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Steady streams issuing from horizontal circular ducts form stationary surface waves whose angular symmetry
depends on the vorticity distribution within the duct. For Poiseuille flow, the observed sequences of

wavelengths and frequencies are shown to be consistent with Crocco’s theorem: With fall the stream narrows,
inducing secondary flow patterns dependent on the rate of narrowing. These findings suggest a method for

obtaining scaling estimates of prevalent vorticity patterns in ducts.

. INTRODUCTION

An established method for determining liquid surface-
tension coefficients exploits the formation of stationary
waves on jets issuing from horizontal ducts with ellip-
tical apertures." The jet appears in cross section as
a sequence of ellipses, with major axes oriented alter-
nately vertically, then horizontally along the parabolic
trajectory. Rayleigh,? and later Bohr,® demonstrated
that such oscillating jets result from an instability
mechanism driven by inertial and surface tension
forces; the particular angular symmetry of the wave-
form is found experimentally and theoretically to de-
pend on the shape of the aperture.* Most pertinent to
this report, no waveform is generated by a circular
duct if the exit velocity profile is uniform. Instead,
the narrowing stream retains a circular cross section
throughout jts parabolic trajectory.’

If a nonuniform velocity profile is present at a conduit
orifice, we have found waveforms reminiscient of the
oscillating jet instability are produced even if the duct
cross section is circular.® Two examples of such
waveforms are shown in Fig. 1: Poiseuille flow pro-
duces a bilaterally symmetric waveform (a), a pattern
also seen in low-velocity jets emerging from coils.
However, as velocity is increased in these latter
sections, stream patterns undergo a transition to rota-
tional waves, as shown in (b). Reversing the direction
of flow through a coil reverses the rotation sense of
the wave.

These results constitute experimental evidence that
duct vorticity, both axial and azimuthal, produces a
class of inertial wave instabilities in horizontal jets
issuing from circular orifices. In this communication
a few quantitative features of the waveforms are
discussed.
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Il. METHODS AND RESULTS

Steady streams were generated by passing various
aqueous solutions through conduits positioned on a
horizontal bench. Conduit exits extended 2 cm beyond
the bench edge and some 30 ¢cm above a collecting tank,
permitting nodal patterns on the falling jets to be ob-
served conveniently. The required pressures were
supplied by a “constant-head” reservoir. Exit flow was
measured by timed volume collection. A straight pipe
and a coil (each 1.11 c¢m i.d.) were used to compare the
effect of different vorticity distributions at equal flow
rates.

Wavelengths were defined by the positions of nodes
along a jet’s trajectory. Vertical distances from the
duct centerline to successive nodes were measured on
a scale placed alongside the fluid column, then correct-
ed for arc curvature and nodal length’ to obtain a
sequence of wavelengths for each stream. Correspond-
ing wave frequencies were computed by converting the
measured vertical distance into an equivalent time-of-
fall. Error bars assigned to wavelengths and frequen-
cies reflect the estimated uncertainties stemming
from parallax, finite duct size, and stream unsteadiness.

Wavelengths generated by a straight pipe and by a
coil are compared in Figs. 1(a) and 1(b) for a sizeable
range of laminar flow conditions. Wavelengths associa-
ted with Poiseuille flow are approximately independent
of time-of-fall, and therefore invariant on a given
stream. By contrast, rotational waves generated by
coils lengthen about 10% over five nodes. Therefore,
both cases are represented in Fig. 1 by wavelengths
averaged over the first four nodes. Two points are
clear: wavelength increases markedly with exit velo-
city, but viscosity has a considerable effect only on the
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FIG. 1. Examples of waveforms with nonuniform velocity pro-
file present at a conduit orifice. (a) Bilaterally symmetric
waves on a stream emergent from a straight pipe, and the re-
sulting dependence of wavelength on mean conduit velocity
(log-log scales). (b) Rotational stream from a coil, curvature
ratio 16.1, and corresponding wavelengths. Waveforms begin
to appear rotational at an exit velocity of 15 cm/sec. Symbols:
®, 3.9¢S; 0, 7.2-7.6cS; O, 16-18.4 ¢cS. Aqueous solutions
of either polymerized sodium acetate or ethylene glycol.

rotational waves produced by coils. In neither case
can wavelength be correlated with Reynolds number.

These results lead to a conceptual difficulty. Station-
ary waves on falling streams must be propagated with
a continually increasing wave speed. It follows that
wave frequency is not constant on a given stream, but
increases monotonically with time-of-fall® (Table I).

