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the cylinder, the mean transverse displacement of a
beam particle will be given by r ~ 28 ~ 2}. We
therefore expect the beam intensity to begin falling
off exponentially as a function of z for z = R}, ie.,
the effective penetration distance is of order R'.

More precisely, from (52) we find for the Boltz-
mann function

1 I"v R 2x
fr,2) = - <70> _/; 7o dr, deoo
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X exp{ 3

_rz - r: + 2"0 cos (00}
2z ?

where F, is the initial flux. In particular, the
intensity on the axis is then given by
F(, 2)/F, ~ e %%,

confirming that the exponential fall-off distance is
z, ~ R
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One-Speed Neutron Transport in Two Adjacent Half-Spaces
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Using Case’s method for solving the one-speed transport equation with isotropic scattering, the
Milne problem solution, the solution for a constant source in one half-space, and the Green's function
solution are obtained for two adjacent half-spaces. These problems have been solved previously by
other methods. Here the derivations are greatly simplified by using Case’s method.

1. INTRODUCTION

HE one-speed neutron transport equation has

been solved in closed form for isotropic scatter-
ing in full-space, half-space, and two adjacent half-
space media using a number of rather cumbersome
techniques.'~ Recently Case® has developed a new
method for treating the one-speed transport equation
in which the solution of the general problem is
written as a superposition of the singular solutions
of the homogeneous equation. Several full- and
half-space problems have been solved using this
method,®” including certain types of anisotropic
scattering.®"®
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In this work Case’s method is applied to three
problems for two adjacent half-spaces with isotropic
scattering. In Sec. II, we review the normal-mode
solutions. In Sec. III, we consider some of the
general features of the two-half-space problems.
In Sees. IV, V, and VI, we solve the Milne problem,
the problem of a uniform isotropic source in one
half-space, and the Green’s function problem,
respectively.

II. THE NORMAL MODES AND THE HALF-SPACE
FUNCTIONS

Assuming isotropic scattering, the homogeneous
one-speed neutron transport equation for plane
symmetry is

aa//(x, 1) f_ W) dw, (LD

+ ¥z, p
where y(z, u) is the angular density, z is the distance
in units of mean free path, u is the cosine of the
angle between the neutron velocity and the z axis,
and c is the average number of neutrons produced
per collision. The solutions of Eq. (I1.1) as discussed
by Case;® consist of two discrete modes;

Voul(Z, 1) = dou(m)e™", (11.2)

where

$o:(u) = e/ (o F W), (I1.3)
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and =+, are the two zeros of

AG) =1 - —f du/G — 1)
=1 — evtanh™ (1/»), (11.4)
and a set of continuum modes
\l/v(xy I‘) = ¢r(ﬂ)e—2/'; (II'S)
where
é,(u) = 3P/ — W] + N)o(u —»),  (IL.6)
and
Ap) =1 — cvtanh™ », (I1.7)

and » is real and in the interval —1 < » < 1. The
P in Eq. (I1.6) signifies the Cauchy principal value.
Notice that A(v) has a cut from —1 to 1 in the
complex » plane. If we define A*(v) and A~(») as
the boundary values of A(») approaching the cut
from above and below, respectively, we have

A*() = MNp) £ (o). (1I1.8)

In obtaining the solution to the general half-space
problem, Case® constructed the following function:

S P {}r[) e du > 8T8 A (p.)} (I1.9)

Some of the properties of this function are®:

(1) It is analytic in the complex z plane eut from
0 to 4-1.

(2) It is nonvanishing, along with its boundary
values, in the entire finite z plane.

(3) It goes as 1/z as z approaches infinity.

X@) =

(4) Its boundary values satisfy the *“ratio
condition”
X*0)/X ) = A*G)/A(); 0<y <1, (11.10)

(5) It can be shown to satisfy the following

identities:
_ [ e X
X@) = f ko SR 1)
X@X(—2) = AR)/[A — o)6; — 27)], (I1.12)
X©0) = 1/ — o), (I1.13)
__¢c ’ p dp )
Y=gl . e—drwatrsy ¥

III. THE TWO-HALF-SPACE FUNCTIONS

Two adjacent half-spaces may be characterized
by the following convention. Let = 0 denote
the interface, and let the subscripts 1 and 2 denote
the quantities appropriate to the right- and left-hand
half-spaces, respectively. The solutions of the
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transport equation will then involve ,,(z, x) and
Yios(x, 1) for z > 0; and ¢,,(z, u) and Y. (z, )
forz < 0.

