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Generating functions of the 12j and 15/ angular momentum recoupling coefficients are computed
explicitly in the Bargmann formalism. Symmetry properties are deduced therefrom. A geometrical
Mobius strip representation (originally due to Ord-Smith for the 12 case), which can be generalized
to all n, suggests a 4n-fold symmetry for the 3nj coefficients (n >4).

I. INTRODUCTION

The structure of the angular momentum 9j coef-
ficient'~® has been studied in the Bargmann approach, 45
It is the purpose of this note to extend some of the con-
siderations to higher 3nj coefficients.

(A) The generating functions for the 12j and 15j co-
efficients are explicitly computed in the Bargmann
scheme. It is a tribute to the powerful Bargmann lem-
mas on the Laplacian integrals? that those seemingly
complicated 6n-fold integrals can in fact be systemati-
cally carried out. Thus in principle the generating func-
tions for the 3nj coefficients are computable for ar-
bitrary n in the Bargmann approach. Alternatively, the
generating functions can also be found in the algebraic
recursive scheme of Schwinger.® For n=4 and 5, they
have been verified; the answers are essentially the same
apart from a difference in an over-all phase factor. ¢

(B) Symmetry relations of the 3nj coefficients (=4, 5)
are here deduced on the basis of the explicit knowledge
of their generating functions. They turn out to confirm
the 4n-fold symmetry (n=4,5). For n=4, this was
first discussed by Ord-Smith” using (i) a geometrical
Mo6bius strip picture which incorporates the basic 3j
triangular relations and (ii) an reduction formula (attri-
buted to J. P. Elliott) of the 12j coefficient as a sum
over products of four Racah coefficients.

The Mbbius strip picture can be properly generalized
to all n, (There is a slight technical difference between
even or odd n cases.) Thus a basic 4n-fold symmetry is
expected to hold for arbitrary n. The situation may be
summarized as in Table I. Lower order coefficients (for
various reasons such as looser structure) are seen to
possess larger symmetry. We find it gratifying that for
n=4, the symmetry for the 3nj coefficients becomes
more systematic. [Note, however, the remark (b)
below].

(C) Explicit expressions for the 12§ and 15j coeffi-
cients can be extracted from their generating functions.
However, in view of the excessively large numbers of
summations involved [namely, (2™! - 1- 3n)—fold], we
shall not write them down here. The reduction formu-
1as%1% of 3nj coefficients in terms of 3(n - 1)j coefficients
on one hand, and in terms of the Racah coefficients on
the other, are probably more useful in practice.

The following remarks are made in view of the exten-
sive work on the theory of angular momentum by A. P.
Jucys et al.,*° although the present undertaking is en-
tirely independent of their approach.

(a) Jucys et al. have adopted a graphical method of
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their own; they were able to do calculations with the aid
of their graphical method. Qur emphasis, however, is
on the explicit calculation of the generating functions.

(b) There is a proliferation in the definition of the
3nj coefficients. As the number of j’s goes up, there are
obviously various different recoupling schemes. Thus
Jucys et al. have defined several kinds of 3nj coeffi-
cients. The ones we discussed here in this paper, the
canonical ones, correspond to what they call the first
kind. We shall not be concerned with those other than
the first kind here.

(c) We have independently rediscovered a set of re-
cursion formulas for the 3nj coefficients (i} in terms of
3(n - 1)j coefficients and (ii) in terms of 6j coefficients. &
These are known to Jucys et al. The basic 4n-fold sym-
metry is also implicit in their work. However, we wish
to emphasize that the methodology used are quite differ-
ent, especially in regard to the symmetry. Our em-
phasis in this paper is to carry out the explicit calcula-
tion of the generating functions. From what we learn
from the previously known cases, we adopt the viewpoint
that all the symmetry of the 3xj coefficients is con-
tained in the generating functions. The symmetry should
be transparent and unambiguous in the Bargmann ap-
proach. What we have found is that (i) from our study of
the generating functions comes the basic 4n-fold sym-
metry (n=4, 5); (ii) the symmetry operations can be
transcribed to those on a suitably defined Mdbius strip;
and (iii) this geometrical picture and the 4»n fold sym-
metry is obviously valid for arbitrary n = 4.