1. DISCUSSION

Rather than accept the notion that a wave would be
propagated with no definite frequency, I postulated that
these stream patterns derive from a precessional

motion of the jet, induced by the interaction of gravita-
tional acceleration with the primary duct vorticity.
Assuming that the frequencies of these precessional
waves depend on stream vorticity, this hypothesis
could be tested by comparing how wave frequency and
vorticity evolve with fall.

For axisymmetric flow, of which Poiseuille flow is
a particular example, it is a consequence of Helmholtz’s
vortex laws that the azimuthal vorticity component 7(7)
of each fluid element must obey the relation n/7
= constant, where 7 is the radial distance from the
stream centerline.? It follows that the azimuthal vorti-
city at the jet surface R must decrease with fall as
R/R,, the ratio of jet-to-duct radii. This change in
vorticity might not in itself perturb the jet cross sec-
tion; however, the narrowing cross section also indi-
cates the onset of a radial velocity component #(R).
Using Crocco’s theorem,® it is easily shown that these
two quantities interact to produce a streamwise
gradient in the jet Bernoulli number B:

(grad B),,,, =n(R)u(R)
=(4V,R/R2)(~ R°g/2R4V ,)(RY/R* - 1)/
= 2g[function (jet-duct area ratio)], (1)

where g is the gravitational acceleration and ¥, the
mean exit duct velocity. Since the Bernoulli number
along the jet stream must be conserved,’® Eq. (1)
implies that secondary flows, and associated surface
deformations, must be set up within the jet cross section
to compensate a gradient that depends only on area
ratio, and not velocity. Similar considerations apply

for the more complex vortex pair present in a coil,

By hypothesis, therefore, the observed wave frequency
evolves with fall as a function of jet cross-sectional
area. The functional dependence is still unresolved,
but a simple assumption, consistent (when applicable)
with Kelvin’s circulation theorem, is that

Measured wave frequency = f; [(duct/jet) area ratio],
(2)

where f;, an “intrinsic frequency”, is an empirical
constant of proportionality. This quantity can be evalu-
ated using the experimentally-determined wave fre-
quency associated with each nodal position downstream
of the first (Table I), averaged over the displacement
from the first node.

TABLE 1. Example of a nodal sequence, straight-pipe section (1,11 e¢m ID; exit velocity 30.1+1.5

cm/s; viscosity 3.9 cS).

Vertical distance of Nodal-averaged

“Intrinsic frequency”

node from duct, cm wave frequency, Hz Jfr» Hz
2.3+.5
7.5 13.9+2.4 4.13
13.5 18.1 4.35
19.5 21.1 4.38
25.5 1. 23.5+1.8 4.36+.33
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FIG. 2. Log-log plots of intrinsic frequency (f,} versus con-
duit Reynolds number for (a) straight pipe; (b) coil; using
data of Fig. 1, Dashed lines are least-squares-fitted.

Intrinsic frequencies associated with Poiseuille flow
turn out to be a single constant of motion, independent
of time-of-fall (Table I) or jet Reynolds number [ Fig.
2, curve (a)], and therefore are consistent with Eqs.
(1) and (2). Possibly because their axial velocity
profiles are not axisymmetric, coil intrinsic frequen-
cies diminish approximately 3% through successive
nodes, still in satisfactory agreement with Eq. (2).
Furthermore, for a coil note that f; exhibits a consist-
ent 1/4-power dependence on Reynolds number in
Fig. 2[ curve (b)], despite the fact that neither wave-
length nor frequency do so. By contrast, intrinsic
frequencies generated in aqueous solutions by a 60°
wye (not shown) are found to be almost independent of
Reynolds number, even though the large-scale swirl
pattern within this conduit qualitatively resembles that
of a coil.!*

In Poiseuille flow the strength of vorticity increases
linearly with axial velocity, so that the ratio n/V, is
independent of fluid velocity or viscosity. Since such
flows generate waveforms whose intrinsic frequencies
are also invariant to velocity or viscosity, f; probably
is an empirical measure of the strength of a prevailing
vorticity component relative to flow rate. If this new
aspect of oscillating jets can be systematized, large-
scale patterns of conduit vorticity could be scanned to
infer appropriate scaling parameters. For example,
results seen in Fig., 2 would suggest vorticity varies
nonlinearly with flow rate in a coil. In wyes, the rela-
tive invariance of f; to viscosity or flow requires a
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linear relation between vorticity and flow, in agree-
ment with direct observations of swirl patterns.!?
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