A problem which is encountered in the solution
of two-half-space problems is the expansion of a
function y’(u) in terms of the ¢,,(u) for 0 < » < 1
and ¢;,(u) for —1 < » < 0. That is, functions
A,(v) and A,(») are sought such that

Ve = [ A6 &

1
+ [ 40euw d.  aILy
The construction of this expansion has been
discussed by Case.® We will repeat the relevant
parts of Case’s discussion here. Let us introduce
the following notation:

c(p)={c“ 0<u<l,
Ca, -1 <u<0;
AQ) = {A,@), 0<u<l,
] Az(l‘): -1 << O; (1112)
A = {Al(u), 0<u<l,
Ap) = {)‘l(ﬂ)) 0<p<l,
)‘2(1-")) —1 < » < O.

With this notation, Eq. (IIL.1) can be written as
follows:

7| (v) dv.

¥ () = MwA) 4 3P Blan (I11.3)
Now we introduce the function
NG = 5 f ;((”v)”A(”) &, (IIL4)

If A() is sufficiently well behaved, N(z) has the
following properties:

(a) It is analytic in the complex z plane cut from
—1tol.

(b) It goes to zero at least as fast as 1/z at
infinity.

(¢) It is bounded by D+/|z & 1|7, where D, are
constants and ¥ < 1, as z approaches F1.
The boundary values of N(z) are

o L [ cGlAG)
N*u) = 21r1§P[ 2 —w?
i%c—(‘—‘)“;—(")- (IIL5)
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Equation (II1.3) can be written in terms of A(z) and
N(2) as follows:

pe() ' (1)

A (I‘) + N _
N (M)N () — N (u) = 24~ () (I11.6)
The solution of Eq. (III.6) for N(z) is®
where
x® = X,(2)X.(—2), (I11.8)
and
() = Fluc)]x” @w/A™ W] (IT1.9)

Since x(z) ~ 1/2° as z approaches infinity, N (z) ~ 1/z
at infinity, as required, only if

[ 46w au = o,

and (I11.10)

f_ll wy(w)y' (w) du = 0.

Hence A (1) may be determined from Eqgs. (II1.5)
and (II1.7) for any ¢/'(x) that satisfies Eqgs. (II1.10).

Also, x(2) satisfies a number of useful identities
similar to those for the half-space function X(2).
The derivations of these identities are entirely
analogous to the half-space cases, so we will omit
the details and simply state the results.

@) = f_‘l“fz(”)__d:, (ITL.11)
(o) = f 1 MZ(”_) ‘:" (111.12)
x@) = 35 = ¢2) f_ol Xz(n)(v%jil—(ﬁlgl(; —2)
Ll e e e D
@) = g0 | 0 X2<u)<5ozX —(”3 Si& )

[ 12X (—p) du
+tou - cofo X6 — D =g 1

IV. THE MILNE PROBLEM

For the Milne problem, the angular density
satisfies the following equation:

a x,

Won |y,

= g—lf_l iz, p)dy’, >0,
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z <0, (Iv.1)

c 1
2 [ v w) aw,
-1
with the following boundary conditions:

® lim y(z, 1) = dro-(w)e™"""

P

(i.e., neutrons are assumed to enter the system at
plus infinity, and ¢, < 1).

@ lim ¢(z, u) =0
(e, ¢, < 1).
@ (07, w) = ¢(0*, )

(i.e., the angular density is continuous across the
interface).

Boundary conditions (1) and (2) require the
following form for the expansion of ¥(z, u):

\b(x) l‘) = ¢lo_(ﬂ)ez/vu + a0+¢m+(“)e—z/v“

1
+ [ 4G b, 2> 0;
0
= "ao—¢zo—(ﬂ)ex/y“
0
— f AW (We™ v, <0. (IV.2)
-1

From boundary condition (3), we have

v = [ 4080+ [ 4006 b, (V3

where

‘I’,(ﬂ) = _¢1o—(#) - ao+¢1o+(ﬂ) - ao-¢2o-(ﬂ). (IV4)

From the analysis of See. III, the solution of Eq.
(IV.3) can be written down immediately,

Ap) = 2/w®IIN'G) — N"()], (IV.5)

where
1 [ vV W) e
2rix(2) Jo1 p— 2

N@) =
The coefficients a,. and a,- can be determined from
Eqgs. (I11.10), (III.11), (II1.12), and (IV.4),

Qs = X(—Vm) (Voz _ Vol)
o X(Vm) (Voz + Vol)

X(_VOI) 2(311’01
X(—Voz) Cooa(wo2 + V01)

(IV.6)

AQo- =

The expression for N(z) can be simplified by using
Egs. (IV.4), (IIL.11), (II1.12), and (IV.6),