Il. THE 12/ COEFFICIENT

A. Definition

In analogy with the previously discussed n <3 cases, 4
we express the 12j coefficient (which is the recoupling
coefficient involved in adding five angular momenta to a
total j, or adding six angular momenta to zero) in terms
of sums of products of eight 3j coefficients. We adopt
the following labeling in Eq. (1) for the twelve j’s,
which is a slight modification of that of Ord-Smith’:

Jso Jor a2 23
{12]'}':' Joo Ju Joa J3s3 (1)

A A’ 2
Joo Jau Jiz Jas

TABLE L

3nj recoupling coefficients Symmetry relations

n=2 6j Racah 144 [Refs. 8,4]

n=3 9j 72 [Refs. 2,9, 5]

n=4 12§ 16 [Ref. 7]

nz4 3nj general 47 [this work and Ref. 10}
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FIG. 1. Mobius strip representation for the 12j coefficient.

. ) S, . . N
=2 (]30 Joo mi)l) (701 Jiu N2 iz J22 ]23)
- 3 ’

mom \Mgy Mog Jor | \Moy Myy My Mg Moy Mf,

x (jzs Jas Jos\ (M0 Moo Jor\ [Mor Mu mlz)
Moz Mg Mos) \Tso Joo Mo/ \Jor Ju Jaz

x(m’xz Mo mza) (m,zs My3 mso>, (2)

j{l.z j22 jZS ].;3 j33 jSO

where
j'Pqud” m’PaEmaP (3a’)
except
361 = Fros Jo1=J1o (even-n rule),
, , _ (3b)
My =My Mo =Myg.

It is clear that there are triangle relations governing
in each of the eight 3j coefficients. In the present
notation, each 3j factor calls for a set of consecutive
triplet indices (p_ lq, bq, p+ lq) or (PfI- 1’ Pq, Pq
+1), ($,4=0,1,...,n=1, modn). It is convenient to
label a set of vertices p,p’ accordingly. This results in
the Mobius strip representation’ (see Fig. 1). Note that
the index convention is as follows: (i) j,, connects from
vertices p to g; (ii) j gets primed if the first index is
primed; the prime on the second index is suppressed
[except for those for t,» see Eq. (10)]; (iii) rules (3a)
and (3b) are to be obeyed for even n cases [cf. Eq. (22)
for odd ]

;B. Generating function of the 12; coefficients

The generating function is defined as follows:

GUd(t )= ;ZiN;l {123} it tyoatyba, (4)
where the normalization factor is given by
N,= [ﬁ W, + DI, + 1)!/(n k,,! k;q!)] 1z, (5)
=0 Sra
For a triplet of indices (p - 1,p, p+ 1), we define
J»Ejpp-x+jpp+jn+1zzq)joc’ (6a)
o= 0p1p o Fiper»= 230 G =20 T (6b)
q Q
and
Rpe=dy= 2y (6¢)
k,PaEJ’ﬁ - 2j;a’ (6d)
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In a manner which is perfectly parallel to the known
cases n < 3, % the generating function can be converted
into the following integral:

3
G (1, )= [ dus(2)exp(3; (0, + D3), 0
where
du()=mV¥exp(- ¢ £)d¥, =& +in,
D,Et,x'ép‘ﬂ,, p=0,1,...,3, (8a)
Dy=t,x&,-m, (8b)

denote 3X 3 determinants formed by components of the
indicated 3-vectors. The components of £, are labeled
by the triplets (£,,.;, f5s ?5,.1); likewise for t,. For &,
and 7,, a distinction has to be made involving the index
0, namely for [+0, &, 1, have components labeled by
(I-11, 1, 11+1); likewise for &, and 7,. On the other
hand, for p=0, the components are

£QE (an; Eom 77:)1)7 710 = (1703, nOO’ - E_:)l)’ (g)
g{)E (gf)a, g{)m —Nor)s M= (77(')3’ "_7_60’ Eor)-
This complication comes about because two of the 3j co-
efficients in Eq. (1) (namely those involving the 0 and 0’

vertices) appear in a mixed conjugate fashion. In (8b)
and (9), we have

b= kpr e =N (10)
while #, =1, are distinct from £ ,.

The 24-fold integration in (7) can be carried out in
four steps. The calculation is straightforward with the
aid of the Bargmann lemmas on the Laplacian integrals. *
A slight extension leads to the following formula which
turns out to be quite useful®:

S dug®) dpyn)exp(txEen+#XE-q+c-E+d-q)
=(1-t- )t exp[(txXced) (1—¢t-#)1). an

The final answer for the generating function (7) is
G¥(t,#)=(1-a,-a,—a,—a,—a;)?, (12)

where

a,= mesz + f1of23 + fsofm + fosfm’
@y = toolyy(Uhathalso + thathalar) + tiatholasthyl

22733701703
r r
+ t22t33t00t12t10 tPG

-—
tn’

~ o~

a;=-— t00t12t32 - tutzstos + t22t30t10 + t33t01t21,
a,= t:)()tlot’lztzlt’23t32t;0 + tilt'zxtzatéztsotﬁstm
+ t’zzvtfaztaotznstoﬁmt'lz + Taslostortrotizlartes

—

bq?

