal but because it has a slightly
broader Darwin width it should not affect the measured exit
divergence.] The resolution-limited Fraunhofer width is ob-
served in the 26y direction. Now however, the 26, intensity
distribution is broadened, although it retains some signature
of the narrow Fraunhofer peak. We believe this is due to a
chromatic aberration analogous to that described above. The
broadening is in the direction of 26, rather than 26, because
in this geometry the difference between the scattering vector
and the surface normal lies in the direction of 26, rather than

26.
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