[h10-() + Go+$10+ @) + Go-b20-(2)]

1 01V01X( —Vo1) Vo2 — Vo1 _
2wt (”01 — 2 )X(z) voa + 2

NG = —5

+ 5= (Iv.7)
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The expansion coefficient A () can be determined
from Egs. (IV.5) and (IV.7),

_1__ Cﬂ’gl(”oz - Vm)X(—VOI)
27t (Vgl - 1'2)(1’02 + V)

11 ]
X [xw) a0
One can show that the following identity holds
for the x-functions:

w(®) _
N AQ@) =

N S 1
x'0)  xG)
= _clﬂv ( 1') .__,,2 — .
= TOLE Xumy) P~ =), v >0
—earis  Xo0) 2 _ me oy
A X P2 — 7 )A — ), » <O
(IV.8)

Hence,

_ _01(1 -y Cl)vgl(l’oz — vo)x(—7e) X (=)
4:6) = G + VOO TS~

Cz)Vm(Voz — vo)X(—vo) oz — V)Xz(”)
(Vm -V )Az(_V)Az(_V)Xl(V)
(Iv.9)

The solution of the Milne problem for the angular
density is complete since all of the expansion
coefficients in Eq. (IV.2) have been determined.

The expression for the angular density at the
interface (x = 0) can be further simplified. Notice
that the angular density at the interface can be
written as follows:

\(’(07 ﬂ)

¢, (1 —

A:(V)= -

= {‘ﬁxo—(ﬂ) + a0+¢10+(ﬂ) + f(”')’ M < 0) (IV.].O)
—Go—pzo-() — g(u), r>0,
where
_a [TvA) dy
f(Z) - 2 o vy —z !
_c [Pv4,0) dv
9@ = 3 =z

The functions f(z) and g(z) have the following
properties:

(1a) f(2) is analytic in the complex z plane cut
from 0 to +1 and vanishes at infinity.

(1b) g(2) is analytic in the complex z plane cut
from —1 to 0 and vanishes at infinity.

(2a) f(z) has a discontinuity across the cut
given by

f(l‘) - = oA, (w)].

2 = Vox In I:l’ol + voz Xl(vm)Xz(_l’m):l
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(2b) g(z) has a discontinuity across the cut
given by:

g* W) — ¢~() = milend,w)].

One can construct functions satisfying conditions
(1) and (2a), and (1) and (2b), respectively. By
Liouville’s theorem, these functions are unique.
Thus, we can write'

f@) = T@) — ¢10-(2) — Go+d10+(2), (IV.11)
9(2) = RB(®) — ao-20-(2),
where
(o2 — Z)CleX 2@ X1 (—va1)
T = (o1 — 2oz + 20) X1 (@) Xa(—ver)
and
R() = c(1 — cl)Vngl(_z)Xl(—VOI)

—(1 — €2) oz + 2)(oz + v01) X 2(—2) X5 (—v51) .

From Eqgs. (IV.9) and (IV.10), we can determine
the angular density at the interface in terms of
X funetions,

Cle(Voz M)Xz(ﬂ)Xl("‘Vm)
—u )(Voz + Vox)Xl(ﬂ)Xa(—Vol)

u<0;

e(l — CI)VOIXI( wX1(—vo)
(1 — )2 + w) oz + vo1) Xo(— ~wWXy(—vo)’

> 0.

¥, u) =

(Iv.12)

The total density and current at the interface are

b = [ 90, ) da,

10 = [ w30, ) e

-1

These integrals can be done using Eq. (II1.13)
and (II1.14),

_ 2011 — e )X i(—vo1)
o) = (o2 + vor)(1 — Cz)in(“Vm) !

§0) = —vul(l — €)1 — ¢)*p(0). (IV.14)

One further quantity of interest is the extrapolated
end point z,, given by

0= e"lo/n: + o elo/'o

(Iv.13)

Iv.1l
Yo1 = Vo2 Xl(—Vox)Xz(Vm) ( 5)

The results of this section and many of the

10 Note that T'(z) and R(z) supply the proper discontinuity
and f(z) and g(z) have removable singularities.
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results in the following sections can be compared
to Davison’s' results by recognizing the relation
between the X function and Davison’s & function,

RG@/w) = (1 + w)X(—ppo(l — )

Similarly, a comparison with Chandrasekhar’s®:®
results can be made by recognizing the relation
between the X function and Chandrasekhar’'s H
function,

H@) = 1/0o + w1 = 0)*X(—p).
V. THE UNIFORM SOURCE

Consider a uniform, isotropic source in the right~
hand half-space. The transport equation is

alﬁ(x, I-‘)

+ ¥(x, »)
=%lf_1 Ve, w)dy’ +s, 23>0,
e ! ’ ’
=§—f_1¢(x,p.)du, z <0, V.1

with the following boundary conditions:

(1) lim \P(CE, Il')

T

@) lim Y(z, ) =0 (.e.,c <1),

z——®

(e, < 1),

@) ¥0", w) = ¢07,n) (continuity).