— toatiotaaten- (13)
with

fya= boalpe (14)
C. Consistency check

Setting one of the appropriate angular momentum to
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be zero should reduce the 12j coefficient to a 9j coef-
ficient, and this implies that G*® should reduce to G‘*,
which is known. > Our expression (12) satisfies this test.
[To be precise, there are some sign difference among
some of the corresponding terms and this is attributed
to a difference in the choice of phase in going from 3#zj
to 3(n - 1)j coefficients. ]

D. Symmetry (even n case)

(a) Define the operation P{* which carries t,,~—1,,
and the operation P{¥ whlch carries k, ~—k,,

(15)

It is easily verified that the generating function G*?
(t,#') is invariant under P{¥’. From Eq. (4), it follows
that the 125 coefficient is mvanant under P{¥ which
carries j, «— 7).

(b) Define the operation P!? =permutation ($323
among the ¢, indices. Likewise P‘® among the
the &, indices. (16)

G?(¢, ') is readily seen to be invariant under P'?.
This implies that the 12j coefficient is invariant under
P,

(c) Define the operation P{? that carries

oy = byt g1

—
t'Pc tb-l e-1

except
t1q_' ~toe1r 9% 1,
tu e too’ (178.)
Yo by en
and P{® that carries
L FRPRTE i (17a)
except
kOa - kl a+l? k:)q - k’l q+l° (1 7b)

Then G“?(¢, ') is invariant under Ps?. The 12j coef-
ficient is left unchanged apart from a phase:

PP {124} = (= 1)%5,,{12j}. (18)

In terms of the M&bius strip picture, the above three
operations correspond to the following:

P{?; up—down symmetry of the Mobius strip:
two fold symmetry,

P® : left—right symmetry of the Mébius strip:
two fold symmetry,

P#: moving the “twist” between
p and p+ 1 vertices: n-fold symmetry

Thus the combined symmetry is 4n-fold (n >4). (19)

The fact that.the 65 and 9j coefficients in fact posses
larger symmetry than the basic 4n-fold symmetry dis-
cussed here might be attributed to the looser structure

of their corresponding Mdbius networks. (We emphasize

the lines rather than the surface.) For n <3 (i.e., with
at most three vertical lines), it is possible to inter-
change the roles of horizontal and vertical lines, there-
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by resulting in enlarged symmetry. We claim that this
is no longer possible for a Mobius network with four
(or more) vertical lines.

HI. THE 15/ COEFFICIENT

A. Definition

Parallel to the discussion of the 12j case, we take

{155}

=y Joo Ju J22 Jss Jaa (20)

? N ! 4 ’ ’
= Mag Mg Mg\ (Moy My My
mm \J1o Joo Jio o Ju I
?
x(m'm My maz) a Mg m43 (mfm LM m64)
. L2 . .,
iz Jo2 a2 Jaz  Jas J3a Faa Jos

x(jm Joo Jro (701 Ju Ja (]12 Ja2 jsz)
Myg Moo Mg/ Moy Myy Myy) Myg Moy Mgy

x(jza Jas .743) ( Jae ]og) (21)
Moy Mgy My g My Moy
where

j’ﬁqu.cﬁ’ vaEmw

(odd-n rule), p=0,1,...,4. (22)

The remarks following Eq. (3) for the 125 coefficient
apply here also with Eq. (22) replacing Eq. (3). The
Mo6bius strip picture for the 15j is shown in Fig. 2.
B. Generating function of the 15/ coefficient

As an obvious generalization from Eq. (4), we have

G(IS)(t, t')E Z N;l {15]-} o t:z« tl,:bq (23)
P.q Pea
where
4
Ns= [»‘1 (@, + DII,+ 1)!/(n Eye! k',q!)]l/z (24)
- i

with the &, #’, J, J’ defined as in Eq. (6) now for p, q
=0,1,...,4. As before, Eq. (23) is converted into the
following integral:

GU9(t, t')
= [ dp (£ diss(n) exp (:é (D,,+5;)), (25)

where D, and 17; are defined as in (8) now for p

FIG. 2. M3bius strip representation for the 15 coefficient.



