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Turbulence inside a vortex: Take two
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In this paper, a modified theory based on earlier work on stratified entrainment is proposed to
explain the persistence of trailing vortices in the far field. These vortices grow at a laminar rate even
though the Reynolds number is high and in the turbulent regime. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1491245#
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The evolution of aircraft trailing vortices is an importa
issue to consider while determining the minimum delay
tween takeoffs, especially for large busy airports, when s
onds can save millions of dollars. The intensity of the traili
vortices can remain great even at large downstream dista
behind lifting airplanes. Presently, a minimum delay of tw
minutes is used between takeoffs. However, as can be d
onstrated by recent crashes, this requirement might no
sufficient to allow the vortices to dissipate.

One important aspect of the vortex evolution is t
growth rate of the size of the vortex core. Previous resea
ers have concluded that the vortices grow at a laminar r
This is surprising, since the Reynolds number is so high
turbulent flow is anticipated. Consequently, a turbule
growth rate would be expected. Nonetheless, data see
show that the growth rate of trailing vortices exhibits a lam
nar behavior, i.e., is proportional to Re21/2.

In this paper, a modified theory based on earlier work
stratified entrainment1 is proposed to explain the persisten
of trailing vortices in the far field.

The previous model for the growth rate of a vortex co
was based on the analogy between rotating and strat
flows.2 Bradshaw’s definition of the local Richardson num
ber is the following:

Ri52S~S11!,

with S, the shape parameter

S5~U/r !~dU/dr !.

This Richardson number represents the local strength o
analogous stratification in rotating flows.

Applying this definition of Ri to a turbulent line vorte
with a mean azimuthal velocity profile, we obtained the f
lowing behavior. As the radius increases, the Richard
number also increases up from 4 atr 50 to infinity at r
5a, equal to the vortex core radius. Forr .a, the Richard-
son number decreases rapidly down to a value of zero
side the vortex~Fig. 1!.

However, as pointed out by Holzapfelet al.,3 Bradshaw2

made a slight error in the definition of the Richardson nu
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ber. Some of the quantities were taken with respect to
inertial frame while others with respect to a natural coord
nate frame.

If both numerator and denominator are expressed in
ertial coordinates, the Richardson number becomes

Ri5
2nu

r 2

]nur

]r
Y S r

]nu /r

]r
D 2

.

For a Lamb–Oseen vortex~shown to be a reasonable repre

:

FIG. 1. Sketch of Richardson number as a function of vortex radius.

FIG. 2. Sketch of Richardson number as a function of vortex radius with
corrected Richardson number definition.
3 © 2002 American Institute of Physics
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sentation of airplane trailing vortices!,3 the Richardson num
ber goes to infinity atr 50, decreases asr increases, reaching
a value of 2 atr 5a ~Fig. 2!.

For all Ri.Re1/2, the flux is laminar, according to th
stratified entrainment model.1 Thus at flight Reynolds num
bers, this implies a strong stratification at all radii less th
that corresponding to Ri5Re1/2 ~Fig. 2!. The momentum
flux would be laminar forr ,b.

The previous conclusions1 remain valid. The correction
only implies a change in the location of intense stratificati
i.e., large Richardson number. Atr 50, the surface is smooth
even the Kolmogorov eddies are unable to engulf fluid fr
the surface. Diffusion becomes the only mechanism availa
for transport of momentum. This behavior is in agreem
n

,

le
t

with observations.4 Turbulent vortices can exhibit lamina
fluxes characteristics. This explains the persistence
strength of airplane trailing vortices in the far field. The
dissipation rate follows a laminar flow, i.e., much slow
than the anticipated turbulent and more dissipative behav

1A. J. Cotel and R. E. Breidenthal, ‘‘Turbulence inside a vortex,’’ Phy
Fluids 11, 3026~1999!.

2P. Bradshaw, ‘‘The analogy between streamline curvature and buoyan
turbulent shear flow,’’ J. Fluid Mech.36, 177 ~1969!.
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