The expansion of ¥(z, u) in the normal modes,
including the restrictions of boundary conditions (1)
and (2), is

—z/%0a

‘p(x, I") = 'I——_ST;:_I — Qo+P10+€

+ [ Ao b, 7> 0;
1]
= ao—¢zo—(l‘)ez/'"
- f A0 b b,  z<0. (V.2)
-1

Boundary condition (3) then requires that

v =[ 40swa+ [ 46mEs, T3
where
V() = ao-¢pa0-(1) + Gosdros(w) — 8/ — ).

Again, we can determine the discrete coefficients
from Eqgs. (II1.10), (II1.11), and (I11.12),

aos = —28/(1 — c)ewovor + voa)x(oy),
Go- = '_28/ (1

V.9

— C)Cvoa(vor + vo2)X(—7az).
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The expression for N (2),

1
2rix(e) J-

7(") ¥ (l-‘) dp,

TH—2

N@ =

can be evaluated by using Eqs. (II1.11), (I11.12),
and (V.3),

N@) = [ao+¢1o+(z) + Go-¢p0-(2) — 1—¢ :|
1 @o+CV01X(o1) Qo—Caosx(—702) .
- 27rix(z)[ Wm—2 T 2u+d ] .5)

The continuum expansion coefficient can be com-
puted by using Eq. (II1.5),

8(”01 + V)Xl(_”)
oz + ”)Xz(—'V)A*i(V)A_l(V) ’

—— —8(1 - 62)(1/02 — F)Xz(v)
Az(l') - 1~ ¢))wo, — V)Xl(V)A;(_V)A;(—V) )

where we have used the explicit expressions for
@y, and a,- [Eq. (V.4)], and Eq. (IV.8). Thus the
solution of this problem is complete since the
expansion coefficients in Eq. (V.2) have been
determined.

There is a further simplification in the expression
for the angular density at the interface,

Ap) = —

(V.6)

¥, 1) = {S/ (1 = 0) = Goudios) + f), 4 <0,
o-20-() — gu), u>0,
V.7
where
_a [frA0)d
fe) = 2, v—2z "’
_a (v d
g(Z) B 2 1 vy — 2

These functions f(z) and g(z) satisfy conditions (1a),
(1b), (2a), and (2b) in Sec. IV, with A,(x) and
As(u) given by Eq. (V.6). Again we can construct
unique functions satisfying these conditions,

sc,(l — ¢5)

f(Z) = T(Z) - ( —c )(1 ¢ ) + a0+¢10+(z)) (‘V‘S)
9@ = R(2) — sc./(c. — ¢,) + To—30-(2),
where
_ _sa(l — ) — 9)X,(2)
T = o = o) — )b — DX,
and

_8Cor + 2)Xi(—2)
BE) = = e)u + OXa—=D)
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The angular density at the interface now can be
determined by using these results,

¢(0, I‘)
_ sci(l — ea)(woz — 1) Xa(u) ___8¢ .
= - )om — %@ a—a’ * <0
86 (vo1 + wWXi(—p) _ S
h (€1 = )z + wWXa(—p) 6 —¢c’ # >0
(v.9)

The total density at the interface,
1
p(0) = f_ . Y0, u) du,
can be found using Eqs. (I11.13) and (I11.14),

2S5 -1] oo

17— C2

p(0) = .

There does not appear to be a corresponding
simplification in the expression for the current at
the interface, since we do not have an identity
similar to Eqs. (II1.13) and (II1.14) for 2*x(2).

V1. THE TWO-HALF-SPACE GREEN’S FUNCTION

Consider a monodirectional plane source in the
right-hand half-space. The transport equation
becomes

Y, u; x
it gx = _'”O) + ¥z, ; To, o)

! 8z — 20)d(n —
=%f_l ¥z, 1’5 2o, o) dp’ + (e z«g"r(ﬂ ”0),

x>0,
= %’f_ll Wz, 1’5 o, po) dp’, = <0, (VL1)
where
1) lim ¢z, 420, ) = 0 (&, 02 < 1),
(2) &S, 5 To, o) — YT, 15 o, po)
= ﬁ 8w — no),

(3) 10(0+) H; To, I"O) = 'P(O-: K; Zo, I‘O)'