1493

=0,1,...,4, ¢, having components (¢,.;,, t,, fy.1,)
(mod 5), labeled by a set of triplet indices. Likewise
for £, and n,. All this is quite parallel to the 12j case
except that the even-n complication (9) is absent here.
Furthermore, &, 71}, satisfy Eq. (10).

After performing the 30-fold integration in (25), the
final answer reads:

G(ls)(t’ tl)=(1 _bl_bz—bs—b4)'2’ (26)

where b, consists of polynomials of degree 2(i+1) in ¢
and ¥, namely

4 -~ -~
b1 = gg tp P41 tp-l -2
(7, defined in (14)],

4

bz = Zz [Eppipu p.zi -1 -2 + (tzbthl bel

Xtz pealins P+8t'»-1 plprp-2t t—t )],

-~

4
bs = Q {(t»fpu Y5 T fp pdfpd »)fua wstﬁ-l »-2

+ [t’PP(tﬁ*l wltp»z po].tp'»,z P38

’
+ tP+2 P*2tP+1 P*zt,hl P) tP#S poztp-z -1

Xty patyap+t—11}

4 . . - ~ -
b4 = Q tpp(tp+1 p.xtp»,a p2T tpu p¢2tp¢2 »1)

4
Xty purbpr poa = Eo (Fpp+ (& purtperp +E—1)]. 27

C. Consistency check

The statement made under Sec. IIC for the 12j case
is valid also for the 15j case.

D. Symmetry (odd-n case)

(a) Define the operation P;*’ which carries t,,~— #,;
correspondingly for P{®: k, ~— . It is obvious
that G*®(¢,¢') is invariant under (28). This
implies that the 15§ coefficient is invariant under
L

(28)

(b) Define the operation P¥’ = permutation ({123%)
on ¢, (recall t; =¢,,). Correspondingly for P{®
on k,,. We have G''%(t,¢’) invariant under P*’,

thus the 15j coefficient is invariant under PP,
(29)
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(c) Define P(*:
t’q—. trl-l q-1? t'“" tﬁ-l -1 (mOd 5) (30)
and P{®:
k’d_. kb,«rl q+l? kﬁ’q—. kpu qel® (31)

Since G*9(¢, #) is invariant under (30), we have the in-
variance of {15j} under (31). The remark following Eq.
(18) holds here for n=>5.

1V. CONCLUDING REMARKS

What we have done is to demonstrate by explicit calcu-
lations that the study of the properties of higher-order
3nj angular momentum recoupling coefficients can be
carried out in principle for all n. The algebraic com-
plexities, though increasing rapidly with n, turn out still
to be controlable. Extraction of the explicit expansion
forms for the 3nj coefficients are in principle possible
from the generating functions.

The 3nj coefficients (n > 4) are seen to possess a 4n-
fold symmetry. Visualization of some of the structural
properties of 3nj coefficients are greatly enhanced with
the aid of a geometric Mobius network representation.

Note added in proof: For graphical method for angular
momentum, see also E. El Baz and B. Castel, Graphi-
cal Methods of Spin Algebras (Dekker, New York, )
1972).

*Based in part on a dissertation submitted by C.S. Huang in
partial fulfillment of the requirements for the Ph, D. degree
at the University of Michigan, 1973 (unpublished).

IFor an excellent introduction to and collection of the classics,
see L.C. Biedenharn and H, Van Dam, Eds., Quantum Theory
of Angulayr Momentum (Academic, New York, 1968),

2E, P. Wigner, famous unpublished 1940 manuscript, reprint-
ed in Ref, 1.

33, Schwinger, famous unpublished 1952 AEC Report, reprint-
ed in Ref, 1,

¢y, Bargmann, Rev. Mod. Phys. 34, 829 (1962).

5A.C.T. Wu, J. Math., Phys. 13, 84 (1972),

€The algebraic details are contained in C.S. Huang, Ph. D.
thesis University of Michigan, 1973 (unpublished).

'R.J. Ord- Smith, Phys. Rev. 94, 1227 (1954).

8T, Regge, Nuovo Cimento 11, 116 (1959).

SH.A. Jahn and J. Hope, Phys. Rev. 93, 318 (1954).

104, P, Jucys, I.B. Levinson, and V.V, Vanagas, Mathemati-
cal Apparatus of the Theory of Angular Momentum, translated
from Russian by Israel Program for Scientific Translation,
1962, The authors wish to thank Professor B.G. Wybourne
for reminding them of this reference.