A solution which conforms to boundary condition
(1) is

¥z, B; Zo, 1)
= ao+¢1o+(ll)3—‘/'"

+ f AGWuWe™ dr, > 20}
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= _b0+¢x0+(ﬂ)6_2/’" — b0—¢10—-(ﬂ)e2/,"
1
- f By, (e dv, 0 <z < &o;
-1

= do—¢2o—(l-'v)e+:/'"

0
+ [ DO &3z <0, (V1.2)
Applying boundary condition (2) we have
(a0+ + b0+)¢10+(#)e—:°/"; + b°_¢10_(ﬂ)e='/’"
+ f {AG) + B6) s (we™"" dv
0 —zo/? 1
+[ BB b = 55 8 = k). (VL)

The ¢’s satisfy the following orthogonality relation:
+1
[ b ds =0 vy, (V19

where the indices » and »’ refer to both the discrete
and continuum eigenvalues. The normalization is®

+1
Nlo* = j:_l Wﬁo*(ﬂ) d#

CIVgl Cy _ _1_
=+ [v§,~1 v‘s’l]'
N3 =) = [ i) du
= yAT)ATR) 8 — V).
Using Eqs. (VI.4) and (V1.5) in Eq. (V1.3), we have

_ 1 P10+ (o)e™ "

(VL.5)

Qo+ + bor = o e
by = 1 ¢uo_(pode ™" ,
2r N
A@) + B@) = % s, (VL6)
Bey < SR o

2N, ’
Applying boundary condition (3) and the identity
(cr/ca)par(w) = ¢1,(w) + ller — €2)/c2]8( — "),

we have

v = [ Boww b

+ [ 30+ p0few @, 1D
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where
‘V(ﬂ) = _bo+¢1o+(ﬂ) - bo-d’m-(ﬂ)
_ o — & Sulu)e H(—) |
do—¢zo—(#) C 21I'N1([.L) ’
H@) = {1, z>0;
0, z<0.

Equation (VI.7) is in the form of Eq. (IIL.1),
and we can use the methods outlined in Sec. III
to determine the coefficients

B(V)y v > 0;
bo+, do+;
%B(u) + D), v <O0.
2

(V1.8)

Applying Eqgs. (II1.10, 11, 12) and (VI1.6), we have
Vozot 1 B

b + = = )
0 Cx”mx(”m)(”oz + Vox) (VI.Q)
do. = 2 vox — B
° Cav0aX(—vo2)(vo2 + vo1)
where
—zo/Vor
(o, o) = _071;;:_1 ¢1o—(ﬂo)er_ x(—7o1)
+ € — Gy oy, (uo)e” /'Xl(”) dv,
41r(1 - cz) L Na0)0s — V)X, 0)
€ — Cp v ¢1v(ﬂo)ex /’Xl(") dv.

+ dr(l —¢c)) Ju N (V)(Voz - 2)X2(”)

Applying Eq. (II1.4), we have

NE) = —50 (Bushos® + botbuo-() + do-dua-))

1
+ m { bo+¢m+(z)X(Vol)

+ bo—¢1o-(z)x("‘l'm) + do—¢2o—(3)x(“Voz)}

- 1 C; — C
2rix(2) 4m(1 — c2)
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Mﬁg(ﬂo)ez X (IJ)
x [ N — 0% — DX

Now, using Eqgs. (IIL.5) and (VI.6), we have

(VI.10)

B() = ‘“{bo+¢1o+(V)X(V01) + bo—d’:o—(”)x(—l'm)

Cq

+ do—¢zo-(V)X( Voz) + m——)‘
[ 11l X ) }
~1 Nl(ﬂ)(ﬂ- - V)(Voz ) )Xz(#)

0o — (A — e) X\ (=)
e e ny SR ED

AQ) = —B@)
+ ¢u.(uoe™”/2xN10), » > 0.
D(V) = _c__l_ ¢1v(u0) To/¥ (V:Z _ Vz)(]- - CZ)XQ(V)

¢ 2N, (v) A AS)X. ()
X {bos+¢10+@)x(o1) + bo-pr0-¥)x(—201)
+ do-a0-E)x(—702)}

(e — )0he — ¥)X5()
4r A5 A0 X, ()

1 u(ﬂo)ez./uX 1 (#)
X P f. i 1w — »)0oa — 1) Xa(u)

(02 — )b (o) &
T 2me, AL AN 1(1/) !

Now with Egs. (VL.6), (V1.9), and (VI.11), the
Green’s function is completely determined.' In this
case, there does not appear to be a simplification
at the interface corresponding to that found in the
previous problems.

+

v < 0